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Abstract

In the present paper, we study the anabelian geometry of pointed stable curves over
algebraically closed fields of positive characteristic. We prove that the semi-graph of an-
abelioids of PSC-type arising from a pointed stable curve over an algebraically closed
field of positive characteristic can be reconstructed group-theoretically from its funda-
mental group. This result may be regarded as a version of the combinatorial Grothendieck
conjecture in positive characteristic. As an application, we prove that if a pointed sta-
ble curve over an algebraic closure of a finite field satisfies certain conditions, then the
isomorphism class of the admissible fundamental group of the pointed stable curve com-
pletely determines the isomorphism class of the pointed stable curve as a scheme. This
result generalizes a result of A. Tamagawa to the case of (possibly singular) pointed
stable curves.
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81. Introduction

The main question of interest in the anabelian geometry of curves is, roughly
speaking, the following:

How much geometric information about the isomorphism class of a curve
is contained in various versions of its fundamental group?
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In this paper, we study the anabelian geometry of curves over algebraically closed
fields of positive characteristic, and prove the following:

If a pointed stable curve over an algebraic closure of a finite field satis-
fies certain conditions, then the isomorphism class of the admissible fun-
damental group of the pointed stable curve completely determines the
isomorphism class of the pointed stable curve as a scheme.

Let X* := (X, Dx) be a pointed stable curve of type (gx,nx) over an alge-
braically closed field k. Here, X denotes the underlying scheme of X*®, and Dx
denotes the set of marked points of X*®. Write Gxe« for the semi-graph of anabe-
lioids of PSC-type arising from X*®. We do not recall the theory of semi-graphs of
anabelioids in the present paper. Roughly speaking, a semi-graph of anabelioids
(cf. [M4, Def. 2.1]) is a semi-graph (cf. [M4, Sect. 1]) that is equipped with a
Galois category at each vertex and each edge, together with gluing isomorphisms
that satisfy certain conditions; a semi-graph of anabelioids of PSC-type (cf. [M5,
Def. 1.1]) is a semi-graph of anabelioids that is isomorphic to the semi-graph of
anabelioids that arises from a pointed stable curve defined over an algebraically
closed field.

Suppose that the characteristic char(k) of k is 0. Then the admissible funda-
mental group m39™(X*®) (cf. Definition 2.2) of X* depends only on (gx,nx) and
is known to admit a presentation

w"{‘dm(X’) = <a1,...,agX,bl,...,ng,cl,...,ch |

[al, bl] [SPEN [agx,ng}61 o Cpy = 1>pro’

where (—)P™ denotes the profinite completion of (—). Thus we obtain that (gx,nx)
and Gxe are not completely determined by the isomorphism class of the profinite
group midm(X*).

On the other hand, when char(k) = p > 0, the situation is quite different
from the characteristic 0 case. First, let us explain briefly some well-known results
concerning the anabelian geometry of curves over algebraically closed fields of
characteristic p > 0. In the remainder of the introduction, we assume that X°*
is a pointed stable curve of type (gx,nx) over an algebraically closed field & of
characteristic p > 0.

Suppose that X*® is smooth over k. By applying techniques based on subtle
properties of wildly ramified coverings, A. Tamagawa proved that (gx,nx) can be
reconstructed group-theoretically from the étale fundamental group 71 (X \ Dx)
of X \ Dx, and moreover, the following result:
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If gx = 0, then we can detect whether X*® can be defined over Fp (i.e.,
there exists a curve X§ over F, such that X*® = X§ XF, k), or not, group-
theoretically from 71 (X \ Dx); moreover, if k = F,, then the isomorphism
class of the profinite group 71 (X \ Dx) completely determines the isomor-
phism class of the scheme X \ Dx (cf. [T1]).

Afterwards, by generalizing M. Raynaud’s theory of theta divisors, Tamagawa
proved that similar results hold if one replaces 7 (X' \ Dx ) by the tame fundamental
group m*™¢(X\ Dx) of X\ Dx (cf. [T3]). Since m}*™¢(X\ Dx) can be reconstructed
group-theoretically from 71 (X \ Dx) (cf. [T1, Cor. 1.10]), the tame fundamental
group versions are stronger than the étale fundamental group versions. In the case
of curves of higher genus, we have the following finiteness result:

If k = F,, then there are only finitely many isomorphism classes of smooth
pointed stable curves over k whose tame fundamental groups are isomor-
phic to wtame(X \ Dx).

This finiteness result was proved by Raynaud, F. Pop and M. Saidi under certain
conditions and by Tamagawa in full generality (cf. [R], [PS], [T4]). Note that by
the definition of the admissible fundamental group 729 (—) (cf. Definition 2.2), we
have a natural isomorphism 7{#™¢(X \ Dy) = 734™(X*®) if X* is smooth over k.

In the present paper, we consider a generalization of the results of Tamagawa
mentioned above to the case where X*® is an arbitrary pointed stable curve over
an algebraically closed field k of characteristic p > 0. We were motivated by the
following question.

Question 1.1. Can the isomorphism class of the semi-graph of anabelioids of
PSC-type
Gxe

be reconstructed group-theoretically from the profinite group m34™(X*®)? If we as-

sume further that k =¥y, then is the isomorphism class of the scheme
X\ Dx

adm

determined completely by the isomorphism class of the profinite group w34™(X*®)?

Next we explain the main results of the present paper. Let F be a geometric
object and ITx a profinite group associated to the geometric object F. Given an
invariant Invz depending on the isomorphism class of F (in a certain category), we
shall say that Invr can be reconstructed group-theoretically from Ilx if Ilx, = 11,
(as profinite groups) implies that Invz = Invg, for two such geometric objects
F1 and F3. Moreover, suppose that we are given an additional structure Addr
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(e.g., a family of subgroups) on the profinite group II+ depending functorially on
F; then we shall say that Addz can be reconstructed group-theoretically from Iz
if all isomorphisms ITx, = I, (as profinite groups) preserve the structures Addz,
and Addz,. In Section 6, we prove the following theorem (cf. Theorem 6.9).

Theorem 1.2. Write Gxeo for the semi-graph of anabelioids of PSC-type aris-
ing from X°®. Then p := char(k) can be reconstructed group-theoretically from
m3dm (X ). If, moreover, p := char(k) > 0, then the isomorphism class of Gx« can
be reconstructed group-theoretically from w34™(X*).

Remark 1.2.1. Write I'x. for the dual semi-graph of X*® and v(I"xe) for the set
of vertices of I'x«. For each v € v(I'xs ), we write X,, for the normalization of the
irreducible component of X corresponding to v and

Xg = (X,,Dg)

for the smooth pointed stable curve of type (g,,n,) over k, where the underlying
curve is 5(:, and the divisor of marked points D X, is determined by the inverse
images (via the natural morphism X, > X ) in X, of the nodes and the marked
points of X*®. Then Theorem 1.2 implies that the following data can be recon-

structed group-theoretically from m3dm(X®):

® (g9x,nx) and I'xe;
e the conjugacy class of the inertia group of every marked point of X*® in
i (X°):
e the conjugacy class of the inertia group of every node of X* in m3dm(X*);
o for each v € v(I'xe), (gv, ny) and the conjugacy class of the admissible funda-
mental group 73d™ ()’(v;) of )’(v; in 7adm (X)),
Theorem 1.2 may be regarded as a wversion of the combinatorial Grothendieck
conjecture in positive characteristic (cf. Remark 6.9.1 for more details on the com-
binatorial Grothendieck conjecture, which plays a central role in combinatorial
anabelian geometry).

Remark 1.2.2. Write G§¢! for the semi-graph of anabelioids of pro-solvable PSC-
type arising from X*® and 739™(X*)*! for the maximal pro-solvable quotient of
m3dm (X ) If one replaces Gxe and 739 (X*®) by G5¢ and m3d™m (X *)°! respec-
tively, then the proof of Theorem 1.2 implies that the solvable version of Theo-
rem 1.2 also holds.

We maintain the notation introduced above. By combining Tamagawa’s re-
sults and Theorem 1.2, we obtain the following result, which is the main theorem
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of the present paper (see Theorems 7.6 and 7.9 for more details). Theorem 1.3
generalizes Tamagawa’s results to the case of (possibly singular) pointed stable
curves.

Theorem 1.3. (a) Suppose that g, = 0 for each v € v(T'x+). Then we can detect
whether X*® can be defined over Fp, or not, group-theoretically from 734™(X*).

Moreover, suppose that k =T, and that X* is irreducible. Then the isomor-
al

phism class of the profinite group i
phism class of the scheme X \ Dx.

dm(x®) completely determines the isomor-

(b) Suppose that k =TF,. Then there are only finitely many k-isomorphism classes
of pointed stable curves over k whose admissible fundamental groups are iso-
morphic to T34 (X*).

Remark 1.3.1. Theorem 1.3(a) proves a generalized form of a conjecture of Tam-
agawa in a special case (cf. Conjectures 7.2 and 7.5).

On the other hand, various versions of Theorem 1.3(a) are also known in the
case where X*® is a smooth pointed stable curve of type (1,1) (cf. Remark 7.4.1,
[S], [T6]). These versions in the case of smooth pointed stable curves of (1,1) allow
us to obtain a slightly more general form of Theorem 1.3(a) (cf. Remark 7.6.2).

82. p-rank and p-average

In this section, we recall some definitions and results which will be used in the
present paper.

Definition 2.1. Let G := (v(G), e(G), {(S}cce(c)) be a semi-graph. Here, v(G),
e(G) and {(F}cce(c) denote the set of vertices of G, the set of edges of G and the
set of coincidence maps of G, respectively.

(a) We define e°P(G) (resp. e (G)) to be the set of open (resp. closed) edges of G.

(b) Let v € v(G). We shall call G 2-connected at v if G\ {v} is either empty or
connected.

(c) We define a one-point compactification GP* of G as follows: if e°P(G) = () we
set GP* =G; otherwise the set of vertices of GP* is v(GP) :=v(G) [ [{veo },
the set of edges of GP? is e(G°P?) := e(G) and each edge e € e°P(G) C e(GP?)
connects v, with the vertex that is abutted by e.

(d) For each v € v(G), we set

b(v) == Z be(v),

ece(G)
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where b.(v) € {0, 1,2} denotes the number of times that e meets v. Moreover,
we set

v(G)’St := {v € v(G) | b(v) < 1}.
We fix some notation. Let k be an algebraically closed field and
X* =(X,Dx)

a pointed stable curve of type (gx,nx) over k. Here X denotes the underlying
scheme of X*®, and Dx denotes the set of marked points of X*®. Write

FX.

for the dual semi-graph of X*®, and I'x for the dual graph of X. Note that by
the definitions of I"'xe and I'yx, we have a natural embedding I'x < I'xe; then
we may identify v(I'x) (resp. e(T'x)) with v(T'xs) (resp. e/(I'x+)) via the natural
embedding I'x — I'x.. We denote by

é to
O%. and MY

the étale fundamental group of X*® and the profinite completion of the topological
fundamental group of T'xe, respectively, and write rx for dime(H!(I'x., C)).

Definition 2.2. Let Y* := (Y, Dy) be a pointed stable curve over k and
oYyt - Xx°

a morphism of pointed stable curves over Spec k.
We shall call f* a Galois admissible covering over Spec k (or Galois admissible
covering for short) if the following conditions hold:

(i) There exists a finite group G C Autg(Y®) such that Y*/G = X°, and f*® is
equal to the quotient morphism Y* — Y*/G.

(ii) For each y € Y*™ \ Dy, f*® is étale at y, where (—)*™ denotes the smooth
locus of (—).

(iii) For any y € Y*"8 the image f*®(y) is contained in X®"8 where (—)%n&
denotes the singular locus of (—).

(iv) For each y € Y& the local morphism between two nodes induced by f*
may be described as

(’A)ny.(y) > k[[u, v]]/uv — (’A)y}y > k[[s, t]]/st,
u— 8",

v t"
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where (n,char(k)) = 1 if char(k) > 0. Moreover, write D, C G for the
decomposition group of y and #D, for the cardinality of D,; then

7(s) = C¢p,s and 7(t) = C;}Dyt

for each 7 € Dy, where (xp, is a primitive #D,th root of unity.

(v) The local morphism between two marked points induced by f* may be de-
scribed as follows:

Ox,pow) = klla]] = Oy, = K[[0]],

ar b,
where (m, char(k)) = 1 if char(k) > 0 (i.e., a tamely ramified extension).

Moreover, we shall call f® an admissible covering if there exists a morphism of
pointed stable curves (f*)’ : (Y*) — Y* over Speck such that the composite
morphism f®o (f*) : (Y*) — X* is a Galois admissible covering over Spec k. Let
Z*® be the disjoint union of finitely many pointed stable curves over Speck. We
shall call a morphism
zZ*— X*
over Speck a multi-admissible covering if the restriction of Z®* — X*® to each
connected component of Z* is admissible.
We define a category Cov*®™(X*) as follows:

(i) Each object of Cov®¥™(X*) is either an empty object or a multi-admissible
covering of X°.

(ii) For any A, B € Cov®™(X*), Hom(A, B) consists of all the morphisms whose
restriction to each connected component of B is a multi-admissible covering.

It is well known that Cov®¥™(X*®) is a Galois category. Thus, by choosing a base
point x € X\ Dy, we obtain a fundamental group m34™(X*®, z) which is called
the admissible fundamental group of X*®. For simplicity of notation, we omit the
base point and denote by

HX.
the admissible fundamental group of X*®. Then we have the natural surjections
Mxe —» M. — IG5,

For more details on admissible coverings and the admissible fundamental
groups for pointed stable curves, see [M1, Sect. 3], [M2, Sect. 2], and [M3, Ap-
pendix, “Pointed stable curves”].
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Remark 2.2.1. Let ﬂg,n be the moduli stack of pointed stable curves of type
(g,n) over SpecZ and M,,, the open substack of M, parametrizing pointed
smooth curves. Write M;i for the log stack obtained by equipping Mg’n with
the natural log structure associated to the divisor with normal crossings

Mg\ Mgn C Mgn

relative to SpecZ. The pointed stable curve X® — Speck induces a morphism
Speck — ng,nx. Write sl)?g for the log scheme whose underlying scheme is
Speck, and whose log structure is the pulling-back log structure induced by the
morphism Speck — Mgy ny.
induced by the morphism Speck — ﬂgx,nx and a stable log curve

. . log “log
We obtain a natural morphism sy° — M/,

log
gx,mx+1

| .
X'log .— syt X Fglos M

9gx -mx

over sl)‘}g whose underlying scheme is X. Then the admissible fundamental group
IIxe of X* is naturally isomorphic to the geometric log étale fundamental group
of X198 (i.e., ker(m (X'98) — w1 (s'28))).

Remark 2.2.2. If X* is smooth over k, by the definition of admissible fundamen-
tal groups, then the admissible fundamental group of X* is naturally isomorphic
to the tame fundamental group of X \ Dx.

In the remainder of this section we suppose that the characteristic of k is p>0.
Definition 2.3. We define the p-rank of X*® to be
o(X*) := dimg, (T3 © F,) = dimg, (I52° @ F,),
where (—)?" denotes the abelianization of (—).

Remark 2.3.1. For each v € v(I'x.), write X, for the irreducible components of
X corresponding to v. Then it is easy to prove that

o(X*)=o(X)= Y o(X,)+rx,
vev(Ixe)

where (:/) denotes the normalization of (—).

Definition 2.4. Let II be a profinite group, n a natural number, and ¢ a prime
number.

(a) We denote by II(n) the topological closure of the subgroup [II,IIJII"™ of II.
Note that IT/II(n) = II** ® (Z/nZ).
(b) We set vy, := dimy, (II/TI({)) € Z>¢ U {o0}.
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(¢) Let n be a natural number such that [II : II(n)] < co. We define the ¢-average
of IT to be

e (n)(I0) := e (T(n)) /[T : TH(n)] € Q>0 U {00}

The following highly nontrivial result concerning the p-average of IIxe was
proved by Tamagawa (cf. [T5, Thm. 3.10]).

Proposition 2.5. For any natural number t € N, we set

% (P = D(X®) =" (0" — 1)(Txe).

Suppose that, for any v € v(riﬁf), Fgff is 2-connected at v. Then we have

Jim 2V (pf = 1)(X*) = gx —rx — #(v(Txe)"=").

Remark 2.5.1. Tamagawa proved Proposition 2.5 as a main theorem of [T3] in
the case where X* is a smooth pointed stable curve over k, by developing a general
theory of Raynaud’s theta divisor; this result means that the genus of X*® can be
reconstructed group-theoretically from the tame fundamental group of X \ Dx.
Afterwards, in [T5], Tamagawa extends the result to the case where X*® is a certain
pointed stable curve over k by using a result concerning the abelian injectivity of
admissible fundamental groups.

§3. The set of irreducible components

We maintain the notation introduced in Section 2. Let X*® be a pointed stable
curve over an algebraically closed field k of characteristic p > 0. In this section,
we study the set of irreducible components of X*°.

Definition 3.1. Let Z* := (Z, D7) be any pointed stable curve over Spec k. Write
I'ze for the dual semi-graph of Z°. We shall call Z*® untangled (resp. sturdy) if
each irreducible component of Z* is smooth (resp. the genus of the normalization
of each irreducible component of Z*® is > 2). Write Irr(Z*) for the set of irreducible
components of Z. We define a set of irreducible components of Z to be

Irr(Z°)7>° := {Z,,v € v(Lze) | 0(Zy) > 0} C Irr(Z°).
We have the following proposition.
Proposition 3.2. There exists a connected Galois admissible covering
forYyt—-Xx*

over Speck such that Y'* is untangled and sturdy, and Irr(Y*)°>0 = Irr(Y'®).
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Proof. The proposition follows immediately from [M2, Lem. 2.9] and Proposi-
tion 2.5. O

In the remainder of this section, we suppose that Irr(X®)7>% = (). Write
My and MY for H} (X*,F,) and H'(T'x.,F,), respectively. Note that there is
a natural injection MP < My induced by the natural surjection ITye — TP,

We set

Mo = coker(M¥ < Mxs).
The elements of Mx. correspond to étale, Galois abelian coverings of X*® of degree
p. Let V* C Mx. be the subset of elements whose image in M+ is not 0. Let
a € V* Write fy : X3 — X° for the étale covering correspond to «. Then we
obtain a map

LV 7Z

such that ¢(a) = #(Irr(X2)). Let V. C V* be the subset of elements «, where ¢
attains its maximum. We set

m = #{X, CIrr(X*) | f5 is a non-trivial étale covering over X,}.

Then we have
(@) =p(#Irr(X°®) —m) + m.
Thus ¢ attains its maximum if and only if () = p(# Irr(X*®) — 1) 4+ 1. Moreover,
if a € V, we write X* for the admissible covering corresponding to «, I'xe.o
for the dual semi-graph of X*¢, rya for dimg(H'(Ixe.a,C)), and X& for the
unique irreducible component of X*® over which f3 is a non-trivial étale covering.
We observe that
a) = p(#Ire(X*) = 1) + 1
if and only if
rxa = prx.

Next we define a pre-equivalence relation ~ on V' as follows:

Let a, B € V; then o ~ B if , for each A\, u € F¥ for which Ao + u € V™,
we have Aa+ uf € V.

Then we have the following lemma.

Lemma 3.3. Suppose that Irr(X*®)°>0 = (). The pre-equivalence relation ~ on
V is an equivalence relation, and, moreover, the quotient set V/ ~ is naturally
>0 which maps [a] — X

v

isomorphic to Irr(X*®)
aceVinV/~.

where [a] denotes the image of
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Proof. For any § € V, if ¢(§) attains its maximum it implies that there exists a
unique irreducible component [ 55 C X3 whose decomposition group is not trivial.
We write 135(. C X* for the image of I‘Sg of the covering morphism X; — X°.
Note that I%. € Irr(X*)7>%. Then V = ) if and only if Irr(X*)7>% = ().

We suppose that Irr(X®)7>0 #£ 0. Let o, 3 € V. If ¢, = I2. . then, for each
A, p € ¥ for which Aa+pf € V*, we have I;‘(Cfr“ﬁ =1%. = Ii.. Thus a ~ 3. On
the other hand, if o ~ 8 we have [, =1 f(.; otherwise there exist two irreducible
components of X} +p Whose decomposition groups are not trivial. Thus a ~ g if
and only if I, = )B{.. This means that ~ is an equivalence relation on V. Then
we obtain a natural morphism  : V/ ~— Irr(X*)°>° that maps § > I..

Let us prove that x is a bijection. It is easy to see that x is an injection. For

>0 since the p-rank of the normalization

any irreducible component X, € Irr(X*)
of X, is not 0, we may construct an étale, Galois abelian covering f®:Y*® — X*
of degree p such that X, is the unique irreducible component of X*® such that
(f*)~1(X2) is connected. Then #(Irr(Y*®)) = p(#(Irr(X*®)) — 1) + 1. Thus we
obtain an element of V' corresponding to Y®. This means that  is a surjection.

We complete the proof of the lemma. O

Remark 3.3.1. Suppose that I'xe is 2-connected. Let v € M)t(o.p, a € Mxe, X3 —
X* be the admissible covering corresponding to v, and X5 — X*® be the admissible
covering corresponding to a. Write X§  for the fiber product X3 x x« X3. Note
that the dual semi-graphs I‘X; and T X of X35 and X ., respectively, are 2-
connected, and the dual semi-graph I'xs of X} is not 2-connected if o € V. Then

it is easy to see that a € V if and only if the Betti numbers satisfies

rXs ., = DPrxs +p2 —2p+ 1.

84. Geometry of admissible coverings

We maintain the notation introduced in the previous sections. Let X*® be a pointed
stable curve over an algebraically closed field k of characteristic p > 0. In this
section, we study the admissible coverings of X*.

Lemma 4.1. Let { # 2 be a prime number and

i.’lji =0
=1

a linear indeterminate equation. Suppose that n > 2. Then there exists a solution
(a1,...,a,) € (ZJUZ)®" such that a; # 0 for eachi=1,...,n.

Proof. The lemma follows from elementary computation. O
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Condition 4.2. Let Z* := (Z, Dy) be any pointed stable curve over Spec k. Write
Cusp(Z®) for the set of marked points Dy of Z*. We shall say that Z* satisfies
Condition 4.2 if the following conditions hold:

(a) Z* is untangled and sturdy.

(b) For any two irreducible components Z,, Z, C Z distinct from each other, if
Zy N Zy # O, we have #(Z, N Z,) > 3.

(c) For each irreducible component Z, C Z, if Z, N Cusp(Z®) # 0, we have
#(Z, N Cusp(Z°*)) > 3.

We have the following propositions.

Proposition 4.3. Suppose that Cusp(X®) # 0, and X* satisfies Condition 4.2.
Let g € Cusp(X*®). Then for any prime number £ # 2 distinct from p, there exists
a Galois admissible covering f* :Y* — X°* of degree £ such that f* is étale over
q, and f* is totally ramified over Cusp(X*®) \ {¢}.

Proof. Since the maximal pro-¢ quotients of admissible fundamental groups of
pointed stable curves of type (g,n) do not depend on the moduli, without loss
of generality, we may assume that #Irr(X®) = 1. If X* is smooth over Speck,
then #(Cusp(X*®) \ {¢}) > 2. Thus the proposition follows from the structure
of the maximal pro-¢ quotient of the admissible fundamental group of IIx. and
Lemma 4.1. This completes the proof of the proposition. O

Proposition 4.4. Write Nod(X*) for the set of nodes of X*®. Suppose that
Nod(X*) # 0,

and X* satisfies Condition 4.2. Let ¢ € Nod(X*®). Then for any prime number
£ # 2 distinct from p, there exists a Galois admissible covering f® : Y*® — X°® of
degree £ such that f* is étale over q, and f* is totally ramified over Nod(X*)\ {q}.

Proof. We prove the proposition by induction on #Irr(X*®) > 2. Suppose that
#Irr(X*®) = 2. Write X, for an irreducible component of X which contains gq. We
set

Cusp(X,) := X, N Cusp(X*®)

and
Sing(X4) :== Xy N Nod(X*®).
Write X\, for the irreducible component of X distinct from X,. We set

Cusp(X\4) := X\, N Cusp(X*)
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and
Sing(X\q) = X\q N NOd(X.).

Moreover, we define two pointed stable curves over Speck to be
Xg = (Xg, Cusp(Xgy) U Sing(X,))

and
X3, = (X\g: Cusp(X\g) U Sing(X\)).
Note that we have a natural bijection 6 : Sing(X,) = Sing(X\,) determined by X*.
Since X* satisfies Condition 4.2, then Lemma 4.1 implies that there exists

a solution (@), esing(x,)\{q} (€P. (bu)vecusp(x,): (¢v)vecusp(x,,)) of the linear
indeterminate equation

x, =0 resp. Z z, =0, Z z, =0

veSing(X¢)\{q} veCusp(Xq) v€Cusp(X\q)

in Z/¢Z such that a, # 0 (resp. b, # 0, ¢, # 0) for each v € Sing(X,) \ {¢} (resp.
v € Cusp(Xy), v € Cusp(X,g)). For any v € Sing(X,) \ {¢}, we set dy(,) := —a,.
Then (dg(y))uesing(xq)\{q} is a solution of the linear indeterminate equation

S o
vESing(X\¢)\{0(a)}
in Z/0Z.
Write Hi’ﬁb (resp. Hé}iﬁb) for the abelianization of the maximal pro-¢ quotient

of the admissible fundamental group of X (resp. X\° q). Moreover, for each v €
Sing(X,) (resp. v € Cusp(Xy), v € Sing(X\4), v € Cusp(X\,)), we write a,

(resp. By, 6., 7) for a generator of the inertia group associated to v in Hg’{}b

(resp. Hﬁ’(j.b, Hﬁf?{j, Hi&iﬁ?). The structure of Hg’{lﬁb (resp. Hﬁ’(?:) implies that we may
construct a morphism from Hf;’(j.b (resp. Hﬁﬁb) to Z/¢Z that maps «, — a, for

v € Sing(X7)\{q}, ag = 0, and 3, ~ b, for v € Cusp(X])\ {q} (resp. 6, > dg()
for dg(,) € Sing(X\'q) \ {0(q)}, do(g) — 0, and v, = ¢, for v € Cusp(X\°q)). Then
we obtain two Galois admissible coverings

fq:Yq = Xg
and
f\.q : Y\.q - X\.q

over Speck of degree ¢; moreover, f7 is totally ramified over

(Cusp(X,) USing(Xy)) \ {¢}
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and étale over g, then f\‘ p is totally ramified over

(Cusp(X\q) U Sing(X\g)) \ {0(q)}

and étale over 0(q).

Thus, by gluing f7 and f\’q together, we obtain a Galois admissible covering
f®:Y®* = X° of degree ¢ such that f® is étale over g, and f* is totally ramified
over Cusp(X*®) and Nod(X*) \ {¢}.

Suppose that #Irr(X*®) > 3. Let X; be an irreducible component such that
q ¢ X;. Write X for {X \ X1}, where {—} denotes the closure of {—}. We define
two pointed stable curves over k to be

X7 := (X1, (Cusp(X*®)USing(X*®)) N X;)

and
X2. = (XQ, (Cusp(X') U Xl) n XQ)

By induction, we have a Galois admissible covering
fs: Yy = X5

of degree ¢ such that f3§ is totally ramified over ((Cusp(X®)U X;) N X5) and
(X2 N Sing(X*)) \ {¢}, and étale over q. Moreover, we may construct a Galois
admissible covering
Y= X7

such that f7 is totally ramified over (Cusp(X*®) U Sing(X*®)) N Xy, and that f;
and f3 can be glued along X; N X, as an admissible covering of X*. Thus, by
gluing f7 and f5 together, we obtain a Galois admissible covering f®:Y*® — X*°
of degree ¢ such that f* is étale over ¢, and f* is totally ramified over Cusp(X*)
and Nod(X*) \ {¢}. This completes the proof of the proposition. O

85. A result of pro-/ combinatorial anabelian geometry

Let ¢ be a prime number. In this section, we prove a result of pro-¢ combinatorial
anabelian geometry.

Definition 5.1. Let G be a semi-graph of anabelioids of PSC-type. Write Ilg for
the fundamental group of G and I'g for the underlying semi-graph of G.

(a) We shall call G untangled (resp. sturdy) if G is isomorphic to the semi-graph of
anabelioids of PSC-type arising from a untangled (resp. sturdy) pointed stable
curve over an algebraically closed field (cf. [HM, Sect. 0, “Semi-graphs”] (resp.
[M5, Def. 1(ii) & Rem. 1.1.5])).
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(b) For any open normal subgroup H C Ilg, write Gy for the Galois covering of
G determined by H, and write I'g,, for the underlying semi-graph of Gr. We
shall denote by Hg‘j{/ °d2® the quotient of 112> by the closed subgroup generated

by the images in 12" of the edge-like subgroups (cf. [HM, Def. 1.3(i)]).

In the remainder of this section, we suppose that G is the semi-graph of
anabelioids of PSC-type arising from a pointed stable curve over an algebraically
closed field of characteristic p > 0; moreover, we suppose that £ # p, and we write
G for the semi-graph of anabelioids of pro-¢ PSC-type induced by G (cf. [M5,
Def. 1.1(i)]). Write Ilge for the fundamental group of G°. Then Ilg is naturally
isomorphic to the maximal pro-¢ quotient of Ilg.

Condition 5.2. We shall say that G° satisfies Condition 5.2 if, for any open
normal subgroup H C Ilge, the set of vertices U(Fg;{) of I‘g‘zq, the morphism

v(Tge ) = v(lge)

ab/edge

can be
9

induced by the Galois covering Gt — G* determined by H, and I
reconstructed group-theoretically from H and llg.

Then we have the following result.

Proposition 5.3. Suppose that G¢ satisfies Condition 5.2. Then the isomorphism
class of G¢ can be reconstructed group-theoretically from Ilg.

Proof. Since G* satisfies Condition 5.2, the set of vertical-like groups of IIge can be
reconstructed group-theoretically from Ilg; furthermore, [HM, Lem. 1.6] implies
that the set of edges-like groups of Ilg: can be reconstructed group-theoretically
from Ilg.

On the other hand, by applying [HM, Lem. 1.9(ii)] (resp. [HM, Lems. 1.7
& 1.9(1)]), we have that the set of vertices v(I'ge) (resp. the set of edges e(T'ge))
of the underlying semi-graph I'ge of G' can be reconstructed group-theoretically
from IIg. Moreover, [HM, Lem. 1.7] implies that the set of coincidence maps of
I'ge can be reconstructed group-theoretically from Ilg. This completes the proof
of the proposition. O

Remark 5.3.1. Suppose that G* satisfies Condition 5.2. Note that the reconstruc-
tion of G¢ from Ilge is functorial. Let H C Ilge be a normal open subgroup and
G% — G the covering corresponding to H. Then it is easy to see that the mor-
phism of underlying graphs Lge — Tge induced by G4 — G* can be reconstructed
group-theoretically from H and Ilge.
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86. A version of the Grothendieck conjecture for semi-graphs of
anabelioids of PSC-type in positive characteristic

We maintain the notation introduced in the previous sections. Let X® be a pointed
stable curve over an algebraically closed field k. Write Gxe for the semi-graph of
anabelioids of PSC-type arising from X°. In this section, we will give a group-
theoretic reconstruction for Gxe from Ilxe.

For any open normal subgroup H C Ilx., we write X7, — X* for the Galois
admissible covering of X* determined by H, I'xe for the dual semi-graph of X3,
rx, for dimc Hl(FXI-{,(C), gx, for the genus of X}, and nx, for the cardinality
of the set of marked points of X3;. Then in order to reconstruct Gxe. group-
theoretically from Ilxe., we need to prove that, for any open normal subgroup
H C IIx., the morphism of dual semi-graphs I'xs — I'x+ induced by the Galois
admissible covering X7, — X°® determined by H can be reconstructed group-
theoretically from ITxe.

In this section, we assume only that Ixe is the admissible fundamental group
of a pointed stable curve X*® defined over an algebraically closed field k. First, we
have the following basic proposition.

Proposition 6.1. The characteristic p := char(k) can be reconstructed group-
theoretically from Ilxe.

Proof. Suppose that p > 0. If
dimg, (T30 ® Fy) = dimg,, (11 @ Fy)
holds for any two prime numbers £ and ¢, then either
char(k) = gx =2g9x +nx — 1

or
char(k) = gx = 2gx
holds. Thus we obtain that either (gx,nx) = (0,1) or (9x,nx) = (0,0) holds.
Since ITxe is the admissible fundamental group of a pointed stable curve, this is
a contradiction. Thus, if dimg, (H%P. ® ) = dimg,, (H%}’. ® Fyr) holds for any two
prime numbers £ and ¢, we have p = 0. Then we can detect whether p > 0, or
not, group-theoretically from ITx.. Moreover, if p > 0, then p is the unique prime
number such that dimg, (5% ® F),) # dimg, (I3 ® Fy) for each prime number

{#p. O

In the remainder of this section, we assume that p := char(k) > 0. Next let
us introduce some conditions on semi-graphs.



ADMISSIBLE FUNDAMENTAL GROUPS OF CURVES 665

Condition 6.2. Let G be a semi-graph. We shall say that G satisfies Condi-
tion 6.2 if GPt is 2-connected and

#(v(G)*=1) = 0.
Remark 6.2.1. If "y« satisfies Condition 6.2, Proposition 2.5 implies that

lim W;V(pt - 1)(X®*)=gx —rx.

t—o0

Lemma 6.3. There exists an open characteristic subgroup N C Ilxe such that

(a) the order of N is prime to p;
(b) X3 satisfies Condition 4.2;
(¢) 'xy, satisfies Condition 6.2;

(d) N can be reconstructed group-theoretically from Ixe.

Proof. Let £ > 0 be a prime number distinct from p. Write I1§. for the maximal
pro-¢ quotient of Tlxe, and pr’ : Tlxe — II%. for the natural quotient morphism.
Let ¢ be a prime number distinct from p, and let {Gf};c; be a set of semi-graphs
of anabelioids of pro-¢ PSC-type such that

(i) Hge = %, for each i € I;
(ii) for any semi-graph of anabelioids of pro-¢ PSC-type G*, if IIge = I1%., then
there exists Qf e {Qf}iel such that Gf = Qf;
(iii) for any i,j € I, Gf = GY if and only if i = j.

Let H be a semi-graph of anabelioids of pro-¢ PSC-type arising from a pointed
stable curve W* over an algebraically closed field and I'yy the underlying semi-
graph of H. Then the isomorphism class of H is determined completely by T'y
and the genera of irreducible components of W* corresponding to the vertices of
I'y;. Thus we obtain that the set of isomorphism classes of the semi-graphs of
anabelioids of pro-¢ PSC-type whose fundamental groups are isomorphic to IT.
is finite. This means that I is a finite set.

For each i € I, let gfa — gf and (gf(i)Li — gf(i be two Galois coverings
whose Galois groups are isomorphic to

K; == ker(Ilg: — T2 ® Fy)
and '
L; = ker(Hgg(‘ — HZZ ® Fy),

respectively. It is easy to see that (foi) L, is isomorphic to the semi-graph of
anabelioids of pro-¢ PSC-type arising from a pointed stable curve satisfying Con-
dition 4.2, and that the underlying semi-graph of (gf{i) 1, satisfies Condition 6.2.
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Let N; be a maximal open characteristic subgroup of Ilg: contained in L;. Thus
gf@i is isomorphic to the semi-graph of anabelioids of pro—z PSC-type arising from
a pointed stable curve satisfying Condition 4.2, and the underlying semi-graph of
Gy, satisfies Condition 6.2. We set

N := (prf)~! ( m Ni).

Then the lemma follows. O

If the dual semi-graph I'x. satisfies Condition 6.2, we have the following
result.

Lemma 6.4. Write TI5.°° for the mazimal pro-p quotient of TI's. Suppose that

T'xe satisfies Condition 6.2. Then
117
can be reconstructed group-theoretically from Ilxe; moreover,
gx, nx and Tx
can be reconstructed group-theoretically from Ilxe.

Proof. Let H be any open normal subgroup of IIx.. We note that, if IIxe/H is
a p-group, then the decomposition group of every irreducible component of X7}, is
trivial if and only if

Ixy —Txy = #(Uxe/H)(gx —7x).
Thus we may detect whether the equality
9xy —rxy = #xe/H)(gx —7x)

holds, or not, group-theoretically from IIys and H if I'xe is 2-connected.
We set

Top,(Tlxe) := {H C TIx. open normal | IIx«/H is a p-group
and, for any characteristic subgroup @ C Ilxe,

IXnna ~Txung = #(xg /(HNQ))(9xq — Tx0)}-

Then TI%t°P can be reconstructed group-theoretically from Iye as

5P = HX./< N H).
)

HeTop,(Ilxe
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Thus we obtain that TI%:" and rx = dimc(IT%2°"*" @ C) can be reconstructed
group-theoretically from IIxe.. Moreover, the genus gx can be reconstructed group-
theoretically from IIxe.

Next we reconstruct nx. Let £ # p be a prime number. If

dimp, (1132 © Fy) # 2¢x,

then we have
nx = dimFe(Hgg. & F@) —2g9x + 1.

Suppose that dimg, (1185 ® Fy) = 2gx. Then nx = 0 if, for any open normal
subgroup H C Ily., dimg, (H*® ® F;) = 2gx,,. Otherwise, we have nx = 1. This
completes the proof of the lemma. O

Lemma 6.4 implies the following corollary.

Corollary 6.5. Suppose that I"xe satisfies Condition 6.2. Then the natural exact
sequence
0— MP — Mxe — MY =0

can be reconstructed group-theoretically from Ilxe. Moreover, the set
Irr(X*)7>0
can be reconstructed group-theoretically from Ilxe.
Proof. Note that My« = Hom(Tlxs,F,), M = Hom(IT%.°", F,) and
MY s Mxe

is induced by the natural surjection xs — TT%:°P. Then the corollary follows
immediately from Lemma 3.3 and Lemma 6.4. O

Next we reconstruct the set of vertices of I'xe from IIxe. We have the following
proposition.

Proposition 6.6. The set of vertices
'U(FX.)

can be reconstructed group-theoretically from Il xe. Moreover, for any open normal
subgroup @ C Ilxe, the morphism

U(FXé) —» ’U(FXo)

on the sets of vertices induced by the admissible covering X¢, — X*® determined
by Q can be reconstructed group-theoretically from Q and Ilxe.
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Proof. Let H C Ilx+ be any open normal subgroup, and let {a;}icr e m C Hxe
be a set of lifting of the elements of IIx«/H such that a; — i. Write MX;{ for
H} (X3, F,). Then, for any i € Tlxe/H, the action of i on My is given by
the conjugation by a;. Thus, by applying Lemma 3.3, we have that the action of
IIx+/H on Mxs induces an action of Ilxe /H on the set Irr(X ;). Note that the
action of IIxe /H on Irr(X$)°>° does not depend on the choices of {aitienyge /a-
Thus we obtain a morphism

Irr(X$)770 — Irr(X3)770 /(e /H) C Irr(X®).

By applying Lemma 6.3, we obtain a characteristic subgroup N C IIx. such
that I'xs satisfies Condition 6.2, and N can be reconstructed group-theoretically
from IIx.. For any open normal subgroup H' € H C Ilxe, we have a natural
injection

Lr(X o)/ (Ixe /(H O N)) < Tr(Xgp0n) 7> /(Ixe /(H 0 N)),
We set

Irrye = lim Irr(X3an)°~ 0 /(Txe /(H N N)).

HCIIye open normal

Then we see that Irrxe C Irr(X*®). Moreover, Proposition 3.2 implies that Irrxe =
Irr(X*).

By applying Remark 3.3.1 and Corollary 6.5, we have that Irr(X - )7”°
can be reconstructed group-theoretically from ITx.. Moreover, since the action of
Hxe/(HNN) on Irr(X§~x)7~Y can be reconstructed group-theoretically from
IIxe, v(I'xs) = Irr(X*®) can be reconstructed group-theoretically from ITxe.

Let @ C llxe be an open normal subgroup. We set Ng := Q N N. Then, for
any open normal subgroup H C @, we have a natural morphism

(X n, )70/ (Q/H N Ng) — Ler(X )70/ (Txe /(H N N)):;
note that H N Ng = H N N. Moreover, we set

Irrye = lim (X 3ran, )70 /(Q/(H N Ng)).

HCQ open normal

Then we obtain a natural morphism
’U(Fxé) =Irr(Xg) = Irrxé — Irrxe = Irr(X°®) = v(Txe).
Since the morphism

(X7, )7 /(Q/H N Ng) — Trr(X iy )70/ (I /(H N N))
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can be reconstructed group-theoretically from Ilx., the morphism
U(FX('Q) —» ’U(FXo)

can be reconstructed group-theoretically from ITx.. This completes the proof of
the proposition. O

Next let us start to reconstruct Gxe« from Ilye. Let ¢ be a prime number
distinct from p. Write G4. for the semi-graph of anabelioids of pro-¢ PSC-type
induced by Gxe. Then we have the following lemma.

Lemma 6.7. Suppose that I'xe« satisfies Condition 6.2. Then the isomorphism
class of
G

can be reconstructed group-theoretically from Ilxe .

Proof. Let H be any open normal subgroup of Ilye . By applying Lemma 6.4,
we obtain that nx, and rx, can be reconstructed group-theoretically from H;
moreover, Proposition 6.6 implies that the set of vertices v(I’ X;{) of I'xs and the
morphism v(I'xs ) — v(I'xs) induced by the Galois covering Xp — X* deter-
mined by H can be reconstructed group-theoretically from H and IIxe. Then, by
applying the Euler—Poincaré characteristic formula for I' x., we obtain that

#(e(Txs)) =rx, + #wTxs)) — 1
can be reconstructed group-theoretically from H.
We set
Et(Ilxe) := {H C IIxe open normal |
nxy +#(e(Txy,)) = #xe /H))(nx + #(e" (Tx+))) }-

Then the étale fundamental group II§t. of X*® can be reconstructed group-theo-
retically from Ilxe as

¢, :=Tx./ (| H

HEE(ITxe)
Note that Hig’.ab = ng/fdge. Then HZE/ °d2° can be reconstructed group-theoreti-
xe
cally from IIxe. Thus the lemma follows from Propositions 5.3 and 6.6. O

Lemma 6.8. Suppose that X® and Gxe« satisfy Conditions 4.2 and 6.2, respec-
tively. Then the isomorphism class of

Gxeo

can be reconstructed group-theoretically from Ilxe.
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Proof. Let H C Ilxe+ be any open normal subgroup. In order to prove the lemma,
we need to prove only that the morphism ¢p : I'xs — I'xe on dual semi-graphs in-
duced by the Galois admissible covering X7, — X*® determined by H can be recon-
structed group-theoretically from IIxe; moreover, Proposition 6.6 and Lemma 6.7
imply that it is sufficient to prove that the morphism

¢H|e(px;{) : e(I‘X;{) — 6(FXu)

on the sets of edges induced by ¢z can be reconstructed group-theoretically from
H and IIx..

Let ¢ # 2 be a prime number distinct from p such that (#(Ilx./H),¥¢) = 1.
For each element o« € Hom(IIxe,Fy), write f2 : Y2 — X* for the admissible
covering corresponding to a. We set

Lxe :={a € Hom(ILye,F;) | # Cusp(Ys) = # Cusp(X®) + £ — 1}.

Note that, for each o € Lxe, f3 is étale over a unique marked point ¢, of X*
and is totally ramified over Cusp(X®) \ {¢n}. Since we assume that X* satisfies
Condition 4.2, Proposition 4.3 implies that, for each ¢ € Cusp(X*®), there exists a €
L. such that ¢, = q. Moreover, Lemma 6.4 implies that Lxe can be reconstructed
group-theoretically from IIxe.

Let 8 € Lxs. We obtain a connected Galois admissible covering g : Y3 ; :=
Y3 xxe Xy — X}y Here, g3 is the natural projection. Write Gxs and Qyﬁ-ﬂ for
the semi-graphs of anabelioids of PSC-type arising from X7 and Y ;, respec-
tively; moreover, write gﬁ(;l and géﬁ.y for the semi-graphs of anabelioids of pro-£
PSC-type induced by Gxg and QYE,H’ respectively. Then Lemma 6.7 implies that
the morphism of dual semi-graphs g g : ].—‘yl;’H — I'xy induced by gj can be
reconstructed group-theoretically from H. Thus we have

Or (eqy) = {e € e (Txy) | #(¥5 5 (e) = £},

where e,, € e°?(I'xe) denotes the open edge corresponding to gg. Then the mor-
phism ¢H|eop(l‘x;{) 0 e®P(Ixy ) — e°P(I'xe+) induced by ¢n on the sets of open
edges can be reconstructed group-theoretically from H and IIye.

Together with Proposition 4.4, similar arguments to the arguments given in
the proof above imply that the morphism ¢H|ecl(rle) : eCI(I‘X;{) — (T xe) in-
duced by ¢y on the sets of closed edges can be reconstructed group-theoretically
from IIxe.. Then d)H\e(pX;{) : e(l'xs ) — e(I'xe) can be reconstructed group-
theoretically from IIxe. This completes the proof of the lemma. O

Next we prove the main theorem of the present section.



ADMISSIBLE FUNDAMENTAL GROUPS OF CURVES 671

Theorem 6.9. Let X*® be a pointed stable curve over an algebraically closed field
k. Write Il xe for the admissible fundamental group of X*®, and Gxe for the semi-
graph of anabelioids of PSC-type Gxe arising from X*®. Then p := char(k) can be
reconstructed group-theoretically from I xe. Moreover, if p := char(k) > 0, then
the isomorphism class of

Gxeo

can be reconstructed group-theoretically from Ilxe.

Proof. Proposition 6.1 implies that the characteristic of k£ can be reconstructed
group-theoretically from ITx.. We prove only the “moreover” part of the theorem.

Suppose that p := char(k) > 0. Let H C IIx» be any open normal subgroup.
Proposition 6.6 implies that, to verify the theorem, it is sufficient to prove that
the morphism I'ys — T'xe on the sets of edges induced by the Galois covering
X3 — X°® determined by H can be reconstructed group-theoretically from IIxe.

We choose an open characteristic subgroup N C Il x. such that the conditions
of Lemma 6.3. Write Hy for H NN, and G Xy for the semi-graph of anabelioids
of PSC-type arising from Xp . Since X7~ and the dual semi-graph of FXAN
satisfy Conditions 4.2 and 6.2, respectively, Lemma 6.8 implies that G Xy, can be
reconstructed group-theoretically from Hy.

Note that the natural action of IIxe/Hy on QX;{ induces an action of
IIx./Hy on I‘X;{N; moreover, we have I'xe = FXZ;N/(HX'/H) and I'xs =
Ixs /(H/Hy). Thus we obtain a natural morphism

FX;I :FX;{N/(H/HN) — I xe :]-—‘XI'{N/(HX‘/H)'

Thus I'xe — I'xe can be reconstructed group-theoretically from IIxe. This com-
pletes the proof of the theorem. O

Remark 6.9.1. Let X C PBrimes be a set of prime numbers that does not contain
char(k;) and char(kz), where Brimes denotes the set of prime numbers. The combi-
natorial Grothendieck conjecture for semi-graphs of anabelioids of pro-> PSC-type
can be formulated as follows:

Let G1 and Gy be two semi-graphs of anabelioids of pro-¥ PSC-type asso-
ciated to two pointed stable curves over algebraically closed fields k1 and
ko, respectively, Ilg, and Ilg, the fundamental groups of Gi and Ga, re-
spectively, o : g, = Tlg, an isomorphism of profinite groups, I and I
profinite groups, pr, : I = Out(Ilg,) and pr, : I; — Out(Ilg,) outer Ga-
lois representations, and B : I = I an isomorphism of profinite groups.
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Suppose that the diagram

L 2 Out(Tlg,)

Bl Out(a)l

I, 22 Out(llg,)

is commutative, where Out(a) denotes the isomorphism induced by «.
Then we have G; = Gs.

The combinatorial Grothendieck conjecture for semi-graphs of anabelioids of pro-
3 PSC-type was proved by S. Mochizuki in the case where pr, and p;, are outer
Galois representations of IPSC-type (cf. [M5]), and by Y. Hoshi and Mochizuki
in the case where pr, and py, are certain outer Galois representations of NN-type
(cf. [HM]). Furthermore, Theorem 6.9 may be regarded as a version of the com-
binatorial Grothendieck conjecture for the semi-graphs of anabelioids of PSC-type
arising from pointed stable curves over algebraically closed fields of characteristic
p>0.

Remark 6.9.2. Theorem 6.9 is a generalized version of a result of Tamagawa that
the tame inertia groups associated to the cusps of smooth pointed stable curves can
be reconstructed group-theoretically from their tame fundamental groups (cf. [T3,
Thm. 5.2]).

87. The anabelian geometry of curves over algebraically closed fields
of characteristic p > 0

We maintain the notation introduced in Section 2. Let X*® be a pointed stable
curve over an algebraically closed field k of characteristic p > 0. In this section
we use Theorem 6.9 to prove some anabelian results for pointed stable curves in
positive characteristic.

Definition 7.1. We denote by td(k) the transcendence degree of k over F,, C k.
We denote by

ed(X*)

(i.e., essential dimension) the minimum of td(k;), where k; runs over the alge-
braically closed subfields of k over which there exists a smooth curve X7 such that
X* is k-isomorphic to X7 X, k.

Tamagawa posed a conjecture as follows (cf. [T2, Conj. 5.3(ii)]).
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Conjecture 7.2. If X*® is smooth over k, then the essential dimension
ed(X*)
can be reconstructed group-theoretically from m34™(X*®).

Tamagawa proved Conjecture 7.2 in the case where gx = 0 and ed(X*®) = 0.
More precisely, Tamagawa proved the following theorem (cf. [T3, Thm. 0.2]).

Theorem 7.3. Let Fp C k. Suppose that X*® is a smooth pointed stable curve over

k. If gx = 0, then we can detect whether X*® can be defined over F, (i.c., there

exists a curve Xg over Fp such that X*® = X§ X, k), or not, group-theoretically

from m{ame(X \ Dy); moreover, if k = F,, then the isomorphism class of the
tame

profinite group mi*™(X \ Dx) completely determines the isomorphism class of the
scheme X \ Dx.

On the other hand, let ¢ be any prime number and F, an algebraic closure of
Fy. We define two sets of rational points of moduli stacks as

Ryni= |J Mgn(Fr)

(ePrimes

and
Ryme= |J Myn(Fo),
{ePrimes
where MW denotes the moduli stack of pointed stable curve of type (g,n) over
SpecZ, and M, , denotes the open substack of ﬂgyn parametrizing pointed
smooth curves of type (g,n). For any rational point q € Ry, : SpecFy — M, p,
write X? := (X4, Dx,) for the pointed stable curve M, 11 x5 [y over Fy
q q q g;n+ Mg,n

sch on Eg,n as follows: if

determined by gq. We define an equivalence relation ~
1,92 € Ry, then qp ~50 qq if X, \ Dx, and X, \ Dx,, are isomorphic as
schemes (though not necessarily as Fy-schemes). Let FPG be the category of topo-
logically finitely generated profinite groups. We define an equivalence relation ~P™
on FPG as follows: if G1, Gy € FPG, then Gy ~P™ G5 if G1 and G5 are isomorphic

as profinite groups. Then we obtain a natural morphism
w2 By [ s PG/ P

that maps the equivalence class of q to the equivalence class of m34m (X 3)

We may ask whether or not the moduli spaces of curves can be reconstructed
group-theoretically from fundamental groups. This is equivalent to asking whether
or not the map nglnm defined above is an injection. By applying Theorem 7.3,
Tamagawa obtained the following result.
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Corollary 7.4. The morphism
wgimmo‘n/mch : Ron/ ~SBey FPG/ PO
induced by WS%‘“ on the subset Rg ./ ~sch of Ro.n/ ~5N s an injection.

Remark 7.4.1. By replacing FPG (resp. 724 (—)) by the category of profinite
groups (resp. 71 (—), i.e., the étale fundamental group of (—)), we obtain the natural
morphism

Tgm : Rgn/ ~Sh_y PG/ PO

which maps the equivalence class of g to the equivalence class of 71 (Xq \ Dx,)-
Before Tamagawa proved Theorem 7.3, he obtained an étale fundamental group
version of Theorem 7.3 (i.e., 70.n|R, ,, /~sen is an injection) in a completely different
way (by using wildly ramified coverings; cf. [T1]). Note that, for any nonsingular
pointed stable curve Z® := (Z, Dz) over an algebraically closed field of positive
characteristic, since 734™ (Z*) can be reconstructed group-theoretically from 7 (Z\
Dgz) (cf. [T1, Cor. 1.10]), Theorem 7.3 is stronger than the étale fundamental
group version.

Recently, by following Tamagawa’s idea, A. Sarashina (Tamagawa’s student)
proved that 71 1|g, , /~sen is an injection (cf. [S], [T6, Thm. 6(i)]) if p # 2. More-
over, by applying the theory of Tamagawa developed in [T3], Sarashina’s result
holds also for W%ﬂm\RM/NSCh (cf. [T6, Thm. 6(ii)]).

In the case of pointed stable curves, we may pose a generalized form of Con-
jecture 7.2 as follows.

Conjecture 7.5. Let X*® be pointed stable curves over k. Then the essential di-

Mension

ed(X*)
can be reconstructed group-theoretically from m3dm(X*®).

First, we generalize Theorem 7.3 as follows.

Theorem 7.6. (i) Let F, C k, and let X*® be a pointed stable curve over k.

(i-a) Then Conjecture 7.2 implies Conjecture 7.5.

(i-b) If the genus of the normalization of each irreducible component of X*®
is equal to 0, then we can detect whether ed(X*) is equal to 0, or not,
group-theoretically from Ilxe.

(ii) Let X3 and X3 be two pointed stable curves over ki and ko of positive char-
acteristics, Ilxs and lxy the admissible fundamental groups of X7 and X3,
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Gxs and Gxg the semi-graphs of anabelioids of PSC-type arising from X7 and
X3, Pxe and I'xg the dual semi-graphs of X7 and X3, respectively. Suppose
that Hxlo = HX2-.

(ii-a) Then char(k;) = char(kz) and Gxs = Gx;.

(ii-b) LetF, C kiNko and write  : Tx., = ['xg for the isomorphism of semi-
graphs induced by the isomorphism Gxs = Gxg. Suppose that ki =
ko = Fy,, and that the genus of the normalization of each irreducible
component of X7 is 0. Then, for each v € v(T'xs), we obtain that X7,
1s isomorphic to X2.,'y(v) as schemes, where (—), denotes the irreducible
component of (=) corresponding to the vertex *.

Proof. First let us prove (i). For each v € v(I'xs), write X$ for the irreducible
component of X*® corresponding to v. It is easy to see that

ed(X*®) = Maxyey(r ) fed(X7)}

Thus (i-a) follows from Theorem 6.9. Moreover, (i-b) follows immediately from
Theorems 6.9 and 7.3.

Next let us prove (ii). Statement (ii-a) follows immediately from Theorem 6.9
and (ii-b) follows immediately from Theorems 6.9 and 7.3 (or Corollary 7.4). O

Remark 7.6.1. Theorem 7.6(i-b),(ii-b) generalize Theorem 6.9 and Corollary 7.4
to the case of irreducible pointed stable curves (possibly singular).

Remark 7.6.2. By Remark 7.4.1 and Theorem 7.6, we obtain the following gen-
eralized version of Theorem 7.6.

Let Fp C k, and let X*® be a pointed stable curve of over k. Write I'xe

—_—

for the dual semi-graph of X®. For each v € v(I'xe), write (X,) for the
normalization of the irreducible component of X corresponding to v and

)?;. = (XNMD)?')

for the smooth pointed stable curve over F, determined by )A(; and the
divisor of marked points D determined by the inverse images (via the
natural morphism j(vu — X)in j(vv of the nodes and marked points of X*;
(g, nw) for the type of)?;'. Suppose that, for each v € v(Lxe), )?;' 18 either
a smooth pointed stable curve over F,, of genus g, = 0 or a smooth pointed
stable curve over R, of type (1,1). Moreover, suppose that p # 2 if there
exists v € v(T'xe) such that (gy,n,) = (1,1). Then we can detect whether
ed(X*) is equal to 0, or not, group-theoretically from Uxe. In particular,
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the morphism

ﬂ-;d;n : Ryn/ ~hey FPG/ ~PT

is an injection if (g,n) = (1,1).
Next let us consider the case of higher genus.

Definition 7.7. Let S; — S5 be a morphism of sets. We shall call the morphism
S1 — Sy quasi-finite if, for any so € Sa, #((S1 — S2)71(s2)) is finite.

Theorem 7.8. Let S be an Fp-scheme, and n and s points of S such that s € W
holds. We denote by 7 and 35 geometric points on n and s, respectively. Let Z°® be
a smooth pointed stable curve of type (g,n) over S and

spfi‘?sm : ﬂ?dm(%' Xy T) = w%dm(%° X )

a specialization map. Suppose that Z°° x, N cannot be defined over an algebraic
closure of Fp, and Z'® x5 can be defined over an algebraic closure of Fy,. Then

sp%dsm s not an isomorphism. Moreover, the morphism

T2 Ryjmeeh © Rgn/ ~Sh_, FPG/ ~PO

induced by T35 on the subset Ry, / ~*" of Ry [~ is quasi-finite.
Remark 7.8.1. Theorem 7.8 was proved by Raynaud (cf. [R]) and Pop—Saidi

(cf. [PS]) under certain assumptions about the Jacobian, and by Tamagawa in the
fully general case (cf. [T4]).

Next we generalize Theorem 7.8 to the case of pointed stable curves as follows.

Theorem 7.9. Let S be an F,-scheme, and n and s points of S such that s € {T}
holds. We denote by 17 and s geometric points on n and s, respectively. Let Z° be
a pointed stable curve of type (g,n) over S,

spRAm s T (270 X M) > w20 x4 9)

a specialization map. Suppose that Z* x, 7 cannot be defined over an algebraic
closure of Fp, and Z'® x5 can be defined over an algebraic closure of F,. Then

adm
Spn,s

18 not an isomorphism. Furthermore, the morphism
Wadm . E / Nsch_> FPG/ ~_pro
g,n g,n
is quasi-finite.

Proof. The first part follows immediately from Theorem 6.9. The “furthermore”
part follows immediately from Theorems 6.9 and 7.8. O
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