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Hodge—Tate Conditions for Landau—Ginzburg
Models

by
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Abstract

We give a sufficient condition for a class of tame compactified Landau—Ginzburg models in
the sense of Katzarkov—Kontsevich—Pantev to satisfy some versions of their conjectures.
We also give examples that satisfy the condition. The relations to the quantum D-modules
of Fano manifolds and the original conjectures are explained in the appendices.
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§1. Introduction

Let X be a smooth projective variety over C with a Zariski open subset Y. We
assume that D := X \ 'Y is a simple normal crossing hypersurface. Let f : X — P!
be a flat projective morphism such that the restriction w := f}y is a regular func-
tion. In general, the meromorphic flat connection (Ox (xD),d + df) has irregular
singularities along D. Let Hj, (Y, w) denote the de Rham cohomology group of
(Ox(xD),d + df). It has been studied from the viewpoint of generalized Hodge
theories. (See twistor D-modules [30], [29]; irregular Hodge structures [10], [18],
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[37], [38]; non-commutative Hodge structures [25], [26]; TERP-structures [23] and
so on.)

In some cases, (Y, w) can be considered a “mirror dual” of a smooth projective
Fano variety F called a sigma model. In that case, (Y,w) is called a Landau—
Ginzburg model, and it is predicted that some categories associated to (Y,w) are
equivalent to the corresponding categories associated to F. This prediction is called
a homological mirror symmetry conjecture (HMS). Some parts of HMS are proved
in some cases ([1], [2], [43]).

From this point of view, Katzarkov—Kontsevich—Pantev [26] proposed some
conjectures as conjectural consequences of HMS. As emphasized in [26], some of
their conjectures can be seen as “purely algebro-geometric” conjectures on the
generalized Hodge theory of H3, (Y, w). Such conjectures are the main subjects of
this paper.

As an introduction, we survey some versions of the conjectures in Sections 1.1
and 1.2. (The relations to the original ones are explained in Appendix B.) Then
we explain our main result in Section 1.3. In this paper, we always assume that the
pole divisor (f)eo of f is reduced and the support |(f)so| is equal to D, although
this assumption is more restrictive than that of [26].

§1.1. Hodge numbers

The cohomology group H3g (Y, w) is given by taking the hypercohomology of the
complex (Q% (xD),d + dfA). There are Ox-coherent subsheaves Q’Ji of Ok (xD)
which give a subcomplex (Q%,d + dfA) (see Section 3.1.1). It is known that the
inclusion (Q%,d + dfA) — (Q%(xD),d + dfA) is a quasi-isomorphism (see [18,
Cor. 1.4.3]). The Hodge number fP9(Y,w) is defined by

Y, w) = dim H(X, Q7).

It is proved by Esnault-Sabbah—Yu, Kontsevich and M. Saito [18] that we have
dim H*(Y,w) = > prq=k 74 (Y,w), which can be considered a consequence of the
FE-degeneration property of the “Hodge filtration”.

Take a sufficiently small holomorphic disk A in P! centered at infinity so that
Y, := f71(b) is smooth for any b € A\ {oo}. It is proved in [26] (see also [11]) that
we have the equality

dim HY: (Y, w) = dim H*(Y,Y}),

where b € A\ {00}, and H*(Y,Y};) denotes the relative cohomology with C-
coefficient. In our situation, the monodromy T}, at infinity is known to be unipotent
([27, Thm. I']). Let W be the monodromy weight filtration of N}, := log T} on
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H*(Y,Y}) centered at k (see (2.2), (2.3)). The number h?4(Y,w) is defined by
WPa(Y,w) = dim Gy H*(Y, ;) (k= p+ q).
By an HMS consideration, Katzarkov—Kontsevich-Pantev [26] conjectured
(1.1) FPY,w) = hPAY, w).

Tt is easy to observe that conjecture (1.1) does not hold if the fiber D at infinity
is smooth and f?9(Y,w) are not zero for two different pairs (p, ¢) and (p', ¢’) with
p+q=p +¢. Actually, such an example is given in [28]. However, also in [28],
there are examples of (X, f) that satisfy (1.1). There remains a question when
equality (1.1) holds. The counterexample suggests that we need to impose some
conditions on the degeneration property of Y3 as b — oco.

81.2. Speciality

Let (A, 7) be a pair of complex numbers. The dimension of the hypercohomology
H*(X; (2%, Ad + 7df\)) is known to be independent of the choice of (A, 7) ([18],
[30]). Let Cy, C; be complex planes with coordinate A and 7 respectively. Put
P} := C) U {oo} and S := P} x C,. It follows that we have a locally free Z/2Z-
graded Og(*(\)oo)-module *H whose fiber at (), 7) is H*(X; (2%, Ad + TdfN)).
The Og(*(\)so )-module °H is equipped with a grade-preserving meromorphic flat
connection

°V:PH = "H @0, QL (log A7)((M)o),

where Q% (log A7)((A)o) denotes the Og-module locally generated by A~17=1dr
and A2 d)\.

For a smooth projective Fano variety F, the quantum D-module for the quan-
tum parameters c¢;(F)logT € H%(F) gives a similar pair (*H,®V). These pairs
are considered as one parameter variation of non-commutative Hodge structures
(AH,AV) == (°H, *V)|r=1, and (BH,BV) = (bH,bV)‘T:L It is conjectured [26,
Conj. 3.11] that homological mirror correspondences for a pair F | (Y, w) should
induce an isomorphism (*H, V) ~ (*H,®V) (more precisely, we need to fix more
data to determine the mirror pair).

On the one hand, (AH,AV) has a trivial logarithmic extension to A = co. On
the other hand, it is a non-trivial problem to construct a logarithmic extension
of (BH,BV) such that the induced vector bundle on P} is trivial. The problem is
called the Birkhoff problem (see [36] for example), and the solution to the problem
for (BH,BV) plays a key role in the construction of primitive forms ([12], [35]).

Katzarkov-Kontsevich-Pantev observed that the trivial solution of the Birk-
hoff problem for the connection (AH,”AV) can be described in terms of the Deligne
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canonical extension and the weight filtration for the nilpotent part of the residue
endomorphism along {A = oo}. An extension given in a similar way is called a
skewed canonical extension in [26]. The skewed canonical extension can be defined
for more general objects including (BH,BV). The property that the skewed canon-
ical extension gives a solution to the Birkhoff problem is called “speciality” (see
[26, Def. 3.21] or Definition 2.13 for details).

From the point of view of the conjecture (“H,*V) ~ ("H,°V), they con-
jectured that (BH,BV) is special ([26, Conj. 3.22(a)]). Combining it with their
unobstructedness result on the versal deformation of (Y, w), they also conjectured
the existence of a version of a primitive form under the assumption that Q4™ X (D)
is trivial ([26, Conj. 3.22(b)]).

81.3. Rescaling structures and Hodge—Tate conditions

To treat the conjectures in Sections 1.1 and 1.2 simultaneously, we introduce the
notion of rescaling structure (see Section 2 for details). Let o : Cj x S — S be
the action of Cj defined by (0,A,7) — (6A,07). Let po : Cj x S — S denote
the projection. A rescaling structure is a triple (H, V, x) of Z-graded locally free
Os(%(A) oo )-module H, a grade-preserving meromorphic flat connection

V:H = H®Q5(og AT)((N)o),

and an isomorphism x : p3H — o*H with some conditions (see Definition 2.5).

For a rescaling structure (#,V,x), take a fiber V of H at (A\,7) = (1,0).
Under an assumption, we associate two filtrations F' and W on V| where F is
called a Hodge filtration and W is called a weight filtration of H (Section 2.3). We
also define an abstract version of Hodge numbers fP:9(#H) and h?%(H).

The rescaling structure is said to satisfy the Hodge—Tate condition if these
two filtration behave like a Hodge filtration and a weight filtration of a mixed
Hodge structure of Hodge—Tate type in the sense of Deligne [9] (see Definition 2.11
for details). If (H,V, x) satisfies the Hodge-Tate condition, we have fP9(H) =
hP9(H), and we also have that H._; is special.

In Appendix A, we show that a “Tate twisted” version Hg of *H comes
equipped with a rescaling structure for any smooth projective Fano variety F. The
rescaling structure Hy satisfies the Hodge—Tate condition, and we have

fPU(Hp) = hP9(Hp) = dim HY(F, Q).

For the pair (X, f), we also have a version H of bH, which comes equipped
with a rescaling structure (see Section 3; the relation between H; and *H is given
in Appendix B). The main result of this paper is the following:
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Theorem 1.1 (Theorem 3.30). Let H; be the rescaling structure for (X, f).
(1) If Hy satisfies the Hodge—Tate condition, then equation (1.1) holds and H fr—;

1s special.
(2) The rescaling structure Hy satisfies the Hodge—Tate condition if and only if the
mixed Hodge structure (Hk (Y, Yoo;Q), F, W) is Hodge—Tate for every k € Z.

The definition of the mixed Hodge structure (H*(Y, Y;Q), F, W) is given in
Section 3.4.3. In Section 4, we also give some examples such that H; satisfies the
Hodge-Tate condition in the case where the dimension of X is 2 or 3.

82. Rescaling structures
§2.1. Holomorphic extensions and filtrations

Let C denote a complex plane. Set C* := C\ {0}. Let H be a finitely generated
locally free O¢(*#{0})-module. Let V' denote the fiber of H at 1 € C. Assume that
we are given an increasing filtration G4V = (G,,,V | m € Z) on V such that

2.1) GV 0 (m<k0),
' TV (m>o).

We shall recall some methods to construct an extension of H to an O¢-module by
using G,V. Here, by an extension of H, we mean a locally free O¢-submodule L
of H such that L ® Oc(x{0}) = H.

2.1.1. Construction using C*-actions. Let m : C*xC* — C*and o : C*xC —
C denote the multiplications. Let ps : C* x C — C be the projection. Assume
that H is C*-equivariant with respect to o. Namely, we have an isomorphism
X : p5H = o* H with the cocycle condition:

(m x idg)*x = (idex X 0)"x 0 P3X,

where pog : C* x C* x C — C* x C is given by pes(t1,t2,2) := (t2,2). This case is
considered in [41, Lem. 19] for example. For any vector v € V, there is a unique
invariant section ¢, € I'(C, H) with ¢, (1) = v. There exists a unique extension L;
such that v € G,V if and only if ¢, € L1(m{0}). The extension L is isomorphic
to the extension ) GpV ® Oc(—m{0}) of V® O(x{0}). This construction gives
a one-to-one correspondence between the sets of increasing filtrations on V' with
(2.1) and C*-equivariant holomorphic extensions of H.

Example 2.1. Let V be a finite-dimensional C-vector space with a decomposition
V =@,z Vp- Put H := Oc(+{0})®cV. Note that p; H ~ Oc-xc(*C* x{0})@V =~
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o*H. Define x : psH =5 0*H by X|Ocs e (+C* x {0}V, (t; 2) = 1P @ idy, . Consider
V as the fiber of H at 1 € C. Then the trivial extension L, := O¢c ® V' corresponds
to the filtration
GnV =P Vp
—p<m
Indeed, for v € V), the invariant section ¢, is given by ¢, (z) = zPv € L1 (—p{0}).

2.1.2. Double complex. Let (C**®,01,02) be a double complex of C-vector
spaces where §; : CP4 — CPT1L.4 and §, : CP? — CPt! are the differentials.
We assume that CP2 =0 if p < 0 or ¢ < 0, and that the total complex (C*®,¢) has
finite-dimensional cohomology. Here, we put C* := @quz CP9 and § := 01 + J2.
Let F be the filtration on (C*,d) given by F,,C* := D, =t p<m CP'?. We also
assume that the morphisms H*(F,,(C*®,8)) — HF(C*,§) are injective for all k
and m.

Put CP? := O¢ ® CP? and C* := @D, 4= C"?. We have a complex (C*, 261 +
d2). Let Ly be the kth cohomology group of this complex. By the assumption, L; is
a finitely generated locally free Oc-module. Put H := L1 ® O¢(*{0}) and consider
L; as an extension of H. Define x, : p3CP? = 0*CP? by x,(t, 2) := t? @ id. This
induces an isomorphism  : p5 H — o*H with the cocycle condition.

Lemma 2.2. Consider the kth cohomology H*(C*®,6) as the fiber of H at 1 € C.
Then the extension Ly corresponds to the filtration

G H*(C*,8) := Im(H"(F,,(C*,5)) — H*(C*,9)).

Proof. Put F,,C*F = @p+q=k,p2—m CP4. Tt induces a filtration on the complex
(C®, z61 + 62), which is also denoted by F. The induced filtration on L; is also
denoted by F. By the assumption, we have Gry L; ~ H*(Gr{ (C*)). Hence it
reduces to the case where there exists a pg € Z such that CP? = 0 for p # pg. In
this case, we have L; ~ HK=Po(CPo:® §,) @ Oc, and we obtain the conclusion by
Example 2.1. O

2.1.3. Construction using flat connections with regular singularities.
Assume that H is equipped with a flat connection V with a regular singular-
ity at {0}. We also assume that each GV is invariant with respect to the mon-
odromy of V. This case is considered in [25], [26], [36] for example. We have the
flat subbundles G¢H on H such that the fiber of Gy H at 1 is G;V. For any
t € C*, let V; be the fiber of H at t. Let GGoV; denote the induced filtration on
Vi Set I := {st | 0 < s < 1}. For any vector v € V4, we have the flat section
Yy € T(Iy, H) with 1, 4(t) = v. There exists a unique logarithmic lattice Ly with
the following property: Fix a frame of Ly near 0, and let || % ||z, be the Hermitian
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metric on Ly near 0 so that the frame is a orthogonal with respect to || * ||z,. A
vector v € V; is contained in G,,V; if and only if ¥, ; satisfies

10,6 )|z, < Clr|™™ (= logr)™ (0 <r < 1)

for some positive constants C' and N. This construction also gives a one-to-one
correspondence between the logarithmic extension of H and monodromy-invariant
filtrations on V with (2.1).

2.1.4. Characterization by using the Deligne lattice. The extension Lq
can be characterized by using the Deligne lattice of (H, V). Let L’ be the Deligne
lattice of (H, V), which means that L’ is the logarithmic at 0 and the residue with
eigenvalues whose real parts are contained in (—1,0]. The flat subbundles G,,, H
extend to {0} and give subbundles of L'. Let G,,L’ denote the subbundles of L'.

Lemma 2.3 ([26, Sect. 3.3.1]). The extension Lo is given by

Ly =Y GuL'(-m{0})

mEZ

as a submodule of L' (x{0}).

Proof. Tt is enough to show that Lo = L’ if GV is given by G_1V = 0 and GoV =
V. Let rk L' be the rank of L’. We have an isomorphism of logarithmic connections
(L/,V) ~ (02" V'), where V/ = d — Ut~ dt for a matrix U € End(C®™L")
with eigenvalues whose real parts are contained in [0, 1). Take the standard frame
V1, ..y Uk of OF %L’ Tt induces a Hermitian metric || # ||z For fixed ¢t € C*,
take a € C with exp @ = t. We have the flat section t;(r - t) := exp(alog rif)v;(rt)
on I; foralli =1,...,rk I’. Since the flat sections on I; are C-linear combinations
of 1;, we obtain the conclusion. O

2.1.5. Relation between two constructions. Assume that H is C*-equivari-
ant and equipped with a flat connection V. We also assume the compatibility of
the action and flat connection. In other words, for all t € C*, the action of t on H
is assumed to be equal to the parallel transport of V. Then we have the following:

Lemma 2.4. The connection V is regular singular at {0}. The extensions Ly and

Lo constructed in Section 2.1.1 and Section 2.1.3 coincide.

Proof. By the compatibility of the action and the connection, the invariant section
¢, for v € V is V-flat. Since Lo is generated by t"¢, (v € G,,,V, t is a coordinate
on C), it gives a logarithmic extension of H. This shows that the connection V is
regular singular at {0}. Fix a trivialization of L; around {0} and let || % ||z, be the
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induced Hermitian metric on L; around {0}. For v € G,,,V, ¢, is in L;(m{0}),
which implies
l¢o(@)llz, < CRR[T™ (te C)

for some positive constant C'. This shows the conclusion: Ly = Ls. O

82.2. Definition of rescaling structure

Let C,, C, be complex planes with coordinate A and 7 respectively. Put ]P’}\ =
CyU{oo} and S := P} x C,. Let 0 : C; x S — S be the action of C} defined by
o(0,\,7) := (O\,07). For a meromorphic function h on a variety, (h)o and (h)eo
denote the zero divisor of A and the pole divisor of h, respectively. The supports of
these divisors are denoted by |(h)o| and |(h)so|, respectively. Let po : Cj x S — S
be the projection. We define the notion of rescaling structure as follows.

Definition 2.5. A rescaling structure is a triple (H,V, x) of a Z-graded locally
free Og(*(\)so)-module H, a grade-preserving meromorphic flat connection

V:H—aH® Q}g (*(\(/\)oo| U \(/\T)0|))
and a grade-preserving isomorphism x : p3H — o*H with the following properties:

(1) We have V9. (H) C H and V29, H C H.
(2) On C; x Cz, x is flat with respect to p5V and ¢*V.

(3) The isomorphism x satisfies the cocycle condition. In other words, we have
(m x idg)*x = (idc; x 0)*x ° p33X,

where m : Cj x Cj; — Cj denotes the multiplication and pa3 : C; x Cj x S —
C} x S denotes the projection given by pa3(61, 02, (A, 7)) = (02, (A, 7)).

We often omit V and y if there is no confusion. The kth graded piece of H is
denoted by H*. We assume >, rank H* < 00 in this paper.

We note that we introduce the notion of rescaling structure only for conve-
nience for the later use. Similar structures have been studied in [23], [26], [30],
[37], [38] for example. Operations acting on H are often assumed to preserve the
grading without mention. If # and H' are rescaling structures, we can naturally
define the tensor product H ® H’ which is also a rescaling structure. The dual H"
can also be defined canonically.

Example 2.6. Set T := Og(x(\)so)v where v is a global section, and degv = 2.
The connection V is defined by Vv := —vA~! d\. The isomorphism y : p5T = o*T
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is given by x(p5v) := 6o*v. Then the tuple T(—1) := (T,V,x) is a rescaling
structure. We define
T(—1)®* if k € Z>o,
T(—k) = (=1) 1 >0
(T(=1)V)®=* if k € Zo.
For a rescaling structure H, we define H(k) := H ® T(k).

§2.3. Hodge numbers and Hodge—Tate condition for rescaling
structures

2.3.1. Hodge filtrations for rescaling structures. Let us consider the re-
striction H|,—o := H/7H. It admits a Cj action, and hence we can apply the
correspondence of Section 2.1.1 to get the filtration FoV on V := H |y=1,,=0
corresponding to the lattice at A = 0.

Definition 2.7. Let (H,V, x) be a rescaling structure. Then we define
fPUH) == dim Gr" VP,
where V* is the kth graded part of V.

2.3.2. Weight filtrations for nilpotent rescaling structures. We consider
the following condition on rescaling structures:

Definition 2.8. A rescaling structure (H,V, x) is called nilpotent if the residue
endomorphism Res(;—0}V on H ;g is nilpotent.

By definition, we have the following:

Lemma 2.9. We have that H(x(\)o) is the Deligne lattice of the meromorphic
connection H(x(A7)o) along the divisor |(T)o].

We have a nilpotent endomorphism N := (Res;;—¢}V)|x=1 on V, where V' is
the fiber of H at (\,7) = (1,0). Let V* be the fiber of H* at (\,7) = (1,0). The
graded piece of N on V* is denoted by Nj. Let W denote the weight filtration
of Nj centered at k, i.e., *I¥ is the unique filtration on V* with the following

properties:
(2.2) Ni ("W;) € "Wy for all i € Z,
(2.3) N GrVvE 2 GV vh forall j € Z.

The induced filtration on V' is simply denoted by W.
Definition 2.10. Let (H,V, x) be a nilpotent rescaling structure. We define
hP4(H) := dim GrgZVp"'q.
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2.3.3. Hodge—Tate condition. In [9], a mixed (Q-)Hodge structure (Vg, F, W)
is called Hodge-Tate if the Hodge filtration F' on V := Vg ®g C and the weight
filtration W satisfy

(2.4) W2i+1 = Woy; for all i € Z,
(25) F_j D W2j+2 5V for all j € Z.

We use the same notation in this paper. Imitating this notion, we define the fol-
lowing;:

Definition 2.11. Let (H,V, x) be a nilpotent rescaling structure. Let F' and W
be the filtrations on V' := H(\ 7)—(1,0) defined in Sections 2.3.1 and 2.3.2. Then
(H,V,x) is said to satisfy the Hodge-Tate condition if (V, F, W) satisfies (2.4)
and (2.5). A rescaling structure is said to be of Hodge—Tate type if it satisfies the
Hodge—Tate condition.

The following is trivial by definition:

Lemma 2.12. If a rescaling structure (H,V,x) satisfies the Hodge—Tate condi-
tion, then fP4(H) = hP1U(H) for all p, q.

§2.4. Hodge—Tate condition implies the speciality

Let H = @, H * be a Z-graded finitely generated locally free O]P& (*00) module
with a grade-preserving meromorphic flat connection V. We assume that V has
singularity at most at {A =0} in Cy and V 2y, (H) C H. We also assume that V
is regular singular at infinity. Take the Deligne lattice UgH at A = oco. Let N be
the nilpotent part of Resx—o} V. Define kW.(Ungk)\:oo) as the weight filtration
of N centered at k. It induces a filtration We(UoH|r»0) of Z-graded logarithmic
subbundles of Up H|xg-

Definition 2.13 ([26, Def. 3.21]). Let H, V, UyH and W, (UpH|x0) be as above.
We define a vector bundle H on P} by

FI\A;&O = Im {@WQ@(UOH) ® Opi (—€ . OO) — U()H(*OO)} 5
4

and H, Atoo = H. We call H a skewed canonical extension of H. The Z-graded
flat bundle (H, V) is called special if H is isomorphic to a trivial bundle over Pi.

Remark 2.14. Our definition of speciality is slightly different to that of [26]. This
construction of H is the same as in Section 2.1.3 if we take the filtration GoV to
be Gy := Woy.
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Proposition 2.15. Let (H,V,x) be a rescaling structure of Hodge—Tate type.
Then Hy := H ;=1 is special.

The rest of this section is devoted to proving this proposition.

2.4.1. Regular singularity along |(A)c|. Let (H,V,x) be a rescaling struc-
ture. Put S* := C{ x CZ C S. Let ¢ : S* — Cj x S be the embedding given by
LA\, 1) == (A7 X\ 7). We observe that 1, := 0 o gives 1,(\,7) = (71, A7)
and ¢, := pg o ¢ is the inclusion S* < S. Hence we have the isomorphism

(2.6) UX o H = Hige = 0 H.

We also remark that ¢, extends to the map S\ [(A)o| — S given by (A\,7) —
(771,271, which is denoted by 7,-.

Lemma 2.16. The meromorphic connection (H(x(A7)o),V) is regular singular
along [(A)oo|-

Proof. The isomorphism (2.6) gives a logarithmic extension H of H|r+0 along
|(N)oo|. The pull-back z;;H is isomorphic to H|s\|(xr),|- O

2.4.2. Deligne lattice. Since H(*(A7)p) is regular singular along |(A)eo|U|(7)o|
C S, we have the Deligne lattice UyH of H(*(AT)g) along [(AN)eo| U |(T)o]. Assume
that # is nilpotent. Then UpH|,—o is equal to H(¥(A)o)jr=o by Lemma 2.9. In
particular, we have UyH|(x,r)=(1,0) = V. By (2.6), we have that the residue endo-
morphism N := Resy=ooV 0n UpH|y= is nilpotent. We have the weight filtration
¥V on degree k part of UyH|r—oo With respect to N centered at k. Let W be the
resulting filtration on UyH|yx=oo- Then we have logarithmic Og(*(\)g)-submodules
We(UoH) of H(*(\)o) which coincide with WeUsH|x—oc 0n A = co. Define H by

(2.7) Hirzo == Im {@ Wor(UpH) @ Og(—L(N)oo) — H(*(A)M)WO} ,
4

and 7:l|>\¢oo = H. It is easy to see that ’;Q‘T:l is Hj.

Lemma 2.17. The filtration on V induced by W UpH is equal to the weight fil-
tration given in Section 2.3.2.

Proof. Let Ti be the monodromy around {\ = oo} acting on V' := H|(x r)=(1,1)-
Let T5 be the monodromy around {7 = 0} acting on V’. By the C*-equivariance
of H (or by (2.6)), N :=logT; (i = 1,2) coincide with each other (both of them
are nilpotent). We have a trivialization (UyH,V) ~ (V' ® Og(*(A)o), V'), where
V' =d—NOX1d\+ N®7r=1dr. Identify V and V' via this isomorphism. Then
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the filtration induced by W,UyH corresponds to the filtration induced by N1,
and the filtration given in Section 2.3.2 corresponds to the filtration induced by
N®_ Since N = N@) | these filtrations are equal. 0O

2.4.3. Proof of the Proposition 2.15. Put Hy = ’7':l|7=0. By Lemmas 2.17
and 2.4, PAIO‘,\#O is given by construction in Section 2.1.1 taking Gy = Wy, (¢ € Z).
Then the Hodge-Tate condition implies the triviality of Hy. By the rigidity of
triviality of vector bundles on P!, there is a open neighborhood U in C, such that
the restriction 7—AL|P§ «u is trivial along P}. Using the Cj-action, we can show that

H itself is trivial along IP’&. In particular, H, is trivial. O

2.4.4. Relation to M. Saito’s criterion. The referee of this paper indicated
the relation between Proposition 2.15 and M. Saito’s criterion for Birkhoff’s prob-
lem. To see this, we recall M. Saito’s criterion in a special case. Let H, V and
UopH be as in Section 2.4. For simplicity, we assume that Resy—.,V is nilpotent.
Let V,, denote the fiber of UyH at A\ = co. Note that the residue N acts on V.
We define a filtration F on V as

FiVio :=Im (r(IP;, UoH ® Op1 (K{0})) — Voo)
where the map is the restriction.

Theorem 2.18 ([40, Lem. 2.8], [36, IV 5.b]). Assume that we have an increasing
filtration G4V such that

(1) GV is invariant under the morphism N for each k € Z; N(GrVs) C GrVoo
and

(2) GoVso is opposed to FoVoo; F_py @ Gpp1 = Vo for each p € Z.

Then the extension defined by replacing Way by Gy in Definition 2.13 is logarithmic
at infinity and isomorphic to trivial O]P’i -module.

Let us consider the case H = Hy = H|,—; where H is a nilpotent rescaling
structure. We first observe that H is reconstructed from its restriction H; as
follows. Let w : Pl x C: — P} be the map defined by w(\,7) := (A\/7). Let
tr + P x C: — Cj x S be the map defined by ¢ (A, 7) = (77!, A\, 7). Then by
taking the pull-back of the morphism x by ¢,, similarly to (2.6), we can identify
Hp1 wcx With @w* (H|r=1). Hence, by Lemma 2.9, we obtain H by taking the Deligne
lattice of w*(H|,=1) along {7 = 0}.

This identification also gives an isomorphism yy : V = V., and we have the
following:

Lemma 2.19. The isomorphism xv : (V, F) = (Voo, F) is a filtered isomorphism.
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Proof. For v € F},Vy, take a lift v € (P}, UpH1(k{0})). Then we have a unique
Cj-equivariant section @ € I'(S, H(k(X)o)) whose restriction to 7 = 1 is v. We have
that the restriction of ¢ to 7 = 0 is the C*-invariant section with (¥j,—0)(1) =
#(1,0) = xy,' (), and Ojr=0 € H|r=0(k{0}). This proves the lemma. O

By this lemma, Proposition 2.15 can be seen as a corollary of M. Saito’s
criterion (Theorem 2.18). We also remark that the relation to the Hodge-Tate
condition is mentioned in [34, Exa. 3.4.3] for classical Hodge structures.

Remark 2.20. From these observations, it seems that the parameter 7 plays a
minor role. However, this parameter naturally appears in some examples [19], [26],
[30], [37]. In particular, as we will see in Appendix A, the parameter 7 appears
as a quantum parameter for Tate twisted quantum D-modules. In that case, the
nilpotent-ness of the rescaling structure is deduced from the fact that the quantum
cup product converges to the classical cup product as the quantum parameter goes
to zero.

83. Landau—Ginzburg models

In this section we consider the following pair (X, f), referred as a Landau—Ginzburg
model:

e a smooth projective variety X of dimension n over C;

e a flat projective morphism f : X — P! of varieties.

We also consider f as a meromorphic function on X. We assume that the pole
divisor (f)eo of f is reduced. The support |(f)so| is denoted by D. We also assume
that D is a simple normal crossing. Put Y := X \ D. The restriction of f to Y is
denoted by w.

Remark 3.1. The terminology “Landau—Ginzburg model” might be inappropriate
for general (X, f). We need to impose the condition that there is an isomorphism
O = Q%(D);1 +— voly in order to regard the tuple ((X, f), D,volx) as a tame
compactified Landau—Ginzburg model in [26] (see Appendix B). In this paper, we
do not use this condition. However, since the main examples we have in mind are
(tame compactified) Landau-Ginzburg models, we call the pair (X, f) a Landau—
Ginzburg model for the sake of convenience.

§3.1. Rescaling structure for Landau—Ginzburg models

3.1.1. The Kontsevich complex. Let df : Q% (log D) — Q% (log D)(D) be a
morphism induced by the multiplication of df. The inverse image of Q% (log D) C
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Q])“(H(log D)(D) is denoted by Q’; The multiplication df induces a morphism df :
Q’} — Q’;H. The exterior derivative d induces a morphism d : Q]jg — Q?'H.

Let mg : S x X — X be the projection. Recall that S = P} x C,. Put
Qf =75 Q@A Og5 x (#(N)so). We have morphisms of sheaves d+A~'7 df :
Q’}A’T — 9?4;17 where d is the relative exterior derivative, i.e., d = dgx x/s- Since
(d+ X~17df)? = 0, we have a complex (QF o d+ AL df).

Definition 3.2. Let ps : S x X — S denote the projection. For each k € Z, we
put

(3.1) Hy = Rrps, (Q} 5 ., d+ A7 df).
We define a Z-graded Os(*(\)oo)-module by Hy 1= @, H}.

3.1.2. The rescaling structure. Let 0 : C; x S — S denote the action of Cj
given in Section 2.2. Let ¢ : Cj x S x X — § x X be the action induced by ¢ and
trivial Cj-action on X. Let po : Cj xS x X — S x X denote the projection. We have
the natural isomorphism Xy : p5(Q2% , ., d + ATirdf) = a* (5 d+ AT df).
It induces an isomorphism x; : psH; — o*H; with the cocycle condition (Defi-
nition 2.5(3)).

Proposition 3.3. The pair (Hs, xf) comes equipped with a rescaling structure.

Proof. By the theorem of Esnault—Sabbah—Yu, M. Saito and Kontsevich [18] (see
also [26], [30]), Hy is locally free over Og(*(\)s). Moreover, [30, Thm. 3.5] (see
also its consequences in [30, Sect. 3.1.8]) implies that we have a connection V on
each ’H’; with the properties in Definition 2.5. O

3.1.3. Hodge filtration. Since H; is a rescaling structure, Vy := Hy|(x,r)=(1,0) 18
equipped with a filtration FyV (see Section 2.3.1). Note that Vy ~ H* (X, (0%, d)).

Lemma 3.4 ([18],[30]). Let F4(Q%,d) be the stupid filtration on (2%, d), i.e., we
put F_pQ’Ji =0 forp>k and F_pQ’} = Q’} for p < k. Then we have

(3.2) F_VF ~Im (H" (X, F_,(Q%,d)) —» H* (X, (Q%,d))) .

Proof. Let wy : Cyx X — X be the projection. Define Qf | 1= 73Q%. Let px : Cx x
X — C, denote the projection. By the local freeness, we have an Cj-equivariant
isomorphism
k k
Hijr—o = RPpas(QF 1, Ad).
The isomorphism y on ]Rkp,\*(ﬂ;-,)\, Ad) is induced by 07X ¢|,— : (ﬁSQ?,)\,T)IT:O =

(&*QI},)\,T)‘TZO'
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Let o729 denote the sheaf of (p, g)-forms on X. Let 8 : &9 — o727 and
9 : P! — 29" be the Dolbeault operators. Set GP = Q% ®ox /9. Put
AP = Oc,xx @10, 5 ' /f*%. The operators on &}y induced by 8 and 9 are
denoted by the same notation. Then we obtain the double complex (,ssz' ¥, A0,0).
Let (477,20 + 0) be the total complex. Note that &/, = D gr TN We

obtain a Cj-equivariant quasi-isomorphism
(Q5 .1, Ad) = (A} \, A0 + 9),

where the isomorphism on d;f Y is induced by 0PX f|r=o- Hence, we have a Cg-
equivariant isomorphism:

(3.3) R¥pas (5 3, Ad) = A pro (] 5, A0 + D).

Applying Lemma 2.2 for CP? := I'( X, ﬂ%f’q),él := 0 and &y := 0, the fiber
of the cohomology sheaf e%”kp,\*(ﬂif")\, A0 + 0) at A = 1 has the filtration G, as
in Lemma 2.2 (the fact that we can apply the lemma is due to [18, Thm. 1.3.2]).
Since the restriction of (3.3) to A = 1 gives a filtered isomorphism (ka,F )
(H*(C*,5),G), we obtain the conclusion.

0o

By this lemma, we have Grlijfk = HFP(X, Q%). Define fPi(Y,w) :=
dim H9(X,Q%). Then we have fP4(Y,w) = fP9(Hy). In the rest of Section 3,
we investigate h”9(Hy), or the weight filtration of the rescaling structure.

83.2. Meromorphic connections for Landau—Ginzburg models

We set XM := C, x X. We also set DY) := C, x D. Let p, : X — C,
and 7, : XU — X denote the projections. We shall review some results on a
meromorphic flat bundle M := O(x*DM)v with Vo = d(7f)v in [30], where v
denotes a global frame. We have

M =~ (OX<1)(*D(1)),d+ d(Tf)) L v
Note that, in our case, some of the results in [30] are simplified since we assume
that (f)eo is reduced and the horizontal divisor (denoted by H in [30]) is empty.

3.2.1. V-filtration along 7. Regard 7 Dx as a sheaf of subalgebra in Dy ).
Let "VoDx ) denote the sheaf of subalgebra generated by 7:Dx and 79,. For
a=0,1, we set

UaM = mDx - Ox ) ((a + 1)D<1>) v e M.

For a € Z.g, we set UM = 77*UgM. For a € Z~qg, we set U, M =
Zeran 02U, M. Then we have the following:
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Proposition 3.5 ([30, Prop. 2.3]). We have that UsM is a V-filtration on M
along T indexed by integers with the standard order (up to shift of degree by 1).
More precisely, we have the following:

o U, M are coherent VoD x ) -modules such that |J, UaM = M.
o We have TU.M C Uy 1M and 0,U, M C Uy M.
e Define Grg/\/l = Uy M/Uy-1 M. Then 70, + « is nilpotent on Grg/\/l.

3.2.2. Relative de Rham complexes. We set Qk’T = ﬂ'iQ’} We obtain a
complex (Q% _,d + 7df) where d = dx ) ¢, is the relative exterior derivative. We
have the following:

Proposition 3.6 ([30]). We have a quasi-isomorphism of complexes
(3.4) (Q%,,,d+ 7df) = UM ® QS((U/(CT'
Proof. Combine [30, Prop. 2.21] and [30, Prop. 2.22] in the case a = 0. O
As a consequence, we have the following (see also the proof of [30, Cor. 2.23]):
Corollary 3.7. We have the following isomorphism of logarithmic connections:
Hiper = REprs (ToM @ Q% e, )
We also have a quasi-isomorphism of complexes:
(Q%,d) (= (Q%,,d+ 7df)j;—0) = Grg M @ Q%,

which induces ka = HF (X, (Grg/\/l ®Q%)). The residue endomorphism on ka
is identified with the nilpotent endomorphism on HF (X, (Grg./\/l ® Q;()) associ-
ated with ¢g on Grg./\/l@)Q;(, where pg denotes the endomorphism induced by 70 .

3.2.3. Residue endomorphisms. We shall give an alternative description of
o to the one in Corollary 3.7. Consider Q’}“((l)(log 7)o := Ofo}xx ® Q’;’((l) (log )
as an Ox-module. It naturally decomposes to the module

Ok @ [rtdr] - Qﬁ{l,

where [r~1d7] denotes the section induced by 7~ 1dr.
Since U, M is a VoD x1y-module, we have V : Uy M@ QK | (logT) = U, M®

XM
Q%4 (log 7). This induces

V' Grf M & Q%) (log 7)o = Grg M @ Q51 (log 7)o.
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The morphisms

Vi : GriM ek — Grf M e Q5 and

Vi :GriM e [r7tdr] - Q5 = Grf M @ [rdr] - Q%
induced by V' are the same as the flat connection Vy given by the Dx-module
structure of Gr§ M. The morphism Gr§j M ® Q% — Grf M®[r~'dr]-Q% induced

by V' is given by m ~ [771d7]po(m).
We have the following exact sequence of complexes:

5.35) 0 — Grg M @ ([r~tdr] - Q% [-1]) — Gry M @ Q%) (log 7)o
3.5
b Grli Mo 0y — 0.

From this exact sequence, we obtain a morphism
¢1: GIf M ® Q% — Gry M @ ([r71dr] - Q%) ~ Grf M & Q%
in the derived category D’(Cx) of Cx-modules.
Lemma 3.8. ¢ = ¢;.
Proof. Let C*(h) be the mapping cone of h in (3.5), i.e.,

C*(h) = Grf M@Q5H (log )o@ Gry M@Q%,  dosn)(a,b) = (—V'a, ha+Vob),

where a € Grj M @ QI;('II) (log 7)o and b € Grj M ® Q%. Then the morphism

Grg M @ Q% 3w — [r71dr] - w € Grf M & Q5 (log 7)o

induces a quasi-isomorphism ¢q : Grg M ® Q% — C*(h). The morphism ¢; is
induced by a natural morphism ¢; : G5 M ® Q% — C*(h).

Using the identification Q% ,, (log 7)o = Q% & [r~1dr]- Q5 !, we obtain a mor-
phism Q% — Q% ;) (log 7)o of Ox-modules. This morphism induces W : CriM®
Q% — CF1(h). For a section w € Gry M ® Q% we have ¥ o deat moas, (W) =
U (Vo(w)) = V(P(w)). We also have

doeny 0 ¥(w) = (V' (¥(w)), ho ¥(w))
) — [r71dr] - po(w) + 11 (w)
) = topo(w) + 11 (w).

Hence we obtain (do ¥ + ¥ o d)(w) = t1(w) — top(w), which implies ¢1 = ¢o. O
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§3.3. Relative cohomology groups for Landau—Ginzburg models

Let t denote a coordinate on the target space of w : ¥ — C. Put s := 1/t and
let C, C P! be the complex plane with coordinate s. Take a sufficiently small
holomorphic disk Ay C C, centered at infinity so that no critical values of f are
contained in AX := A\ {oo}.

Set X == X x A, D =D x Ag. Let 15 : X — X and ps : X — A, be the
projections. Put g := 1/f. Set ' := {(x,s) € X | g(x) = s}. The inclusion I — X
is denoted by ¢r. The divisor ® UT is a normal crossing. The intersection ® N T’
is denoted by Dr.

3.3.1. De Rham complexes. For k € Z>(, we have a natural morphism
oF - Q% (log® U {5 = 0}) — ir.Qf (log Dr).
Let E* be the kernel of ¢*. This gives a subcomplex E® of Q% (log® U {s = 0}).

Lemma 3.9. For each k, we have

ds d
(3.6) EF = (ss - gg) Q5 log D) @ (s — g) - mi Q% (log D).

In particular, E* is a locally free Ox-module.

Proof. 1t is trivial that the right-hand side of (3.6) is included in E*. Let s~'ds -
wy + ws be a section of B, where w; € mQ% (log D) and wy € 70k (log D).
Since (s~'ds — g~'dg) - wy is a (local) section of E*, g7ldg - w; + ws is a section
of E*. We observe that g~ 'dg - w; + ws is also a section of 7*Q% (log D). Since
EF nmrQ% (log D) = (g — s)m:Q% (log D), we obtain that g~ 'dg - wi + ws is a
section of (s — g)m:Q% (log D). This implies that s~'ds - w; +ws is a section of the
right-hand side of (3.6). O

3.3.2. Relative de Rham complex. For k£ € Z>, we have a canonical mor-
phism
¢* : wi Q% (log D) — ir.f o, (log Dr).

Note that 7Q% (log D) is given by

k
Of a, (log Dr) == —— QF(IOgC‘Dr)l 7
. Qr (log®Dr) A ppQ,  (log s)

where pr denotes the composition of it and ps.

Definition 3.10 ([26]). The kernel of the morphism ¢* is denoted by E*. The
induced subcomplex of 7Q% (log D) is denoted by E*.
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By definition, E&\Q ~ ((s — g)m: % (log D)) X\

Lemma 3.11 ([26]). Let Q be a point in D. If we take a sufficiently small neigh-
borhood U of Q, we have

d * — * _
(3.7) By = ;g (w3 (log D))ju + ((s — )i Q% H(log D))

where 4 := U x A,. Moreover, E* is a locally free Ox-module.

Proof. Since the complex (Q% (log D), g~ 'dg) is acyclic near Q € D, we have a
decomposition

mi Q5 (log D) jy(=uxa,) = F & G°
such that g~'dg : =1 = G' (¢ € Zxo) for a sufficiently small neighborhood U of
@ (see the proof of [30, Lem. 2.29]). We have Eﬁl D GF and Eﬁlﬂ}'k = (s—g)F".
The local freeness of E* and equation (3.7) are obvious by this description. O

By this lemma, the restriction of E*® to s = 0 is identified with (Qy, d). Here,
we remark that we have

d _
QI}\U =g Qlj{(logD)w + 7f AQY 1(10,?§D)|U
for sufficiently small U (see [26, (2.3.1)], [30, Lem. 2.29] for example).
3.3.3. Gauss—Manin connection. We have a canonical epimorphism ¢ : EF —
EF.
Lemma 3.12. Kerp = s~ 'ds- EF1.
Proof. Tt is trivial that Ker o D s~ 1ds - E*71. Let (s71ds — g~ ldg)w; + (s — g)wa
be a (local) section of Ker ¢, where w; € mQ% (log D) and wy € w:Q% (log D).
We have
—g tdgw, + (s — g)ws = 0.
Hence, we have
wi=(s—g)m +g 'dgrs, wo=g 'dgn
for some 7 € Q% !(log D) and 5 € Q% ?(log D). We obtain
(s7tds — g~ tdg)wi + (5 — g)we

= (s7'ds — g7 'dg)((s — g)m1 + 97 dgm2) + (s — g)g~ ' dgm

= s tds(s — g)r + (s 'ds — g 'dg)g ' dgrs

= s_lds((s —g)m + g_ldng).
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This implies Ker p C s™1ds - EF~1. O

By this lemma, we have the following diagram, whose rows and columns are

exact:
(3.8)
0 0 0
0————> s lds- E*[-1] E* ¢ E* 0

0

00— s~ 1ds - Q% (log D)[-1] Q% (log(® U {s =0})) —— 71:Q% (log D)

#°[-1] ° #°

0——>s"1ds- ir Q) 5 (logDr)[—1] ——— ir. Q7 (log Or)

s

Z'F*QI!‘/A‘,. (log®r) ——0

0 0 0.
From this exact sequence, we obtain a morphism
E* — s 'ds- E*
in the derived category D®(Cx). This gives a logarithmic connection
(3.9) VM RFp, B — RFp, E* @ Q4 (log s).

On AX, the kernel of V&M is the local system of the relative cohomology H*(Y,Y})
(b € AY) ([26]). Hence (3.9) gives a logarithmic extension of the flat connection
associated with the local system of the relative cohomology H*(Y,Y;) (b € AX).

3.3.4. Residue endomorphisms. Put Ef := E*® ® Oxo}- The complex Eg§
can naturally be considered as a complex on X. The complex E§ is a subcomplex
of the complex Q% (log D) @ s~ 'ds @ Q% ' (log D). On 74(T"), we have

ds d
E}=g-Q%(logD) o <SS - gg) ® Q% (log D).

On X \ 75(I"), we have
k k ds k-1
Ef =Q%(logD) ® 5 ® Q% (log D).
From the exact sequence (3.8), we have the exact sequence

(3.10) 0—>%®( s, d)[~1] — E§ — (2%,d) — 0.
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From this exact sequence, we obtain a morphism
ds
P2 (95.4) — @ (95,) ~ (25, d).
This induces a residue endomorphism
Res(s—} (VM) : HY (X, (@, d)) — H(X, (27, d))
of V&M along {s = 0}.

83.4. Hodge—Tate conditions for Landau—Ginzburg models

3.4.1. Comparison of the residue endomorphisms. We shall compare the
residue endomorphisms given in Sections 3.2.2 (see also Section 3.2.3) and 3.3.4.
Put Q% (log s)o := Q% (log ) @ Ox » 0} - Let [s~'ds] denote the section of Q2% (log s)o
induced by s~'ds. The correspondence [s~'ds| <+ [T~ 'd7] gives an isomorphism

0% (logs)o =~ Q%) (log ). Via this isomorphism, we identify 2% (logs)o with

Q%) (log 7). Similarly, we identify
0% (log(® U {s =0})), := Q% (log(D® U {s = 0})) ® Ox {0}
with
xn (log(DM U {7 = 0})) ) := %0y (log(DM U {7 = 0})) @ Ogopux-
By the construction of UyM, we have an inclusion
0% ) (log7) ® Oxy(DM) v Q% o) (log 7) @ M.
We also have another inclusion
Q%) (log(DM U{r =0})) - v = Qk 1) (log 7) ® Oxy (DW)) - w.
Hence we obtain a morphism
Q% (log(@ U {s =0})) — UM @ Q%1 (log 7).
Since the filtration U, M is indexed by Z, we have a morphism
Q% (log@ U {s = 0})), — Gri M @ Q% (log 7)o

given by 1 — v ® 1, where v denotes the section of Grg M induced by the global
section v of M. By restricting this morphism to E}¥, we obtain a morphism

d:Ef — GriMe 0% ) (log 7)o.

Lemma 3.13. We have that ® defines a morphism of complexes.
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Proof. First we verify the lemma on 74(T"). Since f = 1/g, we have
V'(v) =vrdg™ ' +vrg [r'dr] = vrg ' ([t 'dr] — g~ 'dg)

in Gry ® QL) (log 7)o. Hence, we have

V') (=g tdg+[r'dr]) =0

in Grj @02 ,)(log 7)o. Since vg~'dg and vr~dr are sections of UpM&Q ,(log 7),
we have
gV'(v) = vr(—g tdg+ [t tdr]) =0
in Gy ® QL) (log 7)o
Let (¢~ 'dg — [t~ dr])wi + gwa be a section of E}, where w; € Q% !(log D)

and wy € Q% (log D) (see Section 3.3.4). We then obtain
V'(v- (g~ dg — [r dr])wn)
=V'(v) (g7 dg — [t dr])wr + v - d((g™ " dg — [~ dr]wn))
=v-d((g~"dg — [r" dr]wn))
and
V'(v-gws) =V (v) g ws+vd(g-ws) =vd(g-wa).
Hence we have V' o ® = ® o d on 7,4(T).

On X \7s(T'), f = 1/g is a holomorphic function. Hence, V'(v) = vr df +v7 f-

77 1dr is a section of TUoM ®@ Q% (log 7). This implies V'(v) = 0 on GriM ®

Q% ). Then we can prove V' o ® = ® od on X \ (') similarly. O
We then obtain the following:

Theorem 3.14. The nilpotent endomorphism (Res{TZO}V)M:l on ka coincides
with the residue endomorphism of the Gauss—Manin connection VM for the rel-
ative cohomology group.

Proof. By Lemma 3.13, we obtain the following commutative diagram in the
abelian category of complexes on X:

0——— 2. (0%,d)[-1] E} Q% d) ——0

i qis i @ i qis

0 —— Grg M @ ([r~dr] - Q% [~1]) — Grf M ® Q%) (log 7)o — Grg M @ Q% — 0.

The rows of this diagram are the exact sequences (3.10) and (3.5). Left and right
columns are the quasi-isomorphisms given in Corollary 3.7. This diagram shows
©1 = 2 in the derived category, which implies the theorem (see Lemma 3.8). [
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3.4.2. Koszul complex. Let W,Q% (log D) be the weight filtration given by

Q% (log D) (m > 1),
W, (log D) =S Q™ A Q2 (log D) (0 < m < {),
0 (m < 0).

Take the irreducible decomposition D = | J;c, D;. Fix an order of A. Note that each
D; is a smooth hypersurface in X by the assumption. Put D(0) := X, and D(m) :=
Urea,irj=m(Mier Di) for m € Zo. We have the isomorphism of complexes Rés, :
CrV Qs (log D) = Um0 () [=m], Where ap, : D(m) — X denotes the morphism
induced by inclusions ([8], [21], [31]).

We recall that the morphism Rés,, is locally described as follows. Let (U; (#1,
.-+, 2n)) be alocal coordinate system such that UND = (J; <, {z; = 0}. Assume
that we have {i; < iy < --- < i3} C A such that D;, NU = {z; = 0}. For J =
(J1y- -y gm) With 1 < j1 < jo < -+ < jm < k, put Dy :={z;, = --- = z;,, =0}
and (271dz); = zj_lldzj1 A-- ~/\zj_m1dzjm. For w € W,,,Q% (log D), we have a unique
expression

w=(z"td2);Na+ B,

where a € Qi{"ﬂ B € Q% (log D) such that 3 does not have the component
(271dz) ;. The residue Réssw is defined by Résjw = a|p,, and Rés,, is defined
by
Résp(w) == Z Résy(w).
JC{1,..k},|T|=m

Let M% [, be the sheaf of invertible sections of Ox (*D). We have the mor-
phism Ox — M%?,D given by h — exp(2wih), where i := \/—1. We have the
exact sequence of Zx-modules

Up(1)

S Mg T vy —

0—>Zx—>(9x

where the Z x-module structure of /\/l‘gxp’ p 18 given by the multiplication and vp(y)
denotes taking the valuation along the divisors. The induced morphism Ox —
Mg)’? p ®z Q is denoted by e. We also have the exact sequence

(3.11) 0 — Qx = Ox — MP, ®2Q — a1.Qp) — 0.

We shall consider the “Koszul complex” of e ([24], [31]),

14

Kf, = Symg " (0x) ®g \MZ , @2 Q).
Q
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We have the natural inclusion Kfn — Kfn_H by b1 hpm— @y +— 1-hy - hyp— Ry
and the differential d : K%, — K5 by

m

m—{

dhy-- hpmy®y) = Z hy--hi—y-higr-hpr @e(hy) Ny.

i=1

Lemma 3.15 ([24, Prop. 4.3.1.6], [31, Thm. 4.15]).

Ags orq < p,

(KDY = ] Qp(g forq<p

0 for q > p.
By this lemma, the natural inclusion K ; — K; |1 is a quasi-isomorphism for
p>n=dimX. We put K3 := K? and let W,, K% be the image of K* to K*
for m < n and W,,, K% := KE for m > n. We obtain a filtered complex (K2, W).

Theorem 3.16 ([31, Thm. 4.15, Cor.4.16]). The morphism K’ — W,,Q5% (log D)
given by

m—~
1 dy dye
3.12 hi- e Ao ANy = —— ||hl S AN —
(3.12) 1 e @Y1 Ye 2r1) <¢—1 ) " e
induces a filtered quasi-isomorphism o : (K2, W) ® C — (Q%(log D), W), or an

isomorphism in the derived category of filtered complexes D*(FCx) [8, Sect. 7.1].

Corollary 3.17 ([31, Prop.-Def. 4.11, Cor. 4.17]). Let F be the stupid filtration
on Q% (log D). Then the tuple

Hdg(X log D) := ((K;O, W), (Q% (log D), F, W),a)

is isomorphic to the cohomological mized Q-Hodge complex ((Rj*Qy,TS ),
(Q%(og D), F,W),d/) on X in [8, (8.1.8)], [7]. Here, 3 : Y < X ‘s the in-
clusion, T< denotes the filtration by truncation functor and o/ : (R3.Cy,7<) —
(Q% (log D), W) is an isomorphism in DT (FCx).

Proof. By Theorem 3.16, we have the following commutative diagram:
(3.13)

(RyCy, 7<) ——= Ry}, 7<) <——— (2% (log D), 7<) —— (2% (log D), W)

e

(Ry.Cy, 7<) — >Ry, MK, 7<) @ C<—— (K3, 7<) ® C — (K3, W) ® C.

Here, the arrows — and 1~ denote filtered quasi-isomorphisms. Since the natural
morphism

(2% (log D), 7<) — (2% (log D), W)
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is a filtered quasi-isomorphism, the morphism
(K%, 7<) ©C— (K3, W)@ C

is also a filtered quasi-isomorphism. Note that o’ is defined by the first row of
(3.13), and the second row comes from the sequence

~

(314)  (RpQy, 7<) ——=Rpuy (K2, 7<) <— (K3, 7<) —— (K3, W).

It follows that (3.14) defines the isomorphism of cohomological mixed Hodge com-
plexes. 0

The cohomological mixed Hodge complex Hdg(X log D) gives a mixed Q-
Hodge structure on the cohomology groups H*(Y,Q), k € Z>0, which is denoted
by H*(Y) := (H*(Y,Q), F,W).

3.4.3. Cohomological mixed Hodge complex. Put AP := O&F(log D)/
W,-195 (log D) and CP7 := (K2F1/W, 1 KE+?)(q), where p,q € Zso and (q)
denotes the Tate twist. We have the differentials

& AP — APHL4 [ mod W, 1] — [dn mod W,_,],

8" AP — AP+ mod W,_y] — [g” dg A n mod W],
5. Gra Gty
[

", ops Ap,q+1,
" CP1 — OPat:

z®ymod W,_1] ® (271)? — [d(z ® y) mod W,_1] ® (27i)9,
r®ymod W, 1] ® (271)? = [z ® g Ay mod W,] ® (27ri)7H,
where n € Q5 (log D), x € Sym&(@x) fork>0andy € /\grq(/\/l%gD ®zQ). The
total cqvmplexes of these dguble complexes are denotgd by s(A"'~) and s(C**),
ie., s(A**)k = D, = AV? and § = 0" + 6" : s(A%*)F — s(A**)F*L is the
differential; s(C**) is defined similarly. We also have the filtrations

W, AP = W,y 9,05 (log D) /W, 195 (log D) € AP9,
W, CP% = (Wygag KB /Wy KB (q) © P,

which induce the filtrations W,.s(A®*)F = D, o= W, AP4 and W,s(C*®)F :=
D=t W, CP+4 on s(ﬁ”') and s(CN'”') respectively. We define the filtration F' by
Ffs(A.V.)k = ®p+q:k @pZ*Z And. - ~

Since §"W,. C W,._; for the filtrations W on s(A**) and s(C**), we obtain
the isomorphisms Gr}-}Vs(A'v') ~ DBrso Grﬂ%ﬂfx(log D) and Gr]Ws(C"”) ~
@,@Oﬁj Grﬂ%K;O(k) of complexes. Then the following lemma is trivial by The-
orem 3.16:
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Lemma 3.18. The morphisms K29(q) — Q% (log D) given by

1 e dy, dyp+
By hpy @Y1 A A ®Q(27ri)d — ——— h; Ao A
(h1 n—p—q O Y1 yp+q) ( ) (2mi)p ( H Z) U1 Yp+q

i=1
induce a filtered quasi-isomorphism o : (s(C**), W) @ C — (s(A**), W).

Put AP .= Z’WH, CPd = CPatl for D,q € Zxo. The total complexes
are denoted by s(A**®) and s(C**). We note that s(A**) and s(C**) are sup-
ported on D. Let W,.AP? := Wr,lgp"”‘l and W,.CP1 .= Wr,lép’q“. These
filtrations induce filtrations on s(A**®) and s(C*>*). We have a quasi-isomorphism
ag : (8(C**),W)RC — (s(A**), W) by restricting a;. We also have the filtration
F on s(A**) by Fys(A®*)F = D, o=k Dy A7

Theorem 3.19 ([31, Thm. 11.22]). The tuple
by 18 = ((s(C**), W), (5(A™*), F, W), ag)

is a cohomological mized Q-Hodge complexr on X, which defines a mired Hodge
structure on the hypercohomology H®(X,¢4(Qx)) of the nearby cycle 14(Qx).

The mixed Q-Hodge structure on the hypercohomology group H*(X, 1,Qx)
is denoted by H*(Y,,). Define d¢ : Q% (log D) — AP0 by d¢c(n) := (—1)P[g~'dg A
1 mod Wy). It induces a morphism of complexes V¢ : Q% (log D) — s(A**). Define
Jg : K& — CP0 by dg(z ® y) := (=1)P[x ® g A y]. It induces a morphism of
complexes Jg : K3 — s(C**). By the construction, we have o o ¥g = ¢ o a.
Hence, we obtain a morphism of cohomological mixed Q-Hodge complexes ¢ :
Hdg(X log D) — dzgdg (see [17, Sect. 3.3.4.2] for the definition of a morphism of a
cohomological mixed Hodge complex). We have the mixed cone complex C(¢) =
((C(Wg), W), (C(¥c), W, F),a9)) ([17, Sect. 3.3.4.2]). We also have the notion of
shift ([17, Sect. 3.3.3.1]) for cohomological mixed Hodge complexes.

Proposition 3.20. The tuple Z98 := ((S(é"'),W),(S(;{.’.),W,F),Ozl) con-
stitutes a cohomological mixed Q-Hodge complex on X, which is isomorphic to

C@)[-1].
Proof. The shifted cone C(dg)[—1] of ¥g is given by

(C(9g)[-1))* = KX @ s(C**)F!

=CFOg @ P — @ CPa.

p+q=k—1 p+q=k
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The differential d : @,,,_, C? = @, _ps1 CP7 of C(¥g)[—1] is given by
d) gp.s = —0 for ¢ >0,and d 5,0 = 8"+ (—1)P*1§”. The isomorphism hg : s(C**) —
C*(¥g)[—1] is given by hgzp0 = idg,0 and hggpan = (=1)P*%id g, 441 The
weight filtration on C(dg)[—1] is given by
We(C*(9g)[-1])" = WeKE, @ Wesas(C**)F !
= Wgs(é.’.)k.

This shows the compatibility of the weight filtrations. A similar argument can be
applied to C(Y¢). The compatibility of Hodge filtration F' can easily be checked.

Let hc : s(A**) — C(d¢) be the isomorphism defined in the same way as ho. It
can also be checked that

(ag[—1]) o (hg ®idc) = hc o ag.

Note that ay : C(dg) ® C — C(I¢) is defined by ay(z,y) := (ax, apy) for = €
K1 ®C, y e s(C**)* @ C. This proves the proposition. O

The mixed Hodge complex Egldg defines a mixed Hodge structure on H"*(X,
s(C**)), which we denote by H*(Y,Yso) = (H*(Y, Yae: Q), F,W).

Corollary 3.21 ([31]). We have the following long exact sequence of mized Hodge

structures:
(3.15) - — H* YY) — H¥(Y,Yy) — H¥(Y) — H*¥(YVo) — - -
Proof. Apply [31, Thm. 3.22(2)] to the cone C(¥). O

Remark 3.22. Although we postpone clarification of the precise relation, the no-
tation Z/9¢ comes from the notation for Beilinson’s maximal extension (see [18,
Thm. E.3]).

3.4.4. Monodromy weight filtration. Let v : AP4 — AP~1.4+1 he the mor-
phism given by v([n mod Wy_1]) := [n mod W]. It induces a nilpotent endomor-
phism on s(ﬁ"'), which is also denoted by v. It can easily be observed that
v(W,) C Wy_s, and v(F;) C Fiy1. We also define v : CP4 — CP~14T1(—1) simi-
larly: [ ® y mod W,_1] ® (271)9"! — [z ® y mod W,] @ (27r1)?~'. Hence we have
a morphism v : H*(Y,Y,) — H*(Y, Y4 )(—1) of mixed Hodge structures for each
k. The following theorem is proved in Section 3.4.6:

Theorem 3.23. The map v induces isomorphisms

v Gy HR(Y, Yao) = Grpl HY (Y, Yoo ) (—7),
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i.e., the weight filtration W on H*(Y,Y,,) is the monodromy weight filtration of v
centered at k.

The way to prove this theorem is essentially the same as in [21, Thm. 5.2].
We remark that n in [21] corresponds to n—1 in this paper.

3.4.5. Monodromy weight spectral sequence. By Proposition 3.20, we have
the following;:

Corollary 3.24. The spectral sequence for (RT(X,s(C**)), W) whose Ej-term
is given by
BT — HI(X, GV s(C**))
degenerates at the Ex-term. In other words, Gr?iqu(X, s(C**)) is the cohomology
of the complex
E;rfl,qur d_l> E;r,qur d_l> Efr+1,q+r.

Proof. Apply ([8, (8.1.9)]) to the cohomological mixed Q-Hodge complex Zfde
on X. O

By Theorem 3.16 we have a quasi-isomorphism Gry K% ~a,,.Q Dem)[—m](=m).
Recall that Gr}/vs(C”‘) ~®r>0._; Gr}/‘i%K;o(k). Hence,

By = HU(X, G s(C0%) ~ (D) HX, iy K5 (k)
k>0,—r
~ @@ HIHDEE A+ r);Q)(—r — k).
k>0,—r

Following [21], we put K(Sj’k = HTI=24n(D(2k —4); Q) (i — k) for k > 0,4, and
K&j’k = 0 otherwise. Then we hav.elEfT’quT ~ @Dez K@T’qfn’k. We also put
E;D’{q“ =BT @R, Kk = Ké;]’k ®R, and K% := @, K"*. The induced
morphism d; ® idg is also denoted by d;.

Proposition 3.25 (cf. 21, Lem. (2.7), Prop. (2.9)]). The restriction of dy to K"
decomposes to dy : K»F — KHLItLE gng dyf « KH9k — KL+ LEL Moreover,
dy is the alternating sum of the Gysin map v2*= in [21, (1.3)] times (—1), and
dy is the alternating sum of restriction map p*=% in [21, (1.3)].

Proof. By the definition, dy : By ™" — E;"t19%7 is induced by the short exact
sequence

0 — GV 5(C**) — W,s(C**)/W,_25(C**) —s GV s(C**) — 0.

We shall compute the complex version of d; using Dolbeault resolution, and then
observe the compatibility with the rational structure.
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Let /¢ be the sheaf of (p,q)-forms on X. Put &/y'7, := Q% (log D) ®o
AN A = Dy IR, A = DBy g DG and Wk = A
A p. Let d = 0+ 0 : &F — F1 be the differential (x = X, or X, D). We
have a resolution (Q% (log D), d) ~ (&/% p,d) compatible with the filtrations. Put
AP = Y Wy a/% ] and define 6 : AP — fPHLA 1 Py /Pt by
8 ([n mod Wy_1]) = [dn mod W,_1] and 8" ([n mod W,_1]) = [¢g~ dg A n mod W,].

Denote by s(27**) the associated single complex. We also define the filtration on
s(,;z%") by WT,@,%”‘I = Wr+qu§B/Wq,1ﬂ§$. We have the quasi-isomorphism
S(A®®) ~ 5(52//\;”) compatible with the filtrations.

For k > 0, —r, take a class

[z] € HY(X, Gr¥,,, Q% (log D)) C HY(X, Grl¥ s(A**)).

Since we have the isomorphism HY(X,Gr,", ,, Q% (log D))~ H4 (]."(X,Grm%.@/)}ﬁ)),
then we can take a representative x € I'(X, Grm%d)‘gﬂ) with 0 = dov € T'(X,
Gr) ). Take a lift T € DX, Wisan i p/Wi-re/{ p) = T(X, W,/ 1=k,
We have 6"z € I'(X, W,_1/97%k+1)  Since dz = 0, we have &z € I'(X,
W,_1.2/97*+1LF) We obtain

dy[z] = [¢'T] + [0"]
€ HqH(Xy Grﬁzk_lﬁk(log D)) e HqH(Xv Grmgkﬂ%(log D)).

Defining d} [z] := [§'Z], and df[z] := [6"'Z], we have the decomposition d; = d} +dY.
Then, by the construction, dj : HI(X,Gr),,,Q%(logD)) — HIT(X,
Grm2k71§23( (log D)) is induced by the short exact sequence

Wiy 21 82% (log D)

Gt ., Q% (log D 0.
Wi i2r—29% (log D) — Gry 9, % (log D) —

0— Grm%_lﬁk(log D) —

The differential df : H%(X, Grz_%ﬂk (log D)) — HI (X, Grm%_i_lﬂ;((log D)) is
induced by

g 'dg : Grly Q% (log D) — GV Q5 (log D) (m > 0).

In [21], it is shown that Rés, o, _10d; = (—7"t2*))oRés, ;o1 and Rés, yop10d] =
p"t28) 6 Rés, 9 holds, where 4(™) : HF="(D(m); C) — HF"+2(D(m — 1);C)
denotes the (alternating sum of ) Gysin map and p(™ : H*(D(m); C) — HF(D(m+
1); C) denotes (the alternating sum of) restriction [21, (1.3)]. It is also shown that
similar commutativity holds for rational cohomology ([21, (1.8),(2.9)]). Hence, we
obtain the conclusion. O
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The morphism v : s(C**) — s(C**)(—1) induces morphisms v : K"i* —
K#*+23k+1 (1), which is the identity whenever k > 0,i. Hence, we obtain the
following lemma:

Lemma 3.26 ([21, Lem. (2.7), Prop. (2.9)], [31, Prop. 11.34]).

(1) For all i >0, v induces an isomorphism v' : K=53 = Kb (—3).
(2) Ker(v )N K—4/ = k=430,

3.4.6. Polarized Hodge—Lefschetz modules. We shall use Guillén—Navarro
Aznar’s formulation [21, Sect. 4] of the result of Saito [39] and Deligne on the
Hodge—Lefschetz modules. Let L** = @Z jez L*J be a bi-graded finite-dimensional
R-vector space. Let /1, £5 be endomorphisms on L such that ¢;(L%7) C Li*2J,
lo(L%) C L%*2 and [1,0s] = 0. The tuple (L**® ¢1,05) is called a Lefschetz
module if £} : L=% — L*J are isomorphisms for all i > 0 and ¢ : L»~9 — L%
are isomorphisms for all j > 0. A Lefschetz module (L**, {1, ¢5) is called a Hodge—
Lefschetz module if every L*7 has real Hodge structure and ¢;, ¢5 are morphisms
of real Hodge structures of some types ([20, (1.2)] or [44, Def. 7.22]).

A polarization ¢ of a Hodge—Lefschetz module (L**,¥¢1,¢3) is a morphism
of real Hodge structures v : L*®* ® L** — R of certain type with the following
properties:

(Pl) w(fﬂ?ay) + w(x7€1y) =0 for: = 1, 2 and
(P2) (-, il C—) is symmetric positive definite on Ly "7 := L="~InKer(£:1)N
Ker(¢5™).

Here C' denotes the Weil operator. The tuple (L*®, {1, {2, %) of a Hodge—Lefschetz
module and its polarization is called a polarized Hodge—Lefschetz module.

A differential d on a polarized Hodge—Lefschetz module (L**, ¢1,45,1) is a
morphism of real Hodge structures d : L*®* — L**® of certain type such that

(D1) d(Li) C Lit1i+! for 4, j € Z;
(D2) d? =0;

(D3) [d,¢;] =0 fori=1,2; and
(D4) ¢(dx,y) = P(x, dy).

The tuple (L**, {1, 45,1, d) is called a differential polarized Hodge-Lefschetz mod-
ule. By definition ¢; defines an endomorphism on the cohomology group H*(L**, d)
for ¢ = 1,2, which is denoted by the same notation. We also have a bilinear map
on H*(L**,d), which is also denoted by ).
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Theorem 3.27. [21, Thm. (4.5)] Let (L**®,¢1,02,%,d) be a differential polar-
ized Hodge—Lefschetz module. Then (H*(L**®,d),¢1,0l2,%) is a polarized Hodge—
Lefschetz module.

Fix a Kihler form wgsn, on X. Let [wkan] € H?(X;R) be its cohomology
class. The cup product with the restriction of the class [wkan] to H2(D(2k +1); R)
defines mappings L : K¥J:F — K%i+2k for all k > 0,4. Define the linear mapping
: K**® K** — R by

)Qk—‘ri

e(i+j—n) (2ri fD(2k+i) zAy if x € K—b70k o e Khik+i

—_

0 otherwise,
where g(a) := (_1)a(a—1)/2_

Theorem 3.28 (cf. [21, Thm. (5.1)]). The tuple (K**, (2ni)v,L,¢,d1) is a dif-
ferential polarized Hodge—Lefschetz module.

Proof. By Lemma 3.26, (2riv)! : K%/ = K%J for i > 0. By the hard Lefschetz
theorem, we also have L7 : K%~ = K% for j > 0. Hence, (K**, (27i)v, L)
is a Hodge—Lefschetz module. Since the trace map and the cup product are the
morphisms of Hodge structures, ¢ is a morphism of real Hodge structures. By
some direct computation as in [21, Prop. 3.5], we have (z,y) = (—1)"¥(y, x),
Y((2mi)ve,y) +(z, (2ri)vy) = 0, Y(Lx,y) + ¥(x, Ly) = 0. This proves (P2). By
Lemma 3.26, and the last formula in [21, (1.3)], we also have ¢ (d}z,y) = ¥ (x,d]y).
It follows that ¥(diz,y) = ¥(z,d1y). This proves (D4). Statements (D1), (D2) are
trivial by definition, and (D3) follows from Proposition 3.25.

It remains to prove (P1). Put K, "7 := K~%~7 0 Ker(v'*') N Ker(L/1).
By the hard Lefschetz theorem and Lemma 3.26, K 477 is the primitive part of
H™=3(D(i); R)(=i). If we put Q(z,y) = ¢(z, ((2mi)v)'LICy) for x,y € Ky "7,
we have

Qz,y)=c(i+j— n)/ ((2mi)'z) A LIC(2mi)y.
D(i)

Note that & := (27i)iz and 5 := (27i)%y are the elements of the primitive part
of H"=*=J(D(i); R). Since L is the Lefschetz operator on D(i), the map (£,7) —
e(i+j—n) fD(i) & A LICn is positive definite by the classical Hodge-Riemann
bilinear relations. This implies (P1). O

Proof of Theorem 3.23. By Theorem 3.27 and Theorem 3.28, the tuple

(H*(K**,dy), (2mi)v, L,4)
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is a polarized Hodge—Lefschetz module. In particular, (27riv)" : H*(K*®, dy)~% —
H*(K**, dy)" are isomorphisms for i > 0. By Corollary 3.24, this implies the
theorem. 0

3.4.7. Main theorem. We first compare the nilpotent endomorphisms in Sec-
tion 3.4.1 with v in Section 3.4.3. Recall that the stupid filtration on (2}, d) was
denoted by F' in Lemma 3.4.

~

Proposition 3.29. We have a filtered quasi-isomorphism p : ((Q},d),F) —
(s(g"'),F), which is compatible with the nilpotent endomorphisms o and v. In
other words, v o p = po s in the derived category.

Proof. The morphism p is given by the natural inclusion Qf — QX (log D) = AP,
It is trivial that p is strictly compatible with F'. By (3.8), we have a short exact
sequence

0 — QF — Q% (log D) — Q% (log D) ® Op — 0.

By [42], we have an exact sequence
6 "
0 — 9% (log D) @ Op 2 AP0 2y ...

where 6,(n) := (—=1)P[g~'dg A n mod Wp)]. Hence, we obtain an exact sequence

~ 5// ~ 6//
0— QF L AP0 2 AP 2o

This implies that p is a filtered quasi-isomorphism.
Take the shifted cone B® := C*(v)[—1] of v. Define ¢ : E¥ — B* = s(A**)k
s(A**)F~1 as the restriction of the morphism
0% (log(® U {s = 0}))o = Q% (log D) @ s 'dsQ% *(log D) >
wi + s dsws > w1 D wo
c Ak,O EBAk—l,O c S(Avo,o)k @S(Avo,o)k—l.
Then p gives a morphism of complexes. Indeed, it is trivial on X \ m4(T"). On 74 (T),
take a section gw; + (s7'ds — g~ 'dg)ws of Ef. Note that [gw; mod Wy] = 0, and
[dg A w1 mod Wy = [g(g~ dg A w1) mod Wy] = 0. Then we have
do(gw1) = (dg A w1 + gdwy) B0
= o(d(gw1)),
do((s™'ds — g7'dg) - w2) = d((—g " dguw2) ® w2)
= (g~ 'dgdwy)
@ (—dws, [~g~ dg A wy + g 1 dg A ws mod Wy))
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= (97 dgdws) & —dw,
= 0od((s™ds — g~ dg)ws).
We obtain the following diagram:
0——=s"lds- Q3 d)[-1] —— Ey —— (Q%,d) ——=0
lp J{@ ip

s(A**)[~1] B* s(A®*) —= 0.

0
Compatibility with ¢ and v follows from this diagram. O

Combining Theorems 3.14 and 3.23 and Proposition 3.29 we attain the fol-
lowing main theorem of this paper:

Theorem 3.30. The filtrations F' and W on ka are identified with the Hodge
filtration and the weight filtration on H*(Y,Ys;C). In particular, the rescaling
structure Hy s of Hodge-Tate type if and only if the mized Hodge structures
(H*(Y,Yo;Q), F,W) are Hodge-Tate for all k.

We also have the equation
(3.16) hP9(H ) = dim Gry, HPT9(Y, Yo ).

The right-hand side of (3.16) is denoted by h?'9(Y, w) in Section 1. By Lemma 2.12
and Proposition 2.15, we obtain Theorem 1.1(1). Theorem 1.1(2) follows from
Theorem 3.30 immediately.

Remark 3.31. A similar relation between Vy and H*(Y,Y.) is obtained in [33,
Thms. (4.3), (5.3)] in terms of Hodge modules. However, it is not clear whether
the weight filtrations are the same as ours.

By the strictness of the morphisms of mixed Hodge structures [7, Thm. (2.3.5)],
we have the following well-known fact (see [31, Cor. 3.8] for example):

Lemma 3.32. Let V' = (Vé,F, W) (i = 1,2,3) be mized Q-Hodge structures,
where V(é is the Q-vector space, F is the Hodge filtration on V{ := Vé ®C and W
is the weight filtration for each i. Assume that we have that

vi—v2 —v?
is an exact sequence of mized Q-Hodge structures.
Then for all k,p € Z, the sequences

G, GrV Vi — Grf G VE — Grf G Ve

of complex vector spaces are exact.
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Note that a mixed Q-Hodge structure V = (Vg, F, W) is Hodge-Tate if and
only if

Gr¥ Gy, Ve =0

for p # q. Then we immediately have the following:

Corollary 3.33. Let V* be as in Lemma 3.32. If V' and V3 are Hodge—Tate,
then so is V2.

By the long exact sequence (3.15) of mixed Hodge structures, we have the
following:

Corollary 3.34. If the mized Hodge structures H*(Y) and H*(Yy,) are of Hodge—
Tate type for all k, then Hy is of Hodge—Tate type.

84. Examples

In this section, we shall give some examples of the Landau—Ginzburg models (X, f)
in Section 3 such that the induced rescaling structures H s are of Hodge—Tate type.
In Section 4.1, we consider the case dim X = 2. In Section 4.2, we consider the
case dim X = 3.

84.1. Two-dimensional examples

We shall prove the following:

Proposition 4.1. Let f : X — P! be a rational elliptic surface such that (f)eo is
a reduced normal crossing, and D = |(f)wo| is a wheel of d smooth rational curves
for 2 <d < 9. Then the rescaling structure Hy of (X, f) is of Hodge-Tate type.

Proof. Since X is a rational surface, we have h?9(X) = 0 for p # ¢. Since D is a
wheel of d rational curves, the (co)homology of D is of Hodge-Tate type (see [31,
Exa. 5.34] for example). We have the exact sequence of mixed Hodge structures
[8, (9.2.1.2)]

oo — HMX) — H¥(Y) — H*Y(D)(-1) — - --

By Corollary 3.33, it follows that H*(Y") are HodgeTate for all k. By the Clemens-—
Schmid exact sequence [20, (10.14), Thm. (10.16)], we have the following exact
sequence of mixed Hodge structures:

H*(D) — H*(YVao) 25 H*(Yao)(—1) — Ho_,(D)(—2),
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where 0 < k < 2 and N is the nilpotent endomorphism. Since H*(D) and Hy_j(D)
are Hodge—Tate, by Corollary 3.33, we have the exact sequence

(4.1) 0— Ay — H*(Yo) — HF(Yo)(—1) — Ay — 0,

where A; and Ao are Hodge-Tate. Let pg(z,y) be the Hodge number polynomial
of H*(Yy) (see [31, (II-1), Lem. 2.8 & (II1-2)] for example). The exact sequence
(4.1) implies that (1 — zy)pk(z,y) = >, apaPy? for some a,. Hence, we have
pi(z,y) = Zp bpaPyP for some b,. Namely, we have that H*(Y.,) is of mixed
Hodge-Tate type for each k. By Corollary 3.34, we have the conclusion. O

By Theorem 3.30, Lemma 2.12, Proposition 2.15, (3.2) and (3.16), we obtain
the following;:

Corollary 4.2. Let (X, f) be as in Proposition 4.1. Then we have fP4(Y,w) =
hP (Y, w), and Hy .- is special.

Remark 4.3. This example was studied by Auroux—Katzarkov-Orlov [1] as homo-
logical mirrors of del Pezzo surfaces. The equality of Hodge numbers f72(Y, w) and
hP1(Y,w) was proved by Lunts—Przjalkowski [28] who directly computed both of
the numbers (the number f79(Y,w) was also computed in Harder’s thesis [22]).
Here, we gave a more conceptual proof of the equality. To the best of the author’s
knowledge, the speciality of Hy,—; was not known.

84.2. Three-dimensional examples
We consider the toric Landau—Ginzburg models considered in Harder’s thesis [22].

4.2.1. Fano polytope. Let M be a free Abelian group of rank 3. Put Mg := M ®

R, and N := Homy (M, Z). We have the natural pairing (-,-) : M x N — Z. Define
Nrg similarly. We consider an integral polytope P with the following properties:

(a) There is a finite set {ur | F is a facet of P} of primitive vectors in N indexed
by all facets of P such that

P ={m e Mg|(m,ur) > —1 for all F},
F ={meP|(mu)=-1}

In particular, the origin 0 € M is contained in the interior of P.

(b) For each facet F, the set of vertexes of F form a basis of M. In particular, F is
a triangle whose interior does not contain the point of M.

Remark 4.4. Condition (a) is called reflexivity. Condition (b) implies that the
cone generated by F is smooth. These cones generate a smooth fan, which defines
a smooth Fano variety.
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4.2.2. Toric varieties. For a face Q of P, let oq be the cone generated by {ug |
Q C F}. We remark that op = {0} since {0} is the cone generated by the empty set.
Then we have a fan Xp := {oq | Q is a face of P} (see [6, Thm. 2.3.2] for example).
Although this fan is not smooth in general, we have a smooth refinement ¥ of ¥p.
Since the dimension of ¥p is 3, the refinement is given by a triangulation of the
convex hull of the set {uf | F is a facet of P}. In particular, together with condition
(a), we may assume that for every primitive vector u, of a ray p in X, we have
min,,ep(m,u,) = —1. The toric variety corresponding to ¥ is denoted by Xs.
It contains the algebraic torus Ty = Spec(C[M]) as an open dense subset. Put
Dy := X5 \ T.

4.2.3. A non-degenerate Laurent polynomial. We consider a Laurent poly-

nomial

fe(x) = Z emXx™ € C[M],

where ¢, are complex numbers and x™ is the monomial corresponding to m € M.
The polynomial fp is considered an algebraic function on Ty . Since Ty is an open
dense subvariety of Xy, fp is considered a meromorphic function on Xy, whose
pole divisor is contained in Dy. We impose the following non-degenerate condition

on fp:

(¢) The convex hull of {m | ¢, # 0} in Mg is P.
(d) For every face Q C P, put fq(x) := >_,,cqcmX™. Then the intersection of
(dfq)~1(0) and f&l(O) in Ty is empty for every Q.

The meaning of the non-degenerate condition considering fp as a meromorphic
connection on Xy is explained later.

4.2.4. Coordinate system with respect to a cone. Fix an isomorphism
M =5 72, m — (mq,ma2,m3). Let (e;)?_; be a canonical base of M via M — Z3.
We have an isomorphism C[M] = Clz5, x5, 25] by x™ — 27?25, For a
maximal cone o € X(3), take primitive vectors u, for rays p of o. Then the open
subvariety U, = Spec(C[o¥NM]) of X5 has coordinate (y,),c,(1)- The relation be-
tween the two coordinates is given by x; =[] 0 y,ge“u” ). The function fp considered

as a meromorphic function on U, is given by

(4.2) fe(y) = Z Cm H yém’up>~

meP pEo(l)

4.2.5. Pole orders along invariant divisors. For each ray p € ¥(1), we have
the divisor D, invariant under the action of Tn. If p € o(1), the intersection
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U, N D, is given by {y, = 0}. Let Q, be a face defined by

m’eP

Q, := {m € P‘(m,up> = min (m/, u,) = 1} .

Note that Q, # 0. Equation (4.2) is written

@3) S =y (wla, @ vy, S ew I uo!

meP,(m,u,)>0 p'€a(l)
Note that y, fq, () does not depend on y,. The pole order along D, is 1.

4.2.6. Non-degenerate condition. For a 7 € 0(2), take p,p’ € o(1) so that
T=p+p. Put Q; := Q,NQ,. We have
(4.4)

-1 — (myu )
o) = v, vyt | Upver fa, () + Upypr > em [ wor™
meP, p''€a(1)

(m,up) >0 or (m,u,)>0

Note that y,y, fq, (y) does not depend on y, or y,. There is also a similar de-
scription of fp for the vertex Q, = ﬂpeg(l) Qp. From these descriptions, we have
the following properties of the zero divisor (fp)o in Xy:

e The divisor (fp)o is a (reduced) smooth hypersurface of Xs.
e The fixed points of the action of T are not contained in (fp)o.

e The divisor Dy, U (fp)o is a simple normal crossing.

4.2.7. Base locus. Put B, :=|(fp)o| N D, for all rays p in 3.
Lemma 4.5. For every p, B, is isomorphic to a projective line.

Proof. By the non-degenerateness of fp, all B, are smooth curves in Xy. Since
Dx U (fp)o is a normal crossing, the intersections of B, and the lower-dimensional
Tn-orbits in D, are zero-dimensional. Therefore, it is enough to show that the
intersection of |(fp)o| and the two-dimensional orbit in D, is rational.

Take a facet F C P which contains Q,. By assumptions (a), (b) in Section 4.2.1,
F is a triangle, whose vertexes e1, e, e3 form a Z-basis of M. Using this basis, we
take an isomorphism M ~ Z3. Let (21,72, x3) be the corresponding coordinate as
in Section 4.2.4. Put

I:={ie{1,2,3} | e is a vertex of Q,}.

Note that I # (), and fq, = >, citi # 0.



506 Y.SHAMOTO

Take o € 3(2) so that p € o(1). Let p1 := p, pa, ps be the three ray of o. Put
Yi = yp, for i =1,2,3. Then g := y; fq, is a Laurent polynomial depending only
on ya, y3. We need to show that {(y2,y3) € (C*)? | g(y2,y3) = 0} is rational. This
space is isomorphic to the quotient space of {(y1,y2.y3) € (C*)* | fq, (y1,y2,y3) =
0} by the C*-action defined by t - (y1,y2,y3) := (ty1, y2,¥3)-

Using the coordinate (x1,x2,x3), the C*-action is given by ¢ - (z1, 22, 23) =
(t7twy, t7 ag, t 7 ag) since (e;,u,,) = —1. We are considering the quotient space
of {(x1,22,23) € (C*)® | 3, ciwy = 0}. Since the quotient of {(x1,z2,23) €
C3 | Y ,e; ciwi = 0} by the action defined above is a line in P?, we obtain the
rationality. O

4.2.8. Blow-ups. Take an ordering X(1) = {p1,..., pe} for the set of all rays in
3. We consider the following sequence of blow-ups:

x = x® 20 xG 2 v 2 x 0 Z xy

where pl) : XU+ 5 X () is the blow-up along the strict transform of By, ., in

X)), The composition X — Xy, is denoted by ms. The strict transform of D, is
denoted by D; (1 <j <¥).

Lemma 4.6. We have the following:

(1) The divisor Dj is given by the composition of blow-ups of D, along reduced
0-schemes.

(2) The union D :=J; D; is a simple normal crossing.
(8) The pole divisor of w% fp is reduced and the support |(7% fp)oo| s D.
(4) The pull-back of fe by Ts, gives a well-defined morphism ©& fp : X — PL.

Proof. Let 7(9) : X — X(0) be the composition pli~Yo--.op® fori=1,2,..., 7.
We put 7(® :=idy . Let f® be the pull-back of fp by 7() for i = 0,1,...,¢.
Let D§»i) (resp. BJ(»i)) denote the strict transform of D, (resp. B,,) in X for
i,j=1,2,....0.Put D\ := D, and B{” := B,,. We define D := J, D'". We
shall prove the following by the induction on :

1); The divisor D' is given by the composition of blow-ups of DY along reduced
J g i g
0-schemes.
(2); The zero divisor (f()g is a reduced smooth hypersurface of X and the
union (f@)o U D is a simple normal crossing.
(3); The pole divisor (f())., is reduced and the support |(f),| is D).
(4); The intersection (f®)o N (f)s N (Ué‘:l Dy)) is empty.
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Note that (1)g, and (4)g are trivial. We also remark that (2)¢ and (3)o are shown
in Sections 4.2.5 and 4.2.6.

Take i € {1,2,...,¢}. Assume that (1);-1,(2)i—1,(3)i—1,(4);—1 hold. Let Q
be an arbitrary point in Bi(i_l). By assumption (2);_1, (3);—1, we have a local
coordinate system (Ug; 20, 21, z2) centered at ) with the following properties:

k k
DNy, = U{Zi:()}’ DEZ_I) NUg = {#x1=0} and f‘(;];l)(z) =zp- H zt,

=1 =1

where k = 1 or 2. We have BZ.(FI) NUg = {z0 = z1 = 0}. Let Vg be the inverse
image of Ug by pl~1). Then we have

VQ = {((20721322)7 [wO : wl]) S UQ X IP)l ‘ oW1 — 21Wo = O}

If k = 2 and {2, = 0} = D!""V)
j(-ifl) NUg at the reduced point Q). On VJ = Von{wy #
0}, we have a local coordinate (uo,u1, uz) with zo = ug, 21 = ugu1, 22 = uz and
wy /wy = uy. We have f‘(‘% (u) = Hle u; ', The strict transform DEZ) ﬂVg is given

by {u1 = 0}. On Vj; = Vo N{w; # 0}, we have a local coordinate (vo, v1,v2) with

then j > 4 by assumption (4);_1, and Dy) NVqy is
given by the blow-up of D

20 = VoU1, 21 = V1, 22 = vy and wo/w1 = vy. We have f‘(/z)_ (v) =wvo if k=1, and

f‘(/z)_ (v) = vy * if k = 2. The strict transform DZ@ N Vg is given by {v1 = 0}.
Q

By this description and the assumptions, we have (1);, (2);, (3):, (4);. Then, by the

induction, we obtain (1), (2)¢, (3)¢, (4)¢. It is easy to prove that (1)¢, (2)e, (3)e, (4)e
implies the lemma. O

4.2.9. Hodge—Tate condition. We obtain the following:

Proposition 4.7. Let f : X — P! be the pull-back of fp by ms. Then the rescaling
structure Hy is of Hodge—Tate type.

Proof. By Lemma 4.6, the pair (X, f) satisfies the condition in Section 3. Since
X is given by blow-ups of a toric manifold along projective lines, h?*9(X) = 0 for
p # q ([44, Thm. 7.31]). Since D; is given by the composition of blow-ups of D,
along reduced O-schemes (Lemma 4.6(1)), and each D; N D; is isomorphic to P!,
the (co)homology of D is Hodge-Tate (see [31, Exa. 5.34] for example). Hence, by
Lemma 3.33 and the exact sequence

oo — HY(X) — H¥(Y) — H*Y(D)(-1) — -+,

we have that the mixed Hodge structure on H*(Y') is Hodge-Tate for each k. By
Corollary 3.34, it remains to show that the limit mixed Hodge structure H*(Y,,)
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is of Hodge-Tate type. From the Clemens-Schmid exact sequence [20, (10.14),
Thm. (10.16)], we obtain the exact sequence of mixed Hodge structures

H*(D) — H*(Yao) &5 H*(Yao)(=1) — Hy_(D)(-3),
where 0 < k < 4. By Corollary 3.33, we have the exact sequence
0— A — H*(Ya) — HF(Y)(—=1) — Ay — 0,

where A; and As are Hodge—Tate. Then, by a similar argument to the proof of
Proposition 4.1, H*(Y,,) is also Hodge Tate for each k. O

Similarly to Corollary 4.2, we have the following:

Corollary 4.8. Let (X, f) be as in Proposition 4.7. Then we have fP4(Y,w) =
h?1(Y,w). We also have that Hyjr=1 1s special.

Remark 4.9. In [22], A. Harder computed the number f74(Y,w) and compared
it with the Hodge number of the smooth toric Fano manifold Xp associated to
P [22, Thm. 2.3.7]. In [32], Reichelt-Sevenheck studied the hypergeometric D-
module associated to (a family of) fp, and solved a kind of Birkhoff problem. The
result here is a priori different from theirs since the cohomology considered here
is different from the one considered in [32]. We also remark that T. Mochizuki
informed us that we can obtain similar but a priori different results from the
viewpoint of twistor D-modules.

Appendix A. Rescaling structures for quantum D-modules of Fano
manifolds

Appendix A.1. Square roots of Tate twists

We use the notation in Section 2.2. Set T'/? := Og(x(\)oo)w where w is a
global section with degw = 1. We define a connection V on T2 by Vw :=
—(1/2)wA~t d\. Since p3(T'/2,V) is not isomorphic to o* (T2, V), (T'/2,V) is
not equipped with a rescaling structure. However, we have a flat isomorphism

~

(TY/2)®2 = T;w®? s v. Hence we use the notation T(—1/2) := (T'/?,V). For
each k € Z, we define

T(—k/2) = {T<1/2>®k (k> 0),

(A1)
(T(=1/2)")®~* (k <0).

In the case where k € 2Z, T(k/2) is identified with the rescaling structure defined
in Example 2.6. For a meromorphic connection (#, V) as in Definition 2.5, we also
define H(k/2) := H @ T(k/2).
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Appendix A.2. Tate twisted quantum D-modules

Let F be a smooth projective Fano variety over C of dimension n. Put HH, (F) :=
Doy, HU(F, Q). Set HH(F) := @, HH,(F) and identify it with H*(F;C) by
the Hodge decomposition. Let *, be the quantum cup product of F with respect
to the parameter ¢;(F)logT € H?(F;C), where c;(F) is the first Chern class of
the tangent bundle of F. This is well defined for all 7 € C. Indeed, the right-hand
side of

(A-2) (@ B e = D (@B)5sar

de Ho (F;Z)

is a finite sum since F is Fano, where o, 8,7 € H*(F;C) ~ HH,(F), (-, -)r denotes
the Poincaré pairing, and (-, -, ~>g)3’ 4 denotes genus-zero 3-points Gromov-Witten
invariant of degree d € Ha(F;Z) (see [3], [4], [5], and references therein).

For any non-negative integer k, we take a finite rank free Og(*(\)oo)-module
“H* .= HHy,_,,(F) ® Os(%(\)so). The Z-grading of “H* is defined to be 0. Define
pr € End(HHy—, (F)) by pipjrar.ary == (p+ ¢ —n)/2 - idga(r qr). We also have
an endomorphism ¢ (F)*, on HH;_,,(F). We have the Dubrovin connection *V
on “H* as follows ([13], [14], [15]):
c1(F)xr dr n dA A

N ey a5

Proposition A.1. We have that Hy := *H*(—k/2) comes equipped with a rescal-
g structure.

WVi=d+

Proof. We have that H{. is identified with the free Og(*(\) o )-module HH;_, (F)®
Os(*(N)oo) with the connection

1 (F)xy dr ( k )d)\ dA
R

V=d+ \ F—§ld T—Cl(F)*Tﬁ.

Taking the pull-back by ¢ : Cj x S — S; (0, A\, 7) — (6, 07), we have

e Cl(F)*GTﬁ _ﬁ . @ ia _Cl(F)*OT@
UV—d-ﬁ-ie)\ + | pr 5 id h + ) 9

Put pr = pr — (k/2) - id. On HY(F, QL) with ¢ —p = k — n, we have pj, =
(¢ —Fk)-id = (p —n) - id. Hence we have a morphism of Oc; x 5(*(\)oo )-modules:
O i HE = oFHi.

By (A.2), we obtain

C1x, = OFF (Cl (Fe)*a‘r) o1,
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which implies that 6~#* is flat with respect to the connections (see [19, Sect. 2.2]
for example). O

Definition A.2. We define a rescaling structure Hy by

HF = @H}’?

kEZ

We call Hp a Tate twisted quantum D-module of F.

Remark A.3. The Z/27Z-graded flat meromorphic connection *H in the introduc-
tion (or [26]) is given by *H = @, *H*, where the Z/2Z-grading on *H* is given
by (k mod 2).

Appendix A.3. Hodge—Tate condition and Hodge numbers

The fiber of HE at (\,7) = (1,0) is naturally identified with HHj_,,(F). We
shall describe the Hodge and weight filtrations on HHy_,,(F) in the sense of Sec-
tion 2.3.1.

As we have seen in the proof of Proposition A.1, the C*-action on 7—[’5'7:0 is
given by ==K = §=(r=") on HY(F, Q%) ® Oc, with ¢ —p = k — n. Hence the
Hodge filtration on HHy_,,(F) is

(A-3) FHH, ,(F)= € HIF, ).

p—n<i,
q—p=k—n

We obtain fP9(Hp) = dim HI(F,Qp ") = h" P4(F).
The residue endomorphism Nj := Res;V on HHy_,(F) is identified with
c1(F)U. Tt follows that the monodromy weight filtration centered at k is

(A.4) "WiHH_.(F)= €D HIUF, Q}).
p>n—i/2,
qg—p=k—n

Hence, we have h?4(Hp) = h" P4(F). By (A.3) and (A.4), we obtain the following:

Proposition A.4. The Tate twisted quantum D-module Hy satisfies the Hodge—
Tate condition for any smooth projective Fano variety F.

Appendix B. Relation to the work of Katzarkov—Kontsevich—Pantev
Appendix B.1. Tame compactified Landau—Ginzburg model

In [26], Katzarkov—Kontsevich-Pantev considered the following:
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Definition B.1 ([26, Def. 2.4, (T)]; see also [28, Def. 3]). A tame compactified
Landau—Ginzburg model is a tuple ((X, f), D,volx), where

(1) X is a smooth projective variety and f : X — P! is a flat projective morphism;
(2) D= (U, DM u (U; Dy) C X is a reduced normal crossing divisor such that

(a) DY =, Dj is a scheme-theoretic pole divisor of f, i.e., (f)oc = D", and
in particular, the pole order of f along DY is 1;

(b) each component D! of D" := [J, D} is smooth and horizontal for f, i.e.,
f|D? is a flat morphism;

(c) the critical locus of f does not intersect D";

(3) volx is a nowhere vanishing meromorphic section of the canonical bundle Kx
with poles of order exactly 1 along each component of D. In other words, we
have an isomorphism Ox — Kx(D);1 + volx.

In this paper (Section 3), the horizontal divisor D" is assumed to be empty,
and each component DY is assumed to be smooth. Although we do not impose the
existence of volx in Section 3, all examples in Section 4 have volx.

Appendix B.2. Landau—Ginzburg Hodge numbers

The Hodge number fP9(Y,w) in this paper corresponds to f?P(Y,w) in [26,
Def. 3.1]. The definition in this paper is suited to the convention in classical Hodge
theory. The number hP9(Y, w) in [26] is dim GrZVHerq(Y, Y. ) in our notation. Our
definition of AP7(Y,w) is dim Gr‘;;H PT4(YY.,), which is different from their def-
inition. As mentioned in [28], their definition seems not to be what they had in
mind. The definition of A?%(Y,w) in this paper corresponds to h??(Y,w) in [28,
Def. 3]. In [28], they also give a counterexample for the part of equality with the
numbers *4(Y,w) in [26, Conj. 3.6].

Appendix B.3. One-parameter families

Recall that S = P} x C,. We also recall that 7g : Sx X — X and ps: Sx X — S
denote the projections. Put

Q% g(xD) = Oxys(x(N)) ® 15 ' QU (D).
Let "H* be the Og(*(\)s)-module defined by

"H" == RFps. (% s (xD), Ad + 7 df A).
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Let V : Q% ¢(xD) = Q% s(*D) @ psQg(*|(A7)ol) be the connection on Q% ¢(+D)
=, Q’)“(,S(*D) defined by

f A\ LdA

XdT + GT - Tfﬁ,

where G = —(k/2)id on Q% (D). Then we have [V ,Ad 4+ 7dfA] = 0, and
[Voy, Ad+ 7dfA] = (2N) "1 (Ad + T df A). Let @/%? be the sheaf of (p, ¢)-forms on
X and 9 and 9 be the Dolbeault operators. Put &% ;, := Q% ¢(+D) ®rstoy
ngd)?’q. Let 0 : @Y% p — .saf)’;fg%g, and 0 : GG p — .Q%)’;‘gré be the induced
operators. Put «7x g == @ A% p and

V=ds+

p+q=¢

diot == A0+ 0+ TOf : W)l;,s,D - %)lgsl,D'
We have a natural quasi-isomorphism
tpol * (2% 5(xD), Ad + 7 df) = (A% 5.0> dtot)-

We also have the connection V : %)}757D — 427)},571) ® Qé(*|(>\7)0‘) by
f d\ d\
Vi=ds+ Tdr+pp— = 7f33,
where fifj e =27"(¢—p)-id. Then tpo 0V = V 0up by definition. We have
Vo, , diot] = 0, and
[Vax 3 dtot] - [8/\ + A_luf - A_Qva )\6 + 5 + Taf]
=0~ (1/2)0+ (1/2A710 — (1/2A~'70f + A~ 70f
= 2N A+ I+ 70f) = (2A) dior.

Hence V gives a connection *V* on * H* ~ %kps*(ﬂf).()s)D, diot). We remark that
similar discussions are given in [16] and [25].

Lemma B.2. For each k € Z>q, we have ("H* ,°V*)(~k/2) ~ H;ﬁ.

Proof. We have a natural isomorphism (*H¥ *V*)(-k/2) ~ (*HF *Vk —
(k/2)A~1d)\). Then the connection *V* — (k/2)A~1d) is induced from the following
connection on &y g p:

f dA dA

EA pt 22

)\dT + 3 Tf 2

where Pypa =27"((¢—p) — (p+q)) -id = (=p) - id. Note that [V’, o] = 0.
Moreover, it is induced from the following connection on Q% ¢(xD):

¥ N d)
VI:dS—'_XdT—’_PT_TfF’

V' i=dg+
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where Pior _(xp) = (—p) - id. We also remark that [V',Ad + 7df] = 0. Then the
quasi-isomorphism

is0 : (% 5., d+ A7 df) = (Q% 5(+D), \d + 7 df)

on S* x X = (C5 x C%) x X defined by isojr = AP induces the conclusion
naturally. 0

Remark B.3. Tt seems that the connection on *H which Katzarkov—Kontsevich—
Pantev had in mind in [26, (3.2.2)] was the one where f is replaced by ¢f. The dual
of it (or, the connection (°H,°V) defined first in [26, Sect. 3.2.2]) is isomorphic to

Dz (PH" V).
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