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An Inverse Problem for the Magnetic Schrodinger
Equation in Infinite Cylindrical Domains

by
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Abstract

We study the inverse problem of determining the magnetic field and the electric potential
entering the Schrédinger equation in an infinite 3D cylindrical domain, by the Dirichlet-
to-Neumann map. The cylindrical domain we consider is a closed waveguide in the sense
that the cross section is a bounded domain of the plane. We prove that knowledge of
the Dirichlet-to-Neumann map determines uniquely and even Holder-stably the magnetic
field and the electric potential. Moreover, if the maximal strength of both the magnetic
field and the electric potential is attained in a fixed bounded subset of the domain, we
extend the above results by taking only finitely extended boundary observations of the
solution.
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81. Introduction
§1.1. Statement of the problem

Let w be a bounded and simply connected domain of R? with C? boundary Ow.
We set 2 := w x R and for T" > 0, we consider the initial boundary value problem
(IBVP)

(i +Aa+q@u=0 inQ:=(0,T)xQ,
(1.1) u(0,-) =0 in €,

u=f on ¥ :=(0,T) xT,
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where A4 is the Laplace operator associated with the magnetic potential A €
Whee(Q)3 ie.,

3
(1.2) Ap =Y (0, +ia;)* = A+ 2A-V +i(V - A) — |A]?
j=1

and ¢ € L*>(Q). We define the Dirichlet-to-Neumann (DN) map associated with
(1.1) as

(1.3) Aag(f) == (0, +iA-v)u, feL*%),

where v(z) denotes the unit outward normal vector to 92 at « and u is the solution
to (1.1).

In the remaining part of this text, two magnetic potentials A; € W1>°(Q)3,
j = 1,2 are said to be gauge equivalent if there exists ¥ € W?2>(Q) obeying
¥|r = 0 such that

(1.4) Ay = Ay + V.

In this paper we examine the uniqueness and stability issues in the inverse problem

of determining the electric potential ¢ and the gauge class of A from knowledge of
Aag.

§1.2. Physical motivations

System (1.1) describes the quantum motion of a charged particle (the various
physical constants are taken equal to 1) constrained by the unbounded domain
Q, under the influence of the electric potential ¢ and the magnetic field generated
by A. Carbon nanotubes, with length-to-diameter ratio up to 10%/1, are commonly
modeled by infinite waveguides such as €). In this context, the inverse problem
under consideration in this paper can be rephrased as whether the strength of
the electromagnetic quantum disorder (modeled by the magnetic field and the
electric impurity potential ¢; see, e.g., [17, 30]) can be determined by boundary
measurement, of the wave function wu.

81.3. State of the art

Inverse coefficient problems for partial differential equations such as the Schro-
dinger equation are the source of challenging mathematical problems that have
attracted a lot of attention over recent decades. For instance, using the Bukhgeim—
Klibanov method (see [15, 36, 37]), [4] claims Lipschitz stable determination of the
time-independent electric potential perturbing the dynamic (i.e., nonstationary)
Schrédinger equation, from a single boundary measurement of the solution. In this
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case, the observation is performed on a subboundary fulfilling the geometric optics
condition for the observability derived by Bardos, Lebeau and Rauch in [3]. This
geometrical condition was removed by [9] for potentials that are a priori known in
a neighborhood of the boundary, at the expense of weaker stability. In the same
spirit, using the Bukhgeim—Klibanov method, [22] determines Lipschitz-stably the
magnetic potential in the Coulomb gauge class, from a finite number of boundary
measurements of the solution. Uniqueness results in inverse problems for the DN
map related to the magnetic Schrodinger equation are also available in [25], but
they are based on a different approach involving geometric optics (GO) solutions.
The stable recovery of the magnetic field by the DN map of the dynamic magnetic
Schrodinger equation is established in [10] by combining the approach used for
determining the potential in hyperbolic equations (see [6, 8, 12, 29, 45, 48, 50]) with
the one employed for the identification of the magnetic field in elliptic equations
(see [23, 46, 51]). Notice that in the one-dimensional case, [2] proved with the
boundary control method introduced in [5] that the DN map uniquely determines
the time-independent electric potential of the Schrodinger equation. In [11] the
time-independent electric potential is stably determined by the DN map associated
with the dynamic magnetic Schrédinger equation on a Riemannian manifold. This
result was recently extended by [7] to simultaneous determination of both the
magnetic field and the electric potential. As for inverse coefficient problems of the
Schrédinger equation with either Neumann, spectral or scattering data, we refer
to [23, 24, 26, 33, 38, 39, 46, 47, 51, 53].

All the above-mentioned results are obtained in a bounded domain. Actually,
there are only a small number of mathematical papers dealing with inverse coef-
ficient problems in unbounded domains. One of them, [44], examines the problem
of determining a potential appearing in the wave equation in the half-space. As-
suming that the potential is known outside a fixed compact set, the author proves
that it is uniquely determined by the DN map. Unique determination of compactly
supported potentials appearing in the stationary Schrédinger equation in an infi-
nite slab from partial DN measurements is established in [40]. The same problem
is addressed by [38] for the stationary magnetic Schréodinger equation, and by
[54] for biharmonic operators with perturbations of order zero or one. The inverse
problem of determining the twisting function of an infinite twisted waveguide by
the DN map is addressed in [21]. The analysis carried out in [29, 45, 48, 50] is
adapted to unbounded cylindrical domains in [21] for time-independent potentials
with prescribed behavior outside a compact set. In [35], electric potentials with
suitable exponential decay along the infinite direction of the waveguide are stably
recovered from a single boundary measurement of the solution. This is by means of
a specifically designed Carleman estimate for the dynamic Schrédinger equation in
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infinite cylindrical domains, derived in [34]. The geometrical condition satisfied by
the boundary data measurements in [35] is relaxed in [13] for potentials that are
known in a neighborhood of the boundary. In [18], time-dependent potentials that
are periodic in the translational direction of the waveguide are stably retrieved by
the DN map of the Schrodinger equation, and periodic potentials are stably recov-
ered in [31] from the asymptotics of the boundary spectral data of the Dirichlet
Laplacian. As for the Calderén problem in a waveguide, translationally invariant
unknown coefficients are uniquely determined by the DN map in [28], whereas the
case of periodic coefficients is treated by [19, 20].

81.4. Well-posedness
We start by examining the well-posedness of the IBVP (1.1) in the functional
space C([0,T], H*(Q)) N C([0,T], H~1(£2)). Namely, we are aiming for sufficient
conditions on the coefficients A, ¢ and the nonhomogeneous Dirichlet data f,
ensuring that (1.1) admits a unique solution in the transposition sense. We say
that u € L°>°(0,T; H=1(Q)) is a solution to (1.1) in the transposition sense if the
identity
(u, F>L°°(O,T;H*l(Q)),Ll(O,T;Hg(Q)) = (f, Q) r2(x)

holds for any F € L'(0,T; H}(€)). Here, v denotes the unique C([0,T], H(2))-
solution to the transposition system

(0w +As+q@v=F inQ,
(1.5) o(T,)=0 in €,
v=0 on X.

We refer to Section 2.3 for the full definition and description of transposition
solutions to (1.1).
Since 012 is not bounded, we introduce the following notation. First, we set

H*(0Q) == H (R, L*(0w)) N L2 (R, H*(0w)), s >0,
where x3 denotes the longitudinal variable of Q. Next we put
H™((0,T) x X) := H"(0,T; L*(X)) N L*(0, T; H*(X)), 75> 0,

where X is either Q or 9. For the sake of shortness, we write H™*(Q) (resp.,
H™*(%)) instead of H™*((0,T") x ) (resp., H™*((0,T) x 092)). Finally, we define

HYN(2) := {f € H*(2); £(0,-) = &.f(0,-) = 0}

and state the existence and uniqueness result of solutions to (1.1) in the transpo-
sition sense, as follows.
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Theorem 1.1. For M >0, let A € WL (Q,R)3 and g € WH(Q, R) satisfy the
condition

(1.6) | Allw.00 ()3 + llgllwr. @) < M.

Then, for each f € He'(X), the IBVP (1.1) admits a unique solution u €
H(0,T; H*(Q)) in the transposition sense and the estimate

(1.7) lwll e o,7;m (@) < Clf 20 (x)

holds for some positive constant C depending only on T, w and M. Moreover, the
normal derivative d,u € L*(X) and we have

(1.8) lOvullL2zy < Cllfllg201(s)-

It is clear from definition (1.3) and the continuity property (1.8) that the DN
map Ay 4 belongs to B(HZ' (%), L3(X)), the set of linear bounded operators from
H2N(®) into L2(X).

§1.5. Nonuniqueness

There is a natural obstruction to the identification of A by A4 4, arising from
the invariance of the DN map under gauge transformation. More precisely, if ¥ €
W22°(Q) verifies U|p = 0 then we have uarvy = e "Yua, where ua (resp.,
ua+vw) denotes the solution to (1.1) associated with the magnetic potential A
(resp., A+ V¥), g € L®(Q) and f € Hy''(X). Further, as

(D) + (A4 V) - V)ugive = e Y (0, +iA-v)us = (0, +iA-v)uy on X,

by direct calculation, we get Asq = Aatrvw g, despite the fact that the two po-
tentials A and A+ VU do not coincide in  (unless v is uniformly zero).

This shows that the best we can expect from knowledge of the DN map is to
identify (A, q) modulo gauge transformation of A. When A|sq is known, this may
be equivalently reformulated as whether the magnetic field defined by the 2-form
associated with the vector curl A,

13
dA = 5 Z (8x].ai - 8miaj) dSUj A dl’i,
ij=1
and the electric potential ¢ can be retrieved by A4 4. This is the inverse problem
that we examine in the remaining part of this article.
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§1.6. Main results
We define the set of admissible magnetic potentials as

A= {A = (ai)lgiggg; ai,as € L;Z (R, Hg(w)) n WQ’OO(Q)
and a3 € C°(Q) fulfills (1.9)-(1.10) },

where

(1.9) sup Z (x3)%0%az(x)| | < oo for some d > 1,
€L\ 4eNd, Jal<3

and

(1.10) O%az(xr) =0, €09, ac N such that |a] < 2.

Here and henceforth, HZ(w) denotes the closure of C§°(w) in the H?(w)-topology,
(x3) := (1 +23)"/? and Ny := {0,1,2,...}.

As will appear in Section 5 below, the technical conditions (1.9)—(1.10) are
useful for reducing the analysis of the inverse problem under investigation to the
particular case of unknown transverse magnetic potentials, i.e., magnetic potentials
whose third component is a priori known, which is a cornerstone of the strategy
used for proving the stability results of this article. This is made possible by (5.1),
showing that any magnetic potential A € A admits a transverse magnetic potential
which is gauge equivalent to A.

The first result of this paper claims stable determination of the magnetic field
dA and unique identification of electric potential ¢ from knowledge of the full
data, i.e., the DN map defined by (1.3) where both the Dirichlet and Neumann
measurements are performed on the whole boundary .

Theorem 1.2. Fiz A, = (a;.)1<i<s € W (Q,R)? and for j = 1,2, let q; €
Whee(Q) and A;j == (a;j)1<i<s € A« + A satisfy the condition

2

(111) Z 8@ (8m3 (a“ - (11'72) - 3951 (a371 - (13,2)) =0 inQ.
i=1
Then Aa,.q = AMa, g, yields dA; = dAs and ¢ = go.
Assume moreover that the estimate

(1.12) (145 llw2. ) + g5 lwree ) + llejllws.e ) + Az @) < M

2
=1

J
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holds for some M > 0, with

T3
ej(2', x3) 5:/ (as;(2', ys) — as (2’ y3))dys, (2, x3) € Q.

— 00

Then, there exist two constants pg € (0,1) and C' > 0, both of them depending
only on T, w and M, such that we have

(1.13) [dAr — dAzllLee (m22w)) < ClIAALg — Aasg I

In (1.13) and in the remaining part of this text, || - || denotes the usual norm
in B(H*(X), L*(X)), the space of linear bounded operators from H?!(¥) into
L3(%).

Notice that condition (1.11) imposes that the transverse magnetic field in-
duced by A1 — A, (i.e., the vector defined by the two first components of dA; —dAs)
has a magnetic field strength gradient. We point out that many applications, such
as magnetic resonance imaging techniques, need magnetic structures having a per-
manent transverse magnetic field with a magnetic field strength gradient; see [43,
Sect. 11.2.1].

In Theorem 1.2 we make use of the full DN map, as the magnetic field dA and
the electric potential g are recovered by observing the solution to (1.1) on the entire
lateral boundary ¥. In this case we may consider general unknown coefficients, in
the sense that the behavior of A and ¢ with respect to the infinite variable is
not prescribed (we assume only that these coefficients and their derivatives are
uniformly bounded in ). In order to achieve the same result by measuring on
a bounded subset of ¥ only, we need some extra information on the behavior of
the unknown coefficients with respect to x3. Namely, we impose that the strength
of the magnetic field generated by A = (a;)1<ig3 reaches its maximum in the
bounded subset (—r,7) X w of Q, for some fixed r > 0, i.e., that

(114) Ha:rla] _6a:jaiHL;<é(R,L2(w)) = ”azlaj _az]-ai”Lgcé(fr,r;L%w)% i,j=1,2,3.
Thus, with reference to (1.14), we set I',. := 0w X (—r,r), introduce the space

Hy'((0,T) xTy) := {f € H'(£); £(0,) = 8,.f(0,) =0
and supp f C [0,7T] x Ow X [—, 7‘]},

and define the partial DN map A4 4, by
AA,q,r(f) = (81/ +iA- V)’U’\(O,T)XFTJ f € H§71((07T) X FT‘)?

where u denotes the solution to (1.1). The following result states, for each
r > 0, that the magnetic field induced by potentials belonging (up to an addi-
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tive W2°°(Q, R)3-term) to
A, = {A = (a;)1<ic3 € A satisfying (1.14)}

can be retrieved from knowledge of the partial DN map A4 4,7, provided we have
>,

Theorem 1.3. For j = 1,2, let ¢ € WH°(Q,R) and let A; € W22(Q,R)3
satisfy Ay — Ay € A,., for some r > 0. Suppose that there exists v’ > r such that
Aa, i = Aay go - Then, we have dA; = dAy. Furthermore, if

g1 — @Hng(R,H—l(w)) = llg1 — Q2||ng(—r,r;H—1(w))7

then we have in addition g1 = qo.
Assume moreover that (1.11)—(1.12) hold. Then, the estimate

(1.15) 1dAs = dAslLe m,22(w))s < CllAay g — Aaggom |

holds with two constants C' > 0 and py € (0,1) that depend only on T, w, M, r
and 7'

We stress that Theorem 1.3 applies not only to magnetic (resp., electric)
potentials A; (resp., ¢;), j = 1,2, which coincide outside w x (—r,7), but to a
fairly general class of magnetic potentials containing, e.g., 2r-periodic potentials
with respect to x3. More generally, if g € W3 (R,R,) (resp., g € WH(R,R,))
is an even and nonincreasing function in R, then it is easy to see that potentials
of the form g x A; (resp., g X ¢;), where A; (resp., g;) are suitable 2r-periodic
magnetic (resp., electric) potentials with respect to xg, fulfill the conditions of
Theorem 1.3.

Notice that the absence of stability for the electric potential ¢, manifested
in both Theorems 1.2 and 1.3, arises from the infinite extension of the spatial
domain € in the x3-direction. Indeed, the usual derivation of a stability equality
for ¢, from estimates such as (1.13) or (1.15), requires that the differential operator
d be invertible in . Such a property is true in bounded domains (see, e.g., [53])
but, to the best of our knowledge, it is not known whether it can be extended
to unbounded waveguides. One way to overcome this technical difficulty is to
impose a certain gauge condition on the magnetic potentials, by prescribing their
divergence. In this case, we establish in Theorem 1.4 below, that the electric and
magnetic potentials can be simultaneously and stably determined by the DN map.
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1.6.1. Simultaneous stable recovery of magnetic and electric potentials.
We first introduce the set of divergence-free transverse magnetic potentials,
Ag = {A = (a1, a9,0); ay,as € L;j(R,Hg(w)) N WZ’OO(Q)7
Oz, a1 + 0,00 = 0 in Q}
in such a way that we have V- A = V - A, for any A € A, + Ap, where A, €
W?2:°(Q)3 is an arbitrary fixed magnetic potential. Since determining A € A, +.Ag

from knowledge of the DN map amounts to recovering the magnetic field dA, then
we have the following result.

Theorem 1.4. Let M > 0 and let A, € W°(Q,R)3. For j = 1,2, let q; €
WL (Q,R) and let A; € As + Ao satisfy (1.12). Then, there exist two constants
p2 € (0,1) and C = C(T,w, M) > 0 such that we have

(1.16) A1 = Azl .22 + 101 — @2llrgs @10y < CllAas g — Aaygn [

Assume moreover that the two conditions

(1.17) [ A1 = Asllzgs R L2z = 141 = A2llLgs (—ryrsz2(w))?
and
(1.18) a1 — G2ll g rom =1 () = lla1 — G2llLog (=10

hold simultaneously for some r > 0. Then, for each v’ > r, we have

(1.19) [[A1=AzllLes @ 22wy Tllr — @2l mo-1(w)) < CllAAL G —Basgor 2

where C' is a positive constant depending only on T, w, M, r and r'.

We recall from [1, 53] that the DN map associated with the stationary mag-
netic Schrodinger equation (—A4 + ¢)u = 0 in a bounded domain, logarithmic-
stably determines the electric potential ¢ and the magnetic field dA. Moreover,
we know from [42] that this logarithmic stability rate is the best we can expect
in this context. Therefore, it might seem surprising at first that the stability esti-
mates (1.12), (1.16) and (1.19) are of Hoélder type. Actually, there is no surprise
here as the upgrade of the stability rate from logarithmic to Holder, when sub-
stituting (1.1) for the stationary Schrodinger equation, arises from the presence
of the time variable in the dynamic Schrodinger equation. This fact, which was
previously used by [10], provides an additional level of freedom that enables us to
build GO solutions of the form (3.3), which are well suited for revealing the Holder
stable dependency manifested in (1.13), (1.16) and (1.19) of the electromagnetic
coefficients of (1.1) with respect to the full DN map.
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It is not known whether a partial DN map associated with Neumann data
taken on (0,7) x v x R, where ~ is an arbitrary subboundary of Ow with nonzero
Lebesgue measure, instead of 3, still stably determines the electromagnetic coeffi-
cients of (1.1). Nevertheless, it is reasonable to think that the best we can expect
by adapting the analysis carried out in [9, 13] to the framework of (1.1) is a loga-
rithmic stable recovery of these coefficients, provided they are a priori known in a
neighborhood of the boundary 9f2.

1.6.2. Comments. The key ingredient in the analysis of the inverse problem
under examination is a suitable set of GO solutions to the magnetic Schrédinger
equation appearing in (1.1). These functions are specifically designed for the wave-
guide geometry of ), in such a way that the unknown coefficients can be recovered
by a separation of variables argument. More precisely, we seek GO solutions that
are functions of x = (2, z3) € 2, but where the transverse variable 2’ € w and the
translational variable x3 € R are separated. This approach was previously used in
[32] for determining zeroth-order unknown coefficients of the wave equation. Since
we consider first-order unknown coefficients in this paper, the main issue here is to
take into account both the cylindrical shape of 2 and the presence of the magnetic
potential in the design of the GO solutions.

When the domain € is bounded, we know from [10] that the magnetic field dA
is uniquely determined by the DN map associated with (1.1). The main achieve-
ment of the present paper is to extend the above statement to unbounded cylindri-
cal domains. Actually, we also improve the results of [10] in two directions. First,
we prove simultaneous determination of the magnetic field dA and the electric
potential g. Second, the regularity condition imposed on admissible magnetic po-
tentials entering the Schrodinger equation of (1.1) is weakened from W3°°(Q) to
W?22°(Q).

To the best of our knowledge, this is the first mathematical paper claiming
identification by boundary measurements, of non-compactly supported magnetic
field and electric potential. Moreover, in contrast to the other works of the math-
ematical literature [13, 18, 34] dealing with the stability issue of inverse problems
for the Schrodinger equation in an infinite cylindrical domain, we no longer require
that the various unknown coefficients be periodic or decay exponentially fast with
respect to the translational direction of the waveguide.

Finally, since conditions (1.14) and (1.17)—(1.18) are imposed in w x (—r,r)
only and since the solution to (1.1) lives in the infinitely extended cylinder (0,7") x
Q, we point out that the results of Theorems 1.3 and 1.4 cannot be derived from
similar statements derived in a bounded domain.
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§1.7. Outline

The paper is organized as follows. In Section 2 we examine the forward problem
associated with (1.1) by rigorously defining the transposition solutions to (1.1) and
proving Theorem 1.1. In Section 3 we build the GO solutions to the Schrédinger
equation appearing in (1.1), which are the key ingredient in the analysis of the
inverse problem carried out in the two last sections of this paper. In Section 4 we
estimate the X-ray transform of first-order partial derivatives of the transverse
magnetic potential and the Fourier transform of the aligned magnetic field, in
terms of the DN map. Finally, Section 5 contains the proofs of Theorems 1.2, 1.3
and 1.4.

82. Analysis of the forward problem

In this section we study the forward problem associated with (1.1), i.e., we prove
the statement of Theorem 1.1. Although this problem is very well documented
when © is bounded (see, e.g., [10]), to the best of our knowledge, it cannot be
directly derived from any published mathematical work in the framework of the
unbounded waveguide {2 under consideration in this paper.

The proof of Theorem 1.1, which is presented in Section 2.4, deals with trans-
position solutions to (1.1) that are rigorously defined in Section 2.3. As a prelimi-
nary, we start by examining the elliptic part of the dynamic magnetic Schrodinger
operator appearing in (1.1) in Section 2.1 and we establish an existence and unique-
ness result for the corresponding system in Section 2.2.

§2.1. Elliptic magnetic Schrodinger operator

For A € Wh*(Q,R)3 we set V4 := V +iA, where iA denotes the multiplier by
iA, and we notice for all u € H*(Q2) that

(2.1) |Vau(z)]? > (1 —&)|Vu(z)] + (1 — e H]Au(z)]?, >0, zcQ.
Next, for ¢ € L>=(Q;R), we introduce the sesquilinear form
ha (u,v) = / V au(x) ~VAv(x)dx—/q(x)u(x)ﬁ(x)dx,
Q Q
u,v € D(ha,) = H}(Q)

and consider the self-adjoint operator 7 , in L?(Q), generated by h, 4. In light
of [35, Prop. 2.5], 4, acts on its domain D(#, 4) := H}(Q) N H?(Q) as the
operator —(A + q), where Ay := V4 - V4 is expressed by (1.2).
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Further, for all z € Q fixed, taking e = |A(z)|?/(1 + |A(z)|?) in (2.1), we get
IVau(@)? = [Vu(@)?/(1 + |A(@)]?) — [u(z)[?, whence

IVu]|72 0y

T+ AR~

b o(u, ) + [|ul T2 o) = u € Ho(Q),

where hy ¢ stands for h4 , in the particular case where ¢ is uniformly zero. Thus,
we deduce from the Poincaré inequality and the Lax—Milgram theorem that for
any v € H~1(Q) there exists a unique ¢, € Hg(Q) satisfying

(2.2) — Apdy + by = v.

Next, for v and v in H~1(Q), we put

(u.0)o1 = Re [ Vaou(e) Vadulada + [ ,@iduloic)
Q Q
and check that the space H~*(£2) endowed with the above scalar product is Hilber-

tian. Having said that, we may now prove the following technical result.

Lemma 2.1. For each A € WH°(Q,R)3, the linear operator B, = Aa with
domain D(B4) = H}(Q) is self-adjoint and negative in H~1(Q).

Proof. We proceed as in the proof of [16, Prop. 2.6.14 and Cor. 2.6.15]. Namely,
we pick u and v in C§° (), and write

(Bau,vy_1 = (w,v)_1 + (u,v)_1,

with w := Z4u — u. Taking into account that ¢,, = —u, we obtain
(Bau,v)_1 = —Re (/ Vau(z) - Vag,(z)dz —l—/ u(x)@,(m)dm)
(2.3) Q Q
+ <u7 v>71~

Next, integrating by parts, we get

—Re (/ Vau(x) - Vad,(x)dx —|—/ u(a:)%(x)dx) = —Re(u, —Aa¢y + ¢u)12(0)
Q Q
= —Re(u, v) r2(q),
so (2.3) yields
(2.4) (Bau,v) 1 = —Re(u,v)2(q) + (u,v) 1.

Further, since (u,u)_1 = Re(du,(—Aa + 1)du)r2) = Re(du,u)r2(0) and
H(ﬁuH%g(Q) < (u,u)_1, we see that (u,u)_1 < ||uH2L2(Q). Therefore, we obtain

(2.5) (B, u) 1 = ~ulagay + (u,u) 1 <0



A MAGNETIC SCHRODINGER INVERSE PROBLEM 691

by taking v = u in (2.4).

By density of C§°(Q2) in H}(2), both estimates (2.4) and (2.5) remain valid
for all w and v in HJ(2). As a consequence, the operator %, is dissipative. Fur-
thermore, 1 — %4 being surjective from H}(Q) onto H~1(Q), by (2.2), we get that
PB4 is m-dissipative. Moreover, it follows readily from (2.4) that

(Bau,v)_1 = (u, Bav)_1, u,v€ HLHR).
Hence the graph of %4 is contained in the one of its adjoint %% and thus %4 is
self-adjoint by virtue of [16, Cor. 2.4.10]. O

§2.2. Existence and uniqueness result

For further use, we establish the following existence and uniqueness result for the
system

(i0:+As+qv=F inQ,
(2.6) v(0,:) =0 in €,
v=20 on X,
with homogeneous Dirichlet boundary condition and suitable source term F'.
Lemma 2.2. Let M, A and q be the same as in Theorem 1.1.
(i) Assume that F € L*(0,T; H}(Q)). Then, system (2.6) admits a unique solu-
tion v € C([0,T], HE(2)), satisfying
(2.7) [vlleo,ry,m1(0) < CIF L1011 (02))
for some constant C > 0, depending only on T, w and M.
(ii) If F € WH1(0,T; L*(Q)), then (2.6) admits a unique solution
ve Z:=CH([0,T], L*()) N C([0,T], Hy(2) N H?())
and there exists C = C(T,w, M) > 0 such that we have
lvllz < ClF(lwiao1:29)-

Proof. The proof boils down to the statement, borrowed from [18, Lem. 2.1],
claiming for any Banach space X, any m-dissipative operator U in X with dense
domain D(U) and any B € C([0,T],B(D(U))), that for all vg € D(U) and all
fecC(0,T),X)NLY0,T; D(U)) (resp., f € WH1(0,T; X)) there exists a unique
solution v € Zy = C([0,T], D(U)) N C*([0,T], X) to the Cauchy problem

{v'@) = Un(t) + B(t)v(t) + f(),
v(0) = v,



692 M. BELLASSOUED, Y. KIAN AND E. SOCCORSI

such that

vl zo = [vllcoqo,m, Dy + Ivller o, x) < Cllvollpwy + I1f11x)-

Here C' is some positive constant depending only on T' and || B||¢(j0,11,8(p(v)))>
and ||fH* stands for the norm Hf”C([O,T],X)ﬂLl(O,T;D(U)) (resp., ||f||W1v1(0,T;X))-

Notice that the operator i%, is skew-adjoint as %4 is self-adjoint in H~1(Q).
Hence, i% 4 is m-dissipative with dense domain in H~!(Q). Further, the multiplier
by iq being bounded in C([0, T], H} (2)), we obtain (i) by applying the above result
with X = H7Y(Q), U = i%Baq, f =iF, B(t) = iq and vy = 0.

Similarly, as %4 , is self-adjoint in L?(f2), then the operator —i. ) , is m-
dissipative with dense domain in L?(£2) and we derive (ii) by applying [18, Lem. 2.1]
with X = L3(Q), U = —i#a 4, f =iF, B(t) =0 and v = 0. O

Remark 2.3. Put w(t,z) := v(T —t,x) for (t,z) € Q. Since w is a solution to
the system

(10 +Aa+qw=F inQ,
(2.8) w(T,)=0 in €,

w =70 on X,

whenever v is a solution to the IBVP (2.6) where the function (¢, z) — F(T —t,x)
is substituted for F, we infer from Lemma 2.2 that the transposed system (2.8)
admits a unique solution w in C°([0,7T7], Hi(2)) (resp., Z), provided F is in
LY (0, T; HY(Q)) (resp., WHL(0,T; L*(Q))).

§2.3. Transposition solutions

As preamble to the definition of transposition solutions to (1.1), we establish that
the normal derivative of the C([0,T], H(Q))-solution to (2.6) lies in L*(X).

Lemma 2.4. Let M, A and q be as in Lemma 2.2. Then, the linear map F —
d,v, where v denotes the C([0,T], Hi ())-solution to (2.6) associated with F €
LY(0,T; HY(Q)), given by Lemma 2.2, is bounded from L*(0,T; H}(Q)) into L*(%).

Proof. Since [[v||c(jo,r),11(2)) < CF|lL10,1;11(2)), by (2.7), we may assume with-
out loss of generality that A =0 and ¢ = 0.

Assume that F € W11(0,T; L?(Q)) in such a way that v € Z, by virtue of
Lemma 2.2. Let N; € C?(w)? satisfy N; = v; on Ow, where v, denotes the unit
outward normal vector to dw. Put N(z/,z3) := (Ny(2'),0) for all 2/ € w and
r3 € R, so that N € C2(Q)2 N W22°(Q)3 verifies N = v on 9. Then, we have

(2.9) (i@tv + Av, N - V’U>L2(Q) = <F, N - V’U>L2(Q).
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By integrating by parts with respect to ¢, we get
<at’l}7 N - VU>L2(Q) = <’U(T, -), N - VU(T, ')>L2(Q) - <U, N - Vat’U>L2(Q)
(210) = <U(T, ),N . V’U(T, ~)>L2(Q) —+ <N . vv,at’l)>L2(Q) — I,

where [ := fQN - V(vOsv)dz dt. Taking into account that N -V = Nj - Vi,
where V. denotes the gradient operator with respect to ¥’ € w, we have I =
fQ Ny - Vo (vO;v)de dt and hence

I= / Vo - (v(t, 2)0pv(t, )Ny (")) da’ dag dt — (V- N)v, 00,v) 12(q)
Q

= / v(t,2)0p(t, x)Ni(2') - v1(2')da’ deg dt — (V- N)v, ) 12()
b
(211) = _<(V'N)Uaatv>L2(Q)a
by Green’s formula, since vj5; = 0. Putting (2.10)—(2.11) together, we obtain
2Re(i0sv, N - V) 12(q) = i(v(T, "), N - Vo(T',-)) 120y — (V- N)v,i0;v) £2(q)
= i<U(T7 -), N - V’U(T7 '>>L2(Q) + <(V : ]\7)’07 A’U>L2(Q)
(2.12) —((V-N)v,F)r2q)-

Applying Green’s formula with respect to 2’ € w and integrating by parts with
respect to x3 € R, we find

<(V . N)’U, A’U>L2(Q) = *<(V . N)V”U, V”U>L2(Q)3 — <UV(V . N), V1)>Lz(Q)37

0 (2.12) entails

2Re<iaﬂ), N - VU>L2(Q) = i<’U(T, '), N - V’U(T, ')>L2(Q) - <(V . N)V’U, VU)Lz(Q)s

- <’UV(V . N), V’U>L2(Q)3 — <(V . N)?], F>L2(Q)-

This and (2.7) yield
[Re(id,0, N - V) 12(q)| < Cllvlleo, 11,1 @) (1vlleo,ry,m0 @) + 1F L 0,050 @)
< CIIF |21 0.1:01 )
From this and (2.9), it then follows that
(213) ’RQ<AU, N - V’U>L2(Q)’ < C”FH%I(O,T;Hl(Q))'

On the other hand, upon applying Green’s formula with respect to 2’ € w and
integrating by parts with respect to x3 € R, we get

<AU, N - V’U>L2(Q) = —<V’U7 V(N . VU)>L2(Q)3 +(Vv-v,N - VU)Lz(Z)
(2.14) = —(Vu,V(N - V) 2@y + 0uvll72(s)-
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Moreover since Re(Vv - V(N - Vo) ) Re((HVv) -Vou) + AN - V |Vu|® with
= (01, Nj)1<ij<3 and N := (N;)1¢;<3, we infer from (2.14) that

1<y

RG<A’U, N - VU>L2(Q) = Hauv“%z(z) - RB<HVU, V’U>L2(Q)3

2.15
(2.15) —1/N~V|vu|2dxdt.
2Jq

Further, by applying Green’s formula with respect to 2’ € w once more, we find
for a.e. (t,z3) € (0,T) x R, that

/ N(2',23) -V |Vo(t, 2, z3)|° da’ = / Ni(2') - Vo |Vo(t, 2, x5)]* da’

= IVt 23) |72 oo

(2.16)
— <(V . N)Vv(t, ',xg), V’U(t7 '71'3)>L2(w)3~

Bearing in mind that vjs;, = 0, we have |V1}|2 = \6,,v|2 on X, so we deduce from
(2.16) that

/ N -9 Vo2 dz dt = [|8,0] 225 — (T - N)V0, Vo) 12(0s.
Q

We infer from this and (2.15) that

10u0]|72(s) = 2Re(Av, N - V) 12(g) + 2Re(H Vv, V) 12(g)s
- <(V . N)VU, V’U>L2(Q)5

and hence

100l 25y < C (IF L o,m5m0 9)) + Ivlleqo,ry,m1 @) < CNIF 0,101 )5

according to (2.7) and (2.13). By density of W11(0,T; H}(Q)) in L*(0,T; H (2))
we extend the above estimate to every F € L'(0,T; H}(Q)), proving the desired
result. O

Armed with Lemma 2.4, we now introduce the transposition solution to (1.1).
For F € L'(0,T; Hg(9)), we denote by v € C°([0,77], H}(€2)) the solution to (2.8)
given by Remark 2.3. Since (t,z) — v(T —t,x) is a solution to (2.6) associated
with the source term (¢t,z) — F(T —t,z), we infer from Lemma 2.4 that the
mapping F +— 9,v is bounded from L(0,7T; H}(Q)) into L?*(X). Therefore, for
each f € L*(2), the mapping

Kf F— <f, 8VU>L2(Z)
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is an antilinear form on L'(0,T; H}(Q)). Thus, there exists a unique u € L*°(0, T}
H~1(Q)) such that we have

(2.17) (u, F) pos (0,73 1-1 (@), (0,151 () = Lp (F),  F € L'(0,T; Hy (),

according to Riesz’s representation theorem. The function u, characterized by
(2.17), is named the solution in the transposition sense to (1.1).

§2.4. Proof of Theorem 1.1

Let w € L>(0,T; H=*(£2)) be the solution in the transposition sense to the system

(10 +As+q@w=0 inQ,
w(0,) =0 in Q,
w=0f on X.

For any ¢t € (0,T) we put v(t,-) := fot w(s, -)ds in such a way that v is the solution
in the transposition sense to the system

(10 +Aa+¢@v=0 inQ,
(2.18) v(0,) =0 in Q,
v=20.f on X.

We have v = 9, f € HY'/2(X) by [41, Sect. 4, Prop. 2.3]. Next, since H1/2(%)
L?(0,T; H'/?(0%)) from the very definition of H%1/2(X), and —A v = iw + qu in
Q, from the first line of (2.18), then v € L?(0,T; H*(Q)) N W (0,T; H=1(Q)).
Moreover, we have the estimate

o1y sesen S C(Iwlaozm-1 0 + lavll 2o o1 o)
2.19

190l o riarvsz oy )

where the constant C' > 0 depends only on T, w and M.
On the other hand, from the very definition of the transposition solution w,
we obtain

wllz20,7:5-1(0)) < Tl/QHwHLw(O’T;H,l(Q))
(2.20) < Cl10 fll2sy < Cllf ez (m),s

with the aid of Lemma 2.4. As a consequence we have

221)  lgvllz2msa-1(0)) < ldlwr=@Tlwl20mm-10) < Cllfllr25)-
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Putting (2.19)-(2.21) together, we find

(2.22) vl 20,7501 () < Ol fll 213,

for some constant C' = C(T,w, M) > 0.
Finally, as u(t) = fot v(s)ds is a solution to (1.1) in the transposition sense,
we have

||U||H1(O,T;H1(Q)) <(1T+ T)1/2HU||L2(O,T;H1(Q))

and (1.7) follows from this and (2.22).
We turn now to proving (1.8). To do that, we pick f € C>([0,T] x 92) N
Hg ’1(2) and proceed as in the derivation of Lemma 2.4. We get

10vull L2 sy < C (lull o, @) + 1 f Lm0 () 5

for some constant C' = C(T,w, M) > 0, so we deduce from (1.7) that

l0vullz2(sy < Ol fllz21(3)-

The desired result follows from this by invoking the density of C*°([0,T] x 9Q) N
HZY(E) in HYY(D).

83. GO solutions

In this section we build GO solutions to the magnetic Schrodinger equation in 2.
These functions are essential tools in the proofs of Theorems 1.2, 1.3 and 1.4. As
in [33], we take advantage of the translational invariance of Q with respect to the
longitudinal direction x3, in order to adapt the method suggested by Bellassoued
and Choulli in [10] for building GO solutions to the magnetic Schrodinger equation
in a bounded domain, to the framework of the unbounded waveguide €. Moreover,
as we aim to reduce the regularity assumption imposed on the magnetic potential
by the GO solutions construction method, we follow the strategy developed in
[23, 38, 39, 46] for magnetic Laplace operators, and rather build GO solutions to
the Schrédinger equation associated with a suitable smooth approximation of the
magnetic potential.
Throughout the entire section, we consider two magnetic potentials

Aj = (AL aj3) € W2(QR)? x WH(QR), j=1,2
and two electric potentials ¢; € W1 (Q,R), obeying the conditions

(8-1) 145 llwae @y + ljlwro@) < M, j=1,2



A MAGNETIC SCHRODINGER INVERSE PROBLEM 697

and
(3.2) OXA; = 0%Ay on 99, for all a € N such that |a| < 1.

For o > 0, we denote by Agyg a suitable C*°(R3, R)2NW>*>°(R3, R)?-approximation
of Ag- that we shall make precise in Lemma 3.3 below. We seek solutions u; , to
the magnetic Schrédinger equation of (1.1) where (A4, ¢;) is substituted for (4, q),
of the form

(3.3) ) ot 2, 13) == ©;(20t, )b; o (20, 2)e @ 0= L. (t,2),
teR, z=(2',73) ew x R.

Here, € St := {y e R? : |y| = 1} is fixed,

(3.4) bjo(t,x) :=exp (—i /Ot 6 - Ag-ya(x' — s, m3)ds> )
teR, z=(2,23) ew xR,
®; is a solution to the transport equation
(3.5) (0 +0-Vy)®;=0 inRx
and we impose that the remainder term 1;, € L?(Q) scales at best like o—1/2

when o is large, i.e.,

(3.6) lim o'2|¢j0 r2(q) = 0.

o—+o00

As it will appear in the coming subsection, such a construction requires that Ag-ﬁg

be sufficiently close to Ag.

§3.1. Magnetic potential mollification

We aim to define a suitable smooth approximation
Al € CO(R3R)2N W (R% R)?,  j=1,2

of A§ = (a1,j,as,;). This preliminarily requires that Ag be appropriately extended
to a larger domain than €.

Lemma 3.1. Let A?-, for j = 1,2 be in W3>(Q,R)? and fulfill (3.2). Let & be a
smooth open bounded subset of R? containing w. Then, there exist two potentials
/ng and flg in W2=(R3,R)2, both of them supported in Q := & x R, such that we
have

(3.7) A=A inQ, forj=12 and Aj=A45 inQ\Q



698 M. BELLASSOUED, Y. KIAN AND E. SOCCORSI

Moreover, the two estimates
(3.8) 1A 2. s> < C max <||A§||W2,oo(n)2> ”AgHWZ’OO(Q)Q) ,J=12
hold for some constant C > 0, depending only on w and @.

Proof. By [49, Sect. 3, Thm. 5] and [35, Lem. 2.7], there exists A* € W2°°(R3, R)2
such that /ﬂ = A‘i in © and (3.8) holds true for j = 1. Then, upon possibly
substituting XA§ for flﬁ, where y € C®(R3,R) is supported in Q and verifies
x(z) =1 for all z € Q, we may assume that A§ is supported in Q as well.

Next, putting

Al(z) ifzeq,

18 (z) ==
(3.9) Az(@) {Ag(l«) if z e R3\ Q,

it is clear from (3.2) that A% € W2°°(R3 R)? and that it satisfies (3.8) with
j=2. O

Having seen this, we define for each ¢ > 0 the smooth approximation a, €
C®(R3,R) N W>->°(R3,R) of a function a € W2°°(R3,R), supported in €, by

(3.10) ay(x) := /}R3 Xo(z —y) (a(y) + (x —y) - Va(y))dy, = €R>

Here we have set xo(z) := ox(c'/3z) for all € R3, where x € C°(R3,R) is
such that

supp x C {r € R?; |2| <1} and / x(z)dz = 1.
R3

As can be seen from the following result, the function a, gets closer to a as the
parameter o becomes large.

Lemma 3.2. Let a € W2>(R3 R) be supported in Q0 and satisfy llallw2.00 sy <
M, for some M > 0. Then, there exists a constant C > 0, depending only on w,
@ and M, such that for all 0 > 0 we have

. Ay — Q||yyk,co@3)y < CoVV , =0,1,
(3.11) | Qllyroe msy < Cov =23 | =0,1
where W%°°(Q) stands for L>°(Q), and

. Ao ||k, 0o(r3y < Co\™ ™ > 2.
(3.12) o e sy < Co®2/5, k>

Proof. We establish only (3.11), the estimate (3.12) being obtained in a similar
fashion. For z € R? fixed, we make the change of variable n = ¢'/3(z —y) in (3.10)
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and get
as(x) = /R3 x(ma(z — o~ Pn)dn
+o

—1/8 /RS x(n) (77 -Va(x - 0‘1/377)) dn.

On the other hand, we have

(3.13)

[ xmate =0 nan—atw) = [ st (ae =) ~a(o)) dn

1
= *0’1“/]1{3 x(1n) </0 n-Va(r - Sol/sn)ds> dn,

so we infer from (3.13) that
(3.14)

or(0)=a(e) = [ x(o) < / - (Vate - o7%) - V(o - so~/%)) ds> dn.

By the Sobolev embedding theorem (see, e.g., [27, Thm.1.4.4.1] and [52, Lem. 3.13]
we know that @ € C*'(R3) satisfies the estimate ||dllc1.1(rs) < C|laf w2 (ra) for
some constant C' > 0 that is independent of a. Thus, (3.14) yields

o) = a(o)| < Clalwaceces ([ xtinan) =2

and (3.11) with & = 0 follows readily from this and the estimate || ||y 2,00 rs)y < M.
Further, upon differentiating (3.14) with respect to z;, for ¢ = 1,2,3, and upper
bounding the integrand function (1, s) = Vd;a(z — o~ /3n) — Vda(x — so—/3n)
by 2||a||yy 2. ga), uniformly over R? x (0,1), we obtain (3.11) for k = 1. O

We notice, for further use, from (3.10) and the expression of x,, that
00(@) = [ (o =) = V- (@ = 0)xola = )l
= [ (4ox0@ = )+ —1) - Vx(o @ =) )y, @ € R
Making the change of variable z = ¢'/3(2 — ) in the above integral, we find
ay(r) = /RS (4x(2) + z-Vx(2) a(c ™32 —x)dz, z e R

Since y is compactly supported in R3, this entails that

(3.15) HaUHLoc(Rs) < CHdHLm(Ra), o >0,
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where the constant C' > 0 depends only on x.
Let Ag = (@1,5,02,5), j = 1,2 be given by Lemma 3.1. With reference to
(3.10), we define the smooth magnetic potentials

AL = (a1j,0,02,5,0) € C°(R®,R)? N W (R3 R)?

by setting

B16)  aigele) = [ ol =) (@so) + (@ =) Vi () .
zeR? i,j=1,2.

Thus, applying Lemma 3.2 with a = a;; for 4,5 = 1,2, we obtain the following
result.

Lemma 3.3. For j = 1,2, let Ag be the same as in Lemma 3.1 and fulfill (3.1).
Then, there exists a constant C > 0, depending only on w and M, such that for
all 0 > 0 we have

”Aﬁ _

#
(3.17) G0 — Ajllweee ()2

<145 5 = Al goy:
<CoF=2B =12 k=01,
where /ng is giwen by Lemma 3.1, and

(3.18) A% [l mayz < Co®D/3]| AL | ypo e gy < CoB=2/3 | > 2,

For further use, we notice from (3.4) and from (3.18) with k = 2, that the
estimate

(3.19) 1650

[w2.co@xq) + [|0ibjollwz=@xo) <C, j=1,2

holds uniformly in ¢ > 0, for some constant C' > 0 that is independent of o.
Moreover, it can be checked from (3.4) through direct calculation, that

2 t 2
0 - vx’bjﬁ(tv I) =—i (Z em/ Z akaﬂckaj,m,a(m/ — 50, Jc3)ds> bj (t7 1‘)
m=1 0 k=1

2 t
d
= (; Hk/o gaj,k,g(x' - 89,$3)d8> bi(t,x)
— (9 AR (@ —th,a5) — 0 Ag,g(:c’,wg)) bi(t,x), (L)€ Q.
Therefore, b; » is a solution to the transport equation

(3.20) Oc+0- Vo +i0- A )bj o, =0 inQ, 0 €RY, j=1,2.
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We turn now to building suitable GO solutions to the magnetic Schrodinger
equation of (1.1).

§3.2. Building GO solutions to magnetic Schrédinger equations

For j = 1,2, we seek GO solutions to the magnetic Schrodinger equation of (1.1)
where (A, ¢) is replaced by (A;, ¢;). We assume that (A;, ¢;) fulfills the conditions
(3.3)—(3.6), where the function Ag’w appearing in (3.4), is the smooth magnetic
potential described by Lemma 3.3. This requires that the functions ®; in (3.3) be
preliminarily defined. To do that, we set B(0,r) := {2/ € R?; |2/| < r} for all
r > 0 and take R > 1 so large that @ C B(0, R — 1), where & is the same as in
Lemma 3.1. Next we pick ¢; € C5°(R?) such that

(3.21) supp ¢,(-,x3) C Dr:= B(0,R+1)\B(0,R), z3€R,
and put
(3.22) ®;(t,x) = ¢j(z' —t0,23), (t,r) € R xR

It is clear from (3.21) and the embedding w C B(0, R — 1) that
(323) supp ¢j(ax3) Nw = ®7 T3 € Ry

and from (3.22) that ® is a solution to the transport equation (3.5).
In the sequel, we choose o > 0, := (R4 1)/T in such a way that
(3.24) supp ®;(+20t, -, 23) Nw = supp ¢;(- F 20t6,x3) Nw
' =0, (t,xs) € [T, +o0) x R.

Notice that upon possibly enlarging R, we may assume that o, > 1, which will
always be the case in the remaining part of this text.
Next we introduce

HE = {¢ € HY(R®); 0V, -¢ € HF(R?) and supp ¢(-, 23) C Dg for a.e. x3 € R},

a subspace of H¥(R?) for k € Ny, endowed with the norm

(3.25) Nio(d) == ¢l arwsy + 10 Vardllgrsy, ¢ € Hp.
For notational simplicity, we put
(3.26) Noo(¢) := Nag(¢) + /5 No o(¢).

The coming statement claims existence of GO solutions u; ., given by (3.3), where
the L2(0,T; H*(Q))-norm of the correction term 1, is bounded by Np,(¢;)/
o=k for k=0,1.
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Proposition 3.4. Let M > 0 and let A; € WH>*(Q,R?) and q; € WH>(Q,R),
Jj = 1,2 fulfill (3.1)~(3.2). Then, for all o > o, there exists u;, € C'([0,T],
L2(Q))NC([0,T], H*(£2)) obeying (3.3)~(3.6), where ®; is defined by (3.21)~(3.22),
such that we have
(i@t + AAj + Qj) Ujo =0 inQ
and the correction term satisfies ¥, = 0 on 3, for j = 1,2, and ¢ ,(T,-) =
12.5(0,-) =0 in Q.
Moreover, the estimate

(3.27) ol viollzz @) + IVYiollLe@p < CNao(9)), J=1,2

holds for some constant C' > 0 depending only on T, w and M, where the function
¢; € C5°(R?) fulfills (3.21).

Proof. We prove the result for j = 2, the case j = 1 being obtained in the same
way.

In light of (3.3)—(3.5) and the identity (i0; + A4, + g2)u2,, = 0 imposed on
Us » in @, we seek a solution 15 , to the IBVP

(10 + A gy + @2) V20 = 9o In Q,

(3.28) 1/12(0, ) =0 in Q,
1/}2 =0 on E,
where
9o ‘= — (Zat =+ AAz + q2) (wUSOO') )
with

(3.29) wy(t,a') = €@ 0= and @, (t,z) = V,(20t,x), where ¥, := Dby .

Next, taking into account that (i0; +A 4, +q2)we = (1V-Ag— |A2|2—200-Aﬁ2—|—
g2)w, and recalling from (3.5) and (3.20) that i(0; + 200 - V), = 200 - Agﬁgog,
we get by straightforward computations that

(3.30)  go(t,x) = —wu(t,x) Z m.o(20t, ),
m=0,1

with g, := (A4, + @)V, g1,6 := 200 - (AuQ,o' - Ag)ﬂo-

As g, € WHYH0,T; L2(Q)), by (3.21)-(3.22), we know from Lemma 2.2 that
(3.28) admits a unique solution 12 , € C* ([0, T, L%(Q2))NC([0, T], H} ()N H?(12)).
Moreover, since

t

Vaolti) = i [ I g, (s )ds, (1) € Q
0
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where ), 4, is the self-adjoint operator acting in L?(£2) which is defined in Sec-
tion 2.1, we have

t
12,6 (t, )| L2(0) </ |e= =) Hazaz g (s, Me2ds < lgollzr0,7;220))
0

uniformly in ¢ € (0,T"). This entails ||t)2,»

22(@) < T1/2H90HL1(0,T;L2(Q)) so (3.30)

yields
T
[420l12(@) < T2 Z/ lgm,o (20, ) L2 () dt
m=0,1"0
(3.31) <o N Ngmollir @ 2@
m=0,1

We are left with the task of bounding each term ||gm o |21 (r,2(q)), for m = 0,1,
separately. We start with m = 0 and obtain

0.0l 22 & 222y = / 1Ay + g2) (abo.o) (5. )| 20y ds

(3.32) < Cllbao |lwz@mxa P2l m2®sy < Clld2l] m2(rs)

by combining estimate (3.19) with definitions (3.21)—(3.22) and (3.30). Next, ap-
plying (3.17) with k = 0, we get

(333) llgro

Putting this together with (3.31)—(3.32), we find with the aid of (3.25) that

|, 22(0)) < Col|Ab y — Abll Lo (ol d2llL2(rey < Co'/3||6al L2 (e

ollY2olle@) < C <||¢2||H2(R3) + 01/3\\¢2||L2(R3)>
(3.34) <C (N2,9(¢>2) + 01/3N0,6(¢2)> :

It remains to bound ||[V¢2 5|11 (r,12(0)) from above. To do that, we apply [11,
Lem. 3.2], which is permitted since g, (0,-) = 0, with ¢ = o~ 1. In light of (3.29)-
(3.30), we get

V2,0 (t, )l r2(0) < C (0llgellzro.rr20)) + 0 1090 111 0,7:12(02)))

T
<C Z <U/ ||gm,0<20t7')”L2(Q)dt
0

m=0,1

T
+/ ||atgm,0<2at7')||L2(Q)dt>
0

(3.35) <C Y (Igmoller®r2) + 10:gm.ollLr @ r2()) » t € (0,T).
m=0,1
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Further, as we have
D100 (t,2) = ~(B, + )0 (Vardra + 45 10 ) (2 — t0,3)ba o (1, 2),
(t,z) e R x Q,
we obtain
(3.36) 10t90,0 || 1 (R, L2(02)) < CNag(h2)

from (3.4), (3.18) with k = 2, (3.19) with 57 = 2, (3.21)—(3.22) and (3.29)—(3.30).
Similarly, as

Qug1.0(t,7) = —200 - (A5 — AL )(2)0- (vm2 + iAngbg) (@ — t0, 23)ba. (£, 2),
(t,z) e RxQ,
we find
(337) 110910l L1 (.12 < Col| AL — AL || Lo () Noo(¢2) < Co'/*No g(¢2)

by virtue of (3.17) with j = 2 and k& = 0. Thus, we infer from (3.32)—(3.33) and
(3.35)-(3.37) that

Viba o (t, )| L2y < C (N2,9(¢2) + 01/3N0,9(¢2)) , t€(0,T), 0> o0..
This and (3.34) yield (3.27) with j = 2, upon recalling definition (3.26). O
Let us now prove that we may substitute U‘l/ﬁujﬁ for v » in estimate (3.27).

Corollary 3.5. For j = 1,2, let q;, Aj, ¢; and u;, be the same as in Proposi-
tion 3.4. Then, there exists a constant C' > 0, depending only on T, w and M,
such that the estimate

(3-38) ollujollzz@) + Vol @p < Co/Noo(9;), j=1,2
holds for all 0 > o,.

Proof. Notice from (3.22) and (3.24) that
T +o0o
/0 105 (20t, )20yt = / 1, (20t )12 gl

2R
— (20)" / 105 (5, ) |20 gy s,
so we have

(339) ||(I>j(20", ')”LQ(O,T;H’“(Q)) < R1/20_1/2||¢j||Hk(R3)7 ] = 1, 2, ke NQ.
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From this, (3.3), (3.19) and (3.25)—(3.27), it follows for each j = 1,2 that

| ®x) 19520+, ) 22(Q) + Y50l L2(@)
<C (0_1/2||¢j||L2<R3) + 0_1/\/9,0(%')) < Co 5Ny o (¢;)

1o llz2(@) < lIbjo

and
IVujollrz @ < [bjollwse@xa) (0125207, )lz2@) + 125(207, ) |2 0,711 02)))
+IVYj0llL2(Q)s
< C (205l + 0251 ) + Noor (65))
< Co'/ONy o (85),

which yields (3.38). O

In the coming subsection we probe the medium with the GO solutions de-
scribed in Proposition 3.4 in order to upper bound the transverse magnetic poten-
tial in terms of a suitable norm of the DN map.

§3.3. Probing the medium with GO solutions
Let us introduce
(3.40) Af = AL — A} and AL = AL - AL for o >0,

where the functions Ag and Agyg, j = 1,2 are defined in Lemmas 3.1 and 3.3,
respectively. Evidently, A? is the function Ag — A% extended by zero outside {2,
and we have

(3A41) AL — A¥|lyreqmaye < D AL, — Al copaye < 20073, 0 >0,
j=1,2

from (3.17) with & = 1. Thus, writing A% = (a1.,,a2,) and A* = (ay,az), it
follows readily from (3.16) that

(342) aia(@) = [ Xolo =) @) + (e ~1)- Vaiw)dy. € R, i=1.2
R
The main purpose of this subsection is the following technical result.

Lemma 3.6. Let M >0 and 0 € S' be fized. For j = 1,2, let Aj € W (Q,R)3,
let ¢j € WHoo(Q,R3) fulfill (3.1)~(3.2) and let ¢; be defined by (3.21). Then, for
every o > o0y, there exists a constant C' > 0 depending only on T, w and M, such



706 M. BELLASSOUED, Y. KIAN AND E. SOCCORSI

that we have

ol [ 0 B@)@02) ~ 2016, 0) (Brba) (20t )’ o s
(0,T) xR3
(3.43) <C ("M nra = Mtaasll +07%/0) Noo (61)No o (62),
where || - || stands for the usual norm in B(H>'(X), L*(X)) and At is given by
(3.40).

Proof. We proceed in two steps. The first step is to establish a suitable orthogo-
nality identity for A :== Ay — Ay and V := iV - A — (|A2|* — |A1|?) + g2 — q1, which
is the key ingredient in the derivation of estimate (3.43), presented in the second
step.

Step 1: Orthogonality identity. We probe the system with the GO functions u; 4,
j = 1,2, given by Proposition 3.4. We recall that u;, € C*([0,T],L*(Q)) N
C([0,T], H?(£2)) is expressed by (3.3) and satisfies the equation

(3.44) (i0; + Aa, + ¢j) ujo =0 in Q.

Since Aﬁz,a € W2>(Q)? and ¢ € C§°(R?), it follows readily from (3.3)-
(3.4) and (3.22) that us, — ¥2, € C*([0,T], W2>°(Q)). Thus, we have F :=
— (10 + Aa, +q1) (U260 — Y2,0) € W(0,7T; L?(2)) and there is consequently a
unique solution z € C1([0,T], L3(Q)) N C([0,T], H:(Q) N H2(£2)) to the IBVP

(10 +A4x, +q1)z=F inQ,
(3.45) 2(0,-)=0 in Q,

z=0 on X,
according to Lemma 2.2. Further, as (uz » —¥2.)(0,-) = 0 in £, by (3.22)—(3.23),
we infer from (3.45) that v := 2z +us , — 2, € C*([0,T], L3(Q)) NC([0, T], H*(Q))
verifies

(iat+AA1 +Ql)U:0 in Qa
(3.46) v(0,) =0 in Q,

v=f, on X,

where we have set

fa(t7 I) = UQ,U(t7 1') = UQ,G'(t7 l’) - 1;[}270'(157 l’)
(3.47) = (Dobo o) (201, 2)™F0=D (¢ 2) € %.
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From this and Proposition 3.4, it then follows that w := v — uy, is the C*([0, T,
L2(Q)) N C([0,T], H(Q) N H?(Q))-solution to the IBVP

(10 + A4, +q1)w=2iA-Vuz s + Vuz, inQ,
(3.48) w(0,-) =0 in €,

w=20 on X.

In light of (3.48), we deduce from (3.44) with j = 1, upon applying Green’s
formula, that

(204 - Vugo + Vg, ut,0)r2(Q) = (10 + A, + q1) wyu1,0)12(Q)
(3.49) = ((8,, +3Aq - V) w, u17g>L2(E).

Next, taking into account that A; = Az on 9, by (3.2), we see that

(O +iA1 - v)w= (0, +iA1-v)v— (0, +iA1 - V) Uz,
= (0, +iA1-v)v— (0, +i4s - V) Uz,
= (AAh‘h - AA2,¢12)fU

from (3.47) and the last line of (3.46). This and (3.49) yield the orthogonality
identity

2i(A - Vug o, u1,6)12(Q) + (VU2,0,U1,0)12(0)
(3'50) = <(AA17¢11 - AA27¢I2)fcfng>L2(E)7

where

9o (t, @) = U1 6 (t, ) = w1 o (t, ) — Y1,6(, )
(3.51) = (D1by 5)(20t,2)e 7@ 0290 (t 2) e ¥

Having established (3.50), we turn now to proving estimate (3.43).

Step 2: Derivation of (3.43). In light of (3.3), we have

(A Vug o, u1,0)L2(0)
(3.52) =1, +io / 0 - A*(z)(®,®2)(20t, 2) (b1.4b2.0) (20t x)dx dt,
Q
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with
I, = /Q AV (Dabso)(20t, 7) (m@at,x) + eio@ 0=t x)) da dt
+ /Q A Vo o (t, x) (eio(wl'e_”t)m@at, z) + Y10 (t, x)) dzdt
+io /Q 0 - Af(z)(Dabs.o) (20, 1) o (t, 2)e @ 07D Az dt.

We infer from (3.19), (3.27) and (3.39) that
‘Ia" < CO—_5/6N9,U(¢1)N6,U(¢2)7 0 > Ox.

Putting this together with (3.50) and (3.52), we find

(3.53) o

/ 0 A2 (2)(69,) (& — 2010, 35) (ba.o b1 5 ) (208, 2)da’ divs dlt
Q

<C([(Vuzgruora@| + [((Mray = Manigs) fors 0 12()|
+ 0_5/6J\f9,a(¢1)/\/9,a(¢2))~
Next we notice from (3.38) that
(3.54) |(Vug, o, w1 ,0) r2(0)| < Co™3Np o (61) N0 (2).
Moreover, in view of (3.47) and (3.51), we have

|<(AA1,111 - AAQ,Q?)fU7gG>L2(E)|
< Aavg = Mg g llll follm2as)llgollLzs)

<Ay — Ay golllluze — Y2ollm2a s llvr,e — V10ll2(s),

with
lu1,0 — Y10llz2(s) < lut,0 — Y10ll2200,7381 ()
< Col|®1(20+, )| 220,715 (@) 101,60 w100 X )
< 00'1/2/\/'97(7(92/)1)
and

|u2,0 — V2.0l H21(5)
< C ([luze — Y20l 20,101 () + [U2,0 — V2.0l L2(0,7:02(0))
< Co°||®2(20, )| 20,7512 (92)) ([[D2,0 w2 .o mx2) + [106b2,0 [ w2 mxe2))
< 0" Ny o ($2),
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according to (3.3), (3.19), (3.25) and (3.39). As a consequence, we have

(3.55)  [((Aay.qu—Aasg0) for 9o)r2csy| < Co°[[Aa, g =My INo o (01)No,o (2).

This and (3.53)~(3.54) yield (3.43). 0

84. Preliminary estimates
84.1. X-ray transform

In this subsection we estimate the partial X-ray transform of the functions

HA* da;
41 ned =0 —(z) = —r R? j=1,2
(1) pylasas) =05 (@) i;etaxjm rER’, j=1,23

in terms of the DN map. We recall that the partial X-ray transform of a function
(4.2) feZ ={pe L, (R%; o' — (2, x3) € L'(R?) for a.e. 3 € R}
in the direction 6 € S! is defined by
(4.3) PO, 2 x3) := /]Rf(x’ + s6,23)ds, 2’ € R% z3€R.
The X-ray transform stability estimate is as follows.

Lemma 4.1. Let M > 0 and let A; and g;, for j = 1,2 be as in Proposition 3.4.
Then, there exists a constant C' > 0, depending only on T, w and M, such that
for all 8 € S*, all & € R? and all ¢ € C§°(R?) fulfilling supp ¢(-,x3) C DR () :=
{2’ € Dgr, «' -0 <0} for every x3 € R, the estimate

PP 0. ax)exp (i [ 0243+ 50,0005 )
R3 R

(44) <C (0—5“1\141,!11 - AA27112 ” + 0_5/6) NO,U(¢)N9,U(8$j ¢)

holds uniformly in o > o, and j =1,2,3.

Proof. Let ¢; € Cg°(R?), j = 1,2 be supported in Dg x R. Then, bearing in mind
that & C B(0, R — 1), we infer from (3.42) that A* and A% are both supported in
B(0, R) x R. Further, as |2’ — 20t0| > 20,7 — R > R+ 1 for all 2/ € B(0, R) and
t > T, we see that

Aﬁ(:c)(algi)g)(:c' — 2010, 23) = Ai(z)(al(m)(x’ —20t6,23) =0,
r=(2,23) €ER® t>T.
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As a consequence we have
T ~ R —_—
|0 (B - 450) @02’ ~ 2016, 20) Brabe.)20t,2)do
0 JR3
+oo N o 7
— [ [0 (B@) - 4440)) Gron) @’ 200, 23) (1 obar) (20t ) .
0 R3
Next, making the substitution s = ot in the above integral, we get

g

/ ' / 0 - (Aﬁ(x) — Ag(x)) (Br2)(x' — 200, 3) (brgba.o ) (20¢, 2)dx dt
0 R3

/ +Oo/ 0 - (Aﬂ(x)—Ag(x)) (Gr602)(x' —250, 23) (br.gb2.0 ) (25, )dz ds
0o JB(O,R)xR

~ R+1 o
< ||Ali — Ag.HLoo(RS)2 / / ’((bl(ﬁg)(x/ — 289, 31‘3)’ dxds
0 B(0,R)xR

_ R+1 o
< ||Au — AB—HLOO(]R3)2 / /3 ‘(¢1¢2)(a¢’ — 259,x3)| dzds
0 R
< (R+1)[| A% = AL oo o)z |61 ]| L2 ey | f2ll L2 ) -

From this, (3.17) with £ = 0 and (3.25), it follows that

g

T
/ / 0- (A(x) — AL(2)) (B162)(a" — 2010, 23) (b1 o ba o) (201, 2k
0 R3

(4.5) < Co 23| || po(rey | d2ll L2 (re) < Co™ Y3 No,o (61)No,o (92).

On the other hand, since
7 20t
(b1,0b2,0)(20t, 2" + 2010, 2:3) = exp (—z/ 6 - Al (2’ + (20t — 5)0), arg)ds)
0
20t
= exp (—z/ 6- Al (2 + s@,mg)ds)
0
for a.e. (t,x) € (0,T) x R3, we have

T
O’/ / 0 - A% (2)(p12) (" — 2010, 23)(b1,5b2,0)(20t, 2)da’ dzs dt
0o JR3

T
= a/ 0 - A* (2'42010, 23) (d1¢92) () (b1, o b0 ) (20t, 2’ +20t0, x3)dx’ daz dt
o Jrs
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i T
— [ @o@)| [ o0 Abta’ + 200,22
R¢ 0

20t
X exp <Z/ 0 - Af (2 + 56, x;,»)ds) dt) dz’ dzs
0

) — T d 20t
= %/RS(%%)(JC) (/0 3 &P <—i/0 0 - Af;(g;/ + 59,333)(18) dt> dz’ dzs

(4.6)

) 20T
= %/}RS<$1¢2)<$) <6Xp (—Z/O g - Ag(x’ + 59,3?3)(18) _ 1) da’ dzs.

As A! is supported in B(0,R) x R and |2/ + s6| > 20.T — (R+ 1) > R for all
' € Dg and all s > 20T, then we have

20T “+o0
(4.7) / 0- A% (' + 50, x3)ds = / - A% (¢'+50,x3)ds, 2’ € Dg, 3 € R.
0 0

Similarly, as |2/ + s0|> = |2/|° 4+ 52 4+ 252’ - 0 > R? for every 1’ € Dy (0) and s < 0,
it holds true that

0
/ 0 A% (2" +s0,23)ds =0, 2’ € Dy(0), =3 € R.
This and (4.7) entail
20T
(4.8) / 0- A (2’ + 50, x3)ds = / 0- A% (' +50,23)ds, 2’ € DR(0), x3 € R.
0 R

Having seen this, we take ¢ := 5‘%5 for j =1,2,3 and ¢2 := ¢ in (4.6). We find

T
a/ 0 - A (2)(d1¢2) (2" — 200, x3) (b1 5 b2 o) (20t, z)dz’ daz dt
o Jrs

. 20T
= i/ 0, 0% (x) (exp <—z/ 0- A% (2 + s@,m)ds) - 1) dz’ das
RS 0

1

20T
*(z) / 0 0y, AL (2" + 50, 23)ds
4 Jgs 0

20T
(4.9) X exp (—z/ 0- A% (' + s0, m)ds) dz,
0
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upon integrating by parts. Taking into account that ¢ is supported in Dy (6) x R,
we deduce from (4.8)—(4.9) that

T
0‘/ / 0 - Af (x)(d1¢2) (2" — 2010, x3) (b1 oba o ) (20t, x)da’ das dt
o Jrs

—i/ﬁg *(z) </Ra <Oy, Al (2 + SH,J:g)dS)

X exp (—2/ 0- Ag(m/ + 89,$3)d8> dz’ dzs

(4.10) = —f/ ¢*(2)P(pj.o) (0, 2" acg)exp<—z/9 AP (2450, :103)ds>dm dzs.
Here we used (4.3) and the notation
Pio(@) =00, Al(x) = Y 0:0s,a50(x), weR? j=1,2,3
i=1,2

Finally, using once more that the functions A% and At are supported in B(0, R),
we infer from (3.41) and (4.1)—(4.3) that

[(P(pj.o) — P(p;)) (0,2, 23)| < Co'/3,  (2,23) € B(O,R) x R

for some positive constant C' depending only on w and M. This entails

‘/ #*(x) (P(pj.o) — P(p;)) (0,2, 23) exp (—z/ - Ak (2 + 897$3)d8> dz’ dzs
RS R

< Co™3|8l172 sy,
which, together with (3.43), (4.5) and (4.10), yields (4.4). O

As will be seen in the coming section, the result of Lemma 4.1 is a key ingre-
dient in the estimation of the partial Fourier transform of the aligned magnetic
field, in terms of the DN map. For this purpose, we recall for all f € 2", where 2~
is defined in (4.2), that the partial Fourier transform of f with respect to 2’ € R?,
is expressed as

(4.11) F(€ x3) = (2m)7" . fla' zs)e™ ™ €'dr’, ¢ €R? x5 €R.

Further, setting 0+ := {2/ € R?; 2/ - § = 0}, we recall for further use from [10,
Lem. 6.1] that 2’ — P(f)(0, 2, x3) € L'(6+) for a.e. z3 € R, and that

PO a) = @™ [ PO e €t

(4.12) = (2m)'V2f(¢ xs), & €6, z3eR.
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84.2. Aligned magnetic field estimation
Let us now estimate the Fourier transform of the aligned magnetic field
(4.13) B(x) = (Op, a2 — Oapin) (z), x € R?,
with the aid of Lemma 4.1. More precisely, we aim to establish the following result.

Lemma 4.2. Let M > 0 and let A; and q;, for j = 1,2, be as in Proposition 3.4.
Then, there exist two constants € € (0,1) and C > 0, both of them depending only
onT, w and M, such that the estimates

(4'14) ||B(€/> ')HLOC(]R) < C<§/>7 (0-6”[\1417(11 - AA2,Q2|| + 0_€>

and

(4.15) 102, B, ) ey < CLEN® (0°11A A, g0 — Aiyogall +07°)
1/2

hold for all 0 > o, and all & € R%, with (¢') := (1+[¢'|?)

Proof. We shall prove (4.14) only, the derivation of (4.15) being obtained in a
similar way.

We fix # € S' N ¢+ and we introduce the following partition of B(0, R) N 6+.
For N € N := {1,2,...} fixed, we pick #,..., 2’y in B(0, R+1/2)N#* and choose
©1,-- -, in Cg°(R2,[0,1]) such that

supp ¢ C B(z},1/8) N6+ fork=1,...,N
4.16 N
(4.16) and Zcpk(x’):l for 2/ € B(0, R) N6+,
k=1
L 2 s 12\1/2 .
Next we set r,; = ((R+3/4)" = |2}|7 )" in such a way that
(4.17) B(x}, — 1, 0,1/4) C D(0), k=1,...,N.

In order to define a suitable set of test functions ¢, 1, k =1,..., N, we fix 23 € R,
pick a function o € C§°(R,Ry) which is supported in (—1,1) and normalized in
L?(R), and put

(4.18) oo (s) == ota (o™ (z3 —s)), sER,

where p is a positive real parameter that we shall make precise below. Then, the
test function ¢, j is defined for all y = (y/,y3) € R? by

benly) = h (v 0470 ) 3Gy — (- 0)0)

(419) coxp (5 [ 024507 + 0.30)05 ) o (a0),
R
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where h € C§°(R) is supported in (0,1/8) and normalized in L?(R).
Further, for every y' € R?\ B(x}, — 741 6,1/4), it is easily seen from the basic
inequality

ly' — (@ —re O <[y = (v -0)0 — 2} | + [y -0+ 74 |

/

that either of the two real numbers |y’ — (v’ - 0)0 — a3 | or [y - 0 + 1y | is greater

than 1/8 and hence that h(y’ -6 + rwk)go,lc/Q (y — (v - 0)8) = 0. As a consequence,
we have

(4.20) supp 6 x(-,ys) C B (x; — 14,6, 1/4) CDHB), ys€R, k=1,....N,
directly from (4.17) and (4.19). Moreover, since
d
0- Vy’ (/ 0 - Ag(yl + 597?43)(13) =0 / &Ag(y/ +89?y3)d3 = 07 (y/a 93) € R37
R R

we derive from Lemma 3.3 that for all m € Ny,

(&) lldu.n

where C' is a positive constant that is independent of o. Therefore, we have
Nos(¢sk) < C(€) and Nag(der) < O (€) o™, whence

C <§/>m+1 O_Q,um+max(0,(m72)/3) ,

| 3y + 110+ Var Gu kel rm sy <

(4.21) Noo(pup) < C (€))7 o173,
Similarly, we find

<€/> ”817 ¢*,kHH’”(R3) + ||0 . vz,arj ¢*,k||HM(R3) <C <€/>m+2 J2p«m+max(0,(m71)/3)’
j=12

and
<£/> ||am3¢*,k||HM(R3)+||9'vz/a:c3¢*,k”Hm(R3) <C <£/>m+1 02M(m+1)+max(0,(m71)/3)'

Thus, we have Ny g(0;,¢sk) < C (&Y% 02 and Nog(Bs, ¢ x) < C (€'Y g% +1/3 for
7 =1,2,3 and consequently

Noo (@, 6e0) S C (€)' 015, j=1,2.3,
according to (3.25). From this and (4.21) it then follows that
(4.22) N o (s )No,o (D, s ) < CLENT o1O8H2/3 5 =123,

Having seen this, we turn now to estimating ﬁAj, where p; is defined by (4.1).
As A% € W (R3 R)2, we infer from (4.19) that ¢, € C°(R?), and from
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(4.20) that supp ¢, C Dgr x R. Thus, by performing the change of variable

y = 2 +t0 € 0+ @ RO in the following integral, we deduce from (4.18)(4.19)
that

| [ 66 )P0 ) exo ( [0 a0+ so,y3>ds) dy/ dys
R JR2 R
- / / 02 (2 + 0, y3)P(5;)(0, 7" + 10, ys)
RJR JOL
X exp (—z/ - Ag(a:’ + sﬁ,yg)ds> dz’ dt dys
R
:/ / / R2(t+ 1y )e ™ o (a))a2 (ys) P(5;) (0,2, ys)da’ dt dys
RJR JOL
(4.23) - /]R/ei e~ o ()02 (y3)P(5;) (0,4, ys)dy' dys.

Thus, taking ¢ > 0 so small that x := 1/6 — 10 > 0, we deduce from this, (4.4)
and (4.22) that

/ /9 eV o (y) a2 (ys)P(5;)(0, Y, ys)dy dys
R €1
(4.24) < CEY (1M r — Al +077), w3 € R

Moreover, we see from (4.1) that p; € C%(R3). Since supp p; C B(0, R) x R, by
Lemma 3.1, then z — P(p;)(0,z) € C®'(R3) and we deduce from (3.18) upon
making the substitution s = 02#(x3 — y3) in the following integral, that

‘ /]R /el B*iy/.gl Or (y/),P([)J)(07 y/7 ys)ag (yS)dy/ dyg
_ /6 e—ly’f’gpk(y/),])(ﬁ])(e, y/7 xs)dy/‘

/R/QL ey )a(s)

X (P(ﬁj)(ga y/a €T3 — 0—72“3) - P(ﬁj)(aa y/a x3)) dy/ ds

1
<[] 03(3) [P (73)(0, 55 — a=25) — P(3)(6, o/, ws)| dy’ ds
-1J6+NB(0,R+1)

< Co™ 2

for some constant C' > 0 depending only on w and M. Here, we used the fact that
¢« and « are supported in B(0, R+ 1) and (—1, 1), respectively. This and (4.24)
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yield

/el eV oy YP(7;) 0,y ws)dy’
(4.25) <SOE) (010 ny gy = Dty qull + 07 +07")

for all z3 € R and k = 1,..., N. Further, as A* is supported in B(0, R) x R by
assumption, it holds true that 0, Af(y' + 50, 23) = 0 for all s € R, all z3 € R and
all 4/ € 6+ such that |y’| > R. Therefore, we have

P(pj) 0.y w3) =0, ¢ €6 N (R*\B(0,R)), z3 €R,

by virtue of (4.1), and hence
j/ P ()0, ws)dy’ = j/ eV EP[E )6,y w3)dy, s € R
0L 0+-NB(0,R)
In light of (4.12) and (4.16), this entails that

1 N

m&@&m=%ZAWUfWWMW@mme,mwa
k=1 NB(0,

Taking o € (0,1/72] in such a way that we have k > 2u, we infer from (4.25)—(4.26)
N
IBi(€ M=y < 3 (s

that
k=1 \T3 €R )

(427) < O<§/>7 (0'6||AA17Q1 - AA27Q2 ” + 0_2#) , z3 €R

| e <t PG oy ey

The last step of the proof is to notice from (4.1), (4.11) and the identity
Y m=1.2 Om&m = 0 - =0 that

Py(€ws) =i D Om&iam (€, s)

m=1,2
m=1,2

Thus, assuming that & = (&1,&) € R?\ {0}, we get from (4.13) upon choosing
0= (&/ €], =&/ I€']) that

ﬁ/\

@@wﬁz—wﬁ@wﬂ z3 €R.
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From this and (4.27), it then follows that

51'@'525( Mo~

< C<€ > (06||AA1>Q1 - AAz,qu + U_2M) )

13 ey <

which yields (4.14) for £ # 0. Since 3(0,z3) = 0 for every x3 € R, by (4.13), then
(4.14) holds for &' = 0 as well and the proof is complete. O

Armed with Lemma 4.2, we turn now to proving the three main results of this
paper.

85. Proofs of Theorems 1.2, 1.3 and 1.4

Let us start by reducing the analysis of the inverse problem under investiga-
tion to the case of transverse magnetic potentials. To do that, we consider A’ =
(a})1<ic3 € A and put A := (a1, az,0), where

3
(5.1) a;(2,z3) := a;(z’,xg)—/ Op,a5(x' s)ds, x=(2',23) e wxR, i=1,2.

Since a} € C3() fulfills (1.9)-(1.10), from the very definition of A, then we have
ay € Ly (R, H§(w)), where Hi(w) denotes the closure of C§°(w) in H*(w). Thus
e(z) == [*° al(a’, s)ds lies in W3>°(Q) N L (R, Hj(w)) and we deduce from the
identity A = A’ — Ve arising from (5.1) that

dA' =dA and Aajag=~MAasae A €WHO(Q) ¢ Wh™(Q).
Moreover, it is easy to see that A obeys (1.9) in the sense that we have
(5.2) 0%A(x) =0, €0 aeN], |a] <1

Therefore, for each A, € W2>(,R)? and any A; € A, + A, for j = 1,2, we may
assume without loss of generality that the difference A, — A; reads

(5.3) A = (ay,az2,0)

and fulfills (5.2). We shall systematically assume that A verifies (5.2)—(5.3) in the
sequel. For further reference, we put A* := (ay,ay), where aj,j =1,2, are extended
by zero outside €.

§5.1. Proof of Theorem 1.2

We establish the uniqueness result (dA1,q;) = (dAs, g2) in Section 5.1.1, whereas
the proof of the stability estimate (1.13) can be found in Section 5.1.2.
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5.1.1. Uniqueness result. For & = (£1,&) € R?\ {0}, we set & = (—|¢'|71&,
|¢'|71¢;) and we decompose A* into the sum (A? - £)|&/|72¢' + (A - ¢/)¢) in such
a way that the partial Fourier transform of 9,, A* reads

é‘/
€12

- 1 Y,
89:31411(8,1}3) — ( / e—17€ 8I3Aﬁ($/,x3) 'fld.ﬁ/)
2T R2

»81133(5/) x?))
4 —_— = =
(5.4) +1i €

Next, by recalling the hypothesis A, 4, = Aa,.q,, We get

gﬁ_, z3 € R.

(5.5) B =0y a2 —0p,a1 =0 1in Q

upon sending o to infinity in (4.14). Moreover, we have V- Oy, At =vV. 0z, A=10
by virtue of (1.11), whence

/R2 e 9, A xy) - £da’ =i R? Ve @€ g, A xy)

(5.6) = —i/ e NV - 0, A2 mg)da’ = 0.
R2

Putting this together with (5.4)—(5.5), we find \§’|6w3;{\ﬁ(§’, x3) = 0 for a.e. 3 € R.
Since ¢ is arbitrary in R? \ {0}, this entails that d,,A* = 0 and hence that
Ozy01 = Opyaz = 0 in R2. From this, (5.5) and the fact that ag is uniformly zero,
it follows that dA; = dA,.

Further, taking into account that 05 A; = 05 Ay = 05 A, on OS2 for every o €
N§ such that |a| < 1, we infer that A € W2°°(R? R)3. This and the identity dA =
0 yield A = V¥, where the function ¥(z) := fol x - A(tx)dt lies in W3°°(R3,R).
Moreover, since A vanishes in R3 \ £ we may assume, upon possibly adding a
suitable constant, that the same is true for W. Therefore, ¥|5q = 0 and we find
Aaygo = Aasivu,g, = A4, g by combining the identity 4 = Ay + V¥ with
the gauge invariance property of the DN map. From this and the assumption
A4, ¢ = Aa, g, it then follows that

(57) AAl,qz = AAth'

It remains to show that the function ¢ = g2 — q1, duly extended by zero outside €2,
is uniformly zero in R3. This can be done upon applying the orthogonality identity
(3.50) with A; = Ay, i.e., with A =0 and V = ¢. In light of (5.7), we obtain

(58) <qU27g, ul,cr>L2(Q) =0, o> 0.

Here u; », for j=1,2, is given by (3.3) and since A; = Ay, we have (b1 ob2,,)(t, 2)=1
for all (¢t,z) € (0,T) x R, by (3.4).
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Next we pick ¢ € C5°(R3) with support in {z € R3;|z| < 1} and such that
16[|72 sy = 1, we fix y € Dr(f) x R and we choose § > 0 so small that ¢ (z) =
Ga(x) := 073/2¢(6 1 (x —y)) is supported in Dg x R. Thus, upon multiplying (5.8)
by ¢ and sending o to infinity, we find with the aid of (3.19) and (3.27) that

+oo
(5.9) / (/ q(6x" +y' + 50,523 + y3)|p(a’, x3) > da’ dmg,) ds=0, d>0.
0 RS

Actually, if y' € Dj(0) then we have |y + sf| > R for any s < 0 and hence
q(0x’" +y' + s0, x5 + y3) = 0 uniformly in |z| < 1, provided ¢ € (0,1). This and
(5.9) yield

(5.10) / </ q(6x’ +y' + 50,525 + y3)| (2, x3)|*da’ dx3> ds =0,
R R3
6€(0,1), (4,ys3) € Dr(0) x R.

By performing the change of variable ¢ = —s in the above integral and then
substituting (—#) for 6 in the resulting identity, we get

/ </ q(6x’ +y' + 50,025 + y3)|o(a’, x3)|*da’ dx3> ds =0,
R \JR3
(NS (07 1)7 (ylvy?)) S D}_%(_e) x R.

This and (5.10) yield

/ </ q(62' +y' + 50, 0x3 + y3)|p(a, x3)|*da’ dx3> ds =0,
R \JR3
S (071>7 (ylvyS) S DR x R.

Next, sending § to zero in the above identity and taking into account that ¢ is
normalized in L?(R3), we obtain for each # € S! that

P(q)(0,y',y3) = /Rq(y’ +56,y3)ds =0, (v, y3s) € Dr x R.

This entails ¢ = 0 since the partial X-ray transform is injective.

5.1.2. Proof of the stability estimate (1.13). We have
€]
by (5.4) and (5.6), so we infer from (4.14)—(4.15) for all o > o, that

(5.11) B, x3)| + [€/]100 A€, 23)| < CLEN® (0% Any.qr — Aagull +07°)
& eR? x5 €R,

823"/43(57 xd)‘ =

ax3§(f’,x3)’7 ¢ €R?, 23 € R,
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the constants C' and € being the same as in Lemma 4.2.
Fix p € (1,400) and put C, := {¢’ € R?; p~! < |¢'| < p}. Then, applying the
Plancherel theorem, we obtain
||amsaj('a$3)||2L2(w) < ”817363(5/»x3)|‘%2(B(0,p*1))
Ll BN G e e
R2\B(0,p)
(5.12) 10, @ (€ 23)l3a(c, ). w3 ER, j=1,2.

Further, since we have ||6x3aAj(§’,m3)||%2(3(0’p,1)) < |w|p_2||aj||‘2/vl,m(m and
2 EN210,,a;5 (&, 23)|12dE" < ||ai||?/1.00.0y, there exists a constant C' > 0,
R2\B(0,p) 37 THW 20 (Q)
depending only on M and w, such that we have
~ _ ~ M
(5.13) Haﬂﬂsaj(glvx3)||%2(3(0,p*1)) +p 2/ <§/>2‘8I3aj(§lvx3)|2d£/ < POR
R2\B(0,p) p

according to (1.12). On the other hand, we derive from (5.11) that

1025 (€', 23)|> < Cp**(0120% + 07%),
&€ eC,NB(0,p), z3€R, 0 >0, j=1,2,

where ¢ := ||A4, ¢, — Aa,.q.||- Putting this and (5.12)—(5.13) together, we get for
every o > o, that

(514) H8x3aj||%;<;’(R,Lz(w)) < C (P160'1252 + p160_72e + pfg) 7 = R, ] _ 172

Now, choosing p so large that p > ai/g, we get upon taking o = p8/¢ > ¢, in (5.14)
that
(5.15) 100505 ( 23) |72y < C (P66 +p77), 23€R, j=1,2,

with M, := 16 + 96/e. Thus, if § < dg 1= oy “MT2/10 e have 52/ (Mc+2) 5 5/8
and we may apply (5.15) with p = §=2/(M<+2) This leads to

(5.16) ”afbsaj”zL;%(R,L?(w)) <2082, with pg := €(0,1), j=1,2.

M. 12
Then, from this and the fact, arising from (1.12), that |0, aj”Lg‘;(R,L?(w)) <
(2M 6 210) 6240 for all § > &, it follows that (5.16) remains valid for every § > 0.
Finally, arguing as before with 3 instead of 9., A¥, we obtain in a similar way
to (5.11) that ||6HL;<;3 (R,L2(w)) 18 upper bounded, up to some multiplicative constant
depending only on M and w, by §#°. Finally (1.13) follows from this and (5.16).
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85.2. Proof of Theorem 1.3

The proof is an adaptation of the one of Theorem 1.2, where the adaptation is
to take into account the extra information given by (1.14). Actually, since A; =
(a1,;,a2,;,a3.) and A = (A* 0) with A* = (a1, az), by (5.3), then (1.14) yields

(5.17) 102, a2 = Oy 01| Lgg (m.22 () = (102102 = Oy 01| L5 (L2 (w))
and
(5.18) 102505 s &, L2(w)) = 102505l L5 (—rimi2 @), T =1,2.

More precisely, we still consider GO solutions u , and us ., defined by (3.3)—(3.4)
and (3.22), with ¢1 = 0,,¢, for j = 1,2,3, and ¢2 = ¢, where ¢ is given by
(4.18)—(4.19). The parameter x3 appearing in (4.18) is taken in (—r,r) and we
impose o > (1’ —r)~%* in such a way that ¢ € C§°(Dx(0) x (—r',7’)). Moreover,
the functions
fa(tv :C) = (1)2(2Jt5 I)bQ(ZJta x)eia(zﬂfat)
and 9o = ®1(20t, )by (20, )@= (1. z) e X

lie in Hy''((0,T) xT,v) and we infer from (3.50) upon arguing as for the derivation
of Lemma 4.2 that

IB(E", Mz =y < CENT (0° 1A Ay g1 = Mg go | +07°)

and that
1005 BE', M oo (rr vy < CLEN® (0% 1A A g1 — Dy goir | +07°)

for all ¢ € R? and some € > 0. Here, the constant C' depends only on w, T, M, r,
r" and e. The desired result follows from this and (5.17)—(5.18) by arguing in the
same way as in the proof of Theorem 1.2.

85.3. Proof of Theorem 1.4

We prove only (1.16), the derivation of (1.19) being similar to that of (1.15). To
this end, we fix ¢’ € R?, recall that A = (A*,0) € Ag, where A* = (a1, az) satisfies
Oy, a1 + Oz,ya0 = 0 in R?, and get
A a5) - € = i(2m) Y | AR@ ) Ve da
R2

= —i(2m)7 ! /}R2 e (O, a1 + Opyaz) (2, x3)da’ =0, z3 €R,
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upon integrating by parts. Hence, remembering that £ = (—|¢'|7,, |€']71&)
whenever £ # 0, we obtain

ANE 23) = (AH(E 23) - €)E) = (~&adi + a@)(g’,xg)%, 23 €R,

and consequently
(519) |§/|Aﬁ(€/7 1’3) = —’iB(f/,l’g), T3 € R7

by (4.13), the above identity being still valid for & = 0. Therefore, arguing as in
the derivation of (1.13) from (4.14), we infer from (4.15) and (5.19) that

(5.20) ||A||%2Z(]R,L2(w)) < C”AAl,lh - AAQ,Q2||H17

where C' > 0 and p; € (0,1) are two constants depending only on T', w and M.
We turn now to estimating HqHLg% (R,H~1(w))3, Where ¢ = q1 —g2. With reference
to (4.16)—(4.17) we fix 3 € R and k € {1,..., N}, pick a function ¢, ; expressed
by (4.18)—(4.19) in the particular case where A% is uniformly zero, i.e.,
(5.21) Do) i=h (v -0+ 10y ) e CR P — (- 0)0)as (1s),
yl € RQa Y3 € Ra

and, in view of Proposition 3.4, we consider a GO solution u;., 7 = 1,2 to the
magnetic Schrédinger equation (i0; + A4, + ¢;)uj0 = 0 in Q, given by (3.3) with

(5.22) Dy =D, ), Po=d, 5 and D p(t,2) = dup(2' — 16, 23),
teR, ' € R?, x5 €R.

Bearing in mind that V- A = 0, we apply (3.50) with V =¢— A - (A; + A3). We
obtain

(qua,o,u1,6)12(Q) = (A~ (A1 + A2)uz 5 — 2iVus 5 ), u1,0) 12(0)
+ <(AA17¢11 - AAz;qz)fo’ng>L2(E)7

where f, and g, are given by (3.47) and (3.51), respectively. Thus, we have

[(qua,o,u1,0) 12(0)| < CllAl L= (@3 1ur,0 | L2(@) Uz, | 20,311 (02))
+ ‘<(AA1,Q1 - AAz;qz)fUa gU>L2(E)|
and hence
6
(523) }<qu270’ U1,0>L2(Q)| < C’O—sﬂ <||A||L°°(Q)3 + 0—17/3“AA17Q1 - AA2,112 ”) <£l> y

from (3.38), (3.55) and (4.21).
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On the other hand, it follows readily from (3.3) and (5.22) that
520 (@i = [ 094200 0) (Broba.) 2ot v}y + R
where b; ,, j = 1,2, is given by (3.4) and
Rro = [ a)s0t,) (b 2ot )00 1)
2,0 9)Brg (20t ye 00770 Yyt
+ [ a0 T iy

Therefore, we have

|Ri.o| < |\Q||Lw(9)(\|‘1’*,k(20'7 MNez@) 1910ll22@) + 1¥2.01l220))

+ 1ol @ llvzalle)
< Co Ny o (D),
according to (3.25)—(3.27) and (3.39), and consequently
(5.25) |Ri,o| < Co®=7/0 (),

by (4.21). We turn now to examining the first term in the right-hand side of (5.24).
In light of (3.4), we have

(5.26) /q(y)‘1>3,k(20t,y)(mbz,a)(%t,y)dydt=/Q(y)fbf,k(?fft,y)dydt+m,m
Q Q

with
(5.27) Tho 1= / q(y)®2 . (20t,y) (e*ifozn 0-A% (y' —s6,y3)ds _ 1) dy dt.
Q
Now, e ¢ o7 0 ALY —s0ys)ds ] — _; O%t 9~Ag(y’—79,y3)e—ifof 9‘A9y(y/—$9ay3)dsd7,

and so we have
el fozat 0-Af (y' —s6,y3)ds _ 1‘ < 20T‘|Ag||Loo(R3)2 < C(THAHLoo(Q)s, (t,y) €Q.

Here we used the fact, arising from (3.9) and (3.15)—(3.16), that for any o > 0,
||A§||LM(R3)2 is majorized, up to some multiplicative constant that is independent
of o, by ||A*|| 1 (q)2. Therefore, we infer from (1.12), (3.39) and (4.21) that

ko] < Col|All o moys | @a (20, ) |22
(5.28) < Ol Al Lo m3ys | fn |22 (may < ClIAl Lo msys (€)™
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We are left with the task of examining the integral

/() (20t y)dy dt = // D)6 1y’ — 2010, y3)dy dys

20T
(529) —an [ a0+ 506 ) s,

appearing in the right-hand side of (5.26). To do that, we notice for all o > o,
that

Q(yl + 507y3)¢3,k(y) = 0’ s € (70070) U (20T7 +OO), y/ € R27 Y3 € ]Ra

since ¢ and ¢, are supported in B(0, R) x R and Dy (6) x R, respectively, and
that |y’ 4+ s6| > R whenever 3’ € D () and s € (—00,0) U (20T, +00). In view of
(4.3) and (5.29), this entails that

1
/q(y)‘bik(%t,y)dydt:;// q(y' + s0,y3)d2 1 (y)dy' dys ds
Q 0 Jr JR3

= i/ Pq)(0,y,y3) 92 1. (y)dy’ dys.
R3

Thus, arguing in the same way as in the derivation of (4.23), we infer from (5.21)
that

(5.30) [(¢,25)] < CE) (02 My Motz sl + ¥ Al o + 0547 1/6),
O > Ox.

The next step of the proof is to upper bound || A (s in terms of [|[Aa, 4, —
A4, |l- To do that, we pick p > 2 and apply Sobolev’s embedding theorem (see,
e.g., [14, Cor. IX.14]), getting [|A(-, 23)|| Lo (w)? < C||A(-, 23)|[w1.p(wys for ae. 23 €
R, the constant C' > 0 depending only on w. By interpolating, we obtain

1/2 1/2
JAG, )]l 22 < CIAG 23) 1305 A 23) | fysr 3 €R.
This and (5.20) yield
HAHL‘X’(Q CHA”Loo R,LP(w)3 CHAHLOO (R,L2(w)3 CHAAMH - AAZ’(HHM/Z?’
( (w)3) = (w)?)

for some constant C' > 0 that depends only on w, M and T'. Next, by substituting
the right-hand side of the above estimate for ||Al[ (g3 in (5.30), we get

-~ 6
|q(§',x3)| <C <§/> (UQO/BHAAh(h - AA27!12 H + 08#+1||AA1,(11 - AA2,Q2||#1/p

(5.31) + 08“_1/6), o > 0.
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With the notation of Section 5.1.2, we infer from (5.31) and the estimate

N M
Lo €07 ) < 22w B pe 1,409
P

that
(5.32) lall g @,z-1@w)) < C (06020/35’““” + gBum1/6 +p_1) . 0 >0,
where 6 = [[A4, 4 — Aayqll € (0,1). Thus, for 4 € (0,1/48) and § €

(0,0 W13/ F e obtain (1.16) with py = (1 — 48)p /(7p(41 — 48p))
by taking p = 6—#2 and o = §—42#2/(1=481) i (5.32).
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