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Around Trace Formulas in Non-commutative
Integration

by

Shigeru YAMAGAMI

Abstract

Trace formulas are investigated in non-commutative integration theory. The main result
is to evaluate the standard trace of Takesaki duals and, for this, we introduce the notion of
interpolator and accompanied boundary objects. The formula is then applied to explore
a variation of Haagerup’s trace formula.
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81. Introduction

Haagerup’s trace formula in non-commutative integration is key to his whole the-
ory of non-commutative LP-spaces (see [6] and [9]). Our purpose here is to analyse
it from the viewpoint of modular algebras ([10], [11]), which were originally formu-
lated in terms of Haagerup’s LP-theory itself. So, to circumvent tautological faults
and also to fix notation, we first describe modular algebras, as well as standard
Hilbert spaces, in terms of basic ingredients of Tomita—Takesaki theory.

The semifiniteness of Takesaki duals is then established by constructing rel-
evant Hilbert algebras as a collaboration of modular algebras and complex anal-
ysis. Note that the known proofs of the existence of standard traces are not di-
rect; for example, they are usually deduced from the innerness of modular au-
tomorphism groups combined with a reverse Radon—Nikodym theorem such as
Pedersen—Takesaki’s or Connes’.

Since our construction of the Hilbert algebras is based on complex analysis, the
associated trace can also be described in a calculational way. To make the setup
transparent, we introduce the notion of interpolators, together with associated
boundary operators and vectors. Viewing things this way, the main trace formula
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turns out to be just a straightforward consequence of definitions. Haagerup’s trace
formula is then derived in a somewhat generalized form as a concrete application
of our formula.

Haagerup’s correspondence between normal functionals and relatively invari-
ant measurable operators on Takesaki duals is also established on our streamlines.

Recall that the standard approach to these problems is by the theory of
operator-valued weights ([4], [5]) coupled with dual weights ([2], [3]), which is
based on extended positive parts, a notion of metaphysical flavor, and somewhat
elaborate. Our method may not provide an easy route either but can be applied
rather straightforwardly; it is just a simple combination of elementary Fourier
calculus and the complex analytic nature of modular items.

Notation and convention. The positive part of a W*-algebra M (resp. its pre-
dual M,) is denoted by M, (resp. M;").

For a positive element p in My or M, its support projection in M is denoted
by [p.

For a functional ¢ € M}, the associated GNS-vector in the standard Hilbert
space L?(M) of M is denoted by '/ (natural notation though not standard) and
the modular operator by A, so that A, (ap!/?) = p/2a for a € [p]M[p].

For ¢, ¢ € M, o stands for the relative modular group of [¢]M[¢], which
is simply denoted by of and expresses a modular automorphism group of the
reduced algebra [p]M[p] when ¢ = 1.

For convergence in M, w*-topology (resp. s-topology or s*-topology) means
weak operator topology (resp. strong operator topology or *strong operator topol-
ogy) as a von Neumann algebra on the standard Hilbert space L?(M).

Direct integrals are indicated by § instead of ordinary [ ® This is to avoid
duplication of sum meanings.

The notion of weights is used in a very restrictive sense: weights are orthogonal
sums of functionals in M.

For an interval I contained in [0, 1], T expresses the tubular domain based on
an imaginary trapezoid {(z,y) € R%z <0,y < 0,—(z +vy) € I}: T1 = {(z,w) €
C%*Imz <0, Imw<0,—(Imz+ Imw) € I}.

A function f: D — M with D C C is said to be w*-analytic (s*-analytic) if it
is w*-continuous (s*-continuous) and holomorphic when restricted to the interior
D°. Note that topologies are irrelevant for holomorphicity because a weaker one
implies power series expansions in norm.

In an ordered set, we use lattice notation such as

aV B =max{e, S}, aAp=min{a, [}
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For example, in the lattice of real-valued continuous functions of t € R, if r € R is
identified with a constant function, r V t expresses the function

t ift>r,
Rat—
r otherwise,

which can be used in functional calculus to represent a self-adjoint operator r V h
by replacing t with a self-adjoint operator h, and similarly for » At and r A h.

8§2. Standard Hilbert spaces

Given a faithful w € M, we denote the associated GNS-vector by w'/? and iden-
tify the left and right GNS-spaces by the relation A}u/2(xw1/2) = w2z, result-
ing in an M-bimodule L?(M,w) = Mw!/2M with the positive cone L?(M,w)
and the compatible *-operation given by L?(M,w); = {aw!/2a*;a € M} and

(aw'/?b)* = b*w'/?a*, in such a way that these constitute a so-called standard
form of M. For a non-faithful ¢ € M, we set L2(M, ) = L*([¢] M [¢], ¢|ip)m]e))-

The dependence on w as well as its faithfulness is then removed by the matrix
ampliation technique: For each ¢ € M}, let M ® ¢'/? @ M be a dummy of the
algebraic tensor product M ® M, which is an M-bimodule in an obvious manner
with a compatible *-operation defined by the relation (a®@/2®b)* = b*®@p'/2@a*.
On the algebraic direct sum

P MePoMm
peMF

of these *-bimodules, introduce a sesquilinear form by

1/2 1/2 o 1/2) 172 4 4
@xj ®Wj/ ®y; @x;c ®Wk/ Ry | = Z([‘*}k](x?c) xjwj/ |Wk/ y;cyj [w;),
j=1 k=1 gk

which is positive because

> (i) oy yy; lws]) = (X! 2w!/2Y)

3k

_ (X1/2w1/2Y1/2|X1/2w1/2Y1/2) > 0.
Here w = diag(ws, . ..,w,) denotes a diagonal functional on the nth matrix ampli-
ation M, (M) of M and
x] Y1
X=[w]]| : (xl e xn) w] and Y =[w]]| : (yf y;) [w]

L Yn
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are positive elements in [w]M, (M)[w]. Recall that [w] = diag([w1], ..., [wn])-

The associated Hilbert space is denoted by L?(M) and the image of a®¢/?®@b
in L?(M) by ag'/?b. Here the notation is compatible with that for L?(M,¢)
because

(] M[p] ® '/? @ [p]M[p] 2 a ® p'/2 ® b ap'/?b € L*(M, )

gives an isometric map by the very definition of inner products. Similar remarks
are in order for left and right GNS spaces.

The left and right actions of M are compatible with taking quotients and they
are bounded on L?(M): For a € M,

2

Paz; 0w @yl = w22y Jw!/?)
J

with
7

0<Z=wl| : |aa (xl g;n) W] < [laf2X.

*

Ln,

Moreover, these actions give *-representations of M: (a&|n) = (¢|a*n) and ((a|n) =
(élna*) for &,m € L*(M) and a € M, which is immediate from the definition of
inner product.

The *-operation on L?(M) is also compatible with the inner product:

%112 2

Py ow? ]| ={w?W/?X)
J
= (@2X)(Ywl/2)") = (Xe 2 2Y)

2
= @Ij ®w;/2®yj
J

H D ooy,
J

In this way, we have constructed a *-bimodule L?(M) of M in such a way that
L?(M, ) C L?(M) for each ¢ € M, and the closed subspaces Mp!/2, ©1/2M in
L?(M) are naturally identified with the left and right GNS spaces of ¢ respectively.
Moreover, for ¢, € MJ, we have [p]|M1/2 = ©1/2M[)] in L?(M), which is just
a reflection of the fact that the same identification inside L?(M,,(M),w) is used
in the definition of inner product.
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83. Modular algebras

Recall the definition of a (boundary) modular algebra that was introduced in [10]
to “resolve” various cocycle relations in modular theory. We shall here describe it
without essential use of the notion of weights.

Let M be a W*-algebra that is assumed to admit a faithful w € M} for the
moment. The modular algebra M (iR) of M is then the *-algebra generated by
elements in M and symbols ¢ for ¢ € M and t € R under the conditions that
(i) M(iR) contains M as a *-subalgebra, (ii) {¢% };cr is a one-parameter group of
partial isometries satisfying ¢ = [¢] and (iii) ¢'ta = 0% (a) for ¢, € M,
a € [p]M[y] and t € R.

By utilizing a faithful w € M, it turns out that M (iR) is *-isomorphic to
the algebraic crossed product of M by {0y} and therefore M (iR) is an algebraic
direct sum of M (it) = Mw" = w' M, where M(it) = 3_ )+ M@ M.

Thus the modular algebra M (iR) is iR-graded in the sense that M (it)* =
M(—it), M(is)M(it) = M (i(s +t)) and M (i0) = M.

We now remove the existence of faithful functionals in M}. We say that an
element a € M is finitely supported if a = [pla[y] for some ¢ € M. Let My be
the set of finitely supported elements in M.

Lemma 3.1. The set My is a w*-dense *-subalgebra of M and closed under se-
quential w*-limits in M. Moreover,

My= > Mlel= Y [¢]M.

peMt peMF

Proof. Clearly My is closed under the *-operation and M is a subalgebra since
[e]V[¥] < [p+1]. The *-subalgebra My is then w*-dense in M since V ¢+ [¢] = 1.
If a = aly], then [apa*] is the left support of a and [p + apa*|aly + apa*] = a.
Let a be a w*-limit of {ay, }n>1 in My with [p,][a,][¢n] = an for n > 1. Then, for
¢ =23 0212 "pn/en(l) € M}, we have [plaly] = a. O

We set
My(iR) = | [p]Mp](iR),
peM}t

where the natural inclusions [p] M[p](iR) C [¢]M[)](iR) are assumed in the union
for ¢, € M satisfying [¢] C [¢].

Finally we add formal expressions of the form w® = 37 _;wi for families
{w; € M }jer of mutually orthogonal supports and allow products with elements
in M to get {M(it)}1er so that M(it) C M(it) and M(0) = M. In what follows,

a formal sum w = )., w; is referred to as a weight of M. A weight w = )" w;

JeI
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is said to be faithful if 1 = > [w,] in M. Note that any weight is extended to a
faithful one and {w®} is a one-parameter group of unitaries in M (iR) = &M (it)
for a faithful w and, for another choice of a faithful weight ¢ = >, _; ¢ and

a€eM,
Z¢kaw

defines a continuous family of elements in M so that it consists of unitaries when

a=1and 0¥ (a) = waw™" gives an automorphic action of R on M.

Remark 3.2. Here weights are introduced in a formal and restricted way.
At this stage, we introduce two more classes of modular algebraic items:

M(iR+1/2) =Y M(it+1/2), M(R+1)=> M(it+1),
teR teR

with

M(it+1/2) = > Me"t/2= 3" 12N
Lp€M+ peM;t

and

M(it 4+ 1) Z Mcp”Jrl Z <pit+1M,
A,OEM+ WEMT

so that M(1/2) = L*(M) and M(1) = M..

These are iR-graded *-bimodules of M (iR) in an obvious way and we have a
natural module map M (iR+1/2)®p;ry M (1R+1/2) — M (iR+1), which respects
the grading in the sense that M (is+1/2) M (it+1/2) = M (i(s+t)+1) for s,t € R. In
particular, given a faithful weight w on M, we have M (it+s) = M (s)w® = wi M (s)
for s =1/2,1

The evaluation of ¢ € M, at the unit 1 € M is called the expectation of
¢ and denoted by (). Note that the expectation satisfies the trace property for
various combinations of multiplications such as {a@) = (pa) and (&P ~in) =
(Yp~=npite) for a € M, p,9p € M and &,n € L2(M).

The scaling ¢ — e %@ on M gives rise to a *-automorphic action 6 of
s € R (called the scaling automorphism) on these modular items: 0 (zp™+") =
eSSyt for x € M, r € {0,1/2,1} and t € R.

Remark 3.3. Since elements in L2(M) and M, are always “finitely supported”, we
can describe M (it + s) (s = 1/2,1) without referring to weights.
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84. Analytic properties

We here collect well-known analytic properties of modular items (proofs can be
found in [1] and [8] for example).

Lemma 4.1 (Modular extension). For¢,v € M anda € M, R > t — pitap'—i
€ M, is extended analytically to a norm-continuous function p**a! =% on the strip
-1 < Imz <0 with a bound

" a1 < la|lag |t (0 < < 1),
in such a way that
(@ a = %) omy s = My, (G2 )|y = i/ 2 g =it+1/2,
Corollary 4.2 (KMS condition). Let ¢,v € M} and a € [@]M[y)]. Then the

Junction ofV(a)p1/2 = Qitap=pt? of t € R is analytically extended to an
L?(M)-valued continuous function @Zah~"*+1/2 of » € R —i[0,1/2] so that

(wizaw—iz+1/2)z:t_i/2 _ (p1/2<pita,(/}—it _ (pl/QUf,w(a).

Lemma 4.3. Letw € M be faithful and let a € M. Then the following conditions
are equivalent:

(i) The inequality a*wa < w holds in M .

(ii) We can find a function a(z) € M of z € R—i[0,1/2] such that a(t) = waw ™"
fort € R, a(z)¢ € L3(M) is norm-analytic in z for any & € L*>(M) and
la(=i/2) < 1.

(iii) We can find an element b € M satisfying ||b]| <1 and w'/?a = bw'/2.

Moreover, if this is the case, with the notation in (i), £a(z) € L*(M) is norm-
continuous in z for every & € L*(M).

Corollary 4.4. For ¢,v) € MJ, the following conditions are equivalent:

(i) The inequality ¢ < 1 holds in M.

(ii) We have [¢] < [¢] and the function ¢*'~" of t € R is analytically extended
to an M-valued function oY~ of z € R —14[0,1/2] so that p**p~**¢ €
L2(M) is norm-continuous in z for any & € L*(M) and ||p/?y~1/2|| < 1.

(i4i) We can find an element c € M satisfying ||c|| <1 and ¢'/? = cyp/2.

Moreover, if this is the case, o™~ € L%(M) is norm-continuous in z € R —
i[0,1/2] for any € € L*(M).
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Remark 4.5. Under the above majorization conditions, the relevant analytic ex-
tensions are norm-bounded as M-valued functions of z € R — ¢[0,1/2] thanks to
the Banach—Steinhaus theorem.

85. Sectional continuity

We now describe continuity properties of families { M (it +7) }er for r = 0,1/2 and
1. Let us begin with a simple observation on the continuity of modular actions:
Let o = > ¢, and ¢ = > 4y be weights on M in our sense. For & € L*(M),

@ité-wfit _ Z @;t&/’kﬂt
ik

is norm-continuous in ¢t € R as an orthogonal sum of L?(M )-valued norm-continuous
functions gpj.t&/),;it. As any ¢ € M, has an expression &n with £, € L?(M), one
sees that
gOitgin/)fit — (witgwfit)(witnwfit)

(w being an auxiliary faithful weight) is an M,-valued norm-continuous function
of t € R as a product of L?(M)-valued norm-continuous functions.

The following facts on the continuity of sections of {M (it +r)} are then more
or less straightforward from this observation.

Lemma 5.1. For a section x = {x(t)} of {M(it)}, the following conditions are
equivalent:

(i) There exists a faithful weight w on M such that w™®x(t) € M is w*-continuous
ntecR.

(ii) There exists a faithful weight w on M such that x(t)w™ € M is w*-continuous
inteck.

(iii) For any faithful weight w on M, w™%x(t) € M is w*-continuous in t € R.
(iv) For any faithful weight w on M, x(t)w™% € M is w*-continuous in t € R.
(v) For any ¢ € M, ¢~ %x(t) € M is w*-continuous in t € R.

(vi) For any ¢ € M, x(t)¢p~" € M is w*-continuous in t € R.

Moreover, if {x(t)} salisfies these equivalent conditions, ||z (t)|| is locally bounded

mteR.

We say that a section {x(t)} is w*-continuous if it satisfies any of these
equivalent conditions.

We here introduce the *-operation on sections by

x*(t) = x(—t)* € M(it+r) for a section {z(t) € M (it +r)}.
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As a consequence of the above lemma, for a section z(t) € M(it), then z*(t), as
well as ax(t)b with a,b € M, is w*-continuous if z(t) is too.

Lemma 5.2. Let p =1 or 2 with the notation L*(M) = M, for p = 1. Then the
following conditions on a section {£(¢)} of {M (it + 1/p)} are equivalent:

(i) There exists a faithful weight w on M such that w="&(t) € LP(M) is norm-
continuous i t € R.
(ii) There exists a faithful weight w on M such that £(t)w™" € LP(M) is norm-
continuous i t € R.
(iii) For any faithful weight w on M, w="&(t) € LP(M) is norm-continuous in
teR.
(iv) For any faithful weight w on M, &£(t)w™ % € LP(M) is norm-continuous in
teR.
(v) For any ¢ € M, ¢~"&(t) € LP(M) is norm-continuous in t € R.
(vi) For any ¢ € M}, £(t)p~" € LP(M) is norm-continuous in t € R.

We say that a section {£(t)} is norm-continuous if it satisfies any of these equiv-
alent conditions. Notice here that £*(t) = &£(—t)* is norm-continuous if (t) is

too.

Definition 5.3. A section {z(t)} of {M(it)}ier is said to be s*-continuous if
x(t)¢€ and &x(t) are norm-continuous for any & € L2(M). Notice that z*(t) is
s*-continuous if and only if x(t) is too, since x*(¢)¢ = (£*z(—t))* and &x*(t) =
(x(—=t)&*)*. Clearly s*-continuous sections are w*-continuous.

To control the norm of a w*-continuous section z = {z(t) € M(it)}, two

norms are introduced by

[2llco = sup{llz()[l;t € R}, [zl = /]R ()] ¢

and x(t) is said to be bounded if ||| < oo and integrable if ||z||; < oo. Note here
that ||z(t)| is locally bounded and lower semicontinuous.

Lemma 5.4. The following conditions on a section {x(t)} of {M(it)} are equiv-
alent:

(i) For any & € L*(M), {x(t)¢} is a norm-continuous section of {M (it +1/2)}.
(ii) For any ¢ € M} and any ¢ € L*(M), then x(t)p~ "¢ € L2(M) is norm-
continuous in t € R.

(#ii) The norm function ||z(t)|| is locally bounded and, for a sufficiently large ¢ €
M, x(t)p~ 12 ¢ L2(M) is norm-continuous in t € R, i.e., given any
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w € M}, we can find ¢ € M} such that o < ¢ and z(t)¢—"*+t1/2 € L2(M) is

*

norm-continuous in t € R.

Corollary 5.5. A section x(t) € M(it) is s*-continuous if and only if ||z(t)| s
locally bounded and L*(M)-valued functions x(t)¢~"+1/2, ¢=#+1/22(t) are norm-
continuous for a sufficiently large ¢ € M.

A section {x(t) € M(it)}ier is said to be finitely supported if we can find
¢ € M} so that x(t) = [¢]x(t)[¢] for every t € R. We say that {x(¢)} is locally
bounded (bounded) if the function ||z(t)|| of ¢ is too.

86. Convolution algebra

Consider a bounded, s*-continuous and integrable section {f(t) € M(it)} and
identify it with a formal expression like fR f(t)dt, which is compatible with the
*_operation by

([swa) = [ sera=[ s a= [ ron

Moreover, a formal rewriting

[ras [gwa- [ ( [ £t ds) d

suggests defining a product of f and g by

(fg)(t)Z/Rf(s)g(t—s)ds:/Rf(t—s)g(s)ds.

It is then routine to check that the totality of such sections constitutes a normed
*_algebra in such a way that

1fgllee < (LflILllglloc) A (I flloollglln)s gl < NN Nlglla-

We notice that the scaling automorphism 6 on { M (it)} induces a *-automor-
phic action on the *-algebra of sections by (0, f)(t) = e~ "t f(¢).

Here we shall apply formal arguments to illustrate how tracial functionals can
be associated to this kind of *-algebra.

Formal manipulation is an easy business. Imagine that a section f(¢) has
an analytic extension to the region —1 < Imz < 0 in some sense so that f*(z) =
f(=2z)* and define a linear functional by

r( [ @) = i,
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Note that f(—¢) in the right-hand side belongs to M (1) = M,. We then have
w0 = [ i s = [ (s if20(s - i/2)ds
R R
= [Gs=ipris =i is=o,

where Cauchy’s integral theorem is formally used in the first line. The trace prop-
erty is seen from

(fg) = / (f(8)g(~i — 5)) ds = / (F(t — i)g(—1)) dt
- / (G(—0)(t — ) dt = / (9(0)f(—t — 1)) dt = 7(g),

where Cauchy’s integral theorem is again used formally in the first line.

Going back to the same track, it turns out that it is not easy to make all of
the above formal arguments rigorous, at least in a reference-weight-free fashion.
Instead we shall construct a Hilbert algebra as a halfway point in what follows,
which is enough to extract the tracial functional.

87. Hilbert algebras

Definition 7.1. A section {f(t) € M(it)} is said to be half-analytic if, for a suffi-
ciently large ¢ € M", the function f4(t',t") = ¢~ f(t'+t")o~ " of (t',t") € R?is
analytically extended to a bounded M-valued s*-continuous function fg(z',2") =
qb—iz/f(z/ + Z//)(b_iz” of (Zl, Z”) c T[O,I/Q]-

Note here that sufficient largeness in the condition has a meaning: For a ¢
majorized by w € M, ¢*w ™ is analytically extended to a s*-continuous function
¢*w™ of z € R —i[0,1/2] (Corollary 4.4) and therefore w™ f(#' +t")w="" has
an analytic extension of the form (w™* ¢'*") (¢~ f(z' + 2)p~ ") (¢ w™i*"),
which is s*-continuous as a product of s*-continuous locally bounded operator-
valued functions.

Note also that the s*-continuity of ¢~ f(2/ + 2z”)¢~*" is equivalent to
the norm-continuity of the L2-valued functions (¢~ f(z' + 2")¢~=")$/2 and
P2 (¢~ f(2'+2")p~*") (Lemma 5.4). These are analytic extensions of ¢~ f (#'+
tM /21" and ¢1/2= f(' + )¢~ whence simply denoted by ¢~ f(2' +
2N p1/271=" and @127 £/ 4 2")p~*" respectively.

Warning: No separate meaning of f(z) is assigned here.
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It is immediate to see that f(¢) is half-analytic if and only if f*(t) = f(—t)*
is too, in such a way that

(1) O T = (¢ F (T -2

To get the convolution product in a manageable way, we impose the following
decaying condition. For a half-analytic section f(t) € M (it), the obvious identity
fo(2 +8 2" +5") = ¢ f5(2', 2" )¢~ shows that || f4(2’,2")| depends only on

r'=—Imz, " = —Imz" and t = Re(z’ + 2”), which enables us to introduce

[flo(t) = sup{[| fo (=", 2")[l; 7" = 0,7 > 0,7" + 1" < 1/2}.

A half-analytic section f(¢) is said to be of Gaussian decay if, for a sufficiently
large ¢ € M;", we can find § > 0 so that | f|(¢) = O(e=91).

Now let N be the vector space of half-analytic sections of Gaussian decay,
which is closed under taking the *-operation by (1). It is immediate to see that
the scaling automorphisms leave N invariant so that ¢~ (0, f)(z' + 2")¢~ " =
e—is(z’+z”)¢—iz’f(zl + z//)¢—iz”.

Let f,g € N. Thanks to the Gaussian decay assumption, the convolution
product fg has a meaning and (fg)(¢) is an s*-continuous section. To see fg € N,
we therefore need to check that it admits a half-analytic extension of Gaussian
decay.

Choose an auxiliary weight w that supports both f and g. Then

o ()& + 27
_ / (bfiz'f(zl + S)Ldiis(ff:(g(zl/ . s)q&fi(z”fs))wisd)fis ds
R
gives the s*-continuous analytic extension with its norm estimated by
lo7 (Fo) (' + 27|
< [ 1flal(Res’ + ) lglo(Re 2" — s) ds = O™/ (<49)
R
for t = Re (2 + 2") if | f|(t) = O(e=") and |g|4(t) = O(e~°"").
So far N is shown to be a *-algebra with an automorphic action of R by scaling

automorphisms. We next introduce an inner product that makes N into a Hilbert
algebra.

Lemma 7.2. The following identity holds for f € N and sufficiently large ¢, p €
M7 :

[l (f(t —i/2)p~ 71 /2) @12 = QUPVE (o2 £ (1 —i/2)) (9]
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(the left-hand side therefore depends only on [p] while the right-hand side depends
only on [¢] and the common element in M (it + 1/2) is reasonably denoted by

[Pl f(t —i/2)[0])-

Proof. For a € M, the identity

(f)d~ )¢ 20! 2 (a)p!?) = (P12 (07" £(1))0a)
is analytically continued from ¢ to t — /2 to get
((F(E—i/2)p7 21261 200 (a)) = ("2 ("2 f (1 = i/2))9"%a)
(use the KMS condition at ¢"?(a)p'/2) and, after a simple rewriting,
(1= if2)67 )12 Pag=) = (6412 (=1 [ (1~ 1/2)) 0 ap™).
O

Since [p]f(t — 1/2)[¢] = [Ll([¢']f(t — /2)[¢'])[¢] whenever [¢] < [¢'] and
[¢] < [¢'], then [p]f(t —i/2)[¢] is increasing in [p] and [¢]. We claim that

Ft=if2) = lm [G1f(t— /2o
[]—1

exists in M (it + 1/2). In fact, if not, we can find increasing sequences ¢,, and ¢,
in M so that lim ||[¢n]f(t —i/2)[én]]| = co, which contradicts
n—oo

Ilenl £t = i/2)[on]ll < ) f(t —i/2)[g]]] < o0

for the choice p = > /2" |lnll, & = > Pn/2"||@nll-
Moreover, the same reasoning reveals that we can find ¢,¢ € M so that

Flt—i/2) = [Q]f(t—i/2) = f(t—i/2)[¢]. Consequently, { f(t—i/2) € M(it+1/2)}

is a norm-continuous section of Gaussian decay from the expression
flt—i/2) = f(t—i/2)[g] = (f(t —i/2)p7"7/2) "1/,
which is valid for a sufficiently large ¢.

Remark 7.3. By an analytic continuation, one sees that any half-analytic section
{f(t)} of {M(it)} is finitely supported in the sense that there exists ¢ € M

satisfying f(t) = [¢]f(t)[¢] for every t € R.

Example 7.4. Let ¢ € M and a,b € [p]M|p] be entirely analytic for of. Then,
for « > 0 and 8 € C, we find that f(£) = e~ *Playith belongs to N and its
boundary section is f(t — i/2) = e~ @(t=i/2*+B(1=i/2) git+1/2p,
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The inner product is now introduced by
(flg) = / (F(t—if2)lg(t — i/2)) dt = / (F(t—i/2) g(t — i/2) dt.

which is clearly positive definite, and the completed Hilbert space H is naturally
identified with the direct integral

H= ﬁM(it—k 1/2) dt

because N provides a dense set of measurable sections in the right-hand side. The
Hilbert space H is then made into a *-bimodule of M (iR) by

awisjgf(t) dt = % awE(t — ) dt
R R

(%g(t) dt)* _ jig(—t)*dt

in such a way that actions of M (it) on H are s*-continuous.

Since the family {M (it+1/2)} is trivialized by obvious isomorphisms L?(M )w®
> [2(M) = w"L?(M) in terms of a faithful weight w on M, we have identifications
H =~ L3(M) ® L?(R) in two ways, which transforms left and right multiplications
of w' into a translational unitary by ¢ € R. Recall that our weights are orthogonal

and

direct sums of bounded functionals and the multiplication of w® on I gives a
continuous one-parameter group of unitaries.

With these observations in mind, it is immediate to check the axioms of Hilbert
algebra: the left and right multiplications are bounded with respect to the inner
product, N? is dense in 3 and (f*|g*) = (g|f) for f,g € N.

Remark 7.5. Note that the scaling automorphism 6 satisfies (65f)(t — i/2) =
e~ "t=8/2 f(t — i/2) and hence scales the inner product: (6,f|0,g) = e~*(f|g) for
f,geN.

In this way, we have constructed a Hilbert algebra N. The associated von
Neumann algebra is denoted by N = M xR and is referred to as the Takesaki dual
of M in what follows. The scaling automorphisms 6, of N induce a *-automorphic
action (also denoted by ) of R on N by 0,(I(f)) = (05 f), which is referred to as
the dual action. Here I(f) denotes a bounded operator on H defined by I(f)g = fg
for g € N.

Let w be a faithful weight on M. From the convolution form realization of N
it

on H, one sees that N contains M as well as w** as operators by left multiplication

and these in turn generate N. Likewise right multiplications of M and w? generate
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the right action of N on J. Thus the Takesaki dual of M is isomorphic to the
crossed product of M with respect to the modular automorphism group {o}’},
which justifies our notation M x R for .

We record here the following well-known fact for later use, together with a
proof to illustrate how the essence can be easily captured in the modular algebra
formalism.

Theorem 7.6 (Takesaki). The fized-point algebra N° of N under the dual action
0 is identified with M.

Proof. Through 3 = L?(M)® L*(R) adapted to the trivialization M (it+1/2)w ™
= L?(M) of M (it+1/2), the right action of w?* is realized on L?(R) by translations
whereas 6 is realized by multiplication of e=%! on L?(R). Since these generate
B(L?(R)) (Stone-von Neumann), N? is identified with (B(L?(M))®1)NEnd(H ).
Let a € M and f,g € L*(R). For &,n € L?(M),

(n®gl(€ ® f)a) = (nléc?,) with o2, = / T f(twitawit € M

shows that T' € B(L?(M)) belongs to N? if and only if it is in the commutant of
the right action of {o¥(a); h € L*(R)} on L?*(M). Since {o¥(a);a € M,h € L*(R)}
generates M, this implies N¢ C M. O

Now we introduce some notation and conventions in connection with our
Hilbert algebra: N is regarded as a *-subalgebra of N and we write N71/2 = 71/2N
to indicate the corresponding subspace in H = fR M (it+1/2) dt, where 71/ is just
a dummy symbol but its square 7 shall soon be identified with the standard trace on
N. Thus h € N is identified with an operator on I satisfying h(f7'/2) = (hf)r/?
for f € N, whereas fr1/2 =71/2f = ¢, f(t —i/2)dt.

Let B D N be a dense *-ideal of N such that Br'/? = 7'/2B is the set of
bounded vectors in H; y € N belongs to B if and only if there exists a vector
n € H satisfying nf = y(fr'/?) = y(r*/2f) for any f € N and, if this is the case,
we write = y7'/2 = 71/2y. Recall that the standard trace 7 on N, is defined
by 7(y*y) = (yr'/?lyr'/?) if y € B and 7(y*y) = oo otherwise. Note that, for
f,9 €N, f*g € N? is in the trace class and its trace is calculated by

T(fg) = /R(f(t —i/2)|g(t —i/2)) dt = (fr'/%g7'/?),

which justifies our notation fr1/2.

From the scaling relation (6 f)(t—i/2) = e~**=%/2 f(t—i/2), the inner product
is scaled by a factor e~* under the *-automorphism of N and hence the associated
trace T scales like 7(05(y*y)) = e *7(y*y) for y € N.
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To each &,n € H, a sesquilinear element £*n € N, is associated by (£*n, z) =
(€|nx), and a*br = Ta*b € N, is defined to be (ar/?)*(br'/?) for a,b € B.

As a square root of this correspondence, we have a unitary map 3 — L?(N) in
such a way that |a|7/? — (a*ar)/? for a € B. Therefore, if we set B, = BN N,

1/2 = 71/2B, in I corresponds to the positive cone L?(N),.

the closure of Byt
Related to these, we recall the following well-known and easily proved fact

(cf. [7, Cor. 19.1]).

Lemma 7.7. The Hilbert space H is canonically isomorphic to the vector space
of Hilbert-Schmidt class operators with respect to T in such a way that T(y*y) =
(ym'/2|y7/2). Note that a closed operatory affiliated to N is in the Hilbert-Schmidt
class if and only if T(y*y) < oco.

§8. Trace formula

We shall now utilize the Hilbert algebra structure behind N to set up a method
modeled after N to calculate the standard trace 7 on V.

Given an open interval I C [0,1/2], let F; be the set of M-valued analytic
functions of z € R—il and set F; = U, + (6] F7[4]. We write fo(2)9% for ¢ € M
and fy € [¢]Fr[¢] to indicate dummies of elements in F;. All such dummies are
then identified by the relation ¢¥* = (¢ ~%*)9** whenever ¢ < ¥, and the
obtained quotient set (which is a kind of inductive limit of dummy elements) is
denoted by L£Z; and an element in £Z; is called a left interpolator on I.

Thus each left interpolator is of the form f(z) = f,(2)¢"* and we say that
f(z) is supported by . Then, for ¢ € M, majorizing ¢, f(z) is supported by ¢
and fy(2) = f,(2)(p**¢~%), which is also denoted by f(z)¢~ .

Clearly we have a similar notion of right interpolators with the obvious nota-
tion for them. These are related by the *-operation defined by f*(z) = f(—2)*: If
f € LIy, f* € RI; so that ¢~ f*(2) = (f(—2)¢™*)*.

A pair (I(2),r(z)) of left and right interpolators on I is called an interpolator
if one can find ¢ € M that supports [, r and interrelates them in the following
sense: For each w € R — iI, the function of (¢~ *r(w)) of t € R is analytically
extended up to the horizontal line w + R so that the function o2 (¢~ "r(w)) is
w¥-analytic on D = {(z,w) € C};w € R —il, Imw < Imz < 0} and satisfies
of (¢~ "r(w)) = l(w)p~ ™. Here, for z € C\R and a € M, o,(a) means that o,(a)
(t € R) is analytically extended to a w*-continuous function of ¢ € R+ ¢Im z[0, 1]
and it is evaluated at ( = z.

Since analytical extensions are moved back to the starting horizontal lines,
the condition is symmetrical in the left and the right: o, (I(w)$~™) is analytically
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extended to 0% __(¢~"r(w)), which is w*-continuous in (z,w) € D. For (z,w) €

Ty, the relation 02, (¢~ Ct)r(z +w)) = I(2 + w)¢ ") is then rewritten into
o (71 r(z + w)) = 0% (I(z + w)p~ ), which is a w*-analytic function
of (z,w) € Ty and denoted by ¢~ f(z +w)¢p~* when (I(2),7(2)) is symbolically
expressed by f(z).

Moreover, the interrelating condition is compatible with the majorization
changes: Let ¢ < w and z € R —¢I. Then

of (W™ r(2)) = (w DI E) G (3750 (2)) ¢ tw

is analytically continued from t to z to get (I(2)¢~ ) (¢p%w ™) = I(z)w ™.

We say that an interpolator f(z) = (I(z),7(2)) is supported by ¢ € M. if both
I(z) and 7(z) are supported by ¢ and, in that case, we write 4f(z) = ¢~*f(2) =
¢~ r(2) and fu(2) = f(2)9~ = =1(2)p .

Let Z; be the set of interpolators on I. By restriction or extension, Z; C Zy if
I cJc(0,1/2). The *-operation on Zy is defined by (I(z),r(2))* = (r*(2),1*(2))
so that it is compatible with the inclusions Z; C Z;. Notice that N can be regarded
as a *-subspace of Z(¢ 1 /2).

Given an asymptotic function p : R\ [-R, R] — [0,00) with R > 0 a positive
real, an interpolator f(z) on I is said to have a p-growth and is denoted by f(z) =
O(p(Rez2)) if we can find C > 0 so that ||¢~% f(z+w)¢~ ™| < Cp(Re (2 +w)) for
any (z,w) € Ty satisfying z+w € R\ [-R, R] —iI. Note that the growth condition
is well defined thanks to the half-power analyticity for majorization.

An interpolator f is said to be of sub-Gaussian growth if, for any small € > 0,
f(2)¢7% = O(es(Re Z)z). Let ZY be the set of interpolators of sub-Gaussian growth.

For f € I{ with I = (o, 8) C [0,1/2], we here introduce a sesquilinear form
on N as follows. Continuous functions

F(s,t) = (h(t —i/2)|fs(s — ir)d" T 24g(t — s +ir —i/2))

of (s,t) € R? parametrized by r € I are of Gaussian decay with their absolutely
convergent integrals independent of r € I owing to Cauchy’s integral theorem.
Moreover, F(s,t) does not depend on the choice of supporting ¢ either.

Thus a sesquilinear form ( | )y on N is well defined by

(hlg)s = /R ds dt (h(t — i/2)|fo(s — i) 2 sg(t — s+ ir — i/2))
= [ dsdt (h(t —i/2)(g")a(~t + 5+ ir — i/2)6"C 70| fo (s —ir)p™*T1/?)

R2

as far as r € I and ¢ € M supports f and g, which behaves well under the

*-operation: (g|h) s = (h|g)¢.
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Notice that, when f € N, (h|g) is reduced to (h7'/2|fgr1/?).

We interpret the sesquilinear form ( | ) as defining an operator K in a kernel
form by (hr!/?|K(g7'/2)) = (h|g) ;, which is referred to as the virtual operator of
f(2) and denoted by f itself.

Let D(f) be the set of vectors gr'/? € N7/2 that makes the conjugate-
linear functional h7'/2 = (h|g); bounded. For g7'/2 € D(f), if the vector ¢ €
I satisfying (h7/2|€) = (h|g)s is denoted by f(g7'/?), then we obtain a linear
operator on H by D(f) 3 gr'/? — f(gr/?) € K.

A virtual operator is said to be densely defined if D(f) is dense in H. When
the sesquilinear form ( | )¢ itself is bounded, D(f) = N7'/2 and the associated
linear operator N7'/2 — % is bounded and identified with an element y € N in
such a way that (h|g); = (hT'/2|y(g71/?)) for g,h € N.

We next introduce the virtual vector as a conjugate-linear form on N271/2.

Lemma 8.1. If ¢ € MJ supports g, h € N, then wvector-valued functions
(hg*)s(s)'/? and ¢'/%4(hg*)(s) of s € R are analytically continued to L*(M)-
valued norm-continuous functions (hg*)y(2)¢'/? and ¢'/%4(hg*)(2) of z € R —
i[0,1] so that these are of Gaussian decay and, for 0 < r < 1/2, satisfy

(ha")ols = i1 =)' = [ bt =i/2)(g") oot + 5 i = /206" dr,
/2, (hg) (s — i(1 — 1)) = /R¢“¢,h(t+ S ir — i/2)g"(—t — i/2) dt
respectively.
Proof. We already know that (hg*)s(s) has an s*-continuous analytic extension

(hg*)s(2) € M to z € R —i[0,1/2] so that (hg*)s(s —i/2)p*/? = f(s —i/2)p~%,
whereas

(hg*)g(s —i/2)p"/? = /h(t —i/2)g5(—t +s)¢~ " dt
is analytically continued to the norm-continuous function

/h(t—z‘/2)g;(—t+z)¢—“ dt

of z € R —4[0,1/2], which is of Gaussian decay as a convolution of functions of
Gaussian decay. O

The sesquilinear form (h|g) s is now expressed by

(hlg)s = /Rds ((hg*)o(s — i(1 — 1))@ F/2| £ (s — ir)g*T1/2),
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whenever 0 < r < 1 and ¢ supports g, h as well as f, which reveals that a
conjugate-linear form f7/2 on N?71/2 is well defined by the relation

(hg*t'/?|f71/2) = (h|g)s

and called the virtual vector of f.
Note that the virtual vector of f* is given by (f7'/2)*, which is defined by
(E[(fr/2)7) = (€]f71/2) for € € N271/2:

(hlg)s- = (glh) s = (gh*T /2| f1/2) = (hg"'/2|(f7/2)").

These are also referred to as a boundary operator and a boundary vector for
I =(0,v) and I = (v,1/2) with additional notation [ f(¢)dt and § f(t —i/2)dt
respectively. We now focus on these.

Boundary operator. In extracting linear operators from the kernel form of
boundary operators, the following illustrates the meaning of boundary (limit).

Let D be the set of s*-continuous sections of {M (it + 1/2)} of Gaussian
decay, which is a topological vector space of inductive limit of Banach spaces
Ds = {{&()} € {M{(it + 1/2)}; [I€]ls < oo} with [¢]ls = sup{e™ [|€(¢)]];t € R}.
The embedding Ds — H is norm-continuous and therefore so is D — . For
feZy with I = (0,v) and § € Dy,

/ fols — ir)go“f ds
R

is norm-convergent in Dy for any §’ < ¢ and gives a bounded linear map Ds — Dy,
which depends continuously on r € I in the norm-topology of B(Ds, Ds/). The
induced continuous linear operator on D is then denoted by fR fols — ir)p'® ds.
We say that fR fo(s —ir)¢™ ds is bounded if it is bounded as a densely defined
linear operator on .

Note that, if [, fo(s —ir)e™ ds € B(H) is locally norm-bounded for r € I, it
is s-continuous in r € I by the density of D in K.

Lemma 8.2. Let f € 7 be supported by ¢ € M. Assume that
D3¢ / fo(s —ir)p™¢ds € K
R
gives rise to a bounded linear operator y, = fR fols — ir)p™ on K and
Y= /Rf(s —i0)ds = Tl_lg_lo/wa(s —ir)p*ds

exists in the w*-topology of N.
Then the boundary operator of f(z) is bounded and given by the above limit.
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Proof. Given g € N and ¢ € M, choose ¢ € M so that it supports g and

* 9

majorizes . Then,
R? 3 (s,t) = @ f(t —s—i/2)¢~ " € L*(M)

is analytically extended to an L?(M)-valued norm-continuous function (% ¢~%%)
x(¢"g(t —z —i/2)) of z € R—i[0,1/2] and t € R, which is denoted by ¢*g(t —
z—1i/2).

Since ¢i=g(t — = — i/2) = (PG )G 20g(t — 2 — if2), (P9t — i/2) =
©#g(t — 2 —i/2) belongs to Ds as a function of t € R if |g|,(t) = O(e=%%"). Thus,
&-(t) = ¢"g(t + ir —i/2) is a Ds-valued norm-analytic function of r.

By our assumptions, an s*-continuous family {y,},cr in N converges to y in
w*-topology as » — +0, whence the operator norm ||y, || is bounded in a neigh-
borhood of r = 0 and we see that

yrfr = lim yrgr = war" = lim yr/fo = y§0~
r—0 r’—0

lim
(r',7'")—=(0,0)

Now the identity
/MS — i) 2 gt — s+ ir — i/2)ds = (4,6,)(t)
is used to get
(hla)s = (b 2lnky) = (b P2lyo) = (b2 ly(g7 /%),
O

Corollary 8.3. Let f(z) be an interpolator on I = (0,v) (0 < v < 1/2) and sup-
pose that f is supported by a ¢ € M, so that f4(z) = f(2)¢~ %% is a scalar operator
of polynomial growth with its horizontal Fourier transform fR fo(s— ir)e**? ds be-
ing in L=°(R) for a small r > 0 and w*-converging to j‘; € L*(R) asr — 0. Then
the boundary operator of f(z) is a bounded operator

follog¢) = /R;‘;(A)E(dA) e N.

Here E(-) denotes the spectral measure of ¢™: ¢t = [o e E(d\) in N.

Proof. Due to the left trivialization [¢p]L?(N) = L?(R)®[¢]L*(M), the whole thing
is reduced to L>(R) on L?(R) and the classical harmonic analysis on the real line
works. O

Example 8.4. If f(2)¢~* extends to a bounded w*-continuous M-valued func-
tion of z € R — ¢[0,v) in such a way that there exists an integrable function p(t)
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satisfying || f(t —ir)p~*¢=")|| < p(t) for t € R and 0 < 7 < v, then the boundary
operator is bounded and hence belongs to N.

In accordance with the notation ¢ (¢ € MJF, t € R) and the Haagerup
correspondence in Section 9, it is reasonable to regard ¢ as the analytic generator
of ¢ and consequently we shall denote by r V ¢ and r A ¢ its functional calculus
applied to continuous functions r V¢ and r At of t € R (r > 0) respectively.

Example 8.5. For ¢ € M and p € C, consider an interpolator f(z) = #jiz e

on I with I specified according to p as follows:

(i) For I =(0,1/2) (Rep > 0), the boundary operator is given by 27 (1V ¢) .
(ii) For either I = (0,—Rep) (—1/2 < Rep < 0)or I =(0,1/2) (Rep < —1/2),
the boundary operator is given by —2mw(1 A ¢)H.

Here, with the help of a spectral decomposition ¢** = fR e E(d)), we set

0o 0
(1V o)+ :/ e M E(dN), (LA @)~ H :/ e M E(dN).
0 —o00
Boundary vector. We next look into boundary vectors. Let f(z) € Z7 with
I =(v,1/2) and g, h € N. In the expression

(hg*r'/?|fr1/?) = / ds ((hg*)e(s —i(1 — 1)) TH2| f (s — ir)'*T1/2)
R

(g, h and f being supported by ¢ € M), notice that the norm-convergence

lirlr>2(hg*)¢(s —i(1=7))p'/? = (hg*)(s —i/2)¢ ™" in L?>(M) is uniformly in s € R
r—

and the domination || (hg*),(s —i(1 — ) /2| < Ce=%" holds uniformly in 7,
whereas || f,(s —ir)|| = 0(6682) uniformly in r for any e > 0.
Thus, if f(z) satisfies the conditions that

(i) pe(s) = sup{||f,(s —ir)|;r € (v,1/2)} is a locally integrable function of
s € R for some supporting ¢ and

(ii) we can find a locally integrable measurable section 7n(s) € M(is + 1/2) so
that, for a sufficiently large ¢ and for almost all s, f,(s—ir)¢**T1/2 converges
weakly to n(s) in M(is+1/2) as r — 1/2,

then we have the expression

(hg* /2| fr/2) = / ((hg")(s — i/2)In(s)) ds,

which shows that the boundary vector of f(z) is represented by the measurable
section n(s) € M(is + 1/2). Note here that ||n(s)| is of sub-Gaussian growth.
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Example 8.6. If f,(z) is extended to an M-valued w*-continuous function of
z € R —i(v,1/2], then py(s) is locally bounded and 7(s) = fu(s — i/2)¢""+1/? =
f(s —i/2) meets the requirements.

Example 8.7. Again consider f(z) = uiiz ©"* on I but this time I = (— Re i, 1/2)
if -1/2 < Rep <0 and I = (0,1/2) otherwise.

Then, for Rep # —1/2, the boundary vector of f belongs to H and is given
by f(t—1i/2) = (u+it +1/2) Lt +1/2,

When Rep & [—1,-1/2], the expression

1 .
k 1/2 1/2 :/ k*(—t —i/2 it+1/2 dt
(e 21710%) = [ o e i) )

for k € N? is analytically changed in the integration variable to get
y

ok (=t)¢")
(kr'/2| f71/2) / dt.
n+u+1

Thus the parametric limit of fr'/2

proaches a point in Rep = —1/2 from the right (Rep > —1/2).
Now let = im —1/2 (m € R) be on the critical line Rey = —1/2 and set
e =1/2 —r. By Lemma 8.1, we have

o)y = [ ot @) ) ds

s+m)+

exists in simple convergence as p ap-

which reveals that the boundary vector of f(z) coincides with

lim ]{ ; liqft“/r"dt
e—+0 ( +m)

We now generalize the notion of interpolators on I = (0,1/2) so that f(z)
is allowed to be not defined on a compact subset K of R —4(0,1/2). The various
analyticity is then defined just avoiding K. Since the growth condition is about
horizontal asymptotics, it still has a meaning as well.

We introduce the residue operator Ry = ¢, f(z)dz : N7l/2 5 3 by

Ry(gr'/?) %(%f t—z—i/2)dz>dt.

Here f(2)g(t — z —i/2) = fs(2)p TV 24g(t — z —i/2) is an M (it + 1/2)-valued
analytic function of z € (R —4[0,1/2]) \ K and the contour integral is performed
by surrounding K.

Theorem 8.8 (Trace formula). Let f(z) be an interpolator on (0,1/2) of sub-
Gaussian growth and assume that the boundary vector fr'/? = $o f(t—1/2)dt
exists in (.
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Then the sum of the boundary operator f and the residue operator Ry is T-

measurable and we have
T((f +Rp)"(f + Ry)) = (f'2|f71/%) = /R (f(t—i/2)|f(t —i/2))dt.

Proof. Let Vy be the virtual operator of f(z) (2 € R —i(1/2 —¢,1/2)). By the
residue formula, V; = f + Ry and, for g,h € N,

(e 2[Vy(g7"/2)) = (b /2| (Fr/2)g) = (02721 7/2) (g7/2))

shows that the virtual operator V} is closable with its closure given by I(fr'/2).
Lemma 7.7 is then applied to get the assertion. O

Corollary 8.9. If f(z) is analytic on the whole R —i(0,1/2) additionally, then
the boundary operator f is T-measurable and we have

(f*f) = (frV2) fr/2) = / (F(t— i/t — i/2)) dt.

Example 8.10. Let G € L2(R) and suppose that its Fourier transform G(\) =
Jz G(t)e=" dt is integrable and satisfies [;~ |@A()\)|26/\ d\ < oco.

Then the inverse Fourier transform G, of G(\)e™?* belongs to L?(R)NCy(R)
and depends on w € R — i[0,1/2] norm-continuously for both || - || and || - ||2-
Since, for F € L?(R),

(F|Gu) = % /R PG dr

is analytic in w and Gy is reduced to the translation G(t + s) of G(t), G(¢) is
analytically extended to G(z) so that G, (t) = G(t + w) for w € R —4[0,1/2] and
teR.

Now, for ¢ € M}, g(z) = G(2)¢" defines an interpolator on (0,1/2) that
vanishes at Rez = +oo. Since ¢ on H is given by translation on L*(R) ®

[B]L2(M)[¢] = [¢]H][¢], the associated boundary operator is bounded and the
boundary vector is given by ¢, G(t —/2)¢"**+1/2dt so that

o' fe) = [ (ot =i/t = s = i/2) ds
— 6(1) /R Gl =i/ F(s)G(t — 5 — i/2) ds dt
= QZ?A?(A)|@(A)|26* dA.

Here, for F € L*(R), an L'-section {f(t)} of {M(it)} is defined by f(t) = F(t)¢*
and f = [; f(t)dt € N.



204 S. YAMAGAMI

Thus, letting A be the W*-subalgebra of [¢]N[#] generated by {¢;t € R},
L?(A, 1) is identified with L2(R,e* d)\) by a unitary map

Uy: L*(A,7) 3 gt'/% M%@(A) € L*(R, et d))

so that ¢ on L%(A,T) is realized by a multiplication of the function e~*** of
AeR.

Example 8.11. For —1/2 < Ref < 0 and ¢ € M., the interpolator f(z) =
,Biz‘z $'* has —27(1 A ¢)~# € N as the boundary operator. The residue operator is
calculated by the realization L>(A) on L?(A) as

/ L — e dz = 21e P,
|2—if|=e B+ 12

which is therefore 27¢~?. Adding these, we see that (1V ¢)~# is in the Hilbert—
Schmidt class and hence, for x € M and p = —r +is € —(0,1) + iR, then
z(1V @)™* =z(1V ¢)/27%(1V $)"/? is in the trace class with

—pN 1 !
(a1 0) ) = 6(0) | T A
dlx)  P(x)

is—r+1 p+1

Although Haagerup deals only with the case u = 0 and its scaled variation,
the following generalization should also be attributed to him.

Theorem 8.12 (Haagerup’s trace formula). Letw be a weight on M in our sense.
The trace of a positive operator (1Vw) ™" with u € R, which belongs to N for ;x> 0
and is affiliated to N for p <0, is given by

w(l .
QW(,(HL) if p>—1,

00 otherwise.

T(IVw)™) = {

Moreover, when w € M, for any v € M and pp € (—1,00) + iR, the 7-
measurable operator x(1V w)™* is in the trace class and we have

_ w(x)
T(x(1Vw)™) = —————.
(z(1Vw)™) St 1)
Proof. Assume w € MJ. Then w' is realized as a multiplication operator on
L?(R,e* d)\) by a function e~#** of A € R. Consequently (1 V w)™* is represented
by the function 1(_ g (A\)eM of A, which is integrable relative to the measure
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e dX if and only if Rep > —1 with

0 1
/ eMerd\ = — .
—oo p+1

Since our weights are orthogonal sums of elements in M7, the formula for
w € M remains valid for weights.
The remaining part is already covered in Example 8.11. O

Remark 8.13.

(i) By the integral expression [, ﬁw” dt of 27r(1Vw)™#, the formula coincides

with the one obtained from the formal argument.

(ii) The normalization of our trace is different from that in [6] and [9] by a factor
of 2m.

Thus, for w € M, the analytic generator h of w® as a positive operator on
H, which satisfies 05(h) = e ®h (called relative invariance of degree —1), is 7-
measurable in the sense that 1i_>m 7([r vV h]) = 0. Haagerup’s ingenious observation
is that the non—commutativeerOOspaces are captured as measurable operators on
H satistying relative invariance of degree —1/p.

We now go into the reverse problem of characterizing 7T-measurable posi-
tive operators satisfying relative invariance of degree —1, which is the heart of
Haagerup’s correspondence.

Recall the original approach to this problem: First establish a one-to-one
correspondence between normal weights on M and 6#-invariant normal weights
on N. Second, the latter is then paraphrased into positive operators of relative
invariance of degree —1 by taking a Radon—Nikodym derivative with respect to
7. Finally, positive operators associated to M are characterized as T-measurable
operators among these.

Formally these processes look natural and seem harmless but it is in fact
supported by clever and effective controls over infinities based on extended positive
parts.

We shall here present an inelegant but down-to-earth proof by continuing
elementary Fourier calculus.

89. Haagerup correspondence

Let h > 0 be a 7-measurable operator on H satisfying 05(h) = e *h for s € R.
Our first task here is to identify k% with  for some ¢ € M.
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Let p = [1V h] be the support projection of 1V h. By the relative invariance
of h, O5(p) is the support projection of e¢* V h and we have a Stieltjes integral
representation of h,

and set
(1Vh)# = _/ e 40, (p),
0

which is 7-measurable for any u € C since 7(p) < oo. Notice that 0s(p) is contin-
uous in s € R and df; has no spectral jumps.
Let x € M and start with the computation

7(hx(1V h)™") = 7(x(1V h)""h) = 7(x(1V h)'™H)
— —/ el—n)s dr(x0s(p)) = —/ eL—r)s d(e™*)1(zp)

0 0

o 1
= T(.Tp)/ e " ds = —7(xzp),
0 K

which is valid for Re p > 0.

For t € R, oy(x) = h¥xh~™ (x € M) defines an automorphic action of
R on M because hi'zh~% is f-invariant since 0s(h") = e~ 'h’. We claim that
o(x) = 27 (xp) satisfies the KMS condition for the automorphic action oy.

First notice that [h] = [¢]. In fact, from the definition of ¢ and the faithfulness
of the standard trace, (1 — [¢])p = 0, which means that p < [p] and then [h] =
sgmoo 0s(p) < 05([¢]) = [p]. Conversely, from (1 —[h])p =0, 1 —[h] <1 —[¢] gives
the reverse inequality.

Now consider ¢(z*0¢(x)) = 7(x*h*xh~"p) with z € M. If the Stieltjes inte-
gral expression for h is used as in xh~"'p = — [ e~**'df(xp), we have

—igo(x*at(x)) = /000 e ist dT(x*h”QS(xp))

27
= / e "t dr (05 (z*0_s(h")zp))
0
= / e St d(e e r(x*h xp) = (it — 1)7(z*h xp)
0
and then

—r(z*hitzp) = /

— 00

0 o0
eist gr (z*0,(p)zp) + / et dr (z*0s(p)zp) ,
0
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together with

/ et dr (20, (p)zp) = / et d (e 7 (x*pxb_s(p)))
0 0
:/ e"te™* dr (z*prf_s(p))
0
_ / eiSteisT(I*pl'e—s(p)) dS,
0

revealing that —7(z*hi*zp) is analytically extended to a bounded continuous func-
tion

(oo} oo

—7(x*hZxp) = / e dr (2*0,(p)xp) = / et* d (e *7(z*pxb_s(p)))

— 00 — 00

o0 o0

= / e"Fe ™ dr (x*pxf_,(p)) — / eiszefsT(x*pr_s(p)) ds
—0o0 —00

of z=1t—ir e R—4[0,1].

In these and the following calculations, note that 7(x*px6_s(p)) (7(x*0s(p)zp))
is positive, increasing (decreasing) and continuous in s € R, whence both
dr (x*pzf_4(p)) and —dr (z*05(p)xp) give rise to positive finite measures on R.

Consequently, with the notation p(x*0,(z)) for the analytic continuation of
p(x*o¢(x)) and, with the help of integration by parts, we get the expression

1 Sl
ﬂgo(x*at_ir(x)) =(it+r— 1)/ elittr=1)s g (x*pzh_s(p))

— 0o

—(it+r—1) / T =15 (¥ prb_ (p)) ds

— 00

—Git+r) [T ar (s ()

_ [e<it+r—1>37 (x*pxtgfs(p))}

— 00

For 0 <r <1, wesee lim e+ =Dsr(2*pzf_,(p)) = 0 and

S§—00

lim e(“”_l)sr(m*pxe_s(p)) = lim e(it“)ST(x*Hs(p)xp) =0

S—— 00 S—— 00

at the boundary values and therefore

1 * . > it+r—1)s *
%@(I or—ir(z)) = (lt+r)/ elittr=1)s g, (z*pzh_s(p)) .

— 00
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Since both sides are continuous in r € [0, 1], the equality holds at the boundary as
well. We now compare this expression with

1 , ) oo )
—(o¢(z)x*) = T(ph''zh"z*) = —/ e dr (0s(p)zh™"z*)
0

2
—/ e dr (05 (pxO_s(h~")z*))
0

_/ eistd(e—s—ist) (piEh it *) (Zt+1) (p.’Eh it *)
0

= (it+1) / et dr (prh_,(p)z*),
to conclude that p(z*oy_i(z)) = @(o(x)z*) for t € R.

So far we have checked that hi'zh~=" = @ize~i for x € [p]M][p]. Then
u(t) = hitp~ is a unitary in the center of [¢]M[y]. Since each ¢ commutes with
the reduced center, {u(t)} is a one-parameter group of unitaries in the reduced
algebra. Let u(t) = [; "' E(ds) be the spectral decomposition in [¢]M|e]. Then
an = f[fn)n] eSI2E (ds) is an increasing sequence of positive elements in the reduced
center and ¢, = appa, € M] satisfies ¢! = h'[a,] = [a,]h® for t € R. Set
hn = hlan] = [an]h, which is also 7-measurable and satisfies 05(h,) = e *hy,.
From the equalities

0T a1V ) ) = @1V B ) = rlala (v b)) = P

2mu 2
for x € M and p > 1, one sees that ¢, = pla,] = [a,]¢ and then % = pi[a,] for
t € R. Finally we have hi = lim hil = hm otan] = ¢

n—
We next check the additivity of the correspondence hy <+ . To see this, we
first establish the following relation.

Lemma 9.1. Let w € M} and > 0. Then

1 1

= — —w' dt
2 Jp p+ it

(IVw)™
is in the T-trace class and, for x € [p]M, we have

T(hz*(1Vw) #x) = —p(z*x).

2w

Recall here that (1Vw) #/2 = L

= Ja mw“ dt belongs to By in such a way
that

1 1 ,
1Vw _“/27'1/2 = —j{ _70Ju+1/2 dt.
( ) 21 Jpit+ (n+1)/2



TRACE FORMULAS 209

The identity is checked as follows: Letting y = x*(1 V w) "z, we have

n

r(hy) = — lim [ e*dr(0,(p)y)

n—oo |_ .

= lim </n e*7(0s(p)y) ds — e"7(0n(p)y) + e"T(O—n(p)y)>

n— oo _n

lim (/_Z dses/dt mr(e (p)r*w'z) — (pe—n(y))>

zst 1 eint
= lim / ds/dt T(prrwis) — / T(pr*witz)dt ) .
n—oo \ J_, (p + it) o R U+t

By the lemma below, the function 7(pr*w®x)/(u + it) is integrable, whence

. eint * it
lim T T(pr*w'z)dt = 0.
n— o0 R l,[, A
Lemma 9.2. We have
T(priw'z) = ms&(w whap™™).

Proof. From the expression 7(pr*w®z) = (zpr'/?|w*zpr'/?) with

; 1 1
is 1/2 . — dt —is 7,t+1/2
W 27rffR z‘(t—s)+1/2‘u ooy

we obtain

it+1/2

—is zt+1/2)

(pa:*w”z |w xp Y

(IE*wZSI(p is)

1

/ —2t+1/2( T2
1

/ —2t+1/2z( s)+1/2

*, 1S is)

"Wz

27r1—zs
]

To deal with the first term in the last expression of 7(hy), we use the relation
271(p +it) =1 = g* x g for g(t) = 1/(it + p/2) to see that

eist it / [y P ") . .
——wldt = [ dt' e g(t)w ™ / dte**tg(t)w®
/IR ntat R ®) R )

/ dt eiStg(t)w”xfo)
R

and hence

18t ) o, o,
7r/ — (zéo|w &) dt = (/ dt’ et g(t")w' x&y
R M+t R
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- Z (/R dt’ e“t,g(t')wit,mgo 5j) <5j
_Z/dte”t *F Z|F

where {d,} is an orthonormal system in H supporting vectors {witxfo}teR, and

Fj(t)=g(t)(0;|w"x&y) together with their Fourier transforms F = [ € F;(t) dt

belong to L?(R).
The Plancherel formula is then applied to each F} to get

(27r)27'(hy) = /:XD Z |E(3)‘2 ds
—Z/ %—%Z/Uﬁ (0 d
= 27T/sz:|Fj(t)|2 dt = ($§0|$§o) " (px ).

dt eiStg(t)w“acfo)
R

Similarly and more easily, the side identity follows from

/(gw /ds/dt

71525 it B 27T N
_ / ds / dt g el n) = T (€faxe)

= (w¢]0s (w")wt)

for each £ € L*(N).

Theorem 9.3 (Haagerup correspondence). There is a linear isomorphism between
M, and the linear space of T-measurable operators h on L*(N) satisfying 0s(h) =
e 5h and so that ¢ € M corresponds to the analytic generator hy, of the one-
parameter group {cp“} of partial isometries in N.

Moreover, the correspondence preserves N *-bimodule structures as well as
positivity.

Proof. The correspondence is already established for positive parts and Lemma 9.1
is used to get the additivity by

%o;(x 2) = ((hy + hy)z* (1V w) ) = ﬁw(x*x) T (a"a)).

Here ¢,¢ € M and ¢ € M is specified by hy = hy + hy.
Once the semilinearity is obtained, the other part is almost automatic. The
linear extension is well defined by h, = hy, — by, +ihp, —ihy, for ¢ = o1 — 2 +
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ip3 —ips € M, with ¢; € M. The identity ahya* = hqpe+ for a € M follows
again from Lemma 9.1 as

2 2
T(aha*x* (1 Vw) H z) = 7(ha*2x* (1 V w) Hza) = f(p(a*x*ma) = %(agpa*)(m*x)
and then ah,b* = hypp+ by polarization. O
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