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Inverse Scattering at Fixed Energy on
Three-Dimensional Asymptotically Hyperbolic
Stackel Manifolds

by

Damien GOBIN

Abstract

In this paper, we study an inverse scattering problem at fixed energy on three-dimensional
asymptotically hyperbolic Stdckel manifolds having the topology of toric cylinders and
satisfying the Robertson condition. On these manifolds the Helmholtz equation can be
separated into a system of a radial ODE and two angular ODEs. We can thus decompose
the full scattering operator into generalized harmonics and the resulting partial scattering
matrices consist of a countable set of 2 x 2 matrices whose coefficients are the so-called
transmission and reflection coefficients. It is shown that the reflection coefficients are
nothing but generalized Weyl-Titchmarsh functions associated with the radial ODE.
Using a novel multivariable version of the complex angular momentum method, we show
that knowledge of the scattering operator at a fixed nonzero energy is enough to determine
uniquely the metric of the three-dimensional Stackel manifold up to natural obstructions.
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81. Introduction and statement of the main result

In this work we are interested in an inverse scattering problem at fixed energy
for the Helmholtz equation on three-dimensional Stackel manifolds satisfying the
Robertson condition. The Stéckel manifolds were introduced in 1891 by Stéckel
in [60] and are mainly of interest in the theory of variable separation. Indeed,
it is known that the additive separability of the Hamilton—Jacobi equation for
the geodesic flow on a riemannian manifold is equivalent to the fact that the
metric is in Stackel form. However, to obtain the multiplicative separability of
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the Helmholtz equation, we also have to assume that the Robertson condition is
satisfied. As we will see in a brief review of the theory of variable separation, there
also exist some intrinsic characterizations of the separability of the Hamilton—
Jacobi and Helmholtz equations in terms of Killing tensors (which correspond to
hidden symmetries) or symmetry operators. We refer to [4, 5, 14, 26, 27, 39, 38,
40, 61] for important contributions in this domain and to [2, 53] for surveys on
these questions. We emphasize that the description of the riemannian manifolds
given by Stéckel is local. We shall obtain a global description of these manifolds by
choosing a global Stéckel system of coordinates and we shall thus use the name of
“Stéckel manifold” in our study. We choose to work on a Stéckel manifold (M, g)
having the topology of a toric cylinder and in order to define the scattering matrix
on this manifold, we add an asymptotically hyperbolic structure, introduced in
[35] (see also [32, 37, 58]), at the two radial ends of our cylinder. We can then
define the scattering operator S,(\) at a fixed energy A # 0 associated with the
Helmholtz equation on (M, g) which is the object of main interest in this paper.
The question we address is the following:

Does the scattering operator Sg(\) at a fized energy A # 0 uniquely
determine the metric g of the Stickel manifold?

We recall that inverse scattering problems at fixed energy on asymptotically hyper-
bolic manifolds are closely related to the anisotropic Calderén problem on compact
riemannian manifolds with boundary. We refer to the surveys [34, 35, 41, 43, 59, 62]
for the current state of the art on this question. One of the aims of this paper is
thus to give examples of manifolds on which we can solve the inverse scattering
problem at fixed energy but we do not impose one of the particular structures for
which the uniqueness for the anisotropic Calderén problem on compact manifolds
with boundary is known. Note that the result we prove here is a uniqueness result.
We are also interested in the stability result, i.e., in the study of the continuity of
the mapping g — S, (). This question will be the object of future work.

The main result of this paper is the following:

Theorem 1.1. Let (M, g) and (M, g), where M = (0, A) 1 ><’7;227x3, be two three-
dimensional Stackel toric cylinders. We assume that these manifolds satisfy the
Robertson condition and are endowed with asymptotically hyperbolic structures at
the two ends {x' = 0} and {z' = A}. We denote by Sy(\) and S3(\) the cor-
responding scattering operators at an arbitrarily fized energy A # 0. Assume that
Sg(A) = S3(N\). Then, there exists a diffeomorphism ¥ : M — M, equal to the
identity at the compactified ends {z* = 0} and {x! = A}, such that § is the pull
back of g by VU, i.e., g = U*g.
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The main tool of this work consists in complexifying the coupled angular
momenta that appear in the variable separation procedure. Indeed, thanks to
variable separation, the scattering operator at a fixed energy can be decomposed
into scattering coefficients indexed by a discrete set of two angular momenta that
correspond to the two constants of separation. Roughly speaking, the aim of the
complexification of the angular momentum method is the following: from a dis-
crete set of data (here the equality of the reflection coefficients on the coupled
spectrum) we want to obtain a continuous regime of information (here the equal-
ity of these functions on C?). This method consists of three steps. We first al-
low the angular momentum to be a complex number. We then use uniqueness
results for functions in certain analytic classes to obtain the equality of the non-
physical corresponding data on the complex plane C. Finally, we use this new
information to solve our inverse problem thanks to the Borg—Marchenko theo-
rem. The general idea of considering complex angular momentum originates from
a paper by Regge (see [56]) and uses it as a tool in the analysis of the scat-
tering matrix of Schrodinger operators in R® with spherically symmetric poten-
tials. We also refer to [1, 54] for books dealing with this method. This tool has
already been used in the field of inverse problems for one angular momentum
in [18, 19, 20, 22, 21, 23, 30, 55] and we note that this method is also used in
high energy physics (see [17]). In this work we use a novel multivariable version
of the complexification of the angular momentum method for two angular mo-
menta which correspond to the constants of separation of the Helmholtz equation.
Note that we have to use this multivariable version since these two angular mo-
menta (which are also coupled eigenvalues of two commuting operators) are not
independent and cannot be considered separately. This work is a continuation of
the paper [19] by Daudé, Kamran and Nicoleau in which the authors treat the
same question on Liouville surfaces which correspond to Stéackel manifolds in two
dimensions.

81.1. Review of variable separation theory

In this subsection, we propose a brief review of variable separation theory. We
refer to [2, 53] and to the introduction of [4] for surveys of this theory. Let (M, g)
be a riemannian manifold of dimension n. On (M, g), we are first interested in the
Hamilton—Jacobi equation

(1.1) VW - VW = E,

where F is a constant parameter and V is the gradient operator (VW)? = g“9; W,
where we use the Einstein summation convention. We are also interested in the
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Helmholtz equation

(1.2) — Agv = By,

where A, is the Laplace-Beltrami operator Ay = giﬂ‘vivjm where V; is the
covariant derivative with respect to the Levi-Civita connection. We note that,
as is shown in [4], we can add a potential V satisfying suitable conditions on
these equations without more complications in the theory we describe here. It
is known that, in many interesting cases, these equations admit local separated
solutions. The reason why we are interested in such solutions is that it happens
that for solutions of this kind, equations (1.1)—(1.2) become equivalent to a system
of ordinary differential separated equations, each one involving a single coordinate.
In this work we study the particular case of the orthogonal separation, i.e., when
g = 0 for i # j. We now recall the definition of separation of variables for the
Hamilton—Jacobi and the Helmholtz equations.

Definition 1.1 ([4]). The Hamilton—Jacobi equation is separable in the coordi-
nates x = {2} if it admits a complete separated solution, i.e., a solution of the
kind W (z,c) = Y1, Wi(z%, ¢), depending on n parameters ¢ = (c;) satisfying the

completeness condition det(gi’ ]) # 0, where p; = O;W.

Definition 1.2 ([4, Def. 4.1]). The Helmholtz equation is separable in the coor-
dinates x = {z'} if it admits a complete separated solution, i.e., a solution of the

form ¢ (z, c) = [[—, ¥i(z", ¢), depending on 2n parameters ¢ = (c;) satisfying the

completeness condition det (ZZZ;gZ ) # 0, where u; = % and v; = th .

We now recall the results proved by Stéckel, Robertson and Eisenhart at the
end of the 19th century and at the beginning of the 20th century which

(1) characterize the riemannian manifolds admitting orthogonal variable separa-
tion;

(2) make the link between the variable separation for Hamilton-Jacobi and Helm-
holtz equations.

Definition 1.3 (Stéckel matrix). A Stickel matrix is a regular m X n matrix
S(z) = (si;(z*)) whose components s;;(z") are functions depending on the variable
corresponding to the row number only.

Theorem 1.2 (Stéckel 1893, [61]). The Hamilton—Jacobi equation is separable in
orthogonal coordinates x if and only if the metric g is of the form

g=> Hi(dz')?,
=1
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where H? is written using a Stickel matriz S as

det(S)

2 .

H: = il Vie{l,...,n},

where s is the minor associated with the coefficient s;1 for all i € {1,...,n}.

Theorem 1.3 (Robertson 1927, [57]). The Helmholtz equation is separable in or-
thogonal coordinates x if and only if in these coordinates the Hamilton—Jacobi
equation is separable and, moreover, the following condition is satisfied:

det(S)?  det(S

deds? o
(13) gl TI=, H? _Efl( )

by some Stickel matriz S, where f;(z%) are arbitrary functions of the corresponding
coordinate only and |g| is the determinant of the metric g.

Thanks to this theorem we see that a full understanding of separation theory
for the Helmholtz equation depends on an understanding of the corresponding
problem for the Hamilton—Jacobi equation and we note that the separability of
the Helmholtz equation is more demanding. The additional condition (1.3) in
Theorem 1.3 is called the Robertson condition. This condition has a geometrical
meaning given by the following characterization due to Eisenhart.

Theorem 1.4 (Eisenhart 1934, [26]). The Robertson condition (1.3) is satisfied
if and only if in the orthogonal coordinates system x the Ricci tensor is diagonal:
R;j =0 for alli # j.

We note that the Robertson condition is satisfied for Einstein manifolds. In-
deed, an Einstein manifold is a riemannian manifold whose Ricci tensor is propor-
tional to the metric which is diagonal in the orthogonal case we study.

As shown by Eisenhart in [26, 27] and by Kalnins and Miller in [38], the
separation of the Hamilton—Jacobi equation for the geodesic flow is related to the
existence of Killing tensors of order 2 (whose presence highlights the presence of
hidden symmetries). The reader is referred to [2] for the state of the art on this
point and to [3, 4, 5, 6, 38, 44, 49] for important contributions and reviews.

We also mentioned that there exists an intrinsic characterization of sepa-
rability for the Hamilton—Jacobi and the Helmholtz equations using symmetry
operators given in [40, Thm. 3].

We finally note that there exists a more general notion of separability called
the R-separation (see for instance [40, 4, 5]). Our notion of separability corresponds
to the case R = 1. The study of R-separability in our framework will be the object
of future work.
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81.2. Description of the framework

We define a Stackel matrix which is a 3 x 3 matrix of the form

811(581 512(1‘1) 813(251)

)
S = | s91(2?) s92(2?) s03(2?) | ,
)

S31 ($3 532 (Z‘S) 533 (.733)

where the coefficients s;; are smooth functions. Let M be endowed with the rie-
mannian metric

(1.4) 9= Hi(da')* + H3(dz*)* + Hj (dz®)?,
with det(S)
o det .
H = o Vie{1,2,3},

where s'! is the minor (with sign) associated with the coefficient s;; for all i €
{1,2,3}. The metric g is riemannian if and only if the determinant of the Stéckel

11621 and s3! have the same sign. Moreover, if we

matrix S and the minors s
develop the determinant with respect to the first column, we note that if we assume
that s11, s21 and s3; are positive functions and if the minors s'!, s2! and s3! have
the same sign, then the sign of the determinant of S is necessarily the same as the
sign of these minors.

We emphasize that the mapping S +— ¢ is not one-to-one. Indeed, we describe
here two invariances of the metric which will be useful in solving our inverse

problem.

Proposition 1.5 (Invariances of the metric). Let S be a Stackel matriz.

(1) Let G be a 2 x 2 constant invertible matriz. The Stdckel matriz

. 811(£E1) §12(1‘1)§ 3
S = S21 (332) §22(l‘2) §23($2) 5
S31 (.133) §32 (]JS) 8 3
satisfying
(Sig 81‘3) = (§12 §13) G Vie {1,2,3},
leads to the same metric as S.
(2) The Stickel matriz

11(z!) s12(xt) s13(xt)
21(2%) s22(x?) s23(2?) | ,
31(2%) 532(2%) s33(2%)

O)>
I
@y >

@>
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where

§11(3}1) 811($1) +01512(.Z‘1)+CQS13(1‘1),
(1.5) 521(x?) = s21(2?) + C1522(2?) + Casos(x?),
831(23) = s31(2®) + C1532(23) + Caszs(x?),

where C1 and Cy are real constants, leads to the same metric as S.

Since we are interested only in recovering the metric g of the Stdckel mani-
fold, we can choose any representative of the equivalence class described by the
invariances given in the previous proposition. This fact allows us to make some
assumptions on the Stdckel matrix we consider as we can see in the following
proposition.

Proposition 1.6. Let S be a Stickel matriz with corresponding metric gs. There
exists a Stickel matriz S with gs = gs and such that

S12(21) > 0 and 313(z') >0 Val,
§22(2?) < 0 and 23(2?) >0 Va2,
(©)

32(2%) > 0 and 333(2%) <0 Va3,

li D= 1i D =1.
Jm sia(e!) = Jim, (e
Proof. See Appendix A. O

Remark 1.1. Condition (C) has some interesting consequences which will be
useful in our later analysis.

(1) We note that under condition (C), s?! = s13530 — s12533 and 83! = 519593 —
$13822 are strictly positive. Thus, since the metric g has to be a riemannian
metric we must also have det(S) > 0 and s'! > 0.

(2) We note that, since sa2, $33 < 0 and $a3, s32 > 0,

S S

811 >0 <& 899833 > S93S839 & 222 < ﬁ

523 833

We will use these facts later in the study of the coupled spectrum of the operators

H and L corresponding to the symmetry operators of Ay introduced in Section 1.1.

From now on and without loss of generality, we assume that the Stéckel matrix
S we consider satisfies condition (C).
On the Stéckel manifold (M, g) we are interested in studying the Helmholtz
equation
—Ayf = =)\f.
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As mentioned in Section 1.1 the Stéckel structure is not enough to obtain the
multiplicative separability of the Helmholtz equation. Indeed, we have to assume
that the Robertson condition is satisfied. We recall that this condition can be
defined as follows: for all i € {1,2,3} there exists f;(z%), a function of x' alone,
such that

811821831

(16) det(S)

= fifafs.

We can easily reformulate this condition into the form

det(9)?

1.7 5y
o HYH3 T

= fifafs3.

We note that the functions f;, i € {1, 2,3} are defined up to positive multiplicative
constants whose product is equal to 1. In the following we will choose, without
loss of generality, these constants equal to 1.

81.3. Asymptotically hyperbolic structure and examples

We say that a riemannian manifold (M, g) with boundary O M is asymptotically
hyperbolic if its sectional curvature tends to —1 at the boundary. In this paper, we
put an asymptotically hyperbolic structure at the two radial ends of our Stéckel
cylinders in the sense given by Isozaki and Kurylev in [35, Sect. 3.2].! Now we give
the definition of this structure in our framework.

Definition 1.4 (Asymptotically hyperbolic Stackel manifold). A Stéckel manifold
with two asymptotically hyperbolic ends having the topology of a toric cylinder is
a Stéckel manifold (M, g) whose Stéckel matrix S satisfies condition (C) with a
global chart
M =(0,4),1 x ’7;22,1}37

where x1 € (0, A4),1 corresponds to a boundary defining function for the two
asymptotically hyperbolic ends {z! = 0} and {z! = A}, and (22,2?) € [0, B],2 x
[0, C].s are angular variables on the 2-torus 7;2271:3, satisfying the following condi-
tions:

(1) The Stéckel metric g has the form (1.4).
(2) The coefficients s;;, (i,7) € {1,2,3}? of the Stickel matrix are smooth func-
tions.

(3) The coefficients of the Stéckel matrix satisfy

INote that the asymptotically hyperbolic structure introduced in [35] is slightly more general
than the one used by Melrose, Guillarmou, Joshi and S4 Barreto in [32, 37, 52, 58].
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(a) H? >0 for i € {1,2,3} (riemannian metric);
(b) 524(0) = s2;(B), 85;(0) = 85;(B), s3;(0) = s3;(C) and s3,(0) = s3,(C) for
j €4{1,2,3} (periodic conditions in angular variables);
(c) asymptotically hyperbolic ends at {z! = 0} and {z! = A}:
(i) at {#! = 0} there exist ¢g > 0 and § > 0 such that for all n € N there
exists C,, > 0 such that Vz! € (0,4 — ),

(2 0:1)"((2!)?s11 (") = 1| < Cu(L + [log(xh)])~mintmD=t=eo,
(2" 0,1)" (s12(2") = Dl < Co(L + [log(a")[)~mintmD 1=,
(2" 0,1)" (s13(2") = Dl < Cou(L + [Tog(a")[)~ mintmb=t=eo;
(ii) at {z' = A} there exist ¢; > 0 and 6 > 0 such that for all n € N there
exists C,, > 0 such that V2! € (6, A),
1((A = 2)9,2)"((A = 2')?su () = 1)
< Cu(1+ [log(A — ah)])~mineD =i,
I((A=a")8,1)" (s12(2")=1)]| < Cr(1 + |log(A — )]y~ mintmD=1me
1((A=2")0,1)" (s13(a") =Dl < Cu(L + [log(A — )|y~ mintmD =17,

Remark 1.2. We know that, thanks to condition (C), s12 and s13 tend to 1 when
x! tends to 0. However, at the end {z! = A}, we can just say that there exist two
positive constants o and S such that si2 and s13 tend to a and S respectively.
Thus, at the end {z! = A}, we should assume that

(A—z")spi(z") = U]y, s12(z") = afl]l, and  siz(z') = B[l

where
e, =14 O((1 + [log(A — zh))717).

However, we can show (see the last point of Remark 1.4) that, if so or s33 are not
constant functions, then o = 5 = 1.

Let us explain the meaning of asymptotically hyperbolic ends for Stéckel
manifolds.? Since the explanation is similar at the end {z! = A} we study just the
end {z! = 0}. We first write the metric (1.4) in a neighbourhood of {z! = 0} in
the form

3 3 N2 172 ( 702
_ 2(7,.0\2 _ > i (@) HE (dz*)

2We refer to [35, Sect. 3, p.99-101] for a justification of the name “asymptotically hyperbolic”.
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By definition,

12 13
(x1)2H? = (21)2s11 + (21)? (Slgzﬁ + Slgzﬁ) ,

11

1N\2772 _ (1)2
(@) Hy = (27)°s11 5o =omens
19 ‘12 (13
(1-8) +(.’L‘ ) (812 83281;7833812 + 513 83251397533512) ’
N2 72 _ (102 "
(@) Hs = (¢7)*s11 o =omens

+(1~1)2 812 + S13 513
§23812 522513 S12 $23512—522513 :

As is shown in [51], we know that at the end {z! = 0}, the sectional curvature of ¢
approaches —|dx!|, where h = Z?Zl(xl)QHiz(dmiV. In other words, the sectional
curvature with opposite sign at the end {z! = 0} is equivalent to

1\2 772 12 12 s st
(z°)°Hi = (x7)"s11 + (27) (3128114'313521) :
Thus, since an asymptotically hyperbolic structure corresponds to a sectional cur-

vature that tends to —1, we want this last quantity to tend to 1. This is ensured
by the third assumption of Definition 1.4 which entails that (for n = 0)

(1.9) (@')?s11(2') = [Ue,  s12(a’) = [Ue, and  s13(z') = [Ue,,
where
1., = 1+ O((1 + [ log(a) ) 7:~).
We also note that under these conditions we can write, thanks to (1.8), the metric

g, in a neighbourhood of {z! = 0}, in the form

dz1)? +dO2, + P(zt, 22, 23, dot, do?, da?
(1.10) 9= T
' (z')? ’

where
11 11

S s .
dQQTQ = 7(dz2)2 + 7(dx3)2

$32 — 533 823 — S22
621 and s3! have the same

L 0.

is a riemannian metric on the 2-torus 72 (since s
sign) and P is a remainder term which is, roughly speaking, small as x
Hence, in the limit ' — 0, we see that
N (da')? + dQ%-2
(1)?

that is, g is a small perturbation of a hyperbolic-like metric.

Remark 1.3. (1) According to the previous definition, we also need conditions
on the derivatives of s1;, j € {1,2,3} to be in the framework of [35].
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(2) By symmetry, we can do the same analysis at the end {z! = A}.

From conditions (1.9) and the Robertson condition (1.6) we can obtain more
information on the functions f1, fo and f3. We first remark that

11,21 .31 11
§87S S (513532*512533)(512523 *513522)

fifafs = =

det(S) 5118 4 519812 + 513813

Thus, using conditions (1.9), we obtain

f1f2f3 ~ (131)2(523 — 522)(532 — 833) when l‘l — 0.

Hence, we can say that there exist three positive constants c1, co and cs such that
cicocs = 1 and

(111) fl(Il) = cl(xl)Z[l]EU, f2(.172) = 62(523 — 822) and fg(xj) = 03(532 — 833).

We thus note that the functions f;, ¢ € {1, 2,3} are defined up to positive constants
c1, c3 and csg whose product is equal to 1. However, as mentioned previously, we
can choose these constants to be equal to 1. Of course, the corresponding result
on fi at the end {z! = A} is also true.

Remark 1.4. The previous analysis allows us to simplify the Robertson condition
and thus the expression of the riemannian metric on the 2-torus.

(1) We first note that, if we make a Liouville change of variables in the ith variable,

(1.12) Xt = /Ow vV gi(s) ds,

where g; is a positive function of the variable 2%, the corresponding coefficient
H? of the metric is also divided by g;(x?). The same modification of the metric
happens when we divide the ith line of the Stickel matrix by the function g;.
Thus, proceeding to a Liouville change of variables is equivalent to dividing
the ith line of the Stéckel matrix by the corresponding function.

(2) We now remark that, if we divide the ith line of the Stéckel matrix by a
function g; of the variable x%, the quantity % is divided by g;. Thus, re-
calling the form of the Robertson condition (1.6), we can always assume that
fa = f3 = 1 by choosing appropriate coordinates on 7 2. However, we do not
divide the first line by f; because it changes the description of the hyperbolic
structure (i.e., condition (1.9)). Nevertheless, there remains a degree of free-
dom on the first line. For instance, we can divide the first line by s12 or s13 and
we then obtain that the radial part depends only on the two scalar functions
jﬁ and zi As we will see at the end of Section 4, these quotients are exactly
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the scalar functions we recover in our study of the radial part. However, since
it does not simplify our study we do not use this reduction for the moment.

(3) From now on, fo =1 and f3 = 1 and we can thus rewrite (1.11) in the form
So3 — S99 = 1 and s3zo — s33 = 1. Thanks to these equalities, we can also
write d3, = s''((d2?)? + (dx®)?) for the induced metric on the compactified
boundary {z! = 0}.

(4) Generally, we know that s;» and si3 tend to 1 when z! tends to 0 but we
do not know that this is also true when z! tends to A. However, the Stickel
structure allows us to show that the asymptotically hyperbolic structure has
to be the same at the two ends (under a mild additional assumption). Assume
that the behaviour of the first line at the two ends is the following: at the end

{a' =0},
(@')s11(2!) = [Ueps  s12(a") = [Ue, and  s13(z") = [,
and at the end {2! = A},
(A—ah2syy(x') = [1]e,, sw2(z') =afl]l, and si3(z!) = B[1],,,
where
[1e, = 14+0((1+[log(z")) 7' 7®) and [1]e, = 1+O0((1+|log(A—z")[)~' ™)
and a and 3 are real positive constants. Using the Robertson condition at the
end {z' = 0} and the end {2! = A} we obtain
1= fo =593 — 522 =asa3 — Bs22 and 1= f3 =533 — 533 = 3532 — s33.

Thus, using that so3 = 1+ s99 and sz = 14 s33, we obtain (a« — )se2 =1 —«
and (8 — «)s33 = 1 — . Hence, if we assume that s or s33 is not a constant
function, we obtain « = g = 1.

Example 1.1. We give here three examples of Stackel manifolds that illustrate
the diversity of the manifolds we consider.

(1) We can first choose the Stéckel matrix

811(1’1) 512(,%1) 813(.’171)
S = a b c ,
d e f

where a, b, ¢, d, e and f are real constants. The metric g can thus be written
as g = S0, H?(dx')?, where H2, for i € {1,2,3} are functions of z! alone.
Therefore, g trivially satisfies the Robertson condition and we can add the
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asymptotically hyperbolic structure given in Definition 1.4. We note that, as
explained in the previous remark, g depends only on two arbitrary functions
(after a Liouville change of variables in the variable z1). Moreover, we can show
that 0,2 and 0,3 are Killing vector fields and the existence of these Killing
vector fields reflects the symmetries with respect to the translation in 22 and

x3.

We can also choose the Stackel matrix

s (z') s1a(2!) asia(a?)
S = 0 s9(2?) ses(a?) |,
0 s32(2%) s33(2?)

where a is a real constant. We can add the asymptotically hyperbolic structure
given in Definition 1.4 and the metric g can be written as

s 511 g1l
g =s11(de')? + 2 ((dx2)2 + (dm3)2> .

S12 \ @832 — 533 823 — AS22
Therefore, g satisfies the Robertson condition. We note that, after Liouville
transformations in the three variables, g depends on three arbitrary functions.
Moreover, thanks to the Liouville transformation X! = foml V/s11(8) ds, we
see that there exists a system of coordinates in which the metric g takes the
form g = (dzt)? + f(x!)go, where go is a metric on the 2-torus 72. In other
words, g is a warped product. In particular, g is conformal to a metric that can
be written as the sum of one euclidean direction and a metric on a compact
manifold. We recall that in this case, under some additional assumptions on the
compact part, the uniqueness of the anisotropic Calderén problem on compact
manifolds with boundary has been proved in [24, 25].

Finally, we can choose the Stéckel matrix

sp(at)? —si(zt) 1
S = | —s2(x?)? so(2?) —1
s3(23)? —s3(2?) 1

This model was studied in [2, 10] and is of main interest in the field of geodesi-
cally equivalent riemannian manifolds, i.e., of manifolds that share the same
unparametrized geodesics (see [10]). The associated metric

g = (51— 52)(s51—83)(da")? + (52— s3) (51— 52) (d®)* + (s3— 52) (53 — 51) (d®)?

satisfies the Robertson condition and g has no a priori symmetry, is not a
warped product and depends on three arbitrary functions that satisfy s; >
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s9 > s3. To form an asymptotically hyperbolic structure in the sense given
in Definition 1.4 we first multiply the second and the third columns of the
Stackel matrix on the right by the invertible matrix

~1-1

since it does not change the metric. We thus obtain the new Stéckel matrix

sp(xh)? sp(at) si(zt) —1
—59(2?)? —s9(2?) —s9(zt) + 1
s3(x®)?  s3(2) sz(xl) —1

Next, we use the Liouville change of variables in the first variable X! =
1
fO"L \/m ds, and we obtain the Stackel matrix

1 1-— —L1

SI(XI) s1(X1)
S = | —s2(2?)? —s9(2?) —sa(a!) + 1
s3(2%)?  s3(23) sz(zl) —1

Finally, to form the asymptotically hyperbolic structure on the first line, we
assume that

s1(Xh = (1+0((1+ |log(X1)])"* %)) when X' — 0

(X1)?
and

s1(Xh) = ! S(L+O((1+ |log(A" = XH)[)~'7))  when X' — A,

AT —xne

where Al = fOA V/s1(s)ds.

81.4. Scattering operator and statement of the main result

The construction of the scattering operator is given in [35, 36] for asymptotically

hyperbolic manifolds and it was used in [19] in the case of asymptotically hyper-

bolic Liouville surfaces. In our particular model, there are two ends and so we

introduce two cut-off functions x¢ and x1, smooth on R, defined by

A A
(1.13) xo=1on <0, 4) , x1=1on (34714) , Xo+x1=1on(0,A4),

in order to separate these two ends. We consider the shifted stationary Helmholtz

equation

_(Ag + 1)f = )‘Qf,



INVERSE SCATTERING ON STACKEL MANIFOLDS 259

where A\? # 0 is a fixed energy, which is usually studied in the case of asymptotically
hyperbolic manifolds (see [11, 35, 36, 37]). Indeed, it is known (see [36]) that the
essential spectrum of —Ay is [1, +00) and thus we shift the bottom of the essential
spectrum in order that it becomes 0. It is known that the operator —A, — 1 has
no eigenvalues embedded in the essential spectrum [0, +00) (see [13, 35, 36]). It is
shown in [36] that the solutions of the shifted stationary equation —(A, +1)f =
A2f are unique when we impose on f some radiation conditions at infinities. To
be precise, as in [19], we define some Besov spaces that encode these radiation
conditions at infinities as follows. To motivate our definitions, we first recall that
the compactified boundaries {z* = 0} and {z! = A} are endowed with the induced
metric

A3 = s''((d2?)? + (da?)?).

Definition 1.5. Let Hy: = L*(T?2, st dz? dx?). Let the intervals (0, +o00) and
(—o0, A) be decomposed as

(0,400) = Upezlx and (—00,A) = UkezJ,

where
(exp(eF~1), exp(e”)] if k> 1,
Iy = q (e el if k=0,
(exp(—el*l) exp(—elFI=1)] if &k < —1,
and
(A — exp(ek), A — exp(eF~1)) if k>1,
Jp=q(A—eA—cl| if k =0,

(A —exp(—elFl=1), A — exp(—el®)] if & < —1.

We define the Besov spaces By = Bo(H72) and By = Bi(H72) to be the Banach
spaces of Hy2-valued functions on (0, +00) and (—oo, A) satisfying, respectively,

) o\
Il = e ([ 1@ 55 ) <oc

keZ

and

[N

Iy = e ([ 1@, ) <

kEZ
The dual spaces Bj and B} are then identified with the spaces equipped with the
norms

1 R 5 dzx :
|f||55—<;gbg(m J, 1@l x) <o
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and .
3

1 A% dx
I flls; = (;igm(mAR ||f(17)‘|31T2 (A_x)2> < 0.

Remark 1.5. As is shown in [35], we can compare the Besov spaces By and B
to weighted L2-spaces. Indeed, if we define L2*((0,40c), Hy=) for s € R by

+oo ) ) dx %
Hfh(/ <1ngmnwﬂmn”22) < o0,
0 X
then for s > %7
1 _1
¥ cByCcLy? cCI2C LY *CcBycL>™™.
There is a similar result for the Besov spaces B; and Bj.

Definition 1.6. We define the Besov spaces B and B* as the Banach spaces of
Hr2-valued functions on (0, A) with norms

Iflls = lIxofllz + Ix1flls,  and [Iflls+ = Ixoflls; + Ix1f1s;-
We also define the Hilbert space of scattering data:
Hoo = Hp @ C? = Hope @ Hoe.
In [35, Thm. 3.15] the following theorem is proved.

Theorem 1.7 (Stationary construction of the scattering matrix).

(1) For any solution f € B* of the shifted stationary Helmholtz equation at nonzero
energy A2,

(1.14) —(Ag+1)f =N,
there exists a unique ) = (wé*%wﬁ’) € Hoo such that

Fw) (xo @)EPUET +xa (A -2 )

(1.15) . o
() (0 @) o (4 2

where

(1.16) wi(\) = i

(2Asinh(7A))20(1 T i))

(2) For any 7)) € Moo, there exists a unique Y € Hoo and f € B* sat-
isfying (1.14) for which the decomposition (1.15) above holds. This defines
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uniquely the scattering operator Sq(A) as the Hoo-valued operator such that
for all (=) € Ho,

(1.17) ) =S, (Nt
(3) The scattering operator Sg(X) is unitary on Heo.

Note that in our model with two asymptotically hyperbolic ends the scattering
operator has the structure of a 2 x 2 matrix whose components are Hyz2-valued
operators. To be precise, we write

_ [ L&Y Tr(Y)
Sol) = (TL()\) R(A)) ’

where Ty, (M) and Tr() are the transmission operators and L(\) and R(X) are the
reflection operators from the right and from the left respectively. The transmission
operators measure what is transmitted from one end to the other end in a scattering
experiment, while the reflection operators measure the part of a signal sent from
one end that is reflected to itself.

As mentioned in the introduction, the main result of this paper is the follow-
ing:

Theorem 1.8. Let (M, g) and (M, §), where M = (0, A) 1 ><7;22113, be two three-
dimensional Stdickel toric cylinders, i.e., endowed with the metrics g and § defined
in (1.4) respectively. We assume that these manifolds satisfy the Robertson con-
dition and are endowed with asymptotically hyperbolic structures at the two ends
{z! = 0} and {2' = A} defined as in Definition 1.4. We denote by Sy(\) and
Sg(A) the corresponding scattering operators at a fized energy A # 0 as defined
in Theorem 1.7. Assume that Sg(\) = S3(\). Then, there exists a diffeomorphism
U M — M, equal to the identity at the compactified ends {x' = 0} and {z! = A},
such that g is the pull back of g by ¥, i.e., g = U*g.

Remark 1.6. In fact, the proof of Theorem 1.8 will show that it suffices to know
one of the reflection operators at a fixed energy A # 0, i.e., it is enough to assume
that Rg(A) = Rz(A\) or Ly(A) = Lg(A) to conclude to the uniqueness of g modulo
isometries.

For general asymptotically hyperbolic manifolds (AHMs in short) with no par-
ticular (hidden) symmetry, direct and inverse scattering results for scalar waves
have been proved by Joshi and S& Barreto in [37], by S& Barreto in [58], by Guil-
larmou and S4 Barreto in [32, 31] and by Isozaki and Kurylev in [35]. In [37], it
is shown that the asymptotics of the metric of an AHM are uniquely determined
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(up to isometries) by the scattering matrix Sg(A) at a fixed energy A off a discrete
subset of R. In [58], it is proved that the metric of an AHM is uniquely determined
(up to isometries) by the scattering matrix S, () for every A € R off an exceptional
subset. Similar results have been obtained recently in [35] for even more general
classes of AHMs. In [32], it is proved that, for connected conformally compact Ein-
stein manifolds of even dimension n + 1, the scattering matrix at energy n on an
open subset of its conformal boundary determines the manifold up to isometries.
In [31], the authors study direct and inverse scattering problems for asymptoti-
cally complex hyperbolic manifolds and show that the topology and the metric of
such a manifold are determined (up to invariants) by the scattering matrix at all
energies. We also mention the work [50] of Marazzi in which the author studies
inverse scattering for the stationary Schrodinger equation with smooth potential
not vanishing at the boundary on a conformally compact manifold with sectional
curvature —a? at the boundary. The author then shows that the scattering matrix
at two fixed energies A\ and Ay, A\;1 # A2 in a suitable subset of C, determines
« and the Taylor series of both the potential and the metric at the boundary.
Finally, we also mention [12] where related inverse problems — inverse resonance
problems — are studied in certain subclasses of AHMs.

This work must also be put into perspective with the anisotropic Calderén
problem on compact manifolds with boundary. We recall here the definition of
this problem. Let (M, g) be a riemannian compact manifold with smooth bound-
ary OM. We denote by —A, the Laplace-Beltrami operator on (M, g) and we
recall that this operator with Dirichlet boundary conditions is self-adjoint on
L*(M,dVol,) and has a pure point spectrum {)\?}jzb We are interested in the
solutions u of

(1.18) {—Agu = Xu on M,

u =1 on OM.

It is known (see for instance [59]) that for any ¢ € Hz (9M) there exists a unique
weak solution u € H'(M) of (1.18) when A\? does not belong to the Dirichlet
spectrum {A\?} of —A,. This allows us to define the Dirichlet-to-Neumann (DN)
map as the operator A,(\2) from H?2(OM) to H=2(dM) defined for all ¢ €
Hz(OM) by

Ag(N) () = (Buu)jom,

where u is the unique solution of (1.18) and (d,u)jgr is its normal derivative
with respect to the unit outer normal vector v on M. The anisotropic Calderén
problem can be stated as follows:
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Does knowledge of the DN map Ay(N?) at a frequency N\* determine
uniquely the metric g?

We refer for instance to [24, 25, 32, 31, 33, 42, 46, 47, 48] for important contribu-
tions to this subject and to the surveys [34, 43, 59, 62] for the current state of the
art. One of the aims of this paper is thus to give an example of manifolds on which
we can solve the inverse scattering problem at fixed energy but which do not have
one of the particular structures we have just described for which the uniqueness for
the anisotropic Calderén problem on compact manifolds with boundary is known
(see Example 1.1(3)).

81.5. Overview of the proof
The proof of Theorem 1.8 is divided into four steps which we describe here.

Step 1 (Section 2): The first step of the proof consists in solving the direct prob-
lem. This will be done in Section 2. In this section we first use the structure of
Stackel manifold satisfying the Robertson condition to proceed to the separation
of variables for the Helmholtz equation. We obtain that the shifted Helmholtz
equation

—(By+1)f = Nf
can be rewritten as

Avf+sipLf +s13Hf =0,

where A; is a differential operator in the variable z! alone and L and H are com-
muting, elliptic, semibounded self-adjoint operators on L?(7?2,s't dz? dz3) with
discrete spectra. We consider generalized harmonics {Y},, }.,>1 which form a Hilber-
tian basis of L2(772, s'! dz? dz?) associated with the coupled spectrum (u2,,2,) of
(H, L). We decompose the solutions f = > <ty (2!)Y,, (2%, 23) of the Helmholtz
equation on the common basis of harmonics_{Ym}mzl and we then conclude that
the Helmholtz equation separates into a system of three ordinary differential equa-
tions:

—uy, (2') + 5 (log(f1)(z")) u, (&) + [= (A + D)sua(z') + p7ys12(2")
+12,513(21) |ty (21) = 0,
v (22) + [=(AN2 + 1)s21(2?) + pip, s22(2%) + 17, 823(2%) | (2%) = 0,
—wp, (2%) + [N + 1)sz1(2?) + g s32(2%) + 17,833 (2°) Jwm (27) = 0,
where f; is the function appearing in the Robertson condition and Y,, (22, 23) =
V(%)W (23). In this system of ODEs there is one ODE in the radial variable

z' and two ODEs in the angular variables z? and x®. We emphasize that the
angular momenta p2, and v2,, which are the separation constants, correspond also
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to the coupled spectrum of the two angular operators H and L. The fact that the

angular momenta (u2,, 12

=) are coupled has an important consequence in the use

of the complexification of the angular momentum method. Indeed, we cannot work
separately with one angular momentum and we thus have to use a multivariable
version of this method.

Next, we define the characteristic and Weyl-Titchmarsh functions following
the construction given in [19, 29, 45]. We briefly recall here the definition of these
objects and the reason why we use them. Using a Liouville change of variables
Xt = g(zb), X! € (0,A') where Al = fOAg(xl)dxl, we can write the radial
equation as

(1.19) ~U+q2U=—p2U,
where —u2, is now the spectral parameter and q,2, satisfies at the end {X! =0},

A2+ g .
1y _ 1
Q2 (X7, A) = X2 +qowz (X7, N),
where X'qg 2 (X', ) is integrable at the end {X* = 0} (the potential g,2 also has
the same property at the other end). We are thus in the framework of [29].. We can
then define the characteristic and Weyl-Titchmarsh functions associated with this
singular non-self-adjoint Schrédinger equation. To do this, we follow the method
given in [19]. We thus define two fundamental systems of solutions {59, S20} and
{811, S21} having the following properties:

(1) When X — 0,
Slo(Xl’MQ,VQ) ~ (Xl)%—i)\ and SQO(Xl’MZ’VQ) ~ 7(X1)%+i>\

and when X! — A,

1

_%(A1_X1)%+i,\_

S (XY, p2 %) ~ (A= X127 and Sop (X, p2,12) ~
(2) W(S1n,Son) =1 for n € {0,1}.
(3) For all X' € (0,A"), pu > Sjn(X*', p?,v?) is an entire function for j € {1,2}
and n € {0,1}.

We add some singular separated boundary conditions at the two ends (see (2.24))
and we consider the new radial equation as an eigenvalue problem. Finally, we
define the two characteristic functions of this radial equation as Wronskians of
functions of the fundamental systems of solutions

Aq,,gn (12,) = W(S11,S10) and 6q,,72n (12,) = W(S11, S20)

m
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and we also define the Weyl-Titchmarsh function by

551,,72n (.U’72n)

20 Mo Uin) =238, )

The above definition generalizes the usual definition of classical Weyl-Titchmarsh
functions for regular Sturm-Liouville differential operators. We refer to [45] for
the theory of self-adjoint singular Sturm—Liouville operators and the definition
and main properties of Weyl-Titchmarsh functions. In our case the boundary
conditions make the Sturm-Liouville equation non-self-adjoint. The generalized
Weyl-Titchmarsh function can nevertheless be defined by the same recipe as shown
in [19, 29] and recalled above.

We note that the characteristic and generalized Weyl-Titchmarsh functions
obtained for each one-dimensional equation (1.19) can be summed over the span
of each of the harmonics Y,,, m > 1 in order to define operators from L2(7?2,
st dx? dz3) onto itself. To be precise, recalling that

LA(T?, s do? d2®) = @ (Yi),

m>1

we have the following definition:

Definition 1.7. Let A # 0 be a fixed energy. The characteristic operator A(\)
and the generalized Weyl-Titchmarsh operator M (\) are defined as operators from
L3(T?, s dz? dz®) onto itself that are diagonalizable on the Hilbert basis of eigen-
functions {Y;,}m>1 associated with the eigenvalues Aqugn (u2)) and qugn (u2).

More precisely, for all v € L?(72, s'! dz? d2?), v can be decomposed as

v:vaYm, v € C

m>1

and we have

AN =>" D,z (Hp)omYm and  M(A)o = > My, () 0mYon-
m>1 m>1

We emphasize that the separation of the variables allows us to “diagonalize”
the reflection and the transmission operators into a countable family of multiplica-
tion operators by numbers Ry (X, p2,,v2,), Ly(A, p2,,v2,) and Ty(\, 2, v2), called
reflection and transmission coefficients respectively. We will show (see equations
(2.34)—(2.36)) that the characteristic and Weyl-Titchmarsh functions are noth-
ing but the transmission and the reflection coefficients respectively. The aim of
this identification is to use the Borg—Marchenko theorem from the equality of the
scattering matrix at fixed energy.
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Step 2 (Section 3): The second step of the proof consists in solving the inverse
problem for the angular part of the Stéckel matrix. We begin our proof with a
reduction of our problem. Indeed, our main assumption is

Sg(A) = S5(A)

and these operators act on L?(72, s dz?dz?) and L?(T?, 5" dz? dz®) respec-

tively. To compare these objects we thus must have
JRERENSEY

Using the invariance of the metric g under the choice of the Stackel matrix S
mentioned in the introduction and the particular structure of the operators H and

821 822 S23 | [ S21 S22 S23
$31 S32 S33 §31 532 S33

We conclude Section 3 by noticing that, thanks to these results, H = Hand L = L.
As a consequence, since the generalized harmonics depend only on H and L, we

2 ~2
/‘Lm /J‘m
<1/2> = (172> Ym > 1.

Step 3 (Section 4): In the third step, we solve in Section 4 the inverse problem for

L, we then prove that

can choose Y,, = Y,, and

the radial part of the Stackel matrix. The main tool of this section is a multivari-
able version of the complex angular momentum method. The main assumption of
Theorem 1.8 implies

M (piys Vi) = M (pipy, viy) Ym >1

m m

and as explained in the introduction we deduce from this equality, thanks to this
method, that

Mq,,2 (/‘2) = M§y2 (MQ) V(N7 v) € c? \ P,
where P is the set of points (i, ) € C? such that the Weyl-Titchmarsh functions
do not exist, i.e., such that the denominator vanishes.

Step 4 (Section 5): We now conclude the proof. We use the celebrated Borg—
Marchenko theorem (see [19, 29]) to deduce from the previous equality that
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Since this equality is true for all m > 1, we can “decouple” the potential

. 2
s11 g 813 , 1 b5l 1 f1
v =—(N+1)= —_— 4+ — 1 - ——11 -
. ( * )512+Um$12+16 <<0g<512>)> 4 o8 512
f1

and we thus obtain the uniqueness of the ratio ZIT; and one ODE on the ratios Pl

gfl " and zﬁ, % Finally, using the Robertson condition and the uniqueness of a

Cauchy problem, we conclude that

S11 811 s511 811
and — =

S12 812 513 513

This finishes the proof of Step 4 and together with the previous steps, the proof
of Theorem 1.8.

This paper is organized as follows. In Section 2 we solve the direct problem.
In this section we study the separation of variables for the Helmholtz equation,
we define the characteristic and Weyl-Titchmarsh functions for different choices
of spectral parameters and we make the link between these different functions
and the scattering coefficients. In Section 3 we solve the inverse problem for the
angular part of the Stackel matrix. In Section 4 we solve the inverse problem for
the radial part of the Stéckel matrix using a multivariable version of the complex
angular momentum method. Finally, in Section 5, we finish the proof of our main
Theorem 1.8.

§2. The direct problem

In this section we will study the direct scattering problem for the shifted Helmholtz
equation (2.1). We first study the separation of the Helmholtz equation. Second, we
define several characteristic and generalized Weyl-Titchmarsh functions associated
with unidimensional Schrédinger equations in the radial variable corresponding
to different choices of spectral parameters and we study the link between these
functions and the scattering operator associated with the Helmholtz equation.

82.1. Separation of variables for the Helmholtz equation

We consider (see [11, 35, 36, 37]) the shifted stationary Helmholtz equation
(2.1) —(Ag +1)f =N,

where \ # 0 is a fixed energy, which is usually studied in the case of asymptotically
hyperbolic manifolds (see [11, 35, 36, 37]). Indeed, it is known (see [36]) that the
essential spectrum of —A, is [1, +00) and thus we shift the bottom of the essential
spectrum to 0. It is known that the operator —A;—1 has no eigenvalues embedded
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in the essential spectrum [0, +00) (see [13, 35, 36]). We know that there exists a
coordinate system separable for the Helmholtz equation (2.1) if and only if the
metric (1.4) is in Stéckel form and furthermore if the Robertson condition (1.6) is
satisfied. We emphasize that, contrary to the case n = 2 studied in [19], we really
need the Robertson condition in the case n = 3.

Lemma 2.1. The Helmholtz equation (2.1) can be rewritten as

(2.2) Arf +si2Lf +s13Hf =0,

where

23) A= -02+ %ai (log(f:) 0 — (A2 + D)siy fori € {1,2,3)
and

(2.4) L=—"RAs+ 514y and H="1A;— i As.

Proof. Lettlng |g\ be the determinant of the metric and (¢g%/) the inverse of the
metric (g;5), ¢** = H2 and +/|g| = HiH2Hs3. Using the Robertson condition (1.7),
we easily show that

@5 8= o (Vil®0) = 3 g (9 - 30 tests) ).

Hence, from (2.5) we immediately obtain that the Helmholtz equation (2.1) can
be written as

3
1
(2.6) Z A =N+ 1)f,
where =
1
(2.7) AY) =07 + 50 (log(fi)) 0 fori € {1,2,3}.
If we multiply equation (2.6) by H? and if we use that
21 31 2 21 2 31
2 s s Hi s i s
Hi = sn +8215T +831$Tv HZ s and HZ O S
we obtain
$21 531
(2.8) 1f+ A2f+ —7Asf =
Finally, using the equalities
521 53 $32 s 8o 522
ST *512811 + s13 =7 5T and ST SlQSﬁ - Slssﬁa

from (2.8) we obtain equation (2.2). O
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Remark 2.1. (1) We note that the Robertson condition is equivalent to the ex-
istence of three functions f; = f;(z*) such that

H} :
This equality is interesting since it gives us an expression of the Robertson
condition directly in terms of the coefficients H? of the metric g.

(2) Since we assumed that fo and f3 are constant functions equal to 1 (see Re-
mark 1.4) we know that

A =-05 and A§=-03.

Lemma 2.2. The operators L and H are self-adjoint, semibounded and elliptic
on L?(T?,s' dx? dx®). Moreover, they commute.

Remark 2.2. Since the operators L and H commute, there exists a common
Hilbertian basis of eigenfunctions {Yy, }m>1 of H and L, i.e.,

(2.9) HY,, = p2Y,, and LY, =12Y,, Ym>1,

and
L*(T?, s da?d2®) = @D (V).
m>1
Here, we arrange the coupled spectrum (u2,,72,) such that

m
(1) counting multiplicity,
i< < i< <l <o oo
2) starting from n = 1 and by induction on n, for each n > 1 such that x2 has
Hn
multiplicity k, i.e., u2 = ,ufl_H =... = ufl+k71, we order the corresponding
V) p<i<nir—1 in increasing order, i.e., counting multiplicity,
j/nsjsn+
2 2 2
Vn < Vpt1 <-- < Vntk—1-

The toric cylinder topology implies that the boundary conditions are compat-
ible with the decomposition on the common harmonics {Y;, }m>1 of H and L. We
thus look for solutions of (2.1) of the form

(2.10) flat a? 23) = Z U (21 Yy (22, 223).

m>1

We use (2.10) in (2.2) and we obtain that u,, satisfies, for all m > 1,

— (') + 5 (log(A) (&) w' ()

+ [—()\2 + 1)811(56’1) + ,uilslg(xl) + 1/31513(951)] u(a:l) =0.
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Finally, inverting (2.9), we obtain

A Yoo =— 2 ; Yon,
(2.11) { 2 (s22ptz, + S23Va,)

A3Yy = — (832417, + 533V ) Yim-
Remark 2.3. The harmonics Y,, (22, 23), m > 1 can be written as a product of
a function of the variable 22 and a function of the variable z3. Let (fa,g2) and

(f3, g3) be periodic fundamental systems of solutions associated with the operators
Ay and Ajz respectively. We can thus write Y, (22, 23) as

Vin(a?,2%) = a(2®) fo(2®) + b(2”) g2 ().
We then apply the operator Az on this equality and we obtain
A3(Ym) (22, 2%) = Az(a)(2®) f2(2®) + A3(b)(2) g2 (a).

Thus, using that A3Y,, = —(s3apu2, + s33v?2,)Y,, and the fact that (f2,g2) is a
fundamental system of solutions we obtain

Yi(a2?,2%) = afa(2?) f3(2®) + bfa(2?)gs(2?) + cga(@®) f3(2°) + dga(z?) gs(z?),

where a, b, ¢ and d are real constants. Thus, for each coupled eigenvalue (1?2, ,v2,),

m > 1, the corresponding eigenspace for the couple of operators (H, L) is at most
of dimension 4. However, the diagonalization of the scattering matrix S,(\) does
not depend on the choice of the harmonics in each eigenspace associated with a
coupled eigenvalue (p?2,,12,) and we can thus choose as harmonics Y,, = fafs,
Yo = f293, Yim = gofs and Y, = gog3. We can then assume that Y,, (22, 23) is a

product of a function of the variable 22 and a function of the variable 23.

Lemma 2.3. Any solution u € H*(M) of —(A, + 1)u = Au can be written as

u= 3" (@) V(22 2%),

m>1

where Y, (22, 23) = v (22)w,, (23) and

—up (') + 5(log(f1)(x") u), (&) + [= (A + D)s1a (21) + p, s12(2t)
+12,513(21) |ty (21) = 0,
—vp (2%) + [= (N + 1)s21(2?) + 17, 522(2?) + 17, 523(2%)Jum (22) = 0,
—wp, () + [ (N + D)ssi (2) + pi,s32(2°) + 17, 533(2%)Jwm (%) = 0.
From Lemma 2.3 we can deduce more information on the eigenvalues (u2,)m>1

and (v2,)m>1. Indeed, we can prove the following lemma which will be useful in
the sequel.
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Lemma 2.4. There exist real constants Cy, Cy, Dy and Dy such that for all
m>1,
Cyp2, + Dy < v2, < Cop, + Ds,

where

C1 = min (—832> >0 and Cy = —min <822) > 0.

533 523

Proof. We first recall the angular equations of Lemma 2.3:

(212) = 0"(@?) + [=(W + Lsna (02) + 2 22(2%) + 12, 895(2%)Jo(a?) = 0
and
(213) =" (@) + [~ (N + D)sar (¢%) + pis30(2°) + v s33(2%)Jw(2®) = 0.

We use a Liouville change of variables in (2.12) to transform this equation into
a Schrédinger equation in which —v2, is the spectral parameter. Thus, we define
the diffeomorphism X? = gy (2?) = f0$2 \/823(t) dt and we define v(X?, u2,,v2) =
v(ha(X?), u2,,v2,), where hy = g5 " is the inverse function of go. We also introduce
a weight function to cancel the first-order term. We thus define

V(X% p2, vh) = (823(h21<X2)>>4 v(ha(X?), 12, V)

After calculation, we obtain that V (X2, u2,,12) satisfies, in the variable X2, the

m
Schrédinger equation

(214) - V(X27,u72n71/72n) +pu2 2(X27A)V(X2nu3nay2 ) = _V2 V(X2 MZ V2 )a

where

X?) s92(X?)
2.15 X2 ) =-(\+1 s21( 2
(2.15) Puz 2(X5 ) (3" )823(X2) NmszS(X2)’

with S21 (XZ) = Sgl(hQ(XQ)), SQQ(XQ) = Sgg(hg(XQ)) and 823(X2) = 323(]7,2()(2)).
We follow the same procedure for (2.13) putting
X5 = ga(a?) :/ s (t) dt
0

) -1
and W X3, 2 ; 2 — () h X3 , 2 , 2
1 ( Hom, Vm) —833(h3(X3)) UJ( 3( ) Hom, Vm)

and we obtain that W (X?) satisfies, in the variable X3, the Schrodinger equation

(2.16) —W(X3, u2,,02) +pugn’3(X3,)\)W(X3,,u3n, v2) = vEW(X3, u2 v2),

m m
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where

X?) 532(X?)
2.17 > 3(X30) = (A2 +1 su(X7) 2 ,
( ) p,u,.,,w?)( ) ( )SJS(XS) /J“ 333(X3)

with Sgl(XS) = Sgl(hg(XB)), 532(X3) = Sgg(hg(XB)) and 533(X3) = Sgg(hg(XB)).
Assume now that 2, is fixed and look at (2.14) and (2.16) as eigenvalue problems

in +12,. We suppose that p2, has multiplicity £ > 1 and we use the notation given
in Remark 2.2, i.e., that we want to show that

Clﬂ?n+D2§V]2§CQM3n+D2 Vm<j<m+k—1,

where 12 < 12, for all j € {m,...,m+ k — 1}. We know that the spectra of the
J J+1 J
operators
d? d?
sz—m +pugn72 and PS:_W +p#gﬂ,3
are included in [min(p,z o), +00) and [min(p,z 3),+00) respectively. The first con-
dition gives us that

—1/]2» > —Copu?,—Dsy, where —Cy = min (822> and —Dy = (A?+1) min (—821>
523

and the second one tells us that

ujz > Cyp2, + Dy, where C; = min (—532) and D; = (\> + 1) min (331) .
533 533
Since (V2)m<j<mik_1 is the set of eigenvalues of (2.12) and (2.13), for a fixed p?
i <j<m+ m

of multiplicity & we obtain from these estimates that
Cuipiy, + D1 S vj < Copgy + Dy Vm<j<m+k—1.

In other words, thanks to our numbering of the coupled spectrum explained in
Remark 2.2,
Ol“fn + D < Z/Z1 < Cg,u?n +Dy Vm>1.
O

Remark 2.4. (1) Using the condition given in Remark 1.1, 1 = min ( — z%) <
— min (%) = (Cs.

(2) The previous lemma says that the coupled spectrum {(u2,,v2,), m > 1} lives
in a cone contained in the quadrant (R*)2 (up to a possible shift due to the
presence of the constants Dy and Dg). Moreover, since the multiplicity of u2, is
finite for all m > 1, there is a finite number of points of the coupled spectrum
on each vertical line. We can summarize these facts with the generic picture

in Figure 1.
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Figure 1. Coupled spectrum.

(3) The Weyl law (see [41, Thm. 2.21]) which says (in two dimensions) that there
exists a constant C such that the eigenvalues are equivalent for large m to
Cm, is satisfied by the eigenvalues {u2,},, and {2 },, if we arrange them in
increasing order. However, we labelled the coupled spectrum in such a way
that the order for the (¢2,) is not necessarily increasing.

(4) An eigenvalue of the coupled spectrum (p2,,v/2,) has at most multiplicity 4, as
was mentioned in Remark 2.3.

Example 2.1. We can illustrate the notion of coupled spectrum on the examples
given in Example 1.1.

(1) We define the Stickel matrix

s (z!) s1a(z) s13(xt)

Ss=1 o 1 0
0 0 1
In this case H = —035 and L = —03 and we note that these operators can

be obtained by derivation of the Killing vector fields do and d3. The coupled
spectrum of these operators is {(m?,n?), (m,n) € Z*} and we can decompose
the space L2(7?2,s!!dz?dz3) on the basis of generalized harmonics Yy, =
ema*+ine® e note that this coupled spectrum is not included in a cone
strictly contained in (R*)? but there is no contradiction with Lemma 2.4
since the Stéckel matrix S does not satisfy condition (C). However, we can
use the invariances of Proposition 1.5 to come down to our framework (this
transformation modifies the coupled spectrum). Indeed, we can obtain the
Stéackel matrix

811(1‘1) Slg(l‘l) 813(1‘1)

So a b c

d e f
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where s11, s12 and s13 are smooth functions of z! and a, b, ¢, d, e and f are
real constants such that b, f < 0 and ¢,e > 0. In this case we have

532 2 S22 2 e 2 b 2
H=--==0 —=05 = — 10) 0
sl 2+511 3 bffceQ—befce3
and f
533 52 523 2 2 c 2
L=—""05— =05 = 05 — 05.
172 G173 T pf e 2 bf —ce

Thus, the coupled spectrum of the operators H and L can be computed using
the same procedure as the one used for S;.

We emphasize that in the case of the Stéckel matrix S the coupled spectrum
is in fact uncoupled. We can thus freeze one angular momentum and let the
other one move on the integers. After the use of the invariance to come down
to our framework these vertical or horizontal half-lines are transformed into
half-lines contained in our cone of (RT)2. This allows us to use the usual
complexification of the angular momentum method in one dimension on a
half-line contained in our cone.

We define the Stackel matrix

s (z!) s1a(2!) asia(a?)
S = 0 s2a(2?) sez(2?) |,
0 532(1'3) 333(£3)

where s1; and s15 are smooth functions of 2!, s95 and ss3 are smooth functions
of 22, s35 and s33 are smooth functions of 2% and a is a real constant. In this
case, the Helmholtz equation (2.1) can be rewritten as Ay f + s12(L+aH)f =
0. Therefore, the separation of variables depends only on a single angular
operator given by L 4+ aH whose properties can be easily derived from the
ones for H and L. In particular, the set of angular momenta is given by
w2, = p2,+v2, m > 1, and could be used to apply the Complexification of the
Angular Momentum method. Note that, even though the spectra {u2,, 2, } are
coupled, only the spectrum w2, appears in the separated radial equation.

In the case of the Stackel matrix

where s; is a smooth function of z!, s, is a smooth function of 22 and s3 is a
smooth function of 23, there is no trivial symmetry. We are thus in the general
case and we have to use the general method we develop in this paper.
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82.2. A first construction of characteristic and Weyl-Titchmarsh
functions

The aim of this section is to define the characteristic and Weyl-Titchmarsh func-
tions for the radial equation choosing —u2, as the spectral parameter. We recall
that the radial equation is

1
(218) - U// + i(log(fl))'u’ + [*()\2 + 1)811 + /147271812 + V,znslg] u = 0,

where the functions depend only on z'. We choose —u? := —pu2, to be the spectral
parameter. As mentioned in the introduction, to do this we make a Liouville change
of variables:

X! =gz = /L V/s12(t) dt
0

and we define u(X?', u2,v?) = u(h(X?'),p?,v%), where h = g=—! is the inverse
function of g and v? := v2,. Next, to cancel the resulting first-order term and
obtain a Schrodinger equation, we introduce a weight function. To be precise, we
define

(2.19) vt t) = (L) unee) o)

After calculation, we obtain that U(X!, u?,v?) satisfies, in the variable X!, the
Schrédinger equation

(220) - U(Xl,,u2,l/2) + QVQ(le)‘)U(leMQaVQ) = —M2U(X1,,u2,l/2),

where

s (X)) | os13(X7)
s(x1) T 31§<X1>

S (EIERHEC )

with f = Z A(XY) = A(XY), si(XY) = sii(hi (X)), s12(X1) =
Slg(hl(Xl)) and S13(X1) = Slg(hl(Xl)).

02(X1 ) ==\ +1)
(2.21)

Lemma 2.5. The potential q,2 satisfies, at the end { X' = 0},

A2+ 3
QV2(X13)‘> = _(Tl)g + QO,VQ(Xla )‘)7
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where X'qq ,2(X*, \) € L (O, %) with A = g(A). Similarly, at the end {X! =
A},

A+ g
(AT — X1)2
where (A" — XV)ga1 ,2(X',\) € L (ATI,A1>.

qV2(X17>\):7 +(]141,1/2()(1’)‘)7

Proof. We first note that since sja(2') ~ 1 when z* — 0 we obtain by definition
of X! that X! ~ 2! as ' — 0. Thus we can use the hyperbolicity conditions (1.9)
directly in the variable X'. The lemma is then a consequence of these conditions.

O

We now follow the paper [19] to define the characteristic and the Weyl-
Titchmarsh functions associated with the equation (2.20). To do that, we introduce
two fundamental systems of solutions S;,, j € {1,2} and n € {0,1} defined by

(1) when X! — 0,

1

~ (x1! 24+ix
22’)\( )

(2.22)  Sio(X', 1% 02) ~ (XH27 and  Syo(X', p2,12) ~
and when X! — Al,

Sll(Xla,Uf2;V2) N (Al _ Xl)%fi)\
(2.23) 1,2 2 1 1 1y 3+iX
and  Sop (X', p*v7) ~ —— (A" — X )2,
21\
(2) W(S1n,S2,) =1 for n € {0,1};
(3) for all X* € (0, AY), u+— Sjn(X?', 4% 1v?) is an entire function for j € {1,2}
and n € {0, 1}.
As in [19, 29], we add singular boundary conditions at the ends {X' = 0} and
{X! = A'} and we consider (2.20) as an eigenvalue problem. To be precise, we
consider the conditions

(2.24) U(u) :=W(Sw,u)x1=0 =0 and V(u):=W(S11,u)x1—a1 =0,

where W (f,g) = f¢' — f'g is the Wronskian of f and g. Finally, we can define the
characteristic functions

(2.25) Ag, (1) = W(S11,810) and  §, (n*) = W(S11, S20)

and the Weyl-Titchmarsh function

W (S11,520) _ bq,» (1)

(2:26) My, , () =~ W(S11,S10) Ay, (1)
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Remark 2.5. The Weyl-Titchmarsh function is the unique function such that the
solution of (2.20) given by ®(X!, %, v?) = S1o(X1, 2, %) + M, , (1) S20(X ", p?,
v?) satisfies the boundary condition at the end {X* = A'}.

An immediate consequence of the third condition in the definition of the
fundamental systems of solutions is the following lemma.

Lemma 2.6. For any fized v, the maps p — A, , (u?) and p g, (u?) are
entire.

In the following (see Sections 2.4 and 2.5), we will define other characteristic
and Weyl-Titchmarsh functions that correspond to other choices of spectral pa-
rameters which are —v2, and —(u2, + v2,). We study here the influence of these
other choices.

Proposition 2.7. Let X! = §(z') be a change of variables and p be a weight
function; then

U(Xl,,uQ,VQ) _ IZ(

and V(X' pu? %) = AL

Moreover,
2
Wxi (U, V) = <h> Ox1(goh) (X)W (U, V).
Corollary 2.8. Let X! and X' be two Liouville changes of variables defined by

X' =gz = /01’1 Vsis(t)dt and X' = g(a!) = /01’1 \/ T2 (t) dt,

where

B wrsia(xt) + v2si3(at)
- MZ + 1/2

and let p and p be two weight functions defined by

7"“2’,/2 (.’L‘l) N

)

Al

ﬁ(ﬁ@l»:(ﬁ(ﬁ()&l)))i and p(h() = (L Ghixy)

513
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Let U and V be defined as

Then,
Wxi1(U,V) =W (U, V) =W (U, V).

We will use X! and p in Section 2.4 to obtain holomorphic properties and
good estimates in the variable v2. Second, we will use X! and p in Section 2.5 to
show that the characteristic functions are bounded for (u,v) € (iR)%.

§2.3. Link between the scattering coefficients and the
Weyl-Titchmarsh and characteristic functions

In this section, we follow [19, Sect. 3.3] and we make the link between the transmis-
sion and the reflection coefficients, corresponding to the restriction of the transmis-
sion and the reflection operators on each generalized harmonics, and the character-
istic and Weyl-Titchmarsh functions defined in Section 2.2. First, we observe that
the scattering operator defined in Theorem 1.7 leaves invariant the span of each
generalized harmonic Y,,. Hence, it suffices to calculate the scattering operator on
each vector space generated by the Y,,,’s. To do this, we recall from Theorem 1.7
that, given any solution f = u,,(x!)Y,, (22, 23) € B* of (2.1), there exists a unique
SR (woim,z/}gi)) € C? such that

) = - () (x0 @)U 1 (4 - 2 1))

(2.27) . L
—wir ) (xo @) 4+ (A - a)ERul))),

where wy are given by (1.16) and the cut-off functions xo and x; are defined in
(1.13). As in [19], we would like to apply this result to the fundamental systems
of solutions (FSS) {S;n, 7 = 1,2, n = 0,1}. However we recall that S;, are
solutions of the equation (2.20) and this Schrédinger equation was obtained from
the Helmholtz equation (2.1) by a change a variables and the introduction of a
weight function (see (2.19)). We thus apply the previous result to the functions

(2.28) wpn(a, 2, 0?) = (fl«cl)) " Silg@) i), je {12} ne {01,
512
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We first study the behaviour of the weight function at the two ends in the following
lemma.

Lemma 2.9. When z! — 0,

(fl(xl)> ' Val[l]e, where [1]e, = 14 O((1 + |log(z")])~1=).

S12

The corresponding result at the end {x' = A} is also true.

Proof. We first divide the Robertson condition (1.6) by s12 and we obtain

5 (e

s12 Hipgopg2'
s 213

We use the hyperbolicity conditions given in (1.8)—(1.9) and Remark 1.4 to obtain

det(S st
81(2 ) = ()2 [1]60’
H?
i = (I})z []—]eoa
H22 - (;1)2 [”eoa
RS ]

The lemma is then a direct consequence of these estimates. O

Thanks to (2.22)—(2.23), (2.28) and Lemma 2.9, we obtain that when z! — 0,

1 .
d 1 2 2 ~ I\1+2A
and  ug(x', p?, v°) 72M($ )

Ulo(mly,uQ;VQ) ~ (xl)l—ik

and when 2! — A,
4 1 .
(2.29) upy (2t 1, v%) ~ (A=) and  ug (2!, p?,v2) ~ —T(A—xl)“”’\.

We denote by () = (w((f), wgf)) and 1(H) = (w(()ﬂ, §+)) the constants appearing
in Theorem 1.7 corresponding to u1g. Since uyg ~ (:101)1_“‘ when 2! — 0, we obtain

(-) (+) 1
= 0 d = — .
Yo and ¥o wi(A)
We now write Sy as a linear combination of S1; and Sa, i.e., Sio=a1 (12,, v2,)S11+

bl(ugn,l/zn)SQh where al(,ufn,z/gl) = W(510,521> and b1<p¢72n,l/72n) = W(Sn,slo).
Thus, thanks to (2.28),

utg = ar (2, va)uin + by (U2, V2 )ual .
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We then obtain, thanks to (2.29), that

) bilpps ) ® _alpp,vy)
L I T WG ) B A VR

Finally, we have shown that uig satisfies the decomposition of Theorem 1.7 with

0 ,%
(2.30) w(*) — (_bl(ﬂiﬂl’fn)> and d)(JF) — (CM%) .

2iAw_ (\) wr ()
We follow the same procedure for u1; and we obtain the corresponding vectors
bo(uh, V) _ao(ph, vy)
(2.31) ¢(—) — ( 2idw_ (N ) and ¢(+) — ( w+1()\) ) 7
0 ey
where ag(p2,,v2,) = W(S11,S2) and bo(u?,,v2,) = W(S10,S11). We now recall

that for all w,({) € C? there exists a unique vector wﬁ) € C? and u,,(2)Y,, € B*
satisfying (2.1) for which the expansion (1.15) holds. This defines the scattering
matrix S,(\, p2,,12) as the 2 x 2 matrix such that for all 1%, ) € C2,

(2.32) U5 = Sy (N i v U5

Using the notation

LAt Vi) TL(N, i, Vi)
S )\ 2 2 = T e B
g( s Hims Vin) (TR()h/ManVin) R()\,Miuygn) 7

and using definition (2.32) of the partial scattering matrix, together with (2.30)—
(2.31), we find

_ZiAw,)\(A) Zo(um, ;n) 26w )\()\) ; 21 ;
(2.33) CHONT-ANZRE 72;\:(,(),\) O(MT)U ") 2;;2(,()/\) ai%ﬁ%Zi))

wi(N) bo(ufvi)  wi (X)) bi(uf,vi,)
In this expression of the partial scattering matrix, we recognize the usual trans-
mission coefficients T, (\, u2,,v2,) and Tr(\, u2,,v2,) and the reflection coefficients
L\ p2,,v2) and R(\, p2,,v2,) from the left and the right respectively. Since they
are written in terms of Wronskians of the Sj,, j = 1,2, n = 0,1, we can make
the link between the characteristic function (2.25) and the generalized Weyl-
Titchmarsh function (2.26) as follows. Noting that

2 2 2 2 2 2 ao (K, Vi)
Aqygn (ki) = 01 (s Vi) = —bo(piy, ¥7,) - and qugn (Hin) = bo(u2,,v2,)

we get

2idw_ () M

(2.34) L, i vy,) = ) Mag, (1)
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and

20 w_ (X 1
(2.35) T(h 2, 12) = To(A 20, 72) = Ta(h, 2y, 12) = 2= ()

o) By, ()

Finally, using the fact that the scattering operator is unitary (see Theorem 1.7)

we obtain as in [19] the equality

2idw_(\) A,z ()

2.36 RO\, p2,,v2) = M, , (12).
( ) ( I ) er()\) Aq,,gn (M%@) qu (,LL )

§2.4. A second construction of characteristic and Weyl-Titchmarsh
functions

In Section 2.2 we defined the characteristic and the Weyl-Titchmarsh functions
when —p2, is the spectral parameter. We can also define these functions when we
put —v2, as the spectral parameter. We recall that the radial equation is given by
(2.18). To choose —v? := —12, as the spectral parameter we make the Liouville

change of variables

Xl:g(xl)z/om o (@) dt,

and we define 4(X', p2,v2) = u(h(X1), u2,v2), where h = ' and p? := 42,. As
in Section 3.1 we introduce a weight function and we define

1

N i s E
G2 0) = (G0 b)),

After calculation, we obtain that Ij(Xl, u?,v?) satisfies, in the variable Xl, the

Schrédinger equation

(237) - [}(Xla lufzv V2) + (j/ﬁ (Xla )‘)U(le N27 V2) = 7V2U(X17 N27 Vz)a

where

R 5 s11 (XY ysp(XY)
13 (X >>‘) (>‘ +1)813(X1) +:u 813()21)

(o (HEONN 1 (A
16 (lg<sls<f<1>>> <1g<813<f<1>)>'

As in Section 2.2 we can prove the following lemma.

(2.38)

e

Lemma 2.10. The potential 4> satisfies, at the end {Xl =0},
N+

unz(X 7)‘) = (Xl)

+QO,M (X )‘)
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uA;here )A(lzjo,;ﬁ (Xl,A) cL! (0, %1) with A' = g(A). Similarly, at the end {Xl =
A},
. A4+ 1 .
5 14y 1 5 1
3R 0) =~ + e (K1),
where (A' — Xl)szlyﬂz()A(l,)\) € Ll(%,fll),

We can now follow the procedure of Section 2.2 to define the characteris-
tic and Weyl-Titchmarsh functions corresponding to equation (2.37) using two
fundamental systems of solutions. Thus, we can define the characteristic functions

(239) Aqu2 (1/2) = W(SH, SIO) and 3(1“2 (1/2) = W(Sn, Sgo)

and the Weyl-Titchmarsh function

(2.40) M, ,(?) = _W(§’11,§*20) _ (féuz (v?) _
4,2 W(Sll,Slo) AQ,’LZ (1/2)

Thanks to Corollary 2.8 we immediately obtain the following lemma.
Lemma 2.11.

Aql,gn (M?Qn) = Aé,p (Vr%n) and Mq,,z (N%n) = Mé 2 (V2 )7 Vm > 1.

m m

As in Section 2.2 the characteristic functions satisfy the following lemma.

Lemma 2.12. For any fized p the maps

Vi Alﬁ 2 (V2) = Aqyz (qu) and v Séﬂz (VQ) = 611,,2 (Mz)

n

are entire.

§2.5. A third construction of characteristic and Weyl-Titchmarsh
functions and application

The aim of this subsection is to show that, if we allow the angular momenta to
be complex numbers, the characteristic functions A and § are bounded on (iR)2.
Thus, in this subsection u,,, and v, are assumed to be in ¢R. In Sections 2.2 and 2.4
we defined the characteristic and the Weyl-Titchmarsh functions with —u2, and
—12, as the spectral parameter respectively. We now make a third choice of spectral
parameter. We recall that the radial equation is given by (2.18) and we rewrite
this equation as

2 2
U812 + Vm813>

1
'+ 5(10g(f1))'u/ — (N + D)spu=—(u2, +v72) ( w2, + v
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We put, for (y,3’) € R?,
. . 2 2 2
W= g = 1Y, Vi=Uy =1y, w’®i=pftv

_ u?sio(zt) + v2s13(xt)
/142 + 1/2

and 1,2 2(z)

Remark 2.6. There exist some positive constants ¢; and c¢s such that for all
(,v) € (iR)? and z! € (0, A),

0<e < 7’”27u2(:cl) < ¢y < 4o0.

To choose —w? as the spectral parameter we make a Liouville change of vari-
ables (that depends on p? and v? and is a kind of average of the previous ones):

1
xr
XA1L27V2 = gu27u2 (xl) — / mdt
0

For the sake of clarity, we put X' := X:ﬂ o and g(z') := G2 2(z"). We define
a(X', p?,v%) = u(h(X1), %, %), where h = §—'. As in Section 3.1, we introduce
a weight function and we define

mX%ﬁwﬁz(,?;MXw)_u@@ﬂw%ﬁ»

After calculation, we obtain that U(Xl,u2, v?) satisfies, in the variable X1, the
Schrédinger equation

(241)  — U(XY 12, 0%) + duape (X1 VU (XL, 12, 0%) = —w20(X1, p2,02),

where

Gz 2 (X1 0) = —(\2 + 1)LX%)1 + L <log <fl(X)1)>>

7"#27”2(

1 A
4Qg(mwwfg>'

Lemma 2.13. The potential G,2 > satisfies, at the end {Xl =0},

(2.42)

NG CF P XA
qlﬂ,uz( ’ )* (X1)2 +QO,;L2,V2( s )a
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where X1q07uz7u2(X A\ e Lt (O, ;) with A' = §(A) and o, u2,v2> is uniformly

bounded for (u,v) € (iR)2. Similarly, at the end {X* = A},
A2+ g

V2V2X1,)\ :—7
qp2, ( ) (Al— 1)2

+ qu NTENZ (X )‘)

where (A! — Xl)qvA17M2)y2(X1,)\) € Lt (%1,/11) with A' = §(A) and Qar 2,2 18
uniformly bounded for (u,v) € (iR)2.

Remark 2.7. Thanks to Remark 2.6, we immediately obtain that there exist
some positive constants A~ and AT such that for all (u,v) € (iR)?,

A_ S Al = All'ﬂ)l’Q S A+

Once more, we follow the procedure of Section 2.2 to define the characteristic
and Weyl-Titchmarsh functions corresponding to equation (2.41) using two funda-
mental systems of solutions {S;o} =12 and {S;1};=12 satisfying the asymptotics
(2.22)—(2.23). Thus, we define the characteristic function

(2.43) Ag,z 2 (W?) = W(S11, S10),
and the Weyl-Titchmarsh function

- G & 5+ ) s w?
(2'44) Mé 2,2 (WQ) = —W(gll’s:zo) = — ~qu = ( 2) .
o W(SH’SH)) A<ju2yu2 (w )

As in Section 2.4, Lemma 2.11, we can use Corollary 2.8 to prove the following

lemma.
Lemma 2.14.
Aq,,2 (,LL2) - Aduzr,ﬂ (w2) and Mq,,2 (‘LL2) = Mquzmz (w2)’ v (:U'a V) € (ZR)z

We finish this subsection following the proof of [19, Prop. 3.2] and proving
the following proposition.

Proposition 2.15. For w = iy, where +y > 0, when |w| — oo,

. D(1—iX)? 5in 4 .
Ag . W?) = %cﬂ Ae*A™2 cosh (wA' F Arr) (1],
- (1 — iA)T(1+ i\ )
d 0 W) = 5 2 cosh (wA') 1],
§ V2, FATO2IN h (WAl
W) = _I‘(l—-H)\) e 22N _in_ C0S (fu ) ..
v 2iAT(1 —iA) cosh (wA! F Ar)

where [1]. = O(m) when |w| — oo with € = min(eg, €1).
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Proof. The only difference from [19, Prop. 3.2] is the fact that our potential g2 ,2
depends on the angular momenta 2 and v?. However, since go 2,2 is uniformly
bounded for (i, v) € (iR)?, we obtain Proposition 2.15 without additional compli-
cation. 0

Corollary 2.16. There exists C > 0 such that for all (u,v) € (iR)?,
|Aqy2 (MQ)‘ = ‘Aq,‘z’ﬂ (w2)| <C and |5ql,2 (N2)| = |Stiu2yl,2 (W2)| <C.

Proof. This corollary is an immediate consequence of Proposition 2.15, Remark 2.7
and the definition of w? = p? + 12 <0 when (u,v) € (iR)2. O

§3. The inverse problem at fixed energy for the angular equations

The aim of this section is to show the uniqueness of the angular part of the Stéckel
matrix, i.e., of the second and the third lines. First, we prove that the block
(§§§ 523 ) is uniquely determined by knowledge of the scattering matrix at a fixed
energy using the fact that the scattering matrices act on the same space and the
first invariance described in Proposition 1.5. Second, we use the decomposition on
the generalized harmonics and the second invariance described in Proposition 1.5 to
prove the uniqueness of the coefficients so; and s3;. We finally show the uniqueness

of the coupled spectrum which will be useful in the study of the radial part.

83.1. A first reduction and a first uniqueness result
We first recall that (see (1.10))
(do')? + ng—z + P(at, 22,23, d2t, da?, dad)
(z1)?

and
_ (dx')? + d~(23—2 + P(z!, 22, 23, dat, da?, dz?)
- (a1)?

Our main assumption is

Sg(A) = S3(A),
where the equality holds as operators acting on L*(77?,dVolag_,;C?) with

dVolgq,, = \/det(dQZ,) da® dz®.

~ 2
Thus, y/det(d3-,) = \/det(dQ7=), since these operators have to act on the same
space. Since

d02, = s ((d2?)? + (d2®)?) and Qs = 51 ((da?)? + (da®)?),
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this equality implies
(3.1) sth =gt

Using Remark 1.4, we can obtain more information from this equality. Indeed, we
first note that

5™ = 899833 — 593832 = 522533 — (1 + 522)(1 + 833) = —1 — 522 — S33.
Thus, equality (3.1) allows us to obtain
S92 — S22 = 833 — S33.

Since the left-hand side depends only on the variable 22 and the right-hand side
depends only on the variable 23, we can deduce that there exists a constant ¢ € R
such that

892 — 822 = € = 533 — S33.

Using Remark 1.4 again, we can thus write
522523\ _ fzz f23 Le 11 7
832 533 532 533 —-1-1
S22 523 | _ (522523 G
532 533 532 533 '
G- (1 —c —c >
c l+c¢

is a constant matrix with determinant equal to 1. Moreover, as was mentioned in

or equivalently,

where

Proposition 1.5, if S is a second Stéckel matrix such that
(81'2 5i3> = (512 513) G Vie{l,2,3},

then g = g, since st = &' for all i € {1,2,3}. The presence of the matrix G is
then due to the invariance of the metric g. We can thus assume that G = I,. We
conclude that

S22 523 599 5923
(3.2) _ (P22
832 533 532 833
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§3.2. End of the inverse problem for the angular part

The aim of this subsection is to show that the coefficients so; and s3; are uniquely
defined.

First, since {V;, }m>1 is a Hilbertian basis of L?(7?,s!! dz? dz®), we can de-
duce that, for all m € N\ {0}, there exists a subset E,, C N\ {0} such that

Y, = Z cpf/p.

pEE,

We recall that, thanks to (2.4),

HY 1 [ s3 —s22) [A2

L) s\ —s33 so3 As)’
where A;, j € {2,3}, were defined in (2.3). Clearly,

()-r(9)

where
We recall that

We finally deduce from (3.3) that

02 H 9 S21
() () oo (z)
and we then obtain
H sor\ . (H 21
(3.4) T<L> + (N2 +1) <331> _T<E> + (A2 +1) <531>

Lemma 3.1. For allm > 1,

ﬁ( Z cp)}p> = Z e, H(Y,) and I~/< Z cpf/p> = Z cpL(Yy).

PEEM PEEM PEEM, PEEM,

Proof. We first recall that H is self-adjoint and we note that the sum 3 peE, cp H(Y,)
converges because the coeflicients ¢, are decaying sufficiently rapidly. Indeed, we
note that ¢, = (¥;,,,Y,) and we can use integration by parts with the help of the
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operator H and the Weyl law on the eigenvalues to obtain the decay we want. We
can then conclude the lemma using the closedness of H. O

Remark 3.1. If E,,, m € N\ {0}, are finite then Lemma 3.1 is obvious. In fact,
following the idea of [19, Prop. 4.1], we could obtain that these sets are finite using
asymptotics of the Weyl-Titchmarsh function.

Applying (3.4) to the vector of generalized harmonics

Yo\ _ ([ Lpek., Cp?p
Yo > pEEm epYp

we obtain, thanks to Lemma 3.1 and (2.9), that

() () (2= (L) o n ()
() (2)) G)

pEE, Vm §31 p

33
N———

|
Rﬂ

Hence,

2 6(5)-+(2)
pEE, Vi 531
12 521 Y,

- o () e (2)) (7)

Since {Y,},>1 is a Hilbertian basis we deduce from this equality that for all m > 1,
for all p € E,,,

oo r{id)ewen (i) () ewen(s)

We deduce from (3.5) that
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Since the right-hand side is independent of m and p, we can deduce from this
equality that there exists a constant vector (é;) such that

~2 2
i 112, c1
P m 2
and
S21 521 1 ¢
3.6 = T .
From (3.6), we immediately deduce that

{521(»’52) = 521(2?) — C1s93(2?) — Cas90(2?),

(3'7) 3 = 3 3 3
s31(2”) = 831(2°) — Cysz3(x?) — Casza(x’),

where C; = 577 for i € {1,2}. We recall that

det(S)

3
g=>» H}(dz')® with H} = Vie{1,2,3}.
i=1

Since the minors s'! depend only on the second and the third columns, they do
not change under the transformation given in (3.7). Thus, as mentioned in the
introduction in Proposition 1.5, recalling that the determinant of a matrix does
not change if we add to the first column a linear combination of the second and
the third columns, we conclude that equalities (3.7) describe an invariance of the
metric g under the definition of the Stéckel matrix S. We can then choose C; = 0,
i € {1,2}, i.e., ¢c; = ¢g = 0. Finally, we have shown that

so1\ [ 821
(5.9 () - () |

From the definition of the operators L and H given by (2.4), we deduce from (3.2)
and (3.8) that
H=H and L=1L.

We then conclude that these operators have the same eigenfunctions, i.e., we can
choose

(3.9) Y=Y, Vm>1

and the same coupled spectrum

2 ~2

I i
3.10 ml=("m) ym > 1.
10 (an> <V%> "
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84. The inverse problem at fixed energy for the radial equation

The aim of this section is to show that the radial part of the Stackel matrix, i.e., the
first line, is uniquely determined by knowledge of the scattering matrix. We first
use a multivariable version of the complex angular momentum method to extend
the equality of the Weyl-Titchmarsh functions (valid on the coupled spectrum)
to complex angular momenta. Next, we use the Borg—Marchenko theorem (see for

instance [29, 45]) to obtain the uniqueness of the quotients - L and 21;

84.1. Complexification of the angular momenta

We recall that, thanks to our main assumption in Theorem 1.8, (3.9)—(3.10) and
(2.34), we know that

(4.1) M(p2,v2) = M2, v2) ¥Ym>1,

IJ"ITL7 m m

where

M (3, v2) = My, (22,) = My, (V2)

and W (i2,v2) = My, (12) = Mj , (7).
The aim of this subsection is to show that
(4.2) M(2,0%) = NI(u2,0%) ¥ (u,v) € C2\ P,

where P is the set of points (u,v) € C? such that (u?,1?) is a pole of M and
M, or equivalently that is a zero of A and A. Usually, in the complexification
of the angular momentum method there is only one angular momentum that we
complexify using uniqueness results for holomorphic functions in certain classes.
In [20], there are two independent angular momenta and the authors are able to
use the complexification of the angular momentum method for only one angular
momentum. Here, we cannot complexify one angular momentum keeping the other
fixed since the two angular momenta are not independent (see Lemma 2.4). We
thus have to complexify simultaneously the two angular momenta and we then
need to use uniqueness results for multivariable holomorphic functions. Therefore,
to obtain (4.2) we want to use the following result given in [7, 8].

Theorem 4.1. Let K be an open cone in R? with vertez the origin and T(K) =
{2z € C?, Re(z) € K}. Suppose that f is a bounded analytic function on T(K). Let
E be a discrete subset of K such that for some constant h > 0, |e; — e2| > h for
all (e1,e2) € E. Let n(r) = #E N B(0,r). Assume that f vanishes on E. Then f
is identically zero if

n(r)

MT>O, r — +o00.
T
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We first introduce the function
Ui €3 () = AW V)8, V) — AP, v2)(u?, %) € C,
with d(u?, v%) = 4, (4?) = 8q. (V?), where d, , (1) and &g , (1?) were defined in
(2.25) and A(p?,v%) = Ay, (1P) = A, (%), where Ay , (i) and A , (1) were
defined in (2.39). Our aim is then to show that ¢ is identically zero.
Lemma 4.2. The map v is entire as a function of two complex variables.

To use Theorem 4.1 we need the following estimate on the function .
Lemma 4.3. There exist some positive constants C, A and B such that
[$(p,v)| < CeAIRUIFBIRGIL 1y (4, 1) € C2,
Proof. The proof of this lemma consists of four steps.

Step 1: We claim that for all fixed v € C there exists a constant C;(v) such that
for all p € C,

W (p,v)] < Cy(v)e IRl
To obtain this estimate we study the solutions S;o and S;; defined in Section 2.2.
First, we show that for j € {1,2},
elRe(u)|Xx*

)

|Sj0(X 1, 1%, 0%)| < Clv)——
|ul2
S0, 12,03)] < Cw) eI,

IRe(u)|(A'=X")
S (XY, 12,07 < Clv) ————

)

>
S5 (X1 2 v < Ow)|uf el eIAT=XD),
As in [19], we can show by an iterative procedure that
1 1
X! : 1 * tlgo2 (1))

) 5t 20 (12 ) o ([ st )
Recall now that, thanks to the asymptotically hyperbolic structure, we have for
all X1 € (0, X}), where X} € (0, A!) is fixed,

C(1+ v?)
(1+ [log(t)])1+e
Thus, as shown in [19, Sect. 3.1],

X" o2 (8)] 1
(44 Lo . 4= A+v90 <(10g(lﬂ))€°) |

tlgo,2 ()] < - vt e (0, X).
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We can then conclude

oI Re()] X

|Sj0(X17N27V2)| <C(V) 1
ZE

The result on %, (X 1 u?,v?) is obtained similarly using the estimate on the deriva-
tive of the Green kernel given in [19, Prop. 3.1]. By symmetry, we also obtain the

corresponding estimates on Sj1 (X', u*,v?) and S}, (X', u?,v*). We can then con-
clude that

Ap?,v%) = Dy 2 (1%) = W(S11,810)  and  8(p®,v°%) = 8,5 (1%) = W (S11, S20)
satisfy

IA(u?,2)] < Cr(r)etIBeWland  |5(u2, %) < C1(v)eReWI v (u,v) € C2.
Finally, we have shown

¥k, v)| < Cr(v)e T (1) € C2.

Step 2: We can also show that for all fixed p € C there exists a constant Co ()
such that for all v € C,

W (p,v)] < Co(p)eARe)]

To obtain this estimate we use the strategy of the first step of the equation (2.37)
with potential (2.38) introduced in Section 2.4.

Step 3: Thanks to Corollary 2.16, there exists a constant C' such that for all
(v,9) € R?,

(4.5) [v(iy,iy")| < C.

Step 4: We finish the proof of the lemma by the use of the Phragmén—Lindelof
theorem (see [9, Thm. 1.4.3]). We first fix v € iR. Thus, the mapping u — ¥ (u, v)
satisfies

[W(p,v)| < Cr(v)eReWl vy e C (Step 1),
lo(p,v)| < C VpeiR (Step 3).

Thanks to the Phragmén—Lindel6f theorem, we deduce from these equalities that

[ (p,v)| < CeARWI v (4 1) € C x iR,
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We now fix p € C; then the mapping v +— 1(u, v) satisfies

[ (p,v)| < Co(p)ePRe™l vy e € (Step 1),
[, v)| < CeARWI vy € iR,

Thus, using the Phragmén—Lindel6f theorem once more, we obtain

[, v)| < CeAlRe(w)|+B[Re(v)] VY (u,v) € C2

O
We apply Theorem 4.1 with K = (R*)? and F(u,v) = 9 (u,v)e Ar=Bv,
Lemma 4.4. The function F is bounded and holomorphic on
T((R)?) = {(1,v) € C?, (Re(u), Re(v)) € R* x R*}.
Proof. This lemma is an immediate consequence of Lemmas 4.2 and 4.3. O
We now recall that (u?,,12,), m > 1 denotes the coupled spectrum of the

operators H and L. We note that p2, and v2, tend to +o0o, as m — +o0. Therefore,
there exists M > 1 such that ,ufn >0 and V%l > (0 for all m > M. We then set

Exr = {(tml, [vm]), m > M},
Thanks to equation (4.1), we note that the function F' satisfies
Fum,vm)=0 Ym>M
since
(4.6) V(s Vm) =0 VYm > M.

Moreover, since the characteristic functions are, by definition, even functions with
respect to p and v, we obtain

F(lgm], vm]) = F(ttm,Vm) =0 Ym > M,
i.e., F' vanishes on Ejy.

Remark 4.1. We emphasize that FE); denotes the set of eigenvalues counted with
multiplicity (which is at most 4). Since we need a separation property, given in
the following lemma, to apply Bloom’s theorem, we have to consider a new set,
also denoted by Ej;, which corresponds to the previous set of eigenvalues counted
without multiplicity. To obtain this separation property on the coupled spectrum
Er, we also need to restrict our analysis to a suitable cone given in the following
lemma.
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Lemma 4.5. We set

(4.7 C={(u 02, ci+e<0*<co—e¢}, 0<exl,

S32 . 522
¢ = max | ——— and c¢og =min | ——— .
533 523

In this case, there exists h > 0 such that |e; — ea| > h for all (e1,e3) € (ExrNC)2?,
€1 # €.

where

Proof. See Appendix B. O

Remark 4.2. We note that, as we showed in Lemma 2.4, there exist real constants
C1, Cy, D1 and Dy such that for all m > 1,

Cip2, + Dy < v2, < Cop2, + Do,
where

C1 = min (_532> >0 and Cj = —min (822> > 0.
533 523
We then easily obtain

0<Ci<cp <eg <O,

Lemma 4.6. We set
n(r) =#Ey NB(0,r)NC,

where C is defined in (4.7); then
n(r)

ET>O, r — +o00.
T

Proof. See Appendix C. O

Remark 4.3. We emphasize that the number of points of the coupled spectrum
n(r) we use to apply Bloom’s theorem is not exactly the one we compute in the
framework of Colin de Verdiere. Indeed, Colin de Verdiére computes the number
of points of the coupled spectrum counting multiplicity whereas n(r) denotes the
number of points of the coupled spectrum counting without multiplicity. However,
as we have seen before (see Remark 2.3) the multiplicity of a coupled eigenvalue
is at most 4. Therefore, n(r) is greater than a quarter of the number computed in
the work of Colin de Verdiere and is thus still of order r2.

We can then use Theorem 4.1 on the cone C to conclude that

F(p,v)=0 V(u,v)eC
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From this equality we immediately deduce that
(4.8) M(p?,v%) = M(p?,v%) ¥ (u,v) € CP\ P,

where P is the set of points (u, ) € C? such that (u?,v?) is a zero of the charac-
teristic functions A and A.

84.2. Inverse problem for the radial part

By definition, formula (4.8) means that
qug (/L2) = Mci,,z (MZ) V(u, V) € c? \ P,
where M, ,(u?) is defined in (2.26). We can thus use the celebrated Borg-Mar-
chenko theorem in the form given in [19, 29] to obtain
Gz (X', 0) =Gz (X1, N) Vm>1, VX'e(0,4h.
Thanks to (2.21), and since the previous equality is true for all m > 1, we then
have, for all X! € (0, A!),

s13(X1)  Si3(XY)
(4.9) 12(XT) (XD

and

- (e 1@&3 i ((log (f(gc))))) ) i(lc’g (ii(gfll))))

(4.10)

. 2 .
su(x') |1 fi(XY) 1 fi(XY)
_ 24l = {1 1 ~2 (1 L .
A+ )512(X1) * 16 o8 512(X1) 1\ % $12(X1)
We want to rewrite this equation as a Cauchy problem for a second-order nonlinear

differential equation with boundary conditions at the end {X! = 0}. To do that,
we put

NG

S11 S12 S13 5 h
=—, h==" l=—"=1] and u=|=
f S12 f1 S12 <h)

We can thus rewrite (4.10) in the form
(4.11) u” + L(log(h))'u' + (N2 + 1)(f — f)u = 0.

Using the Robertson condition (1.6) we can write

812 13

S, 5 5 s _
(412) 5 = f = T lsll + h(lS32 833)(823 1822).
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Thanks to (4.12), we see that we can write $* as a function of ¥ and sf—l ie.,

12”7

(4.13) 811(1)<813’fl) and ‘iﬁ - & (Sl?’7f1> 7
S12 512 S12 512 S12 S12
where
sl2 gl3 1
(I)(X, Y) = 7ST — XST + ?(XS:;Q — 833)(823 — XSQQ).

Thus, to show that $L = %, it is sufficient by (4.9) to prove that szlz = f—lz From
(4.12), we deduce that
f=7

h)(Iszo — s33)(S23 — ls22)

h —
u4 — 1)(1832 — 833)(823 — ZSQQ).

(
a

Finally, using this last equality, we can rewrite (4.11) as
(414) u” + %(log(ﬁ))’u’ + ()\2 + 1)?1([832 — 833)(823 — ngQ)(U5 — u) =0.
Lemma 4.7. The function u defined by u = (%)% satisfies u(0) = 1 and v/(0) = 0.

Proof. The proof is a consequence of the fact that the asymptotically hyperbolic
structures given in Definition 1.4(3) are the same on the two manifolds. O

We thus study the Cauchy problem

(4.15) {u” + %(log(ﬁ))’u/ + (A + 1)iL(1532 — 533) (823 — 822)(u® —u) =0,
u(0)=1 and /(0)=0.

We immediately note that « = 1 is a solution of (4.15). By uniqueness of the
Cauchy problem for the ODE (4.15) we conclude that u = 1. We then have shown
that ~

LR

s12 812
and, using (4.9) and (4.13), we can conclude that

S11 S11 S$11 S11

(4.16) SIS gpd 2o

S12 S12 513 513

85. Solution of the inverse problem
We can now finish the proof of our inverse problem. We first note that

g

o (dX1)? 4 H3(dz?)* + H2(dz®)?,
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where v is the diffeomorphism (equal to the identity at the compactified ends
{z! = 0} and {z! = A}) corresponding to the Liouville change of variables in the

first variable X! = f;l V/s12(s) ds. Similarly, § = Z?Zl H?(dz")? = 4*§, where

H? _ N
§ = THARY)? + B3 (da®)? + 3 (™),
12
where z/? is the diffeomorphism (equal to the identity at the compactified ends
{z! = 0} and {z! = A}) corresponding to the same Liouville change of variables
in the first variable for the second manifold. We note that, thanks to the Borg—
Marchenko theorem, we can identify A' = A!. We now note that, thanks to (4.16),

H?  det(S)  s11 | s si3st® H?

= = — 4+ =+ — = —,
512 s12811 512 stt s12 stt 512
511 11 12 | s13 .13
H2 _ det(S) _ 8128 +s57+ 8128 _ f{2
27 g1 T S18 600 gau -2
512032 33
and
det(S s gll 4 12 | 513413
2 e()_512 S12 72
H3 = = = H3.

31 _ 813
S 523 — 5,522

We can then deduce from these equalities that
9=9.

Finally, we have shown that there exists a diffeomorphism ¥ := 1/)’11[) such that
g="Vyg,

where U is the identity at the two ends.

Appendix A. Proof of Proposition 1.6

The proof of this proposition consists of three steps and uses the riemannian
structure and the invariances of the metric described in Proposition 1.5. We first
show that the coefficients of the second and the third columns are nonnegative
or nonpositive functions. Second, we show that these coefficients can be assumed
to be positive or negative functions. Finally, we show that we can find a Stéckel
matrix with the same associated metric and satisfying condition (C).

Step 1: We claim that for all (i,5) € {1,2,3} x {2,3}, s;5 > 0 or s;; < 0. Since
the proof is similar for the third column we give the proof just for the second one.
First, if one of the functions s12, S92 and s3o is identically zero, the two others
cannot vanish on their intervals of definition since the minors s'!, 2! and s3!
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cannot vanish. Thus, in this case we immediately obtain s;5 > 0 or s;52 < 0 for all
i € {1,2,3}. We can thus assume that there exists a triplet (z, 22, 23) such that
s12(z}) # 0, s22(23) # 0 and s32(23) # 0. Without loss of generality, we assume
that det(S) > 0 and s*' > 0 for all i € {1,2,3}. From the positivity property of
the minors we can deduce that, according to the sign of the quantities sia(z}),
s22(23) and sz2(zd),

o s12(xd) > 0, s92(23) > 0 and s32(23) > 0: This case is impossible since the mi-

nors s'!, 2! and s3!

cannot all be positive.

o s12(zd) >0, saa(23) < 0 and s3a(zd) > 0:

533(1’8) 523(503) 513(517(1J)
(A1) s32(f) = s92(3) = s12(24)

o s12(xd) > 0, sa2(23) > 0 and s32(z) < 0:

<

813(96‘(1)) 833(3?8) 523(3?8)
(A-2) s12(xg)  ssa(xf)  saa(af)

o s12(zd) >0, saa(x3) < 0 and sz2(zd) > 0:

sas(xg) _ swz(xg)  sss(x)
(4-3) s92(3) 312(I(1))<532(173)'

Since the four cases corresponding to the case sia(zf) < 0 are similar, we treat
just the four cases above. Assume, for instance, that there exists a% such that
822(0[%) = (0. We want to show that s3o does not change its sign. We denote by [
the maximal interval (possibly reduced to a3) containing o such that saa(2?) =0

2 1 and s3! are nonvanishing quantities, the

for all z* € I. Since the minors s
functions s12 and s3s then cannot vanish. Thus, there exist two real constants c;
and cg such that

S S
(A.4) c < 213 <cyg and ¢ < 233 < co,

S12 532
i.e., these quotients are bounded. Moreover, sa3(2?) # 0 for all 22 € I and by
continuity there exists an interval J such that I C J and sa3(z?) # 0 for all
22 € J. If we assume that so5 changes sign in a neighbourhood of I we obtain that

for all € > 0 there exist y3 € J and y? € J such that
0<s2(ys)<e and —e < s90(y7) <O0.

Thus, for all M > 0 there exist y2 € J and 3% € J such that

523(Y5) < M and s23(y7)

< —M.
522(y3) 522(y7)
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We thus obtain a contradiction between (A.4) and each of the equalities (A.1),
(A.2) and (A.3). We can then conclude that sa2(2?) > 0 or saa(z?) < 0. The proof
is similar for s15 and s35.

Step 2: We show, thanks to the first invariance given in Proposition 1.5, that
there exists a Stéckel matrix having the same associated metric as S and such
that for all (4,7) € {1,2,3} x {2,3}, s;; > 0 or s;; < 0. We recall that there is
at most one vanishing function s;;, (¢,7) € {1,2,3} x {2, 3} per column since the
minors s'!, s2! and s3! are nonzero quantities. We assume that one coefficient of
the second column vanishes. By symmetry, we can assume that this is si9, i.e.,
that slg(x(l)) =0 at one point z{. We first assume that sg3 and s33 do not vanish.

In this case, there exists a real ¢ > 1 such that

|ses| < alse2| and |ss3| < alssa]
and a real constant b > 1 such that

|s22| < blsas| and |sz2| < b|sss].

We now search a 2 x 2 constant invertible matrix GG such that the coefficients of the
new Stéckel matrix, obtained by the transformation given in Proposition 1.5(1),
are positive or negative. For instance, if s12 and s13 have the same sign, we put

o= (3

and we thus obtain a new Stéackel matrix whose second and third columns are

asi2 + $13 512 + bs13
as22 + S23 S22 + bsas
as3z + 833 532 + bs33

We can easily show that these six components are positive or negative (we recall
that s;2 and s13 cannot vanish simultaneously). However, if s;2 and s13 have

o=(40)

and we also obtain positive or negative components. If so3 or s33 vanish we have

different signs, we put

just to choose suitable constants a and b using the fact there is at most one
vanishing function in the third column.

Step 3: Finally, we show, thanks to the first invariance given in Proposition 1.5
and the riemannian structure, that there exists a Stéckel matrix having the same



300 D. GOBIN

associated metric as S and satisfying condition (C) of Proposition 1.6. We recall
that thanks, to the second step, we can assume that the Stéckel matrix S satisfies
sij > 0 or s;; < 0 for all (¢,7) € {1,2,3} x {2,3}. We recall that the metric g
is riemannian if and only if det(S), s'!, s?! and s3! have the same sign. Without
loss of generality, we assume that these quantities are all positive. We recall that
according to the sign of the functions sj2, S22 and sse, inequalities (A.1)—(A.3)
are satisfied. We thus have to treat different cases according to the sign of the
components of the Stéckel matrix. First we want to obtain the sign conditions in

(C). Since the proof is similar in the other cases, we give the proof just in the case
s12 >0, 899 <0 and s3> 0.

We give below, in each case, the matrix G € GL2(R) such that the transformation
given in the first invariance of Proposition 1.5 provides us with the signs we want.

o If 513 >0, so3 < 0 and s33 > 0 we put
1-1
G:

S13 523 533
— b = <=,
S12 522 532

where

and we obtain the required signs. Indeed, we obtain that the second and the
third columns of the new Stéckel matrix are given by

S12 —812 + bs13
S92 — 822 + bsa3
832 —832 + bs33

which has the desired signs thanks to our choice of constant b.

e If s13 > 0, s93 > 0 and s33 < 0 we put G = Is.

e If s13 > 0, s93 < 0 and s33 < 0 we put
1-1
G= ,

83 S S
ﬁ<£<b<£'

where

532 512 522
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As previously, the case s13 < 0 is similar and we thus omit its proof. Up to this
point, we proved that we can assume that

s12(zt) > 0 and syz(x!) >0 Val,
(A.5) s92(2?) < 0 and so3(z?) >0 Va2,
s32(23) > 0 and s33(23) <0 Vad.

Finally, we have to use just once more the invariance with respect to the multipli-
cation of the second and the third columns by an invertible constant 2 x 2 matrix
G to obtain that we can assume

lim sj2(z') = lim si3(z') = 1.
z1—0 12( ) w11—>0 13( )

Indeed, we have just to set

where

a= lim s;2(z') >0 and B = lim s;3(z') > 0.
z1—0 z1—0

The result then follows.

Appendix B. Proof of Lemma 4.5
We recall that the coupled spectrum was defined in Remark 2.2 by
(B.1) HY,, = p2Y,, and LY, =12Y,, Ym>1,

where H and L are commuting, elliptic and self-adjoint operators of order 2.
Writing Yy, (22, 23) = vy, (22)w,, (23), we obtain that (B.1) is equivalent to

(B2)  —wp(2®) + [~ (A + D)sar(@?) + ppys22(2?) + 17, 523(2%) | v (%) = 0
and

(B.3)  —wl(2®) 4+ [—(A\% + L)sa1(2®) + p2,s32(2®) + 12, 833(2°) ] wm (2%) = 0,
where v,,, and w,, are periodic functions, i.e.,

{vm<o> = vn(B) and v, (0) =), (B),

(B.4)
W (0) = wyp(C) and  w),(0) = w),(C).

We first consider equation (B.2) which we rewrite as

—v" — (A% 4 1)s910 = i [—s22 — 92523] v,
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where v 1= vy, p? 1= p2,, v? =12 and 6% := Z—z In the following we will consider
Schrédinger equations associated with (B.2)—(B.3) whose spectral parameter is 1
which tends to +0o0. Moreover, these equations depend on the parameter §2 which
is always bounded in a suitable cone that we introduce now. We recall that, as we
showed in Lemma 2.4, there exist real constants Cy, Cs, D1 and D5 such that for
allm > 1,

Cyp2, + Dy < v2, < Cou, + Do,

where C; = min ( — %) > 0 and Cy = —min (i%) > 0. Let € > 0 be fixed; we
then consider 62 such that

D D
(B.5) c1+—21—|—e§92§02+—22—6,
1 1

where ¢ zmax(— i%) and co :min(— %) We note that 0 < C <¢1 < g <

Cy. This implies that, for sufficiently large 2, there exists 6 > 0 such that

D
(BG) — S99 — 02523 > <€ — ,1122) So3 > 0>0
and
2 D
(B?) —S839 — 0 S33 > (6 + M2> (7533) > 6> 0.

For such a 62, we can thus proceed to the Liouville change of variables X? =
2

Jo V/—s22(t) — 02s23(t) dt, in equation (B.2). This new variable thus satisfies

X2 € [0, B(6%)], where

R B
(B.8) B(0?) = /0 V/=s22(t) — 02s23(t) dt.
Finally, we set
V(X?) = [~sma(2?(X2)) — Psas (e*(X7)] T 0(22(X?)).

This new function then satisfies in the variable X2 the Schrédinger equation

(B.9) —VAHX®) + Qo2 (XH)V(X?) = p?V(X?),
where ;2 is the spectral parameter, Qg2(X?) is uniformly bounded with respect
to 62 satisfying (B.5) and for such a 62, Qg=(X?) = O(1).

We now search the couples (u?2,6?) such that (B.9) admits periodic solutions.
We define {Cy, Sp} and {Cy, S1} to be the usual fundamental systems of solutions
of (B.9), i.e.,

Co(0) =1, Co(0)=0, Se(0)=0 and Su(0)=1
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and
C(B)=1, C(B)=0, S(B)=0 and $(B)=1.

We recall that these functions are analytic and even with respect to p. We write
the solution V' of (B.9) as

V =aCy+ BSy = vC1 + 651,

where a, 3, v and § are real constants. Thus, V(0) = a, V(0) = 0, V(B) = v and
V(B) = 6. Then V is a periodic function if and only if

VO0)=V(B) & a=v & W(V,S)=W({,S)

and
V0)=V(B) & pB=6 < W(Cy,V)=W(C,V),

where W (f,g) = fg' — f'g denotes the Wronskian of two functions f and g. In
other words, V' is a periodic solution of (B.9) if and only if

(B.10) W(V, Sy — 51) = W(Co — C1, V) =0.

We thus add to equation (B.9) the boundary conditions (B.10) and we define the
corresponding characteristic functions. In other words, we define

Al(,UQ, 92) = W(C() — Cl, SO — Sl) =2 W(Co, 51) — W(Cl, S())

We emphasize that A; (2, 02) vanishes if and only if there exists a periodic solution
of (B.9) for (1?2,6?). The asymptotics of W (Co, S1) and W (C1, Sp) are well known
(see for instance [20, 28]). Indeed, we know

(B.11) W(Co, 1) = cos (uB(6%)) (1 +0 (;))
and
(B.12) W (Cy, So) = cos (qu?)) x (1 +0 (;)) :

where p = \/u2 (we do not have to make the sign of u precise since the charac-
teristic functions are even functions). We then obtain

(B.13) A (p3,0%) =0 < 2—2cos (ué(e%) +0 <;) =0.

Using Rouché’s theorem (see for instance [28]) we can then deduce that the couples
(u?,0?%) satisfying (B.13) are close for large 1 to the couples (12, 0?) satisfying

2 — 2cos <u3(92)) =0 <& cos <,u3(92)> =1
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The solutions of this last equation are p = g’g;’;), m € Z for 02 satisfying (B.5)
and m sufficiently large. Finally, we recall that B(Gz) is given by (B.8). Thus,
since so3 is a positive function, the map B is strictly decreasing with respect to
02 € [e1 + €,¢a — €]. The map —1
these facts in Figure 2.

is then strictly increasing. We can summarize

B(6?)

Figure 2. First approximation of the coupled spectrum.

We do the same analysis on equation (B.3). We recall that if 62 satisfies
(B.5) then the inequality (B.7) is satisfied for u? sufficiently large. We can thus

3 ~
set X3 = [7 \/—s32(t) — 62s33(t) dt. This new variable satisfies X* € [0,C(6?)],
where

(B.14) C(6?) = /OC v/ —s32(t) — 02s33(t) dt.
We then set

W(X?) = [l (X%) — s (X)) w(ad(X2)).
This function then satisfies, in the variable X3, the Schrédinger equation

(B.15)  — W2(X?) + Qu (XP)W(X?) = p2W(X?3), where Qq2(X?) = O(1),

for 62 satisfying (B.5) and p? sufficiently large. As previously, we obtain that
(B.15) has a periodic solution if and only if

AQ(M2,02) =2 — W(Co, Sl) - W(Cl, S()) =0.
Thanks to the asymptotics (B.11)—(B.12) we obtain

Ao(p?,0*) =0 <  2—2cos (ué(02)> +0 (;) =0.

Using Rouché’s theorem once more, we obtain that the couple (12, 0?) satisfying
the previous equality are close for large p to the couple satisfying cos (,uC (92)) =1,
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ie., u? = 6?(7{9];)’ k € Z, where k is sufficiently large and 62 satisfies equation (B.5).
We recall that 0(92) is given by (B.14). Since ss3 is a negative function, the map
1

C(62?)

C is strictly increasing for #2 € [c; + €, ca — €]. The map is then strictly

decreasing. We can summarize these facts in Figure 3.

mt1

Ham

Figure 3. Second approximation of the coupled spectrum.

2
m

The coupled spectrum A = {(u2,,v2,), m > 1}, or equivalently the coupled

2 2
mvom

spectrum (u ), is then given by
A= {Ay(p?,0%) = 0} N {As(p?,6) = 0},

since for all (u2,,12,) € A, there exist simultaneously a periodic solution of (B.9)
and a periodic solution of (B.15). Using Figures 2 and 3 we obtain Figure 4 in
which the coupled spectrum corresponds to the intersection between the previous
curves.

Vm

m1

Hom
Figure 4. The coupled spectrum.

We now want to use this particular structure of the coupled spectrum to prove
Lemma 4.5. We work on the plane (i, 0) and we set v = Ou, with 0 < a; < 0 < as,
where a; = \/c%i and ag = \/c2 — ¢, with € > 0. We recall that for large m we



306 D. GOBIN

can approximate fi,, by fm, = %, where B(6?) = fOB v —822(t) — 02s23(t) dt.
We first want to show that the curves drawn in Figure 2 are uniformly separated.
In other words, we show that there exists § > 0 such that the distance between
two successive curves is greater than §. To be precise, we want to show that there

exists > 0 such that for large m and for all (61, 602) € [a1, az]?,

(B.16) [m41(02) = pim (61)] + 102141 (02) — O1pm (01)] > 6.

If we put d = |ptm+1(02) — pm (61)] we immediately obtain that (B.16) is equivalent
to

(Bl?) d + |d02 + (02 — 91)um(91)| Z 0.

1
B(6?)

We now use the mean value theorem on the map and we thus obtain

1 1
= = = e(€)(0% — 03),
5@ ~ B %)

where B )
__B(
e(§) = Blen)?

with £ € (61,02). Actually, we can show that there exist two positive constants e;

i

and ey such that
0<e; <e() <ex VEE]a,as

We then easily obtain

27
d=|=——=—4+2(m+ D)me(&)(01 + 02)(01 — 02)]| .
B ( )me(§)(01 + 02)(01 — 02)
Using the triangle inequality we thus obtain
2
(B.18) 2m -+ 1)me(€)(61 + 02)[6) — 0] > —=
B(67)

We thus have to study different cases.

Case 1: If d > =25 we easily obtain

B(67)’
2m
b 41(02) = pim (01)] + [02ptm 11 (02) = Orpam (61)] = d = ==
B(67)
. 27 .
Case 2: If d < Bz’ then (B.18) gives us
21 — dB(63
10, — 05] > m—dB(%y)
2(m + 1)me(§) (01 + 02) B(67)
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Thus,

2mm
i (01)|01 — 02| = le — ba]
S _m o — dB(6?)
m+ Le(€) (01 + 02) B(67)?
2 dB(a?)
4egaa B(a?)?’

We note that
2 — dB(a?) 27

dfy < = &S d< = = .
desan B(a?)? (402e200B(a?) + 1)B(a?)

If
2

> = =,
(402ex02B(af) + 1)B(ag)

then as in Case 1, we easily obtain

[tm41(02) = pom (01)] + |02 ptm11(02) — 0140 (01)] > d > 6.

If
2

(402e202B(a3) + 1)B(a3)’

d<
we then obtain

ltm+1(02) = pn (61)] + |02tm+1(02) — 0114 (61))]
=d+ |df + (02 — 01)pm (01)]
=d+ |03 — 01|pm(01) — dbs
o1 — dB(a?)

>d+ ————~ —db
desan B(af)? ?

s 1
= 4d{l—-——F— -0 ) .
2e202B(a?)? ( desan B(a?) ?
We note that there exists dy > 0 such that for all d < dg,

1
desaa B(a?) desan B(a?)?
Thus, for all d < dy, we immediately obtain

™

ltm+1(02) = 1 (01)] + [02ptmy1(02) — O1pm (01)] > ———=—= > 6.

T deganB(a?)? T

Moreover, if d > dy we conclude as in Case 1.

307
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We thus have shown that the curves of Figure 2 are uniformly separated.
Since, the same analysis is also true for Figure 3 we have shown Lemma 4.5.

Appendix C. Proof of Lemma 4.6

To prove the lemma we use the work of Colin de Verdiére on the coupled spectrum
of commuting pseudodifferential operators in [15, 16]. We recall that the operators
L and H are defined by (2.4) and satisfy (2.9). Since L and H are semibounded
operators by Lemma 2.2, there exists M € R such that L + M and H + M are
positive operators. We set

Po=vL+M and Po=vVH-+M.

The operators P; and P, are commuting, self-adjoint pseudodifferential operators
of order 1 such that P? + P§ is an elliptic operator. These operators are thus in
the framework of [15]. The principal symbols of P; and P, are given by

(C1) p =[G+ 58 ad () =56 - T,

respectively. We put p(z,£) = (p1(z,£), p2(x,€)), where = (2%, 2%), € := (£, &3)
and (z,&) is a point on the cotangent bundle of 72, i.e., T*7T 2. We will apply [15,
Thm. 0.7] to P; and P,. We recall here this result adapted to our framework.

Theorem C.1. Let C be a cone of R? = R\ {(0,0)}, with piecewise C* boundary
such that 0C NW = 0, where OC' is the boundary of C and W is the set of critical
values of p. We then have

1
#{NeCnA, N<r}= ALY (p~"(CnB(0,r)) + O(r),
0
where A is the coupled spectrum of Py and Py and Q = da? A dx® A dés A dEs.

Thus, to use Theorem C.1, we have to determine the set W of critical values of
p. We first have to determine the critical points of p, i.e., the points for which the
differential of p is not onto. The differential of p is given by (we omit the variables)

Dp(z,¢)

2 (5i) € — 02 (G#) &5 (%‘“”) 05 ()& 236 —23&
N )

" dpips =2) 52 + 05 (232) &3 —05 (28) 52 + 05 (22) 63 —2236 ‘522«53

We compute the six 2 x 2 minors of this matrix and we search the points (z, ) for
which all these minors vanish. After calculation, we obtain that (z,¢) is a critical
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point of p if and only if the following four conditions are satisfied:

§2863 =0,

€302 (s22) (&3 +€3) = 0,
£203(s33) (63 +€3) =0,

D2 (522)03(533) (63 + €3)* = 0.

Thus, there are four cases to study according to the vanishing of Ja(s22) and
05(s33). We finally obtain

(0,0) if O2(s22) # 0 and J3(s33) # 0,
W Dy if O2(s22) = 0 and 03(s33) # 0,
Doy if O2(s22) # 0 and J3(s33) = 0,
D1 UDy  if Oa(s22) = 0 and J5(s33) = 0,

where

Dy = {t(V/s23,V/—s22), t > 0} and Dy = {t(v/—s33,/332), t > 0},

where S92, S23 = S20 + 1, s33 and s33 = s33 + 1 are constants according to the
case we study. We now recall that in Theorem C.1, we have to choose a cone
C such that 0C N W = () and we want to study the set p~1(C N B(0,7)) =
p~H(C)Np~1(B(0,7)). Letting r > 0, we first study the set p~1(B(0,7)). We recall
that there exists a constant ¢; > 0 such that max (—2%, 3%, %42, —%) < ¢;. Thus,
if (&,&) € B(0, \/%Tl) and (22,2°%) € T2, then ||p(x,&)| = /p1(, &) + p2(z, ) <

V2¢1(€5 + €3) < r. We deduce from this fact that

(C.2) T2 x B (o, ) c p~Y(B(0,r)).

r
\/261
We now study the set p~1(C). We have to divide our study in four cases as we
have seen before.

Case 1: 05(s22) # 0 and 03(s33) # 0. In this case (see Figure 5) we have just
to avoid the point {(0,0)}. We consider the cone C' = {(x,y) € R? such that e <
x, e <y}, e>0.

By definition

pHO) ={(2,8) € T> xR?, e < p1(2,€), € < pa(z,8)}

and since there exists ¢ > 0 such that ¢co < min (—%, 32%,, —%), there exists
n > 0 such that 72 x (R2\ B(0,n)) C p~(C).
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Figure 5. Case 1.

Case 2: 03(s22) = 0 and 05(s33) # 0. We have to avoid the half-line D; which
has slope 81 = /=22 (see Figure 6). We consider the cone C' = {(z,y) €
R? such that e < x, e <y < B — €}, € > 0.

Figure 6. Case 2.

As in the first case, there is 7 > 0 such that

pi(z,&) > € and po(z,&) >e€ V(2,8 €T x (R*\ B(0,n)).

The last condition can be rewritten as

532 522 522 833 523
(Z‘ §)<ﬁ1p1(x§ _6<:>\/ 1152 81153—\/ 811 1153_6

532 522 522533 522
\/ 1152 \/ 2381152 53
We recall that, thanks to the condition given in Remark 1.1, % > $39. Thus,
there exists € > 0 small enough such that

pQ(l‘,f) S Blpl('r7§) — € V(l‘,ﬁ) S T2 X R2.
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Finally, we have shown that for such an e, there exists 7 > 0 such that 72 x (R?\
B(0,m)) C p~1(O).

Case 3: 0(s22) # 0 and 03(s33) = 0. We have to avoid the half-line Dy which
has slope 3y = \/% (see Figure 7). We consider the cone C' = {(z,y) €

R? such that € < z, Box +¢ < y}, € > 0, and we show, as in the second case, that

Figure 7. Case 3.

for € > 0 small enough there exists n > 0 such that 72 x (R?\ B(0,n)) C p~(C).

Case 4: 02(s22) = 0 and 03(s33) = 0. We have to avoid D; U Dy which have
slopes «; and ap respectively (see Figure 8). We consider the cone C' = {(z,y) €
R? such that € < 2, foz +€ <y < Bz — €}, € > 0. As in the first case, there is

Figure 8. Case 4.

1 > 0 such that
pi(z,§) > V(z,6) € T? x (R*\ B(0,n))

and, as in the second and the third cases, there exists ¢ > 0 small enough such
that

pa(z,€) < Bip1(z,€) —€ and  PBopi(x, &) + € < pa(w,), V(z,6) € T? x R
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Thus, for € > 0 small enough, there exists 7 > 0 such that 72 x (R?\ B(0,7)) C
-1
p—(C).
In conclusion, we have shown that in any cases there exists 1 > 0 such that

(C.3) T2 % (R*\ B(0,1)) € p~'(O).

Moreover, in each case the cone C defined in (4.7) is, by definition, included in the
cone C' we considered and we can thus apply Theorem C.1 to this cone. Therefore,
thanks to (C.2)—(C.3) we thus have shown that for » > 0 large enough,

(C.4) T?x (B (O7 \/;Tl) \B(O,n)) cp Y C)np~(B(0,r)) = p~H(CNB(0,r)).

From the inclusion (C.4) we can deduce that there exists a constant ¢ > 0 such
that

r? < ﬁvolg (B (o, \/;7) \B(O,n)> < ﬁvolg (p~1(C N B(O,r))).

Thanks to Theorem C.1, we can then conclude that there exists ¢ > 0 such that

HNeCnA, |N<r}>er?

Finally, we recall that A = {(\/u2, + M, /v + M), m > 1} and we note that,
thanks to the fact that 2, — +o00 and v2, — +00 as m — 400,

Vi, + M~ || and U+ M ~|vy|, m— too.

We recall that n(r) = #{\ € C N Ey, |A| < r}, without multiplicity, whereas the
result obtained before was computed counting multiplicity. However, the multi-
plicity of the coupled eigenvalues is at most 4 (see Remark 2.3). Taking account
of this fact, we can conclude that

n(r)

ET>O7 7’4)4’00.
r
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