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Pro-p Grothendieck Conjecture for Hyperbolic
Polycurves

by

Koichiro SAWADA

Abstract

In the present paper, we study the geometrically pro-p fundamental groups of hyperbolic
polycurves, i.e., successive extensions of families of hyperbolic curves. Among other re-
sults, we show that the isomorphism class of a hyperbolic polycurve of dimension < 4
over a sub-p-adic field satisfying a certain group-theoretic condition is completely deter-
mined by the geometrically pro-p fundamental group equipped with surjection onto the
absolute Galois group of the base field.
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§81. Introduction

Let k be a field of characteristic zero, k an algebraic closure of k and X a variety
over k. (In this paper, a variety over k is defined to be a scheme that is of finite type,
separated and geometrically connected over k (cf. Definition 2.4).) Write Gy, :=
Gal(k/k) for the absolute Galois group of k and IIx for the étale fundamental
group of X. Then the structure morphism X — Spec k induces a natural surjection
IIx — Gg. Write Ax/k for the kernel of this surjection IIx — Gj. Grothendieck
proposed the following philosophy (cf. [7], [8]):

For certain types of k, if X is an “anabelian variety” over k, then the iso-
morphism class of X is completely determined by the fundamental group
IIx as a profinite group equipped with the surjection IIx — G.

We often call this philosophy the “Grothendieck conjecture”. Although we do
not have any general definition of the notion of an “anabelian variety”, successive

Communicated by S. Mochizuki. Received June 2, 2016. Revised November 27, 2017; April 26,
2018.

K. Sawada: Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502,
Japan;
e-mail: sawada@kurims.kyoto-u.ac.jp

© 2018 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



782 KOICHIRO SAWADA

extensions of families of hyperbolic curves (hereinafter called “hyperbolic poly-
curves”; cf. Definition 3.1(ii)) have been regarded as typical examples of anabelian
varieties. The Grothendieck conjecture for hyperbolic polycurves of dimension < 2
was proved in [11] (cf. [11, Thms. 16.5, a2.4]), and thereafter, in [10], it was ex-
tended to the case of hyperbolic polycurves of dimension < 4 (cf. [10, Cor. 3.18]).

On the other hand, we may consider a pro-p version of the Grothendieck
conjecture. Let p be a prime number and X — Y a morphism between connected
noetherian schemes. Write Ax/y for the kernel of the (outer) homomorphism
IIx — IIy induced by the morphism X — Y, Az))(/y for the maximal pro-p
quotient of Ax/y and H’;(/Y = IIx/ker(Ax)y — Ag(/y). Then let us consider
the following:

For certain types of k, if X is an “anabelian variety” over k, then is the

isomorphism class of X completely determined by the geometrically pro-p

fundamental group H’;{ LR profinite group equipped with the surjection

In [11], a very strong form of the pro-p Grothendieck conjecture for hyperbolic
curves was proved (cf. [11, Thm. 16.5]). In the present paper, we consider the pro-p
Grothendieck conjecture for hyperbolic polycurves. Let

X:Xn—>Xn,1—>-~-—>X2—>X1—>Speck:X0

be a sequence of parametrizing morphisms of a hyperbolic polycurve X over k (cf.
Definition 3.1(ii)). Then for any triplet of integers (,7,1) such that 0 < i < j <
I < n, we have an exact sequence of profinite groups

1— AXL/X]- — AXZ/Xi — AXj/Xi —1

(cf. Remark 3.8), which plays an important role in the study of the Grothendieck
conjecture for hyperbolic polycurves of [10]. However, since the operation of taking
the maximal pro-p quotient of a profinite group is not exact, the sequence

P P p
1— AXL/Xj — AX,/Xj, — ij/xi — 1

is not exact in general. For this reason, let us introduce a condition that the above
sequence is exact, which we call (), (cf. Definition 3.10), and consider the pro-p
Grothendieck conjecture for hyperbolic polycurves satisfying condition (x),. The
following is one of the main results of the present paper.

Theorem 1.1 (Cf. Theorems 4.4, 4.17, Corollaries 4.19, 4.21). Let p be a prime
number, n a positive integer, k a sub-p-adic field (cf. Definition 4.1), X a hyperbolic
polycurve of dimension n over k satisfying condition (), Y a normal variety over
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k and ¢ : H’;,/k — Hg(/k an open homomorphism. Suppose that one of the following
conditions (1), (2), (3), (4) is satisfied:

(1) n=1.
(2) The following conditions are satisfied:
(24) n=2.

(2-ii) The kernel of ¢ is topologically finitely generated.
(3) The following conditions are satisfied:

(3-1) n=3.

(3-ii) The kernel of ¢ is finite.
(3-iii) Y is of p-LFG-type (cf. Definition 3.25).
(3-iv) 3 < dim(Y).

(4) The following conditions are satisfied:
(4) n = 4.

(4-ii) ¢ is injective.
(4-iii) Y is a hyperbolic polycurve over k satisfying condition (x)p.
(4-iv) 4 < dim(Y).

Then ¢ arises from a uniquely determined dominant morphism Y — X over k.
The next result follows from Theorem 1.1.

Theorem 1.2 (Cf. Corollary 4.22). Let p be a prime number, k a sub-p-adic field
and X, Y hyperbolic polycurves over k satisfying condition (x),. Suppose that
either X or'Y is of dimension < 4. Then the natural map

Isomy (Y, X) — Isomg, (Hi/k, Hg(/k)/ Inn(Ag(/k)
is bijective.

This implies that the isomorphism class of a hyperbolic polycurve of dimension
< 4 over a sub-p-adic field satisfying condition (%), is completely determined by the
geometrically pro-p fundamental group equipped with surjection onto the absolute
Galois group of the sub-p-adic field. Condition (%), is (at least, in order to perform
the proofs in the present paper) essential. The majority of the proof of Theorem 1.1
is analogous to the proof of the Grothendieck conjecture for hyperbolic polycurves
in [10], together with Theorem 1.1 in the case where condition (1) is satisfied, which

was essentially proved in [11] (cf. [11, Thm. 16.5]). However, the difference between
the pro-p version and the original (profinite) version is the necessity of considering
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base schemes. In fact, H’)’( v depends on the base scheme Y, although IIx does
not depend on Y. It seems (to the author) that choosing a suitable base scheme to
complete the proof is difficult. In the present paper, to avoid this problem, first we
assume a certain condition stronger than (x), and use the maximal pro-p quotient

IT% of IIx (cf. Theorem 4.16, Corollaries 4.18, 4.20), which is independent of the

P ”»
X/Y »

“Y”. Then, by replacing the base field k£ by a suitable Galois extension and then

base scheme, instead of “IT which essentially depends on the base scheme
descending, we complete the proof of Theorem 1.1.

Next, recall that, if X and Y are hyperbolic polycurves over a field k, it follows
that Isomy (Y, X) is finite (cf. Proposition 5.5). Thus, if the natural map discussed
in Theorem 1.2 is bijective without the assumption that “either X or Y is of
dimension < 4” holds, then Isomg, (Hf//k,ﬂg{/k)/lnn(AI;(/k) is finite. In general,
it is not known that the map discussed in Theorem 1.2 is bijective. However, we
can prove the finiteness of Isomg, (Hf,/k, Hf;(/k)/ Inn(Agc/k).

Theorem 1.3 (Cf. Theorem 5.6). Let p be a prime number, k a sub-p-adic field
and X, Y hyperbolic polycurves over k. Suppose that at least one of X/k, Y/k
satisfies condition (x),. Then the set

Isomg, (Hf//k’ Hzg(/k)/ Inn(Ai/k)
is finite.

Remark. A morphism (resp. k-morphism) Y — X between connected noetherian
schemes (resp. k-schemes) induces an outer homomorphism Iy — ITx (resp. outer
homomorphism ITy — IIx over Gg), i.e., a Il x-conjugacy class of homomorphisms
Iy — IMx (resp. Ax/g-conjugacy class of homomorphisms IIy — Ilx over Gy).
However, we sometimes choose one homomorphism belonging to the Ix- (resp.
Ax/i-) conjugacy class of homomorphisms ITy — Ilx induced by ¥ — X, and we
call it the homomorphism induced by ¥ — X.

§2. Etale fundamental groups of varieties

In the present Section 2, we study étale fundamental groups of algebraic varieties.
Let k be a field of characteristic zero, k an algebraic closure of k, Gy, := Gal(k/k)
and Primes the set of all prime numbers.

Definition 2.1. Let X be a connected noetherian scheme.

(i) We shall write
IIx

for the étale fundamental group of X (for some choice of basepoint).
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(ii) Let Y be a connected noetherian scheme and f : X — Y a morphism. Then
we shall write
Ay =Ax/y Cllx
for the kernel of the outer homomorphism ITx — IIy induced by f. If Y =
Spec A, then by abuse of notation we often write

Ax/a

instead of Ay,y. (Similar notation will be used for HI)’(/S7 A’;/S = AI;(—}Y/S’

A()?}Y’ which are defined below.)

Lemma 2.2 ([10, Lem. 1.2]). Let X be a connected noetherian normal scheme.
Writen — X for the generic point of X. Then the outer homomorphism II,, — Il x
induced by the morphism n — X is surjective.

Lemma 2.3 ([10, Lem. 1.3]). Let X, Y be connected noetherian schemes and f :
X — Y a morphism. Suppose that Y is normal and that f is dominant and of
finite type. Then the outer homomorphism llx — Ily induced by f is open.

Definition 2.4. Let X be a scheme over k. Then we shall say that X is a variety
over k if X is of finite type, separated and geometrically connected over k.

Lemma 2.5 ([10, Lem. 1.5]). Let X be a variety over k. Then the sequence of
schemes X X1 k X Speck determines an eract sequence of profinite groups

1_>HXxkE_>HX_>Gk_>1-

In particular, we obtain an isomorphism Iy = Ax /. (which is well defined
up to Ilx -conjugation).

Lemma 2.6 ([10, Lem. 1.6]). Let X, Y be connected noetherian schemes and f :
X — Y a morphism. Suppose that [ is of finite type, separated, dominant and
generically geometrically connected. Suppose, moreover, that Y is normal. Then
the outer homomorphism Illx — Iy induced by f is surjective.

Lemma 2.7 ([10, Lem. 1.7]). Let X be a variety over k. Suppose that Gy, is topo-
logically finitely generated (e.g., the case where k = k). Then the profinite group
IIx s topologically finitely generated.

Definition 2.8. Let X, Y be integral noetherian schemes and f : X — Y a
dominant morphism of finite type. Then we shall write

Nor(f) = Nor(X/Y) =Y
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for the normalization of Y in the finite extension of the function field of Y obtained
by forming the algebraic closure of the function field of Y in the function field
of X. Note that Nor(f) = Nor(X/Y) is integral and normal and the morphism
Nor(f) = Nor(X/Y) — Y is dominant and affine.

Lemma 2.9 ([10, Lem. 1.9]). Let X, Y be integral noetherian schemes and f :
X — Y a dominant morphism of finite type. Suppose that X is normal. Then
f factors through the natural morphism Nor(f) — Y and the resulting morphism
X — Nor(f) is dominant and generically geometrically irreducible. If, moreover, X
andY are varieties over k and f is a morphism over k, then the natural morphism
Nor(f) — Y is finite and surjective and Nor(f) is a normal variety over k.

Lemma 2.10 ([10, Prop. 1.10(i)]). Let S, X and Y be connected noetherian nor-
mal schemes, Y — X — S morphisms of schemes and's — S a geometric point of
S. Suppose that the following conditions are satisfied:

(1) Y — X is dominant and induces an outer surjection Iy — Ilx.

(2) X — S is surjective, of finite type, separated and generically geometrically
integral.

(3) Y — S is of finite type, separated, faithfully flat, geometrically normal and
generically geometrically connected.

(4) For any connected finite étale covering X' — X and any geometric point 3 —
Nor(X’/S) of Nor(X'/S) that lifts the geometric point s of S, the geometric

g p g

fiber X' Xnor(x7/s) 5 of X' = Nor(X'/S) at' 3" — Nor(X'/S) is connected.
(Note that it follows from Lemma 2.9 that condition (4) is satisfied if the image
of the geometric point s — S is the generic point of S).

Then the sequence of connected schemes X Xg3 2 X — S determines an ezact
sequence of profinite groups

Oxxgs = lIx = g — 1.

Lemma 2.11 ([10, Cor. 1.11]). Let S, X be connected noetherian normal schemes
and X — S a morphism of schemes that is surjective, of finite type, separated
and generically geometrically irreducible. Suppose that the function field of S is
of characteristic zero. Suppose, moreover, that one of the following conditions is
satisfied:

(1) There exists an open subscheme U C X of X such that the composite U —
X — S is surjective and smooth.
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(2) There exist a connected normal scheme Y and a morphism Y — X that is
proper, surjective and that induces an isomorphism between the respective func-
tion fields, such that the composite Y — X — S is smooth.

Then Ax /s is topologically finitely generated.

Definition 2.12. Let G be a profinite group and X a subset of PBrimes. Then we
shall write

GE
for the maximal pro-X quotient of G. Let p be a prime number. Then we shall
write simply

GP
for the pro-p group G173,

Remark 2.13. The right exactness of G + G~ is well known. Moreover, one
verifies easily that if U C G is an open subgroup of G* and V is the inverse
image of U C G by the natural surjection G — G*, then the natural surjection
G — G* induces an isomorphism V= 5 U.

Definition 2.14. Let p be a prime number, S, X connected noetherian schemes
and X — S a morphism of schemes. Then we shall write

My/s

for the quotient of Ilx by the kernel of the natural surjection Ay g — AL /s
(which is a characteristic subgroup of Ax/,g).

Remark 2.15. We shall use not only H’)’( /s but also the maximal pro-p quotient
of IIx, which we shall write IT% (as Definition 2.12 above).

Remark 2.16. In the notation of Definition 2.14, let U be an open subgroup of
Hg( /s (resp. IT% ). In the present paper, we shall refer to the connected finite étale
covering of X corresponding to the inverse image of U by the natural surjection
IMx —» H])D(/S (resp. ITx — II%.) as the covering corresponding to U.

Definition 2.17. Let p be a prime number, S a connected noetherian scheme,
X, Y connected noetherian schemes over S and f : X — Y a morphism over S.
Then we shall write

AP o= ANy g =ker(IT o T o), AP = AQ) = ker(IT} — T1},).
Note that Ag(_ﬂ,/s = ker(A’)’(/S — Af//s), and that ker(Ayx,s — Ay/g —

A’;//S) C Ax/g is the inverse image of A§(—>Y/S C A?(/S by the natural surjection
Ax/s cd AI;(/S
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Lemma 2.18. Let p be a prime number, S, X, Y connected noetherian schemes
and X —Y — S morphisms of schemes. Suppose that the outer homomorphism
Ix — Iy induced by X — Y is surjective. Then Aé’(_w/s is the image of Ax,y C
IIx by the natural surjection Ilx — H?{/S'

Proof. Since Ilx — Ily is surjective, the sequence of profinite groups
1— AX/Y — AX/S — AY/S —1

is exact. Thus, the sequence of pro-p groups

A’)’(/Y — N;{/S — N;//s —1
is exact. This induces a surjection A% - — ker(Af o — AJ o) = AL, ¢, hence
Axy — A_Z;(ﬁy/s is surjective. This completes the proof of Lemma 2.18. O

Definition 2.19. Let G be a profinite group. Then we shall say that G is slim if
every open subgroup of G is center-free.

Lemma 2.20. Let G be a profinite group and I1y, Iy profinite groups over G. For
i =1,2, write A; = ker(Il; — G). Suppose that Ay is slim. Write Hom¢? " (I14, I15)
for the set of open homomorphisms from Il to lls over G. Then the natural map

Homgpen (Hl, HQ) — HOH](Al, AQ)

18 injective.

Proof. Let ¢,v¢ € Homy “" (I, II2) be elements of Hom/} " (I, IIz) that map to
the same element § € Hom(Aq, As) by the above map. Note that 0 : Ay — Ay
is an open homomorphism. Let a € II; and b € A;. Then we have p(aba™!) =
O(aba=t) = p(aba=t) and @(b) = 6(b) = 2(b), hence (a) tp(a)d(b) =
0(b)y)(a)"tp(a). On the other hand, ¥(a)"ty(a) € ker(Il; - G) = Ag. Thus,
since b € A; is arbitrary, ¥(a) tp(a) € Za,(Im0). Now since A, is slim and

Im@ C A, is an open subgroup of Ay, one verifies easily that Za,(Im6) = {1},
which implies that ¢ = 1. This completes the proof of Lemma 2.20. O

83. Pro-p fundamental groups of hyperbolic polycurves

In the present Section 3, we study pro-p étale fundamental groups of hyperbolic
polycurves. Let k be a field of characteristic zero, k an algebraic closure of k,
Gy = Gal(k/k) and PBrimes the set of all prime numbers.

Definition 3.1 (Cf. [10, Def. 2.1]). Let S be a scheme and X a scheme over S.
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(i) We shall say that X is a hyperbolic curve (of type(g,r)) over S if there exist

e a pair of nonnegative integers (g, r);

e a scheme X°P' which is smooth, proper, geometrically connected and of
relative dimension 1 over S;

e a (possibly empty) closed subscheme D C X°Pt of X P which is finite
and étale over S

such that

® 2g—2+1r>0;

e any geometric fiber of X°P' — S is (a necessarily smooth proper curve)
of genus g;

e the finite étale covering D — X°P* — S is of degree 7;

e X is isomorphic to X°P*\ D over S.

We shall refer to the above integer g as the genus of X over S.

(ii) We shall say that X is a hyperbolic polycurve (of relative dimension n) over S
if there exist a positive integer n and a (not necessarily unique) factorization
of the structure morphism X — S,

X=X,—-Xp1— - —=>Xo—>X1 >5=Xo

such that, for each ¢ = 1,...,n, X; — X;_ is a hyperbolic curve. We shall
refer to the above morphism X — X,,_1 as a parametrizing morphism for X
and refer to the above factorization of X — S as a sequence of parametrizing
morphisms (cf. Remark 3.3).

Remark 3.2. In the notation of Definition 3.1(ii), suppose that S is a normal
(resp. smooth) variety of dimension m over k. Then any hyperbolic polycurve of
relative dimension n over S is a normal (resp. smooth) variety of dimension n+m
over k.

Remark 3.3. A sequence of parametrizing morphisms of X — S|
X=X,—Xn1— = Xoe—=>X; = 5= X,

is not necessarily unique. In the present paper, a hyperbolic polycurve is always
assumed to be equipped with a fixed sequence of parametrizing morphisms of the
hyperbolic polycurve unless otherwise specified.

Definition 3.4 (Cf. [10, Def. 2.2]). In the notation of Definition 3.1(i), suppose
that S is normal. Then the pair “(X°P*, D)” is uniquely determined up to canonical
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isomorphism over S (cf. [12, §0]). We shall refer to X°P* as the smooth compacti-
fication of X over S and refer to D as the divisor of cusps of X over S.

Proposition 3.5 ([10, Prop. 2.3]). Letn be a positive integer, S a connected noe-
therian separated normal scheme over k, X a hyperbolic polycurve of relative di-
mension n over S and Y — X a connected finite €tale covering of X. For each
i=0,...,n, write Y; :== Nor(Y/X;). Then the following hold:

(i) For each integer i such that 1 < i < n, Y; is a hyperbolic curve over Y;_1.
Moreover, if we write Yfpt for the smooth compactification of the hyperbolic
curve Y; over Y;_1, then the composite YiCpt — Y, 1 — X;_1 is proper and
smooth. Furthermore, if we write Y ** — Z; 1 — X;_1 for the Stein fac-
torization of the proper morphism YiCpt — X;_1, then Z;_1 is isomorphic to
Y;,_1 over X;_1.

(ii) For each integer i such that 0 < i < n, the natural morphism Y; — X; is a
connected finite étale covering.

In particular, Y is a hyperbolic polycurve of relative dimension n over Nor(Y/S)
and the factorization

Y=Y,—-Y,1— =Y = Nor(Y/S) =Y,
s a sequence of parametrizing morphisms.

Remark 3.6. Hereafter, if X/S is a hyperbolic polycurve as in Proposition 3.5
and Y — X is a connected finite étale covering of X, we regard Y as the hyperbolic
polycurve over Nor(Y/S) with the natural sequence of parametrizing morphisms
as in Proposition 3.5 unless otherwise specified.

Proposition 3.7 ([10, Prop. 2.4 (i),(ii)]). Let (m,n) be a pair of integers such
that 0 < m < n, S a connected noetherian separated normal scheme over k and X
a hyperbolic polycurve of relative dimension n over S. Then the following hold:

(i) For any geometric point T, — Xy of X, the sequence of connected schemes
X Xx,, Tm ™ X o X, determines an ezact sequence of profinite groups

1— HXxxmfm —lx = 1IIx, — 1.

In particular, we obtain an isomorphism Illxx . =z, = Ax/x,, (which is well
defined up to Il x -conjugation).

(ii) Let T be a connected noetherian separated normal scheme over S and T —
X, a morphism over S. Then the natural morphisms X xx_ T X and

m

X xx T 22 T determine an outer isomorphism

m

Mxxy, v — x Xy, Hr
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and an isomorphism
Axy T = Dx/x,,
(which is well defined up to I x -conjugation).
Remark 3.8. Note that, in the notation of Proposition 3.7, for any triplet of

integers (4, 7,1) such that 0 < ¢ < j < I < n, by considering the commutative
diagram of profinite groups

1 —— AX[/X]' HXZ HX — 1
1 —— AX[/Xi HXZ HX — 1

(cf. Proposition 3.7(i)), we obtain a natural exact sequence of profinite groups
1— AXZ/Xj — AXI/Xz — AXJ'/Xi — 1.

Lemma 3.9. Letn be a positive integer, S a connected noetherian separated nor-
mal scheme over k and X a hyperbolic polycurve of relative dimension n over S.
Then the following hold:

(i) For any triplet of integers (i,7,1) such that 0 < i < j <l < n, the outer
homomorphism Ax,/x, — AXj/Xi induced by the outer surjection Ilx, —
Hx, (cf. Proposition 3.7(i)) is surjective, and Ax, x, is the inverse image
of Ax;/x, Cllx; by the outer surjection lx, — Ilx,.

(ii) Let Y — X be a connected finite étale covering of X. Let us fix a basepoint
of Y. Then, for any pair of integers (i,7) such that 0 <i < j <n, Hy, (cf.
Proposition 3.5) naturally coincides with Im(Ily, — Ilx, — Ilx,), and this
determines an equality Ay, ;y, = Ax,/x, N y;.

(iii) In the notation of (ii), suppose, moreover, given a pair of integers (i,j) such
that 0 < i < j < n and Ay, )y, = Ax,/x,. Then for any pair of integers
(I,m) such that i <1 <m < j, we obtain an equality Ay, ;v, = Ax, /x,-

Proof. First, we verify assertion (i). It follows immediately that Ay, x, is the
inverse image of Ax,,x, C Ilx, by the outer surjection Ilx, — Ilx,. Moreover,
it follows from the surjectivity of Ilx, — Ilyx, that the outer homomorphism
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Ax,/x, — Ax,/x, is surjective. This completes the proof of assertion (i). Next,
we verify assertion (ii). The commutative diagram of connected schemes

Y; — X;

.

Y, — X;
determines a commutative diagram of profinite groups

Iy, — lx,

L

HYi > HXm

where the vertical arrows are surjective (cf. Propositions 3.5(i), 3.7(i)) and the
horizontal arrows are injective (cf. Proposition 3.5(ii)). Thus, it holds that ITy, =
Im(Ily; < IIx,; — Ilx,). Moreover, it follows immediately that Ay, )y, C Ax,/x,N
IIy;. On the other hand, it follows from the injectivity of Ily; — Ily, that Ay, /vy, D
Ax,/x,NMly,. This completes the proof of assertion (ii). Finally, we verify assertion
(iii). To verify assertion (iii), it suffices to verify that for each integer  such that
1 <l < j, equalities

Ay = Bxyxe Avyy = Bxyx,
hold. Now it follows from (i) and (ii) that

Ay, /v = Ax,/x, Ny,
= Ax,/x, N (Ax,/x, N1ly;)
=Ax,/x;, N Ay, )y,
=Ax,/x, NAx,/x, = Ax, /x>
Ayiyy, = Im(Ay, jy, = My, - Tly;)
=Im(Ay, )y, = Iy, - Iy, = Iy,)
=Im(Ax,/x, = Ilx;, - lx,)

= AXZ/Xq‘,'

This completes the proof of assertion (iii). O
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Definition 3.10. Let p be a prime number, n a positive integer, S a connected
noetherian separated normal scheme over k£ and X a hyperbolic polycurve of rela-
tive dimension n over S. We shall say that X/S satisfies condition (%), if for any
triplet of integers (i, 7,1) such that 0 < i < j < I < n, the sequence of profinite
groups

— AP

p
= A X,/

1 — AP X

X1/X, —1
is exact. We shall say that X/S satisfies condition (%), if for any pair of integers

(4,4) such that 0 < ¢ < j < n, the sequence of profinite groups

1= AP

4 p
X,/ X —>ij —>HX1_ —1

is exact.

Remark 3.11. The validity of conditions (%), and (*x), depends on the sequence
of parametrizing morphisms (at least by definition). So, precisely, we should say
that

X=X,- X, 1—> " —=>Xo=>X1—>5=X,

satisfies condition (%), (or (xx),). However, we shall say it as in Definition 3.10
for simplicity. Moreover, if the base scheme S is clear from the context, then we
often say more simply that X satisfies condition (x), (or (xx),).

Example 3.12. If X is a hyperbolic curve over S, i.e., n =1, then X/S satisfies
condition (*),.

Example 3.13. It is well known that if X/S is a configuration space of a hyper-
bolic curve over S (cf. [14, Def. 2.1]), then X/S satisfies condition (), (cf. [14,
Prop. 2.2]).

Remark 3.14. If X/S satisfies condition (*),, then Ax,g admits various group-
theoretic properties (cf., e.g., Proposition 3.16(iii)). However, it is not known
whether the validity of condition (x), for X/S depends only on the profinite group
Ax/s or not.

Lemma 3.15. In the notation of Definition 3.10, X/S satisfies condition (*x),
if and only if X/S satisfies condition (x),, and A’;{/S — 1%, is injective.

Proof. Note that since the sequences of profinite groups
1— AX;/Xj — AXZ/Xi, — AX7/X1 -1, 1— AXJ-/Xi — HX]- — I_IX1 —1

are exact, the two sequences in Definition 3.10 are always right exact. If X/S
satisfies condition (*x),, for any triplet of integers (i, 7,{) such that 0 < i < j <
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I < n, the composite A’)’(Z/Xj — AI))Q/X,; — TI%,, hence also A?Q/Xj — AI;(L/Xi’
is injective. Thus, X/ satisfies condition (x),. The injectivity of A% /s %, is
trivial. Conversely, suppose that X /S satisfies condition (x), and that A% /s~ 1%,
is injective. Then for each integer i such that 0 < i < n, A% /X I1%, is injective.
Thus, for any pair of integers (i, j) such that 0 < i < j < n, we have a commutative
diagram of profinite groups

— s 1

]

M, —— 1,

D AL T

p
X/X;

AR X, II% is injective. Therefore, we conclude that X /S satisfies condition
J i J

(#%),. This completes the proof of Lemma 3.15. O

where the horizontal sequences are exact and A — II% is injective. Then

Proposition 3.16. Let p be a prime number, (m,n) a pair of integers such that
0 <m <mn, S a connected noetherian separated normal scheme over k and X a
hyperbolic polycurve of relative dimension n over S. Then the following hold:

(i) Suppose that X/S satisfies condition (x),. Then for any geometric point
Ty — X of X, the sequence of connected schemes X X x, Ty, Mx o X

determines an exact sequence of profinite groups

1 — 1%

XXX"LEm

— H’)’(/S — H.I;(m/s — 1.

In particular, we obtain an isomorphism H];(Xmem = ker(Hg(/S — H’;(m/s)
(which is well defined up to Hi/s—conjugation).

(i) Suppose that X/S satisfies condition (%), (resp. (*%),). Let T be a connected
noetherian separated mormal scheme over S. Then the hyperbolic polycurve
X xsT/T satisfies condition (x), (resp. (xx),). Moreover, the natural mor-
phisms X xg T X and X xsT — X,, XgT determine an outer isomor-

phism
P ~ P P P ~ i4 P
HXXST/T - HX/S ) A HmesT/T (resp. i, .o — I Xy, % .7

and an isomorphism

AI))(XST/XmXST - Ag{/Xm
(which is well defined up to Hi/xm- (resp. 11 -) conjugation,).
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(iii) Suppose that X/S satisfies condition (x),. Then A?(/Xm is nontrivial, topo-
logically finitely generated, slim and torsion-free. In particular, A’;{/Xm is

infinite.
(iv) Ag(mﬂ/xm is elastic (cf. [13, Def. 1.1(ii)]), i.e., the following holds: let N C
1;(7"“ I Xom be a topologically finitely generated closed subgroup of AZ))CHH»I /X

p .

Xowir /X7 then N is nontrivial if and

that is normal in an open subgroup of A
: : AP

only if N is open in AX,,LH/X,”'
(v) Suppose that the hyperbolic curve X,,1+1 over X, is of type (g,7). Then the
abelianization of Agme/Xm is a free Zy-module of rank 2g + max{r —1,0};

p
AXm-H/Xm
p

(vi) For any positive integer N, there exists an open subgroup H C AXmH/Xm

is a free pro-p group if and only if r # 0.

of Ag(m+1/Xm such that the abelianization of H is a free Z,-module of rank
>N

Proof. (Cf. [10, Prop. 2.4].) First, we verify assertion (i). Let us consider the
commutative diagram of profinite groups

ker(IT — H’;(m/s)

P
X/ Xm X/8

1 —— A? —_— I

X/s

1 —— Ag(m/s

Then since the two horizontal sequences and the two vertical sequences of the above
diagram are exact (cf. Proposition 3.7(i)), it holds that AZ;(/XM = ker(HZ;(/S —
s / ). Thus, we verify from Proposition 3.7(i) that assertion (i) holds. Next, we
verify assertion (ii). Suppose that X/S satisfies condition (x),. Let t - X xg T
be a geometric point of X xg T. Then for any triplet of integers (i, j,1) such that
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1 <i< j <l <n,we obtain from Proposition 3.7(ii) that

~ o _ o~
AXjXST/XiXST - H(XjXST)X(XixST)t - HXj Xx,;t ™ AXJ/X7

In particular, since X/S satisfies condition (x),, X xgT/T also satisfies condition
(%)p- On the other hand, we have the commutative diagram of profinite groups

1 —— A? — II — II — 1

XXsT/XmXST XXST/T XmXST/T
1 A% X Mg —— Wy s — 1,

where the horizontal sequences are exact (cf. assertion (i)). Thus, we obtain an
outer isomorphism
51

14 P
II xys <z Ao o

XxsT/T
If X/S satisfies condition (%), then it follows from the commutative diagram of
profinite groups

p 5 14
AXszT/XiXST HX]'XST

|

P P
AXj/Xi HXJ‘ ’

together with the injectivity of A’;{j/Xi s Hé’(j, that A[))(jxsT/XixsT — H’))(j 5T
is injective. Thus, it follows from Lemma 3.15 that X xg T/T satisfies condition
(*%)p. On the other hand, we have the commutative diagram of profinite groups

R p
1 A)(XsT/)(m><sT

| |

P
X/ Xm

A

where the horizontal sequences are exact. Thus, we obtain an outer isomorphism

p ™~ D p
Wy or = Wy Xy, My o
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This completes the proof of assertion (ii). Next, we verify assertion (iii). Let us
observe that it follows from assertion (i) that, to verify assertion (iii), we may
assume without loss of generality that m = n — 1. On the other hand, if m =
n—1,i.e., X is a hyperbolic curve over X,,, assertion (iii) is well known (cf., e.g.,
[16, Props. 1.1, 1.6], [14, Prop. 1.4]). This completes the proof of assertion (iii).
Assertion (iv) follows from [14, Prop. 1.5]. Assertion (v) is well known (cf., e.g.,
[16, Cor. 1.2]). Finally, we verify assertion (vi). Let T — X,,, be a geometric point
of X,,. Since A’;(mﬂ P Hg(m+1><xmi is an infinite profinite group, there exists
an open subgroup H C A% .\ of AL o such that d = [T% .
H] > N. Then, if X,,+1/Xm is of type (g,r) and H corresponds to a hyperbolic
curve of type (¢’,7'), it follows from Hurwitz’s formula (cf., e.g., [9, Chap. IV,
Cor. 2.4]) that 29" — 2+ 1" = d(29 — 2 + r). Thus, it holds that rank; Hb =
2¢" + max{r’ — 1,0} > d(2g +r —2) > d > N. This completes the proof of
assertion (vi). O

Lemma 3.17.

(i) Let G be a profinite group, H C G a closed subgroup of G and V. C H an
open subgroup of H. Then there exists an open subgroup U C G of G such
that V.=HNU.

(ii) Let G be a profinite group, H C G a closed subgroup of G, N C G a normal
closed subgroup of G and V' C H an open subgroup of H such that V> HNN.
Then there exists a normal open subgroup U C G of G such that U D N and
UnNnHCV.

Proof. Note that if G is a profinite group and H is a closed subgroup (resp.
normal closed subgroup) of G, then H is the intersection of all open subgroups
(resp. normal open subgroups) of G containing H (cf. [15, Prop. 2.1.4]). First, we
verify assertion (i). We have V- = (,, W = (,,(W N H), where W runs over all
open subgroups of G containing V. Thus, since (W N H)\ V is a closed subset of
the compact set H \ V, there are open subgroups Wy,...,W,, of G containing V
such that HNN;_, W; C V. Write U := (;_, W;. Then U is an open subgroup of
G. Moreover, since W; D V., we obtain H N U = V. This completes the proof of
assertion (i). Similarly, assertion (ii) follows from the fact that N = (,;, W, where
W runs over all normal open subgroups of G' containing N. O

Lemma 3.18 ([1, Prop. 3]). Let ¥ C Primes be a set of prime numbers, G a
profinite group and N C G a normal closed subgroup of G. If the composite G —
Aut(N) — Aut(N%) (where G — Aut(N) is the map defined by g — (h + ghg™!)
and Aut(N) — Aut(N¥) is the natural map) factors through G=, then the kernel
of the map N* — G* is contained in the center of N>. In particular, if N> is



798 KOICHIRO SAWADA

center-free, then the map N> — G* is injective. If, for any positive integer n,
there are only finitely many open subgroups of index n in N (e.g., the case where
N?* is topologically finitely generated), then the map G — Aut(N*) factors through
G* if and only if the image of G in the profinite group Aut(N=) is a pro-X group.

Lemma 3.19 ([15, Lem. 4.5.5]). Let p be a prime number and G a topologically
finitely generated pro-p group. Then Aut(G) has an open pro-p subgroup.

Proposition 3.20. Let X C Primes be a finite set of prime numbers, S a con-
nected noetherian separated normal scheme over k, X a hyperbolic polycurve over
S and X' — X a connected finite étale covering of X. Then there exists a con-
nected finite étale Galois covering Y — X of X such that the morphism Y — X
factors through X' — X and, moreover, for any p € 3, Y satisfies condition (x),.

Proof. Write n for the relative dimension of X over S. Then, to verify Proposi-
tion 3.20, it follows from Remark 3.8 that it suffices to verify that there exists
a connected finite étale Galois covering ¥ — X of X such that the morphism
Y — X factors through X’ — X and, moreover, for any p € ¥ and for any pair of
integers (i, j) such that 0 < i < j < n, the homomorphism A%/Yi — Affj/YO (cf.
Proposition 3.5) is injective. Now I claim that the following assertion holds:

Claim A: Fix an integer m such that 0 < m < m. Suppose given a con-
nected finite étale Galois covering Y — X of X such that for any p € ¥
and any pair of integers (i,7) such that m < i < j < n, the homomor-
phism A’;,j/yi — AI))Q/YO
étale Galois covering Z — X of X such that the morphism Z — X factors
through Y — X and, moreover, for any p € ¥ and any pair of integers

is injective. Then there exists a connected finite

(i,7) such that m < i < j < n, the homomorphism A%j/zi — A%/Zo (cf.
Proposition 3.5) is injective.

Indeed, for each p € 3, we consider the commutative diagram

AYm+1 /Yo AYm /Yo

Aut(AY;n«l»l/Y?n) - Out(AYm#»l/Y;n)

Aut(AY ) —— Out(Af,mH/Ym),

Yv’m+1/Ym
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which is obtained from the exact sequence

1— AYerl/Ym — A /Yo — AYm/Yo — 1.

Ym,+ 1

It follows from Proposition 3.16(iii) and Lemma 3.19 that OUt(AI})me/Ym) has
an open pro-p subgroup. Fix such an open subgroup H C Out(A’;mH/Ym) of
Out(A’;/m+1 /Ym)’ and write W), C Ay, /v, for the subgroup obtained by forming

the inverse image of H C Out(A’;,m+1 Iy

Out(Af,mH/Ym). Then W), is an open subgroup of Ay, /vy, containing Ay, . /v, ,

) by the homomorphism Ay, /v, —

and the image of the composite W), — Ay, . /v, — Aut(Af,mH/Ym) is pro-p.
On the other hand, we have Ay, /v, C Ax, ., /x, C lx,,,,. Moreover, since
Ay /v = Axin /X, My, (cf. Lemma 3.9(ii)), Ay, /v, is a normal closed
subgroup of ITx Thus, it follows from Lemma 3.17(ii) that there exists a normal
of llx, ., such that Ay, /vy, CV,NAy, . /v, CW,.
Now let us write V' := ﬂpEZ Vp. Then V' is a normal open subgroup of IIx

m41°
open subgroup V,, C IIx

m+41

m+1
containing Ay, /y,,. Write U C Ily for the subgroup (which is necessarily normal

open in ITx) obtained by forming the inverse image of V' C Ily,, ., by the composite
of the outer injection Iy — IIx and the outer surjection IIx — Ilx Then
since U C Ily, U C Ilx corresponds to a connected finite étale Galois covering
Z — X which factors through Y — X. To verify Claim A, it suffices to verify that
this covering Z — X of X satisfies the condition in the statement of Claim A.
Note that it follows from Lemma 3.9(ii) that

m—+1"°

HZ :Im(HZ:U;)Hy—»HY

m+41

m41 ) =Vn HYm+17

AZm+1/Zo = AYm+1/YO N HZm+1 C va
AZm+1/Zm = Ayrn+1/yrn n HZm+1 = AYerl/Ym’

Azzpi = Ayyv,,, Nz = Ay)y, -

Let p € 3. Tt suffices to verify that for any pair of integers (4,7) such that m <
1 < j < n, the homomorphism A%,-/Zl- — A%j /7, 18 injective. If m < 4, then, since
Aziz,n = Dy)y,, ., it follows from Lemma 3.9(iii) that Az, )z, = Ay, v,. Thus,
since the homomorphism A’;,j v, A’;j /v, is injective, A%j 7. = A%j /7, 18 also
injective. Now suppose that m = i. We verify the injectivity of A%j 7. = Agj 170
by induction on j. If j = m + 1, it follows from our choice of Z — X that the
image of the composite

AZm+1/ZO — Wp — Aut(Ap

Ym+1/Ym) = Aut(A? )

Zm+1/Zm

is topologically finitely generated and
_>

is a pro-p subgroup. Thus, since Agmﬂ 7
center-free (cf. Proposition 3.16(iii)), it follows from Lemma 3.18 that A’émﬂ/zm
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A% )% is injective. Now suppose that m 4+ 1 < j7 < n and that the induction

hypothesis is in force. Then we have the commutative diagram of profinite groups

p p p
_— _— _—
Zj|Zj— AZj/Zm AZj—l/Zm 1

| |

p
—_—
Zi/Z51 AZj/ZO Zj—1/Zo

1 — A

where, since j — 1 > m, the two horizontal sequences are exact. Moreover, it
follows from the induction hypothesis that A%j,l iz, A%j,l /7, 18 injective.
Thus, A’éj 17, Agj /70 is also injective. This completes the proof of Claim A.
Now we verify Proposition 3.20. First, let us write ¥ — X for the Galois
closure of X’ — X. Then, if n — 1 > 0, by applying Claim A, where we take the
data “(m,Y — X)” to be (n — 1,Y — X), we obtain a covering Z — X. Next,
let us replace Y — X by Z — X. Then, we apply Claim A again, taking the data
“m,Y = X)” tobe (n—2,Y — X).If n—2 > 0, by applying an argument similar
to the above argument repeatedly until m = 0, we obtain a covering Z — X which
satisfies the condition imposed on “Y — X” in the statement of Proposition 3.20.
This completes the proof of Proposition 3.20. O

Proposition 3.21. Let X C Primes be a finite set of prime numbers, S a con-
nected noetherian separated normal scheme over k and X a hyperbolic polycurve of
relative dimension n over S. Suppose that for any p € ¥, X/S satisfies condition
(%)p. Then there exists a connected finite étale Galois covering T — S of S such
that for any p € ¥, X xg T /T satisfies condition (xx),.

Proof. For each p € X, let us consider the sequence IIs — Out(Ax/s) —
Out(Ag(/S). Then it follows from Proposition 3.16(iii) and Lemma 3.19 that
Out(A% /S) has an open pro-p subgroup. Fix such an open subgroup H C
Out(Ag(/S) of Out(A’)’(/S), and write U, C IIg for the subgroup obtained by
forming the inverse image of H C Out(A% /S) by the homomorphism IIg —
Out(Ag’(/S). Let U C Ils be a normal open subgroup of Il contained in () .y, Up.
Write T' — S for the connected finite étale Galois covering of S corresponding
to U C IIg. Then X xg T — X corresponds to the inverse image of U C Ilg
by the outer homomorphism IIx — Tls and, moreover, Axy /7 = Ax/s. Thus,
for any p € ¥, the image of the homomorphism xy 7 — Aut(Ag(XST/T) =
Aut(A% /5) is a pro-p subgroup. Then, since AL /s 18 topologically finitely gener-
ated and center-free (cf. Proposition 3.16(iii)), it follows from Lemma 3.18 that
Az))c/s — %, . is injective. On the other hand, X xg T/T satisfies condition
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(*)p (cf. Proposition 3.16(ii)). Thus, it follows from Lemma 3.15 that X xg T/T
satisfies condition (#),. This completes the proof of Proposition 3.21. O

Lemma 3.22. Let p be a prime number, n a positive integer, S a connected
noetherian separated normal scheme over k and X a hyperbolic polycurve of rela-
tive dimension n over S. Then the following hold:

(i) Suppose that X/S satisfies condition (x),. Let U C HZ;(/S be an open sub-
group of HI;(/S. Write Y — X for the connected finite étale covering of
X corresponding to U and S’ := Nor(Y/S). Then for each integer i such
that 0 < i < n, H’;,i/s, (cf. Proposition 3.5) is canonically identified with
Im(U < H’)’(/S

that 0 <i<j<n, AL . =T

— Hg(i/s) and, moreover, for any pair of integers (i,7) such

N A&IJ_/X{ In particular, Y/S' satisfies
condition (x)p.

(ii) Suppose that X/S satisfies condition (xx),. Let U C II% be an open subgroup
of II%.. Write Y — X for the connected finite étale covering of X correspond-
ing to U and S’ := Nor(Y/S). Then for each integer i such that 0 < i < n,
I§. (cf. Proposition 3.5) is canonically identified with Tm(U — T — IT% )
and, moreover, for any pair of integers (i,j) such that 0 < i < j < n,
AI;G-/Yi =1y, N A&j/xi. In particular, Y/S' satisfies condition (sx),.

Proof. First, we verify assertion (i). For each integer ¢ such that 0 < i < n, we
have a commutative diagram of profinite groups

1 1

p

AX/Xi > AX/Xi

p

xs — 1

1 —— ker(AX/S—»Ap )

X/s
p

1 —— ker(AXi/S_»AXi/S) —— AX7/S — A

Ax/s — A

p

Xi/S 1
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where the two horizontal sequences and the two vertical sequences are exact. Thus,
the homomorphism ker(Ay,g — A’)’(/S) — ker(Ax, /s — Ag(i/s) is surjective. On
the other hand, since the inverse image of U C II%; /s by the surjection ITx — IT%. /s

coincides with ITy C ILy, it follows that ker(Ay s — A% / ) is contained in Iy

Thus, ker(Ax, /s — A[))(i/s) is contained in Iy, = Im(Ily < Ix — Ilx,), hence
also in Ay, ;s = Ax,/s N1y, (cf. Lemma 3.9(ii)). This implies that Ay, s/ can
be obtained by taking the inverse image of some open subgroup V C A];Q /s of
Aé)(@-/s by the surjection Ax, /g — A’)’(i/s and, moreover, A%/S/ coincides with

V C AI))Q/S. Thus, we have ker(Ay, /g — A@i/s,) =ker(Ax, s — AI))Q/S)’ which

implies that HI}]Q/S’ = Iy, / ker(Ay, 50 — AZ}D@-/S’) coincides with Im(Ily, < IIx, —

p . . . p p
Iy, / ) and, moreover, ITy; is the inverse image of 1Ty 150 C T, /s

Iy, — H%/S' In particular, we have U = H’;/S, = Im(lly < Ix — H?{/s)'

Thus, since Iy — Ily, is surjective (cf. Proposition 3.7(i)), by considering the

by the surjection

commutative diagram of profinite groups
Iy ——s IIy —— II%

X/

HY,; [GEE— HXi — Hﬁﬁ/S’

it holds that Hz}%/s’ =ImU < Hz))(/s - Hg(i/s)'

Now let (7, j) be a pair of integers such that 0 <4 < j < n. Then, since it holds
that Ay, /y, = Iy, NAx, /x, (cf. Lemma 3.9(ii)), by considering the commutative
diagram of profinite groups

Ay]/yl e Hy] mAXj/X,- C AX]'/XZ' C HX

| L

Hﬁ)’j/s' n Aij/Xi - Agfj/Xi - Hp;(j/s’

we obtain that Ay, /y, is the inverse image of the open subgroup HZ;,J_ /s ﬁAZ;(j /x; C

A&j/xi by the surjection Ax, /x, — Ag(j/xi. Thus, it holds that AI;/J-/Yi = Hf/j/s,ﬁ
A’)’(_ /Xi In particular, if 0 < ¢ < j < n, by considering the commutative diagram
i/ Xi

of profinite groups

p p
AYJ’/Yz‘ AYj/Yo
H%/S'mAgfy/Xi H%/S’OAI))(;/XO’
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we conclude that Af,,/Y‘ — Af,,/y is injective, i.e., Y/S’ satisfies condition (x),,.
Jjlti il ro
This completes the proof of assertion (i). Assertion (ii) is proved similarly. O

Lemma 3.23. Let p be a prime number, (m,n) a pair of integers such that
0 <m < n, S a connected noetherian separated normal scheme over k and X

a hyperbolic polycurve of relative dimension n over S satisfying condition (sx),.
Then the following hold:

(i) The natural surjections Hi/s —» H&,Hg(/s —» H?(m/s (cf. Proposition 3.16)
determine an isomorphism

P ~ D P
Mg 5 T xps, T g

(ii) LetY be a connected noetherian scheme over X,,. Let us fix a homomorphism
Hf,/s — chm/s arising from'Y — X,,. Then there exists a natural bijection

1:1
Homp (f,, 1I%) = Homnz}v(m/s (HI;//S, H?{/S)'

If, moreover, HI;,/S — chm/s is surjective and the image of ¢ € Homyys - (1%,
%) by the above bijection is 1 € Homnim/s (Hf,/S,HI;(/S), then there is a
natural one-to-one correspondence between the left cosets of Im C II% in

1%, and the left cosets of Imv C HI;(/S m H?(/S' In particular, ¢ is an open
(resp. a surjective) homomorphism if and only if so is ).

Proof. Assertion (i) follows from the commutative diagram of profinite groups

1 — A%y, — gy — 0% g — 1
1] —— Al)’( X0 1% H&m —_— 1,

where the horizontal arrows are exact (cf. Lemma 3.15). We verify assertion (ii).
Suppose that we are given an element ¢ € Homng( N (11§, 1% ). Then a homomor-
phism IT{, /s 1% /s over Hf)’(m /s is obtained from the commutative diagram

M, — T — 1%

RN

P
Xm/S Iy,
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(cf. assertion (i)). Thus, we obtain a natural map

Homypr (IT§,11%) — Homyye

p
XWL/S( Y/S7H

X/s)-

Conversely, since

I = (1% 5)7, 5 = (115 )P, 1% =105 ¢)"

we obtain a natural map
Homnz;(m/s (1_[1;,/5,7 H_I;(/S) — Homnz;(m (I, 1% ).

It follows immediately that these maps are inverse to each other.

Now suppose that Hy/s — HX /s 1s surjective. Let ¢ € Hompy, (I, 1% ).
Write ¢ € Homqy s (1 Y/S,HX/S) for the image of ¢ € Hompy (Hy,H”) by
the bijection Hompy (15, 11%.) 5 Homyyr, P s (H?,/S,Hg(/s) Then, we have a
commutative dlagram of profinite groups

1 > ker(Hff/s_’*Hx /s) > Hff/s - II% X /S > 1

1 A(”/)X 1, m, 1
©

1 A;?}X Hg( H[;(m 1a

where the horizontal sequences are exact and, moreover, since the operation of
taking the maximal pro-p quotient of a profinite group is right exact, the homo-
morphism ker(Hf,/S —» HX /S) — Ag,/)x is surjective. Thus, the above diagram
induces a one-to-one correspondence between the left cosets of Im ¢ C II% in IT%

and the left cosets of Im(ker(IT5, ¢ — II% o) — Agf}x ) C A;}X in A®)

X/X'm,
On the other hand, since X/S satisfies condition (xx),, we have A;}X = AI)](/Xm
Thus, the commutative diagram of profinite groups
1 —— ker(HZ;,/S s /S) — Hy/s — II% Xoys 1

i i

/s

A’)’(/Xm — 15

Xom/S

— s 1
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where the horizontal sequences are exact, induces a one-to-one correspondence

between the left cosets of Im(ker(l’[f,/s — H’)’(m’/s) — Ag}xm) C Agg}xm in

Ag’g} x,, = A% /x,, and the left cosets of Im1) C I /s in I /5~ This completes
the proof of assertion (ii). O

Remark 3.24. There are properties similar to Lemma 3.23 if X /S is a hyperbolic
polycurve satisfying condition (x),, i.e., the following hold:

(i) For each integer ! such that 0 < [ < m, the natural surjections H?(/X, —»

p D . . .
II I x/x, I Xom /X0 determine an isomorphism

P
X/
4 ~ 4 i 4
Wy, 7 Wy ¥z Ay x-

(ii) Let [ be an integer such that 0 < [ < m and Y a connected noetherian

p

scheme over X,,. Let us fix a homomorphism ITy, /X,

— Hf;(m /X, arising from
Y — X,,. Then there exists a natural bijection

HP

1:1
Homnz}:(m/s (H’;/S, %, ) = Homype X/Xl).

p
X/S Xm /X (HY/Xl’

If, moreover, II}, x, 1 /x, 18 surjective and the image of ¢ €

P D .. . s ) P
Homﬂim/s(HY/s’HX/s) by the above bijection is 1) € Homng(m/xl (HY/le
HI)’( / XL)’ then there is a natural one-to-one correspondence between the left
cosets of Im ¢ C H")’(/S in HI)’(/S and the left cosets of Im ) C H?(/XL in H’;(/Xl.
In particular, ¢ is an open (resp. a surjective) homomorphism if and only if
S0 is 1.

Definition 3.25. Let p be a prime number and X a variety over k. Then we shall

say that X is of p-LFG-type if, for any normal variety Y over k and any morphism

Y — X x; k over k that is not constant, the image of the outer homomorphism
p p . . . .

Iy, — HXxkE is infinite.

Remark 3.26. Using an argument similar to the argument in [10, Rem. 2.5.1], it
follows that if &'/k is a field extension of k, then X is of p-LFG-type if and only
if X x k' is of p-LFG-type. On the other hand, it follows immediately from the
definition that if X is of p-LFG-type, then X is of LFG-type (cf. [10, Def. 2.5]).

Lemma 3.27. Let p be a prime number and X, Y varieties over k. Suppose that
X is of p-LFG-type. Then the following hold:

(i) Suppose that there exists a quasi-finite morphism'Y — X over k. ThenY is
of p-LFG-type.

(ii) Let f : X =Y be a morphism over k. Suppose that Az}/k is finite. Then f
18 quasi-finite. If, moreover, f is surjective, then Y is of p-LFG-type.
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(iii) Let f : X — 'Y be a morphism over k. Suppose that H?{X P 1%, is injective
k

and Agcp) is finite. Then f is quasi-finite. If, moreover, f is surjective, then
Y is of p-LFG-type.

Proof. (Cf. [10, Lem. 2.6].) First, we verify assertion (i). It follows from the fact
that if Y — X is quasi-finite then so is the morphism Y x, k& — X X, k, determined
by Y — X, that to verify assertion (i), we may assume without loss of generality
that k = k. Let Z be a normal variety over k and Z — Y a nonconstant morphism
over k. Then since Y is quasi-finite over X, it follows that the composite Z —
Y — X is nonconstant. In particular, since X is of p-LFG-type, the image of the
composite I, — II§, — TI%, hence also IIY, — II}., is infinite. This completes the
proof of assertion (i). Next, we verify assertion (ii). Note that we have equalities

p — p p — P P — AP
A = ker(Ay, = Ayyp) = ker(Il 7 2 T 2) = Ak by i/

Thus, it follows from the fact that if the morphism Y xj; k — X xj k determined
by f is quasi-finite then so is f (cf. [2, Prop. 1.9.4]), together with the fact that if
f is surjective then so is the morphism Y x; k — X x, k determined by f, that
to verify assertion (ii), we may assume without loss of generality that k = k. Let
7 — Y be a k-valued geometric point of Y and F a connected component (which is
necessarily a normal variety over k) of the normalization of the geometric fiber of
f at g. Then, since the composite of the outer homomorphism IT}, — IT%, induced
by the natural morphism F© — X and II% — IIj factors through IIZ = {1},
5. — II% factors through A? /w C II%,. In particular, since A? /i is finite, the
image of IT%, — II% is finite. Thus, since X is of p-LFG-type, it follows that F' is
finite over k. This implies that f is quasi-finite.

Now suppose that f is surjective. Let Z be a normal variety over k and Z — Y
a nonconstant morphism over k. Then since f is a quasi-finite surjection, and
Z — 'Y is nonconstant, there exists a connected component C' (which is necessarily
a normal variety over k) of the normalization of Z Xy X such that the natural
morphism C' — X over k is nonconstant. Thus, since X is of p-LFG-type, the
image of IIf, — II%, hence also that of IIf, — II%. — II{,, is infinite. In particular,
since the composite C' — X — Y factors through Z — Y, it follows that the image
of I, — II}, is infinite, which implies that Y is of p-LFG-type. This completes
the proof of assertion (ii). Finally, we verify assertion (iii). Let us observe that,
since if H';(Xk% = A’)’(/k — TI% is injective then Agcp) D ker(H?{XkE — HI;/XJ)’ it
follows from an argument similar to the argument used at the beginning of the
proof of assertion (ii) that to verify assertion (iii), we may assume without loss of
generality that k = k. But then assertion (iii) is the same as assertion (ii), which
has already been verified. This completes the proof of assertion (iii). O
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Proposition 3.28. Let p be a prime number. Then every hyperbolic polycurve
over k satisfying condition (x), is of p-LFG-type.

Proof. (Cf. [10, Prop. 2.7].) First, let us observe that it follows that, to verify
Proposition 3.28, we may assume without loss of generality that k = k. Let X
be either Speck or a hyperbolic polycurve over k satisfying condition (x),. Write
n = dim(X). We verify that X is of p-LFG-type by induction on n. If n = 0, i.e.,
X = Speck, then X is clearly of p-LFG-type. Now suppose that n > 1 and that
the induction hypothesis is in force. Let Y be a normal variety over k and ¥ — X
a nonconstant morphism over k. To verify Proposition 3.28, it suffices to verify
that the image of I}, — II% is infinite.

Now suppose that the composite Y — X — X,,_; is nonconstant. It follows
from the induction hypothesis that X,,_; is of p-LFG-type. Thus, the image of the
composite Iy, — T — II% _ , hence also that of TI§, — TI%, is infinite.

Next, suppose that the composite ¥ — X — X,,_; is constant. Write T —
X, —1 for the k-valued geometric point of X,,_; through which the constant mor-
phism Y — X — X,,_; factors. Then the composite Y —+ X — X,,_; determines

a nonconstant morphism ¥ — X xx, |, @ over k. Since X xx,_, T is a hyperbolic

n—1

curve over 7, it follows that the morphism ¥ — X x x, , ¥ is dominant. Thus, it
follows from Lemma 2.3 that the outer homomorphism IIy — ITx X\ hence

also IT§, — H’)’(XXHAE, is open. Now let us observe that H&XXTHIE = Ag(/Xn_l (cf.
Proposition 3.7(i)) is infinite (cf. Proposition 3.16(iii)). Thus, since X/S satisfies
condition (x),, the image of the composite ITj, — H%XXWIE = Ag(/X%l — IT%
is infinite. This completes the proof of Proposition 3.28. O

Lemma 3.29 (Cf. [16, Lem. 1.10]). Let p be a prime number, (go,r0) @ pair of
nonnegative integers and X a hyperbolic curve (resp. a nonproper hyperbolic curve)
over k. Then there exists a normal open subgroup U C U ¢ of Il 7 such that
Iy, ,%/U is a p-group, and that if we write (g,r) for the type of the hyperbolic
curve corresponding to U C Hyy 5 then g > go (resp. g > go, 7 > 710).

Lemma 3.30. Let p be a prime number, (go,r0) a pair of nonnegative integers, S
a connected noetherian separated normal scheme over k and X a hyperbolic curve
(resp. a nonproper hyperbolic curve) over S. Then there exists a connected finite
étale Galois coveringY — X of X such that if we write S’ := Nor(Y/S) and (g,7)
for the type of the hyperbolic curve Y/S', then g > go (resp. g > go, r > 10), and
that H{,/S, — Hz)’(/s is injective.
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Proof. Let s — S be a geometric point of S. Then it follows from Lemma 3.29
that there exists a normal open subgroup V' C Ax/g of Ax/g = Hxxgs (cf.
Proposition 3.7(i)) such that Ay,g/V is a p-group and that the pair of integers
(¢’,7") corresponding to V satisfies ¢’ > go (resp. ¢ > go, v’ > r9). On the
other hand, let us observe that ker(Ax/g — A[))(/S) CV C Axyg C IIx. Thus,
since ker(Ax/g — A];(/S) C IIx is a normal closed subgroup of Ilyx, it follows
from Lemma 3.17(ii) that there exists a normal open subgroup U C IIx such
that ker(Ax/g — A’;(/S) C UNAxss C V. Write Y — X for the connected
finite étale Galois covering of X corresponding to U C IlIx, S’ := Nor(Y/S)
and (g,r) for the type of Y/S’. Then, since U N Ax/g = Ayssr C V, we ob-
tain ¢ > g’ > go (resp. g > g’ > go, ¥ > 7’ > 7). Moreover, since Ay;g D

ker(Ax/s — A% o), the homomorphism A}, o, — AX

X/s /s X/8 is injective. Thus, we

have
ker(Ay/S, - A?’/S’) = ker(AX/S - AI))(/S) N AY/SI = ker(AX/s —» AI))(/S)

This implies that HZ;/ /s H’;( /s is injective. This completes the proof of Lem-
ma 3.30. O

Lemma 3.31. Let p be a prime number, S a connected noetherian separated nor-
mal scheme over k, X a hyperbolic curve over S, R a strictly henselian discrete
valuation ring over S, K the field of fractions of R and Spec K — X a morphism
over S. Then it holds that the morphism Spec K — X factors through the open
immersion Spec K — Spec R if and only if the image of the outer homomorphism
Mspec x — Hé’(/s induced by the morphism Spec K — X is trivial.

Proof. (Cf. [10, Lem. 2.8].) Since Ilgpec g = {1} (cf., e.g., [6, Thm. (18.5.11)]),
necessity is immediate. We verify sufficiency. Note that we have

I S g a1y Tspee r = ker (Il g — Tl)

D
X X gSpec R/ Spec R

P
X xgSpec R/ Spec R

is trivial. This implies that, to

(cf. Proposition 3.16(ii)). In particular, II

; p
Thus, the image of Ilgpec k¥ — HXXSSpCC R/ Spec R

verify sufficiency, we may assume without loss of generality that S = Spec R.
Next, let us write R for the completion of R and K for the field of fractions

of R. Then, since Hifoz/ﬁ ~ Hé’(/R Xy Mg = H’)D(/R (cf. Proposition 3.16(ii)),

it follows that if the image of Ilgpec x — HI;(/R is trivial, then so is II

p o~ o~
XXRR/R.

the morphism Specl? — X Xpg R factors through Specf( — Spec R. Then, it

— H’)’(/S is injective.

= =
Spec K
Thus, if we verify Lemma 3.31 in the case where R is complete, then
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follows from the commutative diagram of schemes

SpecR — > X xpR 21 X

| |

Spec R Xcpt

that the image of the morphism Spec R — X P! is contained in X. Thus, it follows
from the valuative criterion of properness (cf., e.g., [9, Chap. I, Thm. 4.7]) applied
to the morphism X°P* — S that the given morphism Spec K — X factors through
Spec K — Spec R. This implies that, to verify sufficiency, we may assume without
loss of generality that R is complete.

Now, to verify sufficiency, assume that the given morphism Spec K — X does
not factor through S = Spec R. Then it follows from Lemma 3.30 that there exists
a connected finite étale covering Y — X of X such that if we write (g,7) for the
type of the hyperbolic curve Y/S (note that it follows easily from the fact that IIg
is trivial, together with Proposition 3.5(ii), that Nor(Y/S) = S), then r > 2, and
that Hf//s — H])D(/s is injective. For each cusp ¢ of the hyperbolic curve X over
R, let ¢’ be a cusp of the hyperbolic curve Y over R which lies over c. Write X Pt
(resp. Y5**) for the spectrum of the ring obtained by completing X°P* (resp. Y°Pt)
along ¢ (resp. ), and X, := X X xeot XP' Yo :=Y Xyept ch,pt. Let 7 — S be a
geometric point of S. Then we have an exact sequence

0—Z(1) - Pz) — (1y,)™

(cf. [16, (1-5)]), where the homomorphism Z(l) — @, Z(l) is the diagonal em-
bedding, and Ily, is one of the direct summands Z(l) of @72(1) Thus, since
r > 2, the morphism Hffc/ — (HYg)ab,P7 hence also HI}’,C, — H’;/‘v = A’;,/S — Hf,/s,
is injective. Next, let h € ker(Ilf, — TI% /S). Then, since H’;,d is an open sub-
group of Hg(c, there exists a positive integer n such that A" € HI;/C/. Thus, since
Hg}c = 7, is torsion-free, it follows from our choice of Y — X that h = 1. This
implies that IT% =~ — II%  is injective. On the other hand, it follows from the
valuative criterion of properness applied to the morphism X°P* — S that the mor-
phism Spec K — X°P! factors through Spec K <+ S = Spec R. Thus, since the
given morphism Spec K — X does not factor through Spec K <— S = SpecR,
Spec K — X factors through the natural morphism X. — X associated to a
suitable cusp ¢ of X. Thus, since the image of the natural outer homomorphism
Hspec k. — HI;{ /s is trivial, it follows that the image of Ilgpec x — Ilx, is con-
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tained in ker(ILy, — II% ). Note that ker(ITx, — II% ) is the intersection of all
open subgroups U C IIx, such that IIx_/U isa p—group; Such an open subgroup of
U contains Im(Ilgpec k — Ix,) C U and, moreover, the pull-back of the étale cov-
ering of X, corresponding to U on Spec K is a disjoint union of copies of Spec K.
Now let us consider the diagram of affine schemes

Spec K —— X,

.

Spec R ——— XCPt,

The diagram obtained by taking global sections of the structure sheaves of the
(affine) schemes in the above diagram is

r|| ~— mim|g]

| |

R <——— R[[T]},

where 7 is a uniformizing parameter of R. Write a € R for the image of T' € R|[[T]
by the ring homomorphism R[[T]] — R. Then a is contained in the maximal ideal
of R. On the other hand, the covering of X, corresponding to U is the spectrum of
R[[T*/?"]] for a suitable nonnegative integer m. Note that if U runs over all open
subgroups as above, then m runs over all nonnegative integers. Thus, we conclude
that for each nonnegative integer m there exists b € K* such that a = b .
However, by considering the valuation, it follows that there is no such element

a € R. This completes the proof of sufficiency, hence also that of Lemma 3.31. [J

Lemma 3.32. Letp be a prime number, k' a finite extension field of k, S a normal
variety over k and Y, Z normal varieties over k', X a hyperbolic polycurve over
S satisfying condition (x),, Z =Y a morphism over k', Y — S a morphism over
k and f: Z — X a morphism over S. Suppose that the following conditions are
satisfied:

(1) Z =Y is dominant and generically geometrically irreducible. (Thus, it follows
from Lemma 2.6 that the natural outer homomorphism I1; — Ily, hence also
H’é/s — H?,/S, is surjective.)
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(2) Ag—W/S C AZ%X/S. (Thus, it follows from the surjectivity of H%/S — Hf’/s
that the natural outer homomorphism Hg/s — H?(/S induced by f determines
an outer homomorphism Hf,/s — H’)’(/S.)

Then the morphism f : Z — X admits a unique factorization Z —Y — X such
that the morphism 'Y — X is an S-morphism.

Proof. (Cf. [10, Lem. 2.9].) First, let us observe that the asserted uniqueness of
the factorization under consideration follows from the fact that the morphism
Z — Y is dominant. Next, we verify that, to verify Lemma 3.32, it suffices to verify
Lemma 3.32 in the case where X is a hyperbolic curve over S. To verify this, assume
that Lemma 3.32 holds if X is a hyperbolic curve over S. We verify Lemma 3.32 by
induction on the relative dimension n of the hyperbolic polycurve X/S. We have
already assumed that Lemma 3.32 in the case n = 1 holds. Now suppose that n > 2
and that the induction hypothesis is in force. Then since A%HY/S C A%%X/S C
AY X./8 it follows from the case n = 1 that the morphism Z — X; admits a
unique factorization Z — Y — X; such that Y — Xj is an S-morphism. On the
other hand, since X/S satisfies condition (x),, it follows that Aﬁ(/xl — AZ))(/S is
injective. Thus, since ker(Az, x, — A’;//XI) C ker(Agz/x, — Af,/xl — Ag(/s)’ we
obtain A%*}Y/Xl C AZ%X/X{ By the induction hypothesis, since X/X; satisfies
condition (*),, the morphism f : Z — X admits a unique factorization Z - Y —
X such that Y — X is an X;-morphism (hence an S-morphism).

Now let us assume that X/S is a hyperbolic curve. Moreover, let us assume
that k& = k' until Claim F below. Write I'g C X xg Y for the scheme-theoretic
image of the natural morphism Z — X xgY over S and I' := Nor(Z/T'y). Then
[y is an integral variety over k and the natural morphism Z — I'y is dominant.
Moreover, it follows from Lemma 2.9 that I' is a normal variety over k, the resulting
morphism Z — I' is dominant and generically geometrically irreducible and the
natural morphism I' — T’y is finite and surjective.

Next, I claim that the following assertion holds:

Claim A: Let § — Y be a geometric point of Y. Then the image of the
morphism Z Xy § — X Xg ¥y determined by f consists of finitely many
closed points of X xg 7.

Indeed, let F' — Z Xy 7 be a connected component (which is necessarily a
normal variety over 7) of the normalization of the reduced scheme associated to
Z xy7. Then, since the composite of natural morphisms F' — Zxyy — Z — Y fac-
tors through the geometric point ¥ — Y, we obtain Im(ITf, — HZ/S) C A%_W/S.
Thus, it follows from condition (2) that the image of the outer homomorphism

nr, — HI)'( /s is trivial. On the other hand, the composite of natural morphisms
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F—Zxyy ™ Z 5 X factors through the projection X xg 7y 2y, Thus, since
the outer homomorphism TI% - — TT% /5 induced by X x5 7 2 X is injective
(cf. Proposition 3.16(i)), it follows that the image of the outer homomorphism
I — H%XS? induced by the morphism F' — X x g7 is trivial. In particular, since
X x g7 is a hyperbolic curve over g, hence of p-LFG-type (cf. Proposition 3.28),
and the morphism F' — X X g7 is a morphism between varieties over ¥, it follows
that the image of F' — X X g ¥y consists of a closed point of X xg 3. Thus, the
image of the morphism Z xy 5§ — X X g ¥ consists of finitely many closed points
of X xg7g. This completes the proof of Claim A.

Next, I claim that the following holds:

Claim B: The composite ' -+ T'g < X xgY 2 Y, hence also the compos-
iteI'g > X xgY 2 Y, is dominant and induces an isomorphism between
the respective function fields.

Indeed, since Z — Y is dominant and generically geometrically irreducible (cf.
condition (1)) and factors through I' — Y, it follows from [5, Prop. (4.5.9)] that
I' = Y is dominant and generically geometrically irreducible. Since k, hence also
the respective function fields of I and Y, is of characteristic zero, to verify Claim B,
it suffices to verify that I' — Y is generically quasi-finite. To verify that I' — Y is
generically quasi-finite, let 7y, — Y be a geometric point of Y whose image is the
generic point of Y. Then since the operation of forming the scheme-theoretic image
commutes with base-change by a flat morphism, I'g Xy 7y~ is naturally isomorphic
to the scheme-theoretic image of the natural morphism Z xy 7y, — X Xg 0y
Thus, since the image of the morphism Z xy By — X X g 7y consists of finitely
many closed points of X x g7y (cf. Claim A), it follows that the composite 'y <
X xgY 22 Y, hence (by the finiteness of I' — I'y) also the morphism I' — Y, is
generically quasi-finite. This completes the proof of Claim B.
Next, I claim that the following assertion holds:

Claim C: AILZ_A,/S C A?_}X/S.

Indeed, it follows from Lemma 2.6 that II; — IIp, hence also IT), s 117, e
is surjective. Thus, since Azf_)y/s (resp. A?‘—)X/S) is the image of the subgroup

A’é_ﬂ,/s (resp. A%—>X/S) of H’é/s by the surjection H%/S —» H’li/s,

condition (2) that Alzi_ﬂ,/s C A?_}X/S. This completes the proof of Claim C.

Next, I claim that the following assertion holds:

it follows from

Claim D: Let ¥ — Y be a geometric point of Y. Then the image of the
morphism I' Xy § — X Xg ¥ determined by I' — I'g — X xg VY Mx
consists of finitely many closed points of X xg 7.
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Indeed, we obtain a proof of Claim D by replacing “Z” in the proof of Claim A
with I (cf. Claim C). This completes the proof of Claim D.
Next, I claim that the following assertion holds:

Claim E: The composite I'g — X xgY P2y is an open immersion.

Indeed, let ¥ — Y be a geometric point of Y. Then it follows from Claim D that
the image of the composite I' Xy § — 'y Xy ¥ < X Xg ¥ consists of finitely
many closed points of X x ¢¥. Thus, since I' — Ty is surjective, and the morphism
Iy Xy 57— X xXg7 is a closed immersion, we conclude that I'g Xy 7 is quasi-finite
over y. In particular, 'y — X xgY 22y is quasi-finite. Thus, it follows from
Claim B, together with [4, Cor. (4.4.9)], that the composite Iy — X xgY ey
is an open immersion. This completes the proof of Claim E.
Next, I claim that the following assertion holds:

Claim F: If X is proper over S, then f : Z — X admits a factorization
Z —Y — X such that Y — X is an S-morphism.

Indeed, if X is proper over S, then the composite I'y — X xg Y 22y s proper.
Thus, it follows from Claim E that the composite Ty — X xg Y 2y is an
isomorphism over S. In particular, f : Z — X admits a factorization Z - Y — X
such that Y — X is an S-morphism. This completes the proof of Claim F.

Next, I claim that the following assertion holds (note that in Claims G and H
below, we do not assume that k = k'):

Claim G: If the genus of the hyperbolic curve X over S is > 2, then f
admits a factorization Z — Y — X such that Y — X is an S-morphism.

Indeed, let us consider the commutative diagram of schemes

7 — = X xpk 2o

Y ——= Sxpk —— S

Speck’ —— Speck,

where X xj k' is a hyperbolic curve of genus > 2 over S X, k'. Since gy, 1 — Ilg
is injective, it follows that Az /g = Az gx, 1, Ay/s = Ay sx k- Thus, we obtain

¢4 IT II IT This implies that A A

— p P — p p — p
z/8 = Y z/sxk HYyys T My sxk Z—Y/S T S ZoY/Sx k'
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Moreover, since H&ka,/Ska, is the inverse image of the open subgroup Gy C Gy

by the composite H’)’(/S — IIg — Gy, H’é/s =1I
p P _

HXka//Ska,. Thus, we conclude that AZ%X/S = AZﬁXka//Sxkk,.

to verify Claim G, we may assume without loss of generality that k = k’.

Z/S;kk, — H’)’(/S factors through

In particular,

Now, since the genus of X/S is > 2, X°P* is a proper hyperbolic curve over S.
Thus, since AZ_W/S C A%—>X/S - Ag_)xcpt/s, by applying Claim F, where we
take the data “(S,Y,Z, X)” to be (S,Y, Z, X°°"), we conclude that the morphism
7 — X°Pt gver S factors as a composite Z — Y — X°P' where Y — X°Pt is
an S-morphism. This implies that, to verify Claim G, it suffices to verify that
Y — X factors through X C X°P*. Note that since Z — Y is dominant by
condition (1), it follows that the image of the generic point of Y by the morphism
Y — X°P! is contained in X C X°Pt. Let y € Y be a point of Y that is not the
generic point of ¥ and Ry a discrete valuation ring dominating Oy, (cf., e.g.,
[3, Prop. (7.1.7)]). Write R for the strict henselization of Ry. Then R is a strict
henselian discrete valuation ring and, moreover, the image of the closed point of
Spec R by the composite Spec R — Spec Ry — Spec Oy, — Y is y. On the other
hand, since the composite n; — Spec R — Y, where we write 7y for the spectrum
of the quotient field of R, factors through I' — Y (cf. Claim B), it follows from the
fact that Mspec r = {1} that the image of the composite I, — Tlspec r — Hf,/s,
hence also the composite II,  — H’li/s — H?{/S (cf. Claim C), is trivial. Thus,
it follows from Lemma 3.31 that n, — I' — X factors through np — Spec R.
In particular, the composite Spec R — Y — X°P' factors through X c X°Pt
This implies that the image of y € Y by the morphism Y — X°P! is contained
in X C Xt Thus, the morphism Y — X°P' factors through X C X°P'. This
completes the proof of Claim G.

Finally, I claim that the following assertion holds:

Claim H: f admits a factorization Z — Y — X such that Y — X is an
S-morphism.

Indeed, it follows from an argument similar to the argument used at the beginning
of the proof of Claim G that to verify Claim H, we may assume without loss of gen-
erality that &k = k’. Then, it follows from Lemma 3.30 that there exists a connected
finite étale Galois covering X’ — X of X such that if we write S’ := Nor(X’/S),
then the genus of X’/S” is > 2 and, moreover, H&,/S, — Hé’(/s
Y’ — Y for the connected finite étale Galois covering of Y corresponding to
by H’;/S — T, (cf. condition (2)), and

is injective. Write

the inverse image of IT% c I%,

X' /8" X/s X/
Z' = Z xy Y™} Z for the connected (cf. condition (1)) finite étale Galois cover-
ing of Z corresponding to Y’ — Y. Then, since the image of A’é,_w,/s, C H%,/S,

by the composite 117 — I

708 yis = HI;,/S — 115, . is trivial, it follows from

Xx/S
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the injectivity of H’)’(,/S, — H’)’(/S that the image of AZ,_W,/S, C HZ//S/ by
H%//s, — H’)’(,/S, is trivial. Thus, we conclude that AZ,_W,/S, C AP/AX,/S,.
On the other hand, the image of Ilgs C IIg (resp. Ily: C IIy) by the surjection
IIg — Gy (resp. [Ty — Gy,) is an open subgroup of Gy, which corresponds to some
finite field extension &’ (resp. k). Then, (S',Y’, Z', X' k', k") satisfies conditions
(1), (2) for “(S,Y, Z, X, k,k')” in the statement of Lemma 3.32. Thus, since X is
a hyperbolic curve over S’ of genus > 2, it follows from Claim G that the natural
morphism Z' — X’ over S’ factors as a composite Z' — Y’ — X', where Y’ — X’
is an S’-morphism. In particular, the natural morphism Z’ — X over S admits a
unique factorization Z’ — Y’ — X, where Y’ — X is an S-morphism. Moreover,
in light of this uniqueness, the factorization Z’ — Y’ — X’ is compatible with the
natural actions of Gal(Z’/Z) = Gal(Y’/Y"). This compatibility with Galois actions
thus implies that we obtain a factorization Z — Y — X such that ¥ — X is an
S-morphism. This completes the proof of Claim H, hence also of Lemma 3.32. [

Corollary 3.33. Let p be a prime number, k' a finite extension field of k, S a
normal variety over k andY , Z normal varieties over k', X a hyperbolic polycurve
over S satisfying condition (x*),, Z —Y a morphism over k', Y — S a morphism
over k and f: Z — X a morphism over S. Suppose that the following conditions
are satisfied:

(1) Z =Y is dominant and generically geometrically irreducible.

2) AD), c Al

Then the morphism f : Z — X admits a unique factorization Z —Y — X, where
the morphism' Y — X is an S-morphism.

Proof. 1t follows from Lemma 3.23(ii) that the outer homomorphism II§, — II%
over IT% (cf. condition (2)) determines an outer homomorphism Hf,/s — 1% /s
such that the composite 1T}, s 115, /s 1% /5 coincides with the outer homo-
morphism Hg/s — H_I;(/S induced by f. Thus, we obtain AI%HY/S C A%%X/S. This
implies that it follows from Lemma 3.32 that the morphism f : Z — X admits a

unique factorization Z — Y — X. This completes the proof of Corollary 3.33. O

Lemma 3.34. Let p be a prime number, S, Y normal varieties over k, Y — S a
morphism, X a hyperbolic polycurve over S satisfying condition (x), (resp. (xx),)
and ¢ : Hf,/s — H_Z;{/S (resp. ¢ : Iy, — 115 ) a homomorphism. Write n — Y for
the generic point of Y. Then the following conditions are equivalent:

(1) The homomorphism ¢ arises from a morphism'Y — X over S.

(2) There exists a morphism n — X over S such that the outer homomorphism
Hf,/s — 1% g (resp. 115 — 115 ) induced by this morphism n — X coincides
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with the composite of the outer surjection (c¢f. Lemma 2.2) HZ/S —» HI;//S
(resp. IIH — 1Y, ) induced by n — Y and the outer homomorphism determined

by ¢.

Proof. (Cf. [10, Lem. 2.10].) The implication (1) = (2) is immediate. We verify
the implication (2) = (1). Suppose that condition (2) is satisfied. Let U C Y be
a nonempty open subscheme of Y such that the morphism n — X in condition
(2) extends to a morphism U — X over S. Then it follows from Lemma 2.2 that
the outer homomorphism II,, — Iy, hence also Hf] /s~ 117, /s (vesp. TIb — TI7)),
is surjective. Thus, it follows that the outer homomorphism II, /s~ I /s (resp.
ITy; — II%) coincides with the composite of the outer surjection IIy; o — IIY, ¢
and the outer homomorphism determined by ¢. By applying Lemma 3.32 (resp.
Corollary 3.33), where we take the data “(k, k', S,Y, Z, X)” to be (k, k,S,Y,U, X),
we conclude that the homomorphism U — X factors through ¥ — X. This
completes the proof of Lemma 3.34. O

Lemma 3.35. Letp be a prime number, X a hyperbolic curve over k, Y a normal
variety over k and f :' Y — X a morphism over k. Write ¢¢ : lly — Ilx,
’;/k : H:;’,/k — Hi/k, ¢ 1§, — 1% for the outer homomorphisms induced by f.

Consider the following conditions:

(1) f is surjective, smooth and generically geometrically connected.

(2) @y is surjective and the kernel Ay of ¢ is topologically finitely generated.

(2) (b?/k is surjective and the kernel A?/k of ¢1f7/k is topologically finitely gener-
ated.

(2)" I; is surjective and the kernel Agcp) of gb’; 1s topologically finitely generated.

(3) f is surjective and generically geometrically connected.

(4) Let C be a hyperbolic curve over k and C — X a morphism over k. Then if
f factors through C' — X, then C — X is an isomorphism.

Then we have implications and an equivalence: (1) = (2) = (2) = (3) & (4),

(2) = (2)". Moreover, if H])D(x,j — 1%, and H’;Xk% — IIY. are injective, then we

have an equivalence (2)" < (2)".

Proof. (Cf. [10, Lem. 2.11].) The implication (1) = (2) and the equivalence
(3) & (4) are proved in [10, Lem. 2.11]. First, we verify the implication (2) = (2)’.
Suppose that condition (2) is satisfied. Then, the surjectivity of (Z)? Ik is immediate.
Moreover, since there is a surjection Ay — A’;/k (cf. Lemma 2.18), A?/k is topo-
logically finitely generated. This completes the proof of the implication (2) = (2)’.
The implication (2)" = (2)” may be proved similarly. Next, we verify the impli-
cation (2)" = (4). Suppose that condition (2)’ is satisfied. Let C' be a hyperbolic
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curve over k and C — X a morphism over k. Then, if C x; k — X x; k is
an isomorphism, then so is ¢ — X (cf. [2, Cor. 1.8.4]). On the other hand, by
considering the commutative diagram of profinite groups

1 —— Hf/xkE — Hf,/k G 1
e
1 — Hixkﬁ — ch/k Gy 1,

: p _ 1P p p
we obtain that HYxkE/E = HYxkE — HXX;CE X, TR

over, Az}/k = ker(H’;,XkE — H?{xkﬁ)' Thus, to verify that condition (4) is sat-

isfied, we may assume without loss of generality that k = k. Suppose that f

is surjective and, more-

factors through C' — X. Then, since X is a hyperbolic curve over k, it fol-
lows from Proposition 3.16(iii) that A’)’(/k = II% is infinite. Thus, since C' is
a hyperbolic curve over k, the surjectivity of gb’} /k implies that f, hence also
Y — (|, is dominant. In particular, it follows from Lemma 2.3 that the induced
outer homomorphism IIy — Il¢, hence also IT{, — II7,, is open. Moreover, since
d)? /i 18 surjective, Y, — I% is surjective. On the other hand, since the ker-
nel of (]5]; /k is topologically finitely generated, it follows from the openness of
Iy, — IIf, that A, | /. admits an open subgroup which is topologically finitely
generated. Thus, Ag Xk is topologically finitely generated. Now the surjectiv-
ity of II7, — II% implies that II7,/A7, | n = II%. Thus, since II% is infinite,
A%ax/k CcIIf, = Ag/k is not open in A’é/k. This implies that A%HX/IC is trivial
(cf. Proposition 3.16(iv)). Thus, we conclude that A’é/k =117 — II% = A’;{/k
is an outer isomorphism. Write (gx,7x), (9¢,7¢) for the type of X/k, C/k, re-
spectively. Then, since A, = A /i it follows from Proposition 3.16(v) that
29y + max{ry — 1,0} = 2¢g, + max{r, — 1,0} and, moreover, that ry, = 0 if
and only if r, = 0. On the other hand, since C' — X determines the surjection
CP* — XPt we have ro > ry. Moreover, it follows from Hurwitz’ formula (cf.,
e.g., [9, Chap. IV, Cor. 2.4]) that g~ > gy. Thus, it follows immediately that
9o = 9x, e = Tx. Moreover, since CP* — X' determines the bijection be-
tween the points of C°P'\ C and the points of XPt\ X CPt — X°P! ig totally
ramified over CP* \ C. Thus, if we write n for the degree of CP* — X°P' and
ep for the ramification index at P € C°P*, then it follows from Hurwitz’ formula
that

290 —2=n(29x —2) + Z (ep—1) =n(2g9x —2) +rc(n—1)+ Z(ep—l)-
PeCert peC
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This implies that n = 1, and that for any P € C, ep = 1. Thus, we conclude that
C — X is an isomorphism. This completes the proof of the implication (2)" = (4).
Finally, we verify the implication (2)” = (2)’, assuming that II} — — II%

k

and Hffx P IIY, are injective. Suppose that condition (2)” is satisfied. Then, the

two commutatlve diagrams of profinite groups

and

S

R P N p

where the horizontal sequences are exact, imply that condition (2)’ is satisfied. This
completes the proof of the implication (2)” = (2)’, hence also of Lemma 3.35. O

Lemma 3.36. In the notation of Lemma 3.35, suppose, moreover, that Y is of
p-LFG-type. Then the following hold:

(i) Consider the following conditions:

1) f is an isomorphism.
2) ¢y is an outer isomorphism.

3) ¢y is surjective and the kernel Ay of ¢y is finite.

)
6

7

(1)

(2)

(3)

(4) (;Sf/k is an outer isomorphism.

(5) ¢f/k is surjective and the kernel Af/k of ¢?/k is finite.
(6) is an outer isomorphism.

(7)

is surjective and the kernel A;p) of gi)’; is finite.

Then we have implications and equivalences: (1) & (2) & (3) < (4) & (5) =
(6) = (7). Moreover, if H]))(X,j — II% and Hi)/x,j — I, are injective, then
the above conditions are all equivalent.
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(ii) The following conditions are equivalent:

(1) f is a finite étale covering and the degree of the Galois closure of Y x 3,k —
X x4, k determined by f is a power of p.

(2) ¢?/k is an outer open injection.

(3) (bf/k is open and the kernel Af/k of qb?/k is finite.

(iii) Suppose that 1T . — II% and II},
Xk

lowing condztwns are equivalent:

5 1Y, are injective. Then the fol-

(1) f is a finite étale covering and the degree of the Galois closure of f is a

power of p.
(2) ¢% is an outer open injection.

(3) ¢ is open and the kernel Agfp) of ¢ is finite.

Proof. (Cf. [10, Lem. 2.12].) First, we verify assertion (i). The implication (3) =
(5) follows from Lemma 2.18 and, moreover, the implications (1) = (2) = (3),
(2) = (4) = (5) and (2) = (6) = (7) are immediate. Now we verify the implica-
tion (5) = (1). Suppose that condition (5) is satisfied. Then it follows from the
implication (2)" = (3) of Lemma 3.35 that f is surjective and generically geo-
metrically connected. On the other hand, it follows from Lemma 3.27(ii) that f
is quasi-finite. Thus, it follows from [4, Cor. (4.4.9)] that f is an open immersion,
hence an isomorphism. This completes the proof of the implication (5) = (1). Sim-
ilarly, the implication (7) = (1) (assuming that II" e F I and 117 — — I,
are injective) follows from the implication (2)” = ( ) of Lemma 3. 35 together
with Lemma 3.27(iii).

Next, we verify assertion (ii). First, we verify the implication (1) = (2).
Suppose that condition (1) is satisfied. Then, since the open subgroup ITy C IIx
corresponding to f contains ker(Ax/, — A% /k) it follows that IT}, n is the image
of Ily C Ilx by the surjection IIx —» H’)’(/k. This completes the implication
(1) = (2). The implication (2) = (3) is immediate. Thus, it remains to verify
the implication (3) = (1). To verify this implication, suppose that condition (3)
is satisfied. Write X’ — X for the connected finite étale covering corresponding
to the open subgroup Im(gbf/k) C HX/,c of HX/k Then the degree of the Galois
closure of X’ x k — X x}, k determined by X’ — X is a power of p. Moreover,
since Iy is the inverse image of Im(d)?/k) C Hé’(/k by the surjection Iy — H’)’(/k,
it follows that ¢ : IIy — Ilx factors through IIx/ — IIx. Thus, ¥ — X factors
through X’ — X. On the other hand, it follows from our choice of X’ — X that
115, Ik = %, . )1, is surjective and, moreover, AV = Az; - Thus, it follows from
the implication (5) = (1) of (i) that the morphism ¥ — X’ is an isomorphism.
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This completes the proof of the implication (3) = (1), hence also of assertion
(ii). Similarly, assertion (iii) follows from the implication (7) = (1) of (i). This
completes the proof of Lemma 3.36. O

Lemma 3.37. In the notation of Lemma 3.35, suppose, moreover, that Y is a

hyperbolic curve over k. Then the following hold:

(i)

(iii)

Consider the following conditions:

1) f is an isomorphism.

2) ¢y is an outer isomorphism.

(1)
(2)
(3) @5 is surjective and the kernel Ay of ¢ is topologically finitely generated.
(4) (b?/k is an outer isomorphism.

(5)

5 d)?/k is surjective and the kernel A’;/k of qﬁ’}/k is topologically finitely
generated.

(6) ? is an outer isomorphism.

(7) ? is surjective and the kernel A;p) of (bfp is topologically finitely gener-
ated.

Then we have implications and equivalences: (1) < (2) & (3) & (4) & (5) =
(6) = (7). Moreover, if H?{xkﬁ — II%, and HfkaE — IIY, are injective, then
the above conditions are all equivalent.

The following conditions are equivalent.

(1) f is a finite étale covering and the degree of the Galois closure of Y x .k —
X xp k determined by f is a power of p.

(2) (Z)’;/k is an outer open injection.

(3) qS?/k is open and the kernel A?/k of (b?/k is topologically finitely gener-
ated.

Suppose that Hixﬁ — II% and stkﬁ — IIY, are injective. Then the fol-
lowing conditions are equivalent:

(1) f is a finite étale covering and the degree of the Galois closure of f is a
power of p.
(2) ¢ is an outer open injection.

(3) ’} is open and the kernel A;p) of qﬁ? is topologically finitely generated.

Proof. (Cf. [10, Lem. 2.13].) If we verify assertion (i), then assertions (ii) and (iii)
follow from an argument similar to the argument used in the proof of Lemma 3.36.



PRO-p GROTHENDIECK CONJECTURE FOR HYPERBOLIC POLYCURVES 821

Thus, it remains to verify assertion (i). Since Y is of p-LFG-type (cf. Proposi-
tion 3.28), the implications (1) < (2) < (4) follow from Lemma 3.36. The implica-
tions (2) = (3) = (5) follow from Lemma 2.18. The implications (2) = (6) = (7)
are immediate. Now we verify the implication (5) = (4). Suppose that condition
(5) is satisfied. Let us observe that it follows from the commutative diagram of
profinite groups

1 —— Hixkg —_— Hl;/k Gy 1
l e
1 —— H?{xkﬁ e Hg(/k Gy 1

that, to verify that condition (4) is satisfied, we may assume without loss of gen-
erality that k& = k. Then, it follows from Proposition 3.16(iii), together with the
surjectivity of qﬁi’c/k, that the image of (b?/k is infinite, i.e., A?/k is not open in
) = A@/k. Thus, it follows from Proposition 3.16(iv) that A?/k is trivial. This
completes the proof of the implication (5) = (4). Finally, we verify the implication
(7) = (5), assuming that H?{xkﬁ — II% and Hfkaﬁ — I} are injective. It follows
from an argument similar to the argument used in the proof of the implication
(2)” = (2) of Lemma 3.35 that, to verify the implication (7) = (5), we may
assume without loss of generality that k = k. But then condition (7) is the same
as condition (5). This completes the proof of the implication (7) = (5), hence also
of Lemma 3.37. O

Lemma 3.38. Suppose that k = k. Let p be a prime number, n a positive integer,
X a hyperbolic polycurve over k satisfying condition (x),, F a normal variety
over k of dimension > n and F — X a quasi-finite morphism over k. (Thus, it
holds that n < dim(F) < dim(X).) Write H%ax/k = H%/k/AI;«’aX/k' (Note that
H%_>X/k is canonically identified with the image of H%/k — H];(/lw and that since
k = k, it holds that H’;/k = H’},H’)’(/k = II%,.) Then there exists a sequence of

normal closed subgroups of H‘;‘HX/k’

1=H0CH1C"'CHn—chn:Hg‘_))(/ka

such that, for each integer i such that 0 < i < n, the closed subgroup H; is
topologically finitely generated and the quotient H;/H;_1 1is infinite.

Proof. (Cf. [10, Lem. 2.14].) Write d := dim(X). For each integer j such that
0 < j < d, write F[j] = X; for the normalization in F of the scheme-theoretic
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image of the composite F' — X — X;. Then we obtain a commutative diagram of
normal varieties over k,

F —— Fld F[1] Speck = F[0]
L i
X —— X, X, Speck = Xy,

where the horizontal arrows are dominant and generically geometrically connected
and the vertical arrows (except for the morphism F'— X)) are finite (cf. Lemma 2.9),
which implies that dim F[i] < ¢, 0 < dim(F[i + 1]) — dim(F[i]) < 1. Now since
dim(F) > n, there exists a uniquely determined subset {Dy,...,D,_1} C {0,...,
d — 1} of cardinality n such that, for each integer ¢ such that 0 < ¢ < n, the
normal variety F[D; + 1] is of dimension ¢ + 1, but the normal variety F[D;] is
of dimension i. Write F[D,,] := F. Next, since k is of characteristic zero, and the
horizontal arrows in the above commutative diagram are dominant and generically
geometrically connected, one verifies easily that, for each integer ¢ such that 0 <
1 < n, there exists a nonempty open subscheme U[D;] C F[D;] of F[D;] such that,
for each integer i such that 1 <4 < n, the image of the open subscheme U[D;] C
F[D;] by the morphism F[D;_1] — F[D;_4] is contained in U[D;_1] C F[D;_1]
and, moreover, the resulting morphism U[D;] — U[D;_1] is surjective, smooth
and geometrically connected. Thus, we obtain a commutative diagram of normal
varieties over k,

UlD,] —> U[Dp_i] UlD;] — Speck = U[Dy]
i i |
F|D,] —> F[D,_] F[Dy] —— Speck = F[Dy],

where the vertical arrows are open immersions and the upper horizontal arrows
are surjective, smooth and geometrically connected.
Now, for each integer 4 such that 0 < i < n, let us write

Hi = Tm(App, Ly, _x = Moo, = e = e xn)
Let us observe that since AZ[Dn]aU[Dn,,,-]/k is a normal subgroup of H”U[Dn]7 H; is
a normal subgroup of IT%, Xk We verify that the sequence of normal subgroups
P
of 1_[F—>X/k’

1:H0CH1C"'CHn—chn:H%AX/k’
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satisfies the condition in the statement of Lemma 3.38. Fix an integer ¢ such that
0 < i < n. First, by applying Lemma 2.11, where we take the data “(X,S,U)” to be
(U[Dy],U[Dy—1],U[Dy]), it follows that Ay(p,.1/v(p,_.] € Hup,] is topologically
finitely generated. On the other hand, since Iy p,; — yp,_,] is surjective (cf.
Lemma 2.6), it follows from Lemma 2.18 that AU[D |5 UDn_ ik © 117, U(D,| is the
image of Ayp,)/vip,_.] C Hup,) by Hyp,) — U[Dn] Thus, H; is the image of
Ayp,1/Uipn_i C uip,) by the composlte Oy, H%[Dn] — IIF, — HF_>X/,c
In particular, H; is topologically finitely generated. Thus, it remains to verify
that the quotient H;/H;_; is infinite. Write Q for an algebraic closure of the
function field of U[D,,_;], @ = SpecQ — U[D,,_;] for the generic geometric point
of U[D,,_;] determined by Q, and Up, _, ,/p,_, := U[Dn—i41] Xu[p,_,) @, which
is a smooth variety over Q of dimension 1 (resp. dim(F) —n + 1) if ¢ # 1 (resp.
i = 1). Then, since the morphism U[D,,—;1+1] = U[D,—;] is surjective, smooth,
geometrically connected (hence geometrically integral), it follows from our choice
of the geometric point @ — U[D,,—;] that (U[Dp—;], U[Dn—it1],U[Dp—i+1],@ —
U[D,,—;]) satisfies conditions (1), (2), (3), (4) for (S, X,Y,5 — S)” of Lemma 2.10.
Thus, the sequence of profinite groups

My, — Ilyp — lyp,., ) — 1

n—it1/Dn—i n—it1]

is exact, which determines a surjection Il = AU[Dy_i11]/U[Dn_i]- ON

—i4+1/Dn—;
the other hand, the exact sequence of profinite groups

L= Ay(p,)/UlDa—i1] = AUDL/UID.—] = AUD,_ 1] /UID.—i] = 1

determines an isomorphism

Av(D,1/UIDn )/ AU /UID 1] = AUD,i41)/UIDn -

Thus, we obtain a sequence of profinite groups

Wy, o, = AU /UD.]/AUD.UD,—s1] > Hi/Hiza.

02 the other hand, since IZ (resp. H;_1) is the image of AU[D D,k (resp.

Ay U(Dn]—U[Dn i+1]/k) - HU[D”] by the composite HU[DH] - 1Y, — HF%X/k -
p p

HF/AFHX/,C and, moreover, the subgroups AU[D”]HX/]C and AU[D"]HU[Dnﬂ,H]/k

of HU[D j are contained in the kernel of the composite HIPJ[D | > h, — 5 —

% (where we write Xp, := X), it follows that there is a natural homo-
n—i+1

morphism H;/H; 1 — H’;(D . Thus, the composite of natural morphisms

n—i+1

UDn—i«Fl/ani = U[Dn—i-‘rl] XU[Dy ] a Ii)l U[Dn—i-i‘l] — XD?L4+1
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determines a sequence of profinite groups

P P
1T _>Hi/Hi—1—>HXD

UDn—H»l/Dn—i n—it1

On the other hand, since the natural morphism F[D,,_;+1] = Xp hence also

U[Dn7i+1] — F[aniJrl] — XD

n—i+17?

n_is1s 18 quasi-finite, it follows that

UDn—z:+1/Dn—i = U[Dn*i+1] XU[Dp—] a

= (U[Dn—it+1] Xk Q) XD, _i]x,2) @ = XD, i1y Xk Q

is quasi-finite, hence nonconstant. Moreover, since Xp X € is a hyperbolic

n—i+1
polycurve over §) satisfying condition (%), it follows from Proposition 3.28 that

XD, i1 Xk Q is of p-LFG-type. This implies that the image of the composite

H%DWHI/D”% — H&Dniiﬂ s = H’;(D%H17 hence also the image of H;/H;_1 —

H’;(D , is infinite. Thus, we conclude that H;/H;_; is infinite. This completes
n—i+1

the proof of Lemma 3.38. O

84. Pro-p Grothendieck conjecture for hyperbolic polycurves

In the present Section 4, we consider the pro-p version of the Grothendieck conjec-
ture for hyperbolic polycurves. Let k be a field of characteristic zero, k an algebraic
closure of k and Gy, := Gal(k/k).

Definition 4.1 (Cf. [11, Def. 15.4(i)]). Let p be a prime number. Then we shall
say that k is sub-p-adic if k is isomorphic to a subfield of a finitely generated
extension of Q.

Proposition 4.2. Let p be a prime number, X a hyperbolic polycurve over k

satisfying condition (%), and Y a geometrically integral variety over k. Then the
following hold:

(i) Write Hom{°™(Y, X) C Homy(Y, X) for the subset of dominant morphisms
from'Y to X over k and Hom%ien(ﬂg/k,ﬂi/k) C Homg,, (Hf//k,f[’;{/k) for
the subset of open homomorphisms from H’;//k to H?{/k over Gy. Then the
natural map

Homj™™ (Y, X) — Homgl™ (I}, ,, 11 )/ Tan(A% )

(cf. Lemma 2.3) is injective.

(ii) Suppose that k is sub-p-adic. Then the natural map
Homy (Y, X) — Homg, (Hg/k,ﬂi/k)/lnn(Ai/k)

1S 1njective.
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Proof. (Cf. [10, Prop. 3.2].) Write n := dim(X). First, we verify assertion (i). I
claim that the following assertion holds:

Claim A: If n = 1, then assertion (i) holds.

Indeed, since k is of characteristic zero, it follows that Y contains a dense open
subscheme which is smooth over k. Thus, by replacing Y by such an open sub-
scheme, we may assume without loss of generality that Y is smooth over k. Then,
if k is sub-p-adic, Claim A follows from [11, Thm. A]. Now we verify Claim A for
an arbitrary k. Let f,g € Hom{°™(Y, X) be elements of Hom{°™(Y, X) that map
to the same element by the above map. Then there exist a subfield k¥’ of k which is
finitely generated over Q, a hyperbolic curve X’ over k/, a smooth variety Y’ over
k' and f', ¢ € Hom{?™(Y”, X') such that the base-change of f, ¢’ to k is f, g, re-
spectively. Then, since k' is finitely generated over Q (hence sub-p-adic), the map
Hom{™(Y', X') — Homgiefn(ﬂl;,/k,,Hﬁ(,/k,)/Inn(Ai,/k,) is injective. Moreover,
since AX,/k, is slim (cf. Proposition 3.16(iii)), it follows from Lemma 2.20 that

HOmOan(HP Y’ /K X//k,)/Inn( X’/k’) — HOIH(AI;///]C/, X//k,)/Inn( X//k’)
is injective. Then, since f/, ¢ € Hom{?™(Y’, X') map to the same element in

Hom(AY, ks X,/k,)/Inn( X'/k’) Hom(N;/w X/k>/1nn( X/k)’

it follows that f’ = ¢’, which implies that f = g¢. This completes the proof of
Claim A.

Next, we verify assertion (i) by induction on n. If n = 1, then assertion (i) is
the same as Claim A. Now suppose that n > 2 and that the induction hypothesis
is in force. Let f,g € Hom{™ (Y, X) be elements of Hom{°"(Y, X) that map
to the same element by the above map. Write f,_1, g,—1 for the composites of
X — X,_1 and f, g, respectively. Then f,,_1, g,—1 induce the same Az)j(nfl/k'
conjugacy class of homomorphisms I, e e /- Thus, it follows from the
induction hypothesis that f,_1 = g,—1. Let 7 — X,,_1 be a generic geometric
point of X,,_1. Let C C Y xx, _, 7 (where we take Y — X,, 1 to be fr—1 = gn-1)
be an irreducible component of Y xx, , 7 with the reduced induced structure.
Write f/,¢' : Y xx,_, 7 — X Xx,_, j for the base-change of f, g, respectively.
Now let us fix a basepoint of C' and consider the diagram of profinite groups

Hp

_— HID o
C/m T T XXx,_17/7

| |

Hf//k — HI)](/I@ i Hpn 1/k

— Il ={1}
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induced by the diagram of schemes
C —— YXXn—lﬁ —_— XXXn—lﬁ L n

SO |

Y —= X —— X, 1.

Then, since X Xx, , 7 is a hyperbolic curve over 7, it follows from Proposi-
tion 3.16(ii) that

1L S

Nxx,_ |7/ II; = Af C A% ), CTIX

P
X/X'nfl XHanl X/anl X/k

Thus, ¢p,bg : Mo = Wayy  am

g', respectively, are determined by ¢¢, ¢, : II}, e = I Jk induced by f, g, re-

induced by the dominant morphisms f’,

spectively. On the other hand, since ¢ is a A’;(/k—conjugate of ¢4, we can choose
an element a € A?{/k such that ¢, = agra~'. Write ¢ : H’)}/k — Hﬁ(nﬂ/k for
the right-hand lower horizontal arrow of the above diagram of profinite groups.
Then the composites 1) o ¢ and 1 o ¢y = 1(a) - (¢ o ¢y) - t(a)~* are induced by
fr—1 = gn—1, hence ¢ o ¢y = 1) 0 ¢4. Thus, since ¢)(a) € A_I;(,L,l/lw it follows that
Y(a) € ZN;(W,_l/k (Im(popy)N A§7L71/k). On the other hand, since ¢ is open and
1 is surjective (cf. Proposition 3.7(1)), Im(y o ¢y) ﬂAinil/k C A’;(%l/k is an open
subgroup of A’)’(Wl/k, which implies that ZAI;(”,I/k(Im(w o¢ps)N Aﬁ(nfl/k) = {1}
(cf. Proposition 3.16(iii)). Thus, it follows that a € kervy = AZ))(/Xn—17 i.e., that ¢y
is a Ag(/xn_l—conjugate of ¢4, which implies that ¢ is a Ai/xn_l—conjugate of
¢g . In particular, by applying Claim A, where we take the data “(Speck, X,Y)” to
be (7, X xx,,_, 7, C), we obtain that f’=g’. Since the morphism C —Y" is schemat-
ically dense, we conclude that f=g. This completes the proof of assertion (i).
Next, we verify assertion (ii). Write  — Y for the generic point of Y.
Note that the hyperbolic polycurve X Xy n/n satisfies condition (), (cf. Proposi-
tion 3.16(ii)). Fix a homomorphism II,, — HI;//k arising from the natural morphism

n — Y. Then we have a natural Hf;( / p-conjugacy class of isomorphisms AZ;(XM /n =

Ag(/k (cf. Proposition 3.16(ii)), a natural outer isomorphism H&an/n = H?{/k X Gy
IL,, (cf. Proposition 3.16(ii)) and a commutative diagram

Homy(V, X) ——— Homgk(Hz}’,/k,Hg(/k)/Inn(Af;(/k)

| |

Hom,(n, X xpn) —> Homnn(HmHg(xm/n)/lnn(Ag(Xm/n).
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Now, since n — Y is schematically dense, the left-hand vertical arrow of the
above diagram is injective. Thus, since the function field of Y is finitely gener-
ated over the sub-p-adic field k (hence the function field of Y itself is sub-p-adic),
by replacing k by the function field of Y and Y by Speck, to verify assertion
(ii), we may assume without loss of generality that ¥ = Speck. Now we ver-
ify assertion (ii) by induction on n. If n = 1, then assertion (ii) follows from
[11, Thm. C]. Now suppose that n > 2 and that the induction hypothesis is in
force. Let f,g € Homy(Speck, X) be elements of Homy(Speck, X) that deter-
mine the same element of Homg, (G, IT5 /k) /Inn (A% /k)' Then, it follows from
the induction hypothesis that the composite of X — X, _; and f coincides with
that of g. Write ¢ € X,,_1 for the image of the morphism Speck — X, 1 de-
termined by f (i.e., by g), and ¢f, ¢4 : G — Hz;(/k for the homomorphism in-
duced by f, g, respectively. Choose an element a € A% /k such that ¢, = agra™?.
Then it follows immediately that k(xz) = k. Moreover, since X, := X xx, , &
is a hyperbolic curve over Speck(z), it follows from Proposition 3.16(ii) that

A_I;(I/k(m) = A?(/Xn—l C Al))(/k, which implies that Hz)’(z/k(w) — H’;(/k is injec-
tive. Thus, if we write ¢ : H’;( e 1’[1)’(%1 Jk for the outer homomorphism induced

by X — X,,_1, then it follows from an argument similar to the argument used in
the proof of assertion (i) that it suffices to show that 1(a) = 1. Now, the section
Yopy =1pogy induced by Speck — X,,_1, together with the action of Hg(nfl/k on
Ag(nil Jk by conjugation, determines an action of Gy, on Ainil Ik Then, it follows
from the easily verified fact that ¢(a) € (A%nil/k)Gk that to verify assertion (ii),
it suffices to verify that the following assertion holds:

Claim B: Suppose that k is sub-p-adic. Let X be a hyperbolic polycurve
over k satisfying condition (*), and Speck — X a k-rational point. Then,
on the group action of G on A])”( Ik determined by the section of HI)’( e

G, induced by Speck — X, we have (Ag(/k)Gk = {1}.

Indeed, let us observe that it follows from induction on the dimension of X that,
to verify Claim B, we may assume without loss of generality that X is a hyperbolic
curve over k. Now assume that (Af;{/k)ck # {1}. Let us choose an element a €
(A% /k)Gk \ {1}. Then there exists a characteristic open subgroup V' C A% Ik
of A% ), such that a ¢ V' (cf. Proposition 3.16(iii), [15, Prop. 2.5.1(b)]). Write
U :=V -{(a). Then U is an open subgroup of N)’(/k. Moreover, since V' C A’)’(/k is
normal, it follows that [U,U] C V. In particular, a € U \ [U, U], which implies that
(UP)Gr £ {1}. Write W for the (necessarily open) subgroup of H])’(/k generated
by U and the image of the section Gj, — II% /k induced by the given k-rational
point Speck — X. Then W C Hi/k corresponds to a hyperbolic curve X’ over
k. Thus, to verify Claim B, by replacing X/k by X'/k, it suffices to verify that
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(A’)’(’?Z)G’“ is trivial. Moreover, by replacing k by its finite extension if necessary,
we may assume that S(k) = S(k), where we write S := XP*\ X. Write (g,r) for
the type of the hyperbolic curve X/k, J for the Jacobian variety of X°P* and T,,J
for the p-adic Tate module of J. Then, if r = 0, we have a canonical isomorphism
A’)’(’?z = T,J (cf. [16, (1-3)]). If > 0, then we have the exact sequence
0—Zy(1) — @ Zp(1) — A’)’(’j‘z —TpJ =0
zeS(k)

(cf. [16, (1-5)]). Thus, to verify Claim B, it suffices to verify that (Z,(1))%* and
(T, J)%* are trivial. First, we verify that (Z,(1))“* is trivial. Since k is sub-p-adic,
there exists an injection k& <— K, where K is a finitely generated field extension of
Qp. Then, the action of Gy on Z,(1) determines a character x : Gy — Z,. Now
let us consider the commutative diagram of profinite groups

GK —_— GQP

L

Then, since Gg, — Z, is surjective and Gk — G, is open, the image of Gx —
Z,, hence also that of x, is nontrivial. Thus, we conclude that (Zp(1))C* is trivial.
Next, we verify that (7},.J)* is trivial. It follows from the sequence G — Gj, —
Aut(T,J) that, to verify that (7},.J)%* is trivial, we may assume without loss of
generality that % is finitely generated over Q. Then there exist a normal domain R
with quotient field k which is finitely generated over Q, and an abelian scheme A
over R such that J — Speck is the base-change of A — Spec R by the morphism
Speck — Spec R. Let = be a closed point of Spec R. Then, by considering the
action Gy — Aut(T,A;) < Aut(T),J), we conclude that to verify that (T),J)%*
is trivial, it suffices to verify that, for each finite extension k of Q, and abelian
variety A over k, the module (7,,A)“* of Gj-invariants is trivial. Now let us observe
that
(T, )% = lim Alp"|(F)°* = lim A[p"|(k) = lim A(K)[p"]-

On the other hand, since A(k) is a compact abelian p-adic Lie group, it follows
that A(k) is isomorphic, as a topological group, to the direct sum of Ly for a
suitable nonnegative integer m and a finite abelian group. Thus, we conclude
that lim = A(k)[p"] is trivial. This completes the proof of Claim B, hence also of
Proposition 4.2. O
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Corollary 4.3. Let p be a prime number, X a hyperbolic polycurve over k sat-
isfying condition (x%), and Y a geometrically integral variety over k. Then the

following hold:

(i) Write Hom{°™ (Y, X) € Homy(Y, X) for the subset of dominant morphisms
fromY to X overk and Homg%en(ﬂf,, %) C Homgr (111, IT%,) for the subset
of open homomorphisms from IIY, to II% over GY. Then the natural map

Hom{°™(Y, X) — Homgp™ (I, IT%) / Inn (A )

(cf. Lemma 2.3) is injective.

(ii) Suppose that k is sub-p-adic. Then the natural map
Homy, (Y, X) — Homge (I, 11%.) / Inn(Ag(/k)
18 1njective.
Proof. This follows from Proposition 4.2, together with Lemma 3.23(ii). O

Theorem 4.4. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
curve over k (resp. a hyperbolic curve over k satisfying condition (xx),), Y a
normal variety over k and ¢ : Hf//k — H’;(/k (resp. ¢ : I}, — TI%.) an open
homomorphism over Gy (resp. G¥). Then ¢ arises from a uniquely determined
dominant morphism Y — X over k.

Proof. (Cf. [10, Thm. 3.3].) First, let us observe that, if X/k satisfies condition
(#%)p, then it follows from Lemma 3.23(ii) that the homomorphism I}, — II%
canonically determines Hf,/k — H’;( e Thus, in light of Proposition 4.2(i) and
Corollary 4.3(i), to verify Theorem 4.4, it suffices to verify that an open homo-
morphism ¢ : H’;, e H’)’( /1 Over G, arises from a dominant morphism ¥ — X
over k. Now, let us observe that there exists a dense open subscheme U of Y which
is smooth over k. Then, it follows from [11, Thm. A] that the composite HZ k=

115, /k 4 I Jk arises from a uniquely determined morphism U — X over k. Write

n — U for the generic point of U. Then, since Hf;/k — HpU/k — H’;//k A H’;(/k
is induced by n - U — X, it follows from Lemma 3.34 that ¢ arises from a
morphism Y — X over k. Moreover, since ¢ is open, it follows that the morphism

Y — X is dominant. This completes the proof of Theorem 4.4. O

Lemma 4.5. Let p be a prime number, n a positive integer, S, Y normal varieties
over k, X a hyperbolic polycurve of relative dimension n over S and ¢ : 11§, — TI%
an open homomorphism over GY. Suppose that the composite 1§, 2 o5 — II%
arises from a morphism Y — S over k. Write S’ C S for the scheme-theoretic
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image of the morphism'Y — S, Z := Nor(Y/S") and n — Z for the generic point
of Z. Then the following hold:

(i) The morphism Y — Z over k is dominant and generically geometrically
connected. In particular, Yy :=Y X zn is a (nonempty) normal variety over .

(ii) There exist nonempty open subschemes Uy C Y, Uz C Z of Y, Z, respec-
tively, such that the image of Uy C Y by the natural morphism Y — Z is
contained in Uy C Z and, moreover, the resulting morphism Uy — Uy is
surjective, smooth and geometrically connected.

(iii) Write N C II§, for the normal closed subgroup of 11§, obtained by forming
the image of the normal closed subgroup Agz/Uz C Iy, of I, by 117, —
IIY.. Then the image of the composite Agi?/n — I§, — IIY., hence also the

composite Ily, = Ay, /, — Agﬁ;)/n — H%’,n — I, coincides with N C I},
(iv) The image of N C IIy by the composite 11, — TI%. — II% is trivial. In
particular, we obtain a natural II% -conjugacy class of homomorphisms N —
(p)
AY Is
(v) If. moreover, dim(Y') > dim(S), Y is of p-LFG-type and II7, - — TI§, is
k

injective, then N is infinite.
(vi) If moreover, dim(Y) > dim(S) and Y is a hyperbolic polycurve over k satis-
fying condition (xx),, then there exists a sequence of normal closed subgroups

of N,
{1}y =Ho C Hy C - C Hgim(v)—dim(s)—1 C Hdim(y)—dim(s) = N,

such that, for each integer i such that 1 < i < dim(Y) — dim(S), the closed
subgroup H; is topologically finitely generated and the quotient H;/H; 1 is
infinite.

(vii) If, moreover, n = 1, k is sub-p-adic, X/S satisfies condition (xx), and the
image of N — Ag?}s of (iv) is nontrivial, then ¢ arises from a morphism
Y — X over S.

Proof. (Cf. [10, Lems. 3.4, 3.5].) Assertion (i) follows from Lemma 2.9. Assertion
(ii) follows from assertion (i) and the fact that k is of characteristic zero. Next,
we verify assertion (iii). Let 7 — Uz be a generic geometric point of Uz. Write
Yy =Y xz7 and (Uy )z := Uy Xy, 7. Then it follows from Lemma 2.10, together
with the right exactness of the operation of taking the maximal pro-p quotient,
that we obtain a surjection I, ). — A;]pl/Uz‘ Thus, N is the image of the
composite (g, — Ag’: v, Iy, — TI§,, which coincides with the composite

My), = Iy, = Ay, )y — Agf)/n s HI{,?] — II§.. On the other hand, it follows

n
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from Lemma 2.2 that the homomorphism Il (s, — Ily; is surjective. Moreover, it

n

follows from the surjectivity of Ily, — II,, together with the right exactness of the

operation of taking the maximal pro-p quotient, that Ay, ,, — Agf’ ) /n is surjective.
n

Thus, N is the image of the composite Agf:)/n — Hf,n — II§.. This completes the
proof of assertion (iii). Assertion (iv) follows from assertion (iii), together with the
fact that the composite Y;, — Y — § factors through n — S. Next, we verify
assertion (v). It follows from our choice of (Uy,Uyz) that the geometric fiber F
of Uy — Uy at a k-valued geometric point of Uy is a smooth variety over k of

dimension > dim(Y’) —dim(S) > 0. In particular, the natural morphism F — Y Xy,
P

YX]CE7
hence also that of II%, — II},, is infinite. On the other hand, it follows from our

choice of F' that IT%, — II}, factors through the composite Agﬁ U, 7, — My

Thus, we conclude that N is infinite. This completes the proof of assertion (v).

k over k is nonconstant. Thus, since Y is of p-LFG-type, the image of mh, — 1II

Next, we verify assertion (vi). The morphism Yz =Y xz7 "4 Y factors through a

natural closed immersion Y3 < Y x3,7. Then, since Y3 is a normal variety over 7 of
dimension > dim(Y") —dim(S) and, moreover, Y x 7 is a hyperbolic polycurve over
7 satisfying condition (x), (cf. Proposition 3.16(ii)), it follows from Lemma 3.38
that the image of H’;ﬁ =1y, 5

statement of assertion (vi). On the other hand, any homomorphism H’;,Xm —

admits a sequence of closed subgroups as in the

Iy, induced by Y xx 7 — Y determines an isomorphism II{, - = AI;,/,C (cf.

Lemma 2.5, Proposition 3.16(ii)). Thus, the image of 1_[7;% — H’;,Xm is isomorphic
to that of H’;% — Iy, which coincides with N (cf. assertion (iii)). This completes
the proof of assertion (vi). Finally, we verify assertion (vii). Note that since X/

satisfies condition (#x),, we have Ag?; g = A% /5 1t follows from assertion (iii)

that the image of Agf; ) 1y C 11y, by the composite IT§, — TI{, % 1%, coincides with
the image of N — A, /s which is assumed to be nontrivial. On the other hand,
it follows from Lemma 2.2 that IIy, — IIy, hence also H’;,n — IIY,, is surjective.
Thus, since Agf; ) m C Hf,n is a normal subgroup of H@n, in light of the openness
of ¢, it follows that Im(H@n — %) N A?{/s is an open subgroup of A’)’(/S and,
moreover, Im(Agf;)/n — Af)’(/s) is a normal subgroup of Im(H’%7 — Hg()ﬂAé’(/S. On

the other hand, it follows from Lemmas 2.5 and 2.7 that Ay, /,, hence also Agi)/n’
is topologically finitely generated. Thus, we conclude that Im(Agf;)/n — AR /S)
is an open subgroup of A?{/s (cf. Proposition 3.16(iv)). Write X,, := X xg 7.
Let us fix an isomorphism Hg(n 5 T0% xm, 1§ (cf. Proposition 3.16(ii)) over
IIF arising from morphisms X, X , Xy e n over S and a homomorphism

.. . pr pr
H’;,n — I Xz, 1P over II arising from morphisms Y, —Y,Y, — n over Z.
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Then ¢ determines a homomorphism

- TP p 14 P P 2 1P
On My, — Iy xqp I — I xqp 1) < Iy

over ITP. On the other hand, we have Ag?i/n = Agﬁ,/n = A’)’(/S (cf. Proposi-
tion 3.16(ii)). Thus, it follows from the openness of Agf;)/n — A?(/S’ together with

the commutative diagram of profinite groups

1 A%)/ n

R

(p)
Xn/n chn

I, I 1

1 — A Hf] 1
that the image of ¢,, is a closed subgroup of H’;(n of finite index, hence open. Thus,
since X, is a hyperbolic curve over 7 satisfying condition (*x), and, moreover, 7 is
the spectrum of a sub-p-adic field, it follows from Theorem 4.4 that ¢, arises from a
morphism Y;, = X,, over n. Write £ — Y, for the generic point of ¥;, =Y xzn C Y.
Let us consider II{ — II% induced by the morphism § — Y, — X, — X over S.
Then we obtain a commutative diagram of profinite groups

P p p 14 P
07— I s T —— I gy 117

i i

I, 1%, .

Thus, IT{ — II% coincides with the composite of ¢ and IT{ — II}. arising from § —
Y, which implies that ¢ arises from a morphism Y — X over S (cf. Lemma 3.34).
This completes the proof of assertion (vii). O

Definition 4.6. Let p be a prime number, X, Y normal varieties over k and
¢ : 11§, — II% a homomorphism over G}.

(i) We shall say that ¢ is nondegenerate if ¢ is open and, moreover, for any open
subscheme U C Y of Y, any normal variety Z over k such that dim(Z) <
dim(X) and any smooth, geometrically connected, surjective morphism U —
Z over k, the composite IT7, — II}, A IT% does not factor through I}, — II,.

(ii) Suppose that X is a hyperbolic polycurve of relative dimension n over k.
Then we shall say that the homomorphism ¢ is poly-nondegenerate if there
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exists a sequence of parametrizing morphisms
X=X,—-X,.1—— X1 = Speck =X

such that X /k satisfies condition (#x), with respect to this sequence and that
for each integer ¢ such that 0 < ¢ < n, the composite IT}, — ITI§ — H’)’(i is
nondegenerate.

Theorem 4.7. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve over k satisfying condition (xx), and Y a normal variety over k. Write
Homgom(Y, X) C Homg(Y,X) for the subset of dominant morphisms from Y
to X over k and HomglgD(Hf,,Hg() C Homgr (15, II%.) for the subset of poly-
nondegenerate homomorphisms from 11§, to II% over G}.. Then the natural map

Hom{®™ (Y, X) — Homgp (I}, I ) / Inn(AX )
determines a bijection

Hom{*™ (Y, X) =5 Homgp > (I, 1% )/ Tnn(A% ).

Proof. (Cf. [10, Thm. 3.7].) First, I claim that the following assertion holds:

Claim A: Any homomorphism ¢y : I}, — II% over GY, that arises from a
dominant morphism f : Y — X over k is poly-nondegenerate.

Indeed, suppose that there exist an integer ¢, an open subscheme U C Y of Y, a
normal variety Z over k, a smooth, geometrically connected, surjective morphism
U — Z over k and a sequence of parametrizing morphisms

X=X,—->X,.1—-— X1 = Speck =X

such that 0 < i < n, X/k satisfies condition (#x), with respect to this sequence
and, moreover, the composite 117, — I}, 24 % — TI% factors through 117, — II%.
Then, by applying Corollary 3.33, where we take the data “(k,k’,S,Y,Z, X, f)”
to be (k,k,Speck, Z,U, X;,U <Y Sx o X;), we conclude that the composite
U—=Y hx o X; factors through U — Z. In particular, since f is dominant, it
holds that dim(Z) > dim(X;). This completes the proof of Claim A.

It follows from Claim A that we have a natural map

Hom}™™ (Y, X) — Homgy P (I, I ) / Inn (A% ).

Moreover, it follows from Corollary 4.3(i) that this natural map is injective. Thus,
to verify Theorem 4.7, it suffices to verify the surjectivity of the above map. Let
@€ HomglgD (1§, , 1% ) be a poly-nondegenerate homomorphism over G and

X=X,— X1 — - — X1 — Speck = Xy,
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a sequence of parametrizing morphisms as in Definition 4.6(ii). Now I claim that
the following assertion holds:

Claim B: Suppose that there exists a morphism f : Y — X over k from
which ¢ arises. Then f is dominant.

Indeed, assume that f is not dominant. Write X’ C X for the scheme-theoretic
image of f and S := Nor(Y/X’). Then since the natural morphism ¥ — S is
dominant and generically geometrically irreducible (cf. Lemma 2.9) and k is of
characteristic zero, there exist open subschemes Uy C Y, Ug C S of Y, S, respec-
tively, such that the image of Uy C Y by the morphism Y — S is contained in
Us C S and, moreover, the resulting morphism Uy — Ug is surjective, smooth and
geometrically connected. On the other hand, since f is not dominant, it follows
that X', hence also Ug, is of dimension < dim(X). However, since II{; — IT% fac-
tors through IT7,  — IIf,  and ¢ is poly-nondegenerate, we obtain a contradiction.
This completes the proof of Claim B.

It follows from the discussion preceding Claim B that, to verify Theorem 4.7,
it suffices to verify that the following assertion holds:

Claim C: For each integer i such that 0 < i < n, if the composite IT§, —
5 — Hg(i arises from a dominant morphism Y — X, over k, then
the composite IIy, — TI% — II%  arises from a dominant morphism
Y — X411 over k.

To verify Claim C, let us write Z := Nor(Y/X;), n — Z for the generic point of Z
and Y;, :=Y xzn. Now I claim that the following assertion holds:

Claim C.1: The image of any homomorphism that belongs to the H&Hl—

conjugacy class of homomorphisms N — Agfi)ﬂ e of Lemma 4.5(iv),

where we take the data “(S,Y, X)” to be (X;,Y, X;11), is nontrivial.

@ x, is trivial. Let Uy C Y, Uy C Z

be open subschemes of Y, Z, respectively, as in Lemma 4.5(ii). Then it follows from

Indeed, assume that the image of N — A

Lemma 4.5(iii) that the image of Agﬁwz C 117, by the composite II7; A 5, —

1%, is trivial. Thus, it follows that the composite 1T}, — IT5. % % — IT%, |
factors through II7; - — IIf, . On the other hand, since dim(Uz) = dim(Z) =i <
i1+ 1 =dim(X;41), and ¢ is poly-nondegenerate, we obtain a contradiction. This
completes the proof of Claim C.1.

It follows from Claim C.1, together with Lemma 4.5(vii), that the composite
m, — 15 — HI;QH arises from a morphism Y — X;,1 over k. Moreover, it
follows from Claim B that this morphism is dominant. This completes the proof
of Claim C, hence also of Theorem 4.7. O
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Remark 4.8. It follows from Theorem 4.7, together with the proof of Claim A in
Theorem 4.7, that a poly-nondegenerate homomorphism satisfies the condition in
Definition 4.6(ii) with respect to an arbitrary sequence of parametrizing morphisms
of X/S with respect to which X/S satisfies condition (#x),.

Theorem 4.9. Let p be a prime number, k a sub-p-adic field, Y, S normal vari-
eties over k, X a hyperbolic curve over S satisfying condition (xx), and ¢ : 11§, —
1% a homomorphism over GY.. Suppose that the following conditions are satisfied:

(1) The composite 113, % %, — IIY arises from a morphism'Y — S over k.
(2) ¢ is open and its kernel is finite.

(3) Y is of p-LFG-type and, moreover, Hp = 110, is injective.

(4) dim(X) (=dim(S) + 1) < dim(Y).

Then ¢ arises from a quasi-finite dominant morphism Y — X over S. In partic-

uwlar, dim(X) = dim(Y").

Proof. (Cf. [10, Thm 3.8].) It follows from conditions (3), (4), together with
Lemma 4.5(v), that the closed subgroup N C II}. defined in Lemma 4.5(iii) is infi-
nite. Thus, it follows from condition (2) that the image of N C II§, by ¢ is nontriv-
ial. This implies that ¢ arises from a morphism Y — X over S (cf. Lemma 4.5(vii)).
Moreover, it follows from conditions (2), (3), together with Lemma 3.27(iii), that
Y — X is quasi-finite, hence dominant (cf. condition (4)). This completes the
proof of Theorem 4.9. O

Definition 4.10. Let p be a prime number, n a positive integer and C a condi-
tion on a connected noetherian separated normal scheme S over k, a hyperbolic
polycurve X over S and a sequence of parametrizing morphisms

X=X, - Xn1—=>-—=X1=2>5=X,
which satisfies the following conditions:
(1) If X/S satisfies condition C and, moreover, m > 2, then X /X satisfies condi-
tion C.

(2) If X/S satisfies condition C, then, for any connected noetherian separated
normal scheme T over k and any morphism 7' — S, X xg T'/T satisfies con-
dition C.

(3) If X/S satisfies condition C, then, for any open subgroup U C II% of II%., the
hyperbolic polycurve corresponding to U satisfies condition C.

Then we shall say that the assertion (Tn)g holds if, for any hyperbolic polycurve
X of relative dimension n over k satisfying conditions (xx), and C, IT%, does not
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admit a sequence of closed subgroups of IT%,
{I}ZH()CHl c---CH, CHn_i_l:HI;(,

such that, for each integer ¢ such that 0 < i < n, the closed subgroup H; is
topologically finitely generated and normal in H;y; and the quotient H;yi/H; is
infinite.

Example 4.11. Suppose that C is one of the following:

e X/S is an arbitrary hyperbolic polycurve.

e X/S is a hyperbolic polycurve such that X — S is proper.

e X/S is a hyperbolic polycurve such that, for each integer ¢ such that 1 < i < m
(where we write m for the relative dimension of X/S5), if we write (g;,r;) for
the type of the hyperbolic curve X;/X;_4, then r; > 0.

Then C satisfies conditions (1), (2), (3) in Definition 4.10.

Lemma 4.12. For an arbitrary condition C as in Definition 4.10, the assertion
(t1)§ holds.

Proof. (Cf. [10, Lem. 3.10].) This follows from Proposition 3.16(iv). O

Theorem 4.13. Let p be a prime number, n a positive integer, k a sub-p-adic
field, C a condition as in Definition 4.10, S a normal variety over k, X a hyperbolic
polycurve of relative dimension n over S satisfying condition (xx),, Y a hyperbolic
polycurve over k satisfying condition (xx), and ¢ : Iy, — TI5 a homomorphism
over GY.. Suppose that the following conditions are satisfied:

Then ¢ arises from a quasi-finite dominant morphism' Y — X over S. In partic-
ular, dim(X) = dim(Y").

Proof. (Cf. [10, Thm. 3.11].) Fix a surjection IT§ — TI%. over G} arising from the
morphism X — X7 over k. First, I claim that the following assertion holds:

Claim A: If n > 2, then the composite I} LA % — TI% arises from a
morphism Y — X, over S.
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Indeed, write S’ C S for the scheme-theoretic image of the morphism Y — S, Z :=
Nor(Y/S’), n — Z for the generic point of Z and Y,, :=Y xzn. Then, by applying
Lemma 4.5(vii), where we take the data “(S,Y, X, ¢)” to be (S,Y, X1, 11}, R I, —
IT% ), it suffices to verify that the image of the closed subgroup N C II{. defined
in Lemma 4.5(iii) by the homomorphism IIj, — IT% is nontrivial. To verify this,
assume that the image of N C II§, by Iy, — II% is trivial, i.e., that the image

of N C II{, by ¢ is contained in A()’(’}Xl = AI))(/Xl C IT%.. Then, since N C I}, is
normal in IT§, and ¢ is open, it follows that the image ¢(NN) is normal in the open
subgroup Im ¢ C II% of II%.. On the other hand, it follows from Lemma 4.5(vi)

that there exists a sequence of normal closed subgroups of N,
{1} = Ho C Hy C -+ C Haim(v)—dim(s) = IV,

such that, for each integer ¢ such that 1 < ¢ < dim(Y) — dim(S), the closed
subgroup H; is topologically finitely generated, and that the quotient H;/H; 1
is infinite. Write U := Im ¢ N Ag(/xl C AQ/XI and, for each integer ¢ such that
0 < i < dim(Y) — dim(S), HY := ¢(H;) C Aﬁ(/xl. Then, since Im¢ C II% is
open in II%,, U is an open subgroup of A’)’( /Xy Moreover, since ¢ is injective, the
following hold:

° Hg';m(Y)fdim(S) is a normal closed subgroup of U =: Hclijim(Y)fdim(S)Jrl'
e For each integer i such that 1 <4 < dim(Y) —dim(S) + 1, HY is topologically
finitely generated.
e For each integer i such that 1 < i < dim(Y) — dim(S), HY is normal in
H(g]im(Y)fdim(S) and, moreover, the quotient HY /HY | is infinite.
Now suppose that H(%m(Y)—dim(S)—i-l/Hgim(Y)—dim(S) is finite. Since H<[1Jirn(Y)—din1(S)
is an open subgroup of A% /X0 then it follows from Proposition 3.16(ii) and
Lemma 3.22(ii), together with conditions (2) and (3) in Definition 4.10, that
Hgim(y)_ dim(s) May be regarded as the maximal pro-p quotient ofithe funda-
mental group of a hyperbolic polycurve of dimension n — 1 over k satisfying
conditions (xx), and C. Thus, since we have assumed that the assertion (f,-1)$
holds, for each integer ¢ such that 1 < ¢ < n, by taking the “H;” in Defini-
tion 4.10 to be Hﬁ’im(y)_dim(s)_nﬂ, we obtain a contradiction. Next, suppose that
Hgim(y)_dim(s)ﬂ/Hdim(y)_dim(s) is infinite. Then, for each integer i such that
1 <i < n, by taking the “H;” in Definition 4.10 to be Hclijim(Y)fdim(S)
obtain a contradiction. This completes the proof of Claim A.

—n+1+i0 WE

By applying Claim A and using condition (1) in Definition 4.10 inductively,
to verify Theorem 4.13, we may assume without loss of generality that X is a
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hyperbolic curve over S. Then it follows from Proposition 3.28 and Theorem 4.9
that ¢ arises from a quasi-finite dominant morphism ¥ — X over S. O

Corollary 4.14. Let p be a prime number, k a sub-p-adic field, S a normal variety
over k, X a hyperbolic polycurve of relative dimension 2 over S satisfying condition
(x%)p, Y a hyperbolic polycurve over k satisfying condition (xx), and ¢ : I}, — TI%
a homomorphism over GY . Suppose that the following conditions are satisfied:

(1) The composite 115, LA 0% — II% arises from a morphism'Y — S over k.
(2) ¢ is an open injection.
(3) dim(X) (=dim(S) +2) < dim(Y).

Then ¢ arises from a quasi-finite dominant morphism' Y — X over S. In partic-
ular, dim(X) = dim(Y").

Proof. (Cf. [10, Cor. 3.12].) This follows from Theorem 4.13, together with Lem-
ma 4.12. O

Lemma 4.15 ([10, Lem. 3.13)). Let Gy, G2 be profinite groups, Hy C Gy, Hy C
G closed subgroups of G1, Ga, respectively, and ¢ : G1 — Go a homomorphism.
Suppose that ¢(H,) C Hy. Then the homomorphism Hy — Hs induced by ¢ is
surjective if and only if the following condition is satisfied: for any open subgroup
U C Gy of Gy and any normal open subgroup N C U of U, if the composite
HyNU — U — U/N is surjective, then the composite Hi N ¢~ 1(U) — ¢~ 1(U) LA
U — U/N s surjective.

Theorem 4.16. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve of dimension 2 over k satisfying condition (x%),, Y a normal variety over
k and ¢ : 11§, — 115, an open homomorphism over GY. Suppose that Hp WE jike
is injective and, moreover, that the kernel of ¢ is topologically ﬁmtely genemted
Then ¢ arises from a uniquely determined dominant morphismY — X over k. In

particular, dim(Y) > 2.

Proof. (Cf. [10, Thm. 3.14].) First, by replacing X by the connected finite étale
covering of X corresponding to ¢(II§,) C II%, to verify Theorem 4.16, we may
assume without loss of generality that ¢ is surjective. (Note that it follows from
Lemma 3.22(ii) that X satisfies condition (¥x), even if we replace X as above.)
Then since ¢ and IT5 — IT%  are surjective (cf. Proposition 3.16(i)) and their
kernels are topologically finitely generated (cf. Proposition 3.16(iii)), the composite

jice 2 % — TI%  is surjective and its kernel is topologically finitely generated.
Thus, since X; is a hyperbolic curve over k satisfying condition (xx),, it follows
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from Theorem 4.4, together with the implication (2)” = (3) of Lemma 3.35, that
I, — IT% arises from a uniquely determined morphism Y — X, over k which is
surjective and generically geometrically connected. Write  — X for the generic
point of X, Y, :=Y xx, nand X, := X xx, . (Thus, Y;, is a normal variety
over 7).) Now I claim that the following assertion holds:

Claim A: Any homomorphism that belongs to the IT% -conjugacy class of
homomorphisms N — A%~ of Lemma 4.5(iv), where we take the data
“(S,Y, X)” to be (X1,Y, X), is surjective.

P
X/X4
surjective (cf. Lemma 4.5(iii)). Thus, it follows from Lemma 4.15 that, to verify

Let us observe that N — Al))c/xl is surjective if and only if Ay, , — A is

Claim A, it suffices to verify that the following assertion holds:

Claim A.1: Let U C II% be an open subgroup of II5, and V C U a
normal open subgroup of U. Write X’ — X for the connected finite
étale covering of X corresponding to U C II%, X” — X' for the con-
nected finite étale Galois covering of X’ corresponding to V' C U = II%,,,
Y’ — Y for the connected finite étale covering of Y corresponding to
¢~ U) c II}., Y — Y’ for the connected finite étale Galois cover-
ing of Y’ corresponding to ¢~ (V) C ¢~ }(U) = 11}, Y, =Y xx, 1
(=Y xyYy))and V) :=Y" xx, 7 (=YY" xy Y;) (note that it follows
from Lemma 2.2 that Y;, — Y induces an outer surjection Iy, — Ily,
which implies that Y, and Y," are connected). Suppose that the composite
A?{/xl NI, =115, —11%., /115, =U/V is surjective. Then the composite
AYn/WﬁHYT; ‘—>HYT;—»HYT; /Hyn// is surjective.

Indeed, it follows from Proposition 3.5 and Lemma 3.22(ii) that the sequence
of schemes X’ — X{ := Nor(X'/X;) — X := Nor(X’'/Speck) determines a
structure of hyperbolic polycurve of dimension 2 on X’ which satisfies condition
(*%), and, moreover, the natural morphisms X{ — X1, n’ — 7, where we write
n' — Xj for the generic point of X], are connected finite étale coverings. In
particular, it follows from Lemma 3.9(ii) that the natural inclusions IT%, — II%,
HYT; — Ily, determine equalities

AP

P _ p —
x/x; 1 Iy, = AX//X;’ Ay, /n N HY,; - AYn’/n“

Thus, to verify Claim A.1, by replacing X by X', it suffices to verify that for any
covering X" — X corresponding to a normal open subgroup of II%, if Ag’( /X,
1%, /TI%.,, is surjective, then Ay, y — 1y, /Hy’;/ is surjective. Moreover, since Il x
is the inverse image of II%,, C II% by the surjection IIx — II%., it follows that
the natural homomorphism IIx /IIx» — II% /II%., is an isomorphism. Thus, to
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verify Claim A.1, it suffices to verify that if Ax/x, — Ilx/Ilx~ is surjective, then
Ay, 1y — Hyn/Hyél is surjective. Let 7 — X3 be a generic geometric point of X;.
Then it follows from the natural isomorphism Hxx x5 = Ax/x, (vesp. Iy, x5 =
nyxlﬁ 5 AYn/U) that Hxxxlﬁ — Hx/HXH (resp. HYnxXlﬁ — HYT,/HY7§’) is
surjective if and only if X" xx (X xx, ) = X" xx, 7 (vesp. Y, xv, (Y xx, 7)) =
Y,;' X x, 1) is connected. Thus, we conclude that to verify Claim A.1, it suffices to
verify that if X xx, 7] is connected, then Y,’ x,, 7 is connected. To verify this,
assume that X" X x, 7 is connected, i.e., X" — X is generically geometrically
connected. Then, since the composite X” — X — X; is smooth and surjective,
it follows from the implication (1) = (2)” of Lemma 3.35 that the composite
%, — I — II% is surjective and its kernel is topologically finitely generated.
On the other hand, we have assumed that ¢ is surjective and ker ¢ is topologically
finitely generated. Thus, it holds that the composite I1y,, — II%,, < II% — TI% is
surjective and its kernel is topologically finitely generated. In particular, it follows
from the implication (2)"” = (3) of Lemma 3.35 that the morphism V" — X is
generically geometrically connected, which implies that Y X x, 7 is connected.
This completes the proof of Claim A.1, hence also of Claim A.

It follows from Claim A, together with Proposition 3.16(iii) and Lemma
4.5(vii), that ¢ arises from a morphism ¥ — X over k. Moreover, it follows from
Corollary 4.3(i) that Y — X is unique. On the other hand, it follows from Claim A,
together with Lemma 4.5(iii), that Iy, — HI)J(Xxlﬁ (where Z := Nor(Y/X1)
and 7] — Z is a generic geometric point of Z) is surjective. Thus, since X X x, 7 is
a hyperbolic curve over 7, it follows from Proposition 3.16(iii) that the morphism
Y xzm — X Xx, 7, hence also Y xx, 7 = X Xx, 7, is dominant. This implies
that Y — X is dominant. This completes the proof of Theorem 4.16. O

Theorem 4.17. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve of dimension 2 over k satisfying condition (x),, Y a normal variety over
k and ¢ : Hg,/k — H])’(/k an open homomorphism over Gi. Suppose that the kernel
of ¢ is topologically finitely generated. Then ¢ arises from a uniquely determined
dominant morphism 'Y — X over k. In particular, dim(Y") > 2.

Proof. There exists a finite Galois extension ki of k such that X xj k1 /k; satisfies

condition (*%), (cf. Proposition 3.21). We can choose a finite extension ks of k4

such that Y xj ks has a kp-rational point. Then the section of Ilyx,x, — Gk,

induced by a ks-rational point determines a homomorphism Gj, — Aut(H@X E)'
k

-, is
Xk

topologically finitely generated. Thus, Aut(H’;X E) has an open pro-p subgroup U

k
(cf. Lemma 3.19). Let us choose a finite Galois extension k' of k such that Gy C G,

On the other hand, it follows from Lemma 2.7 that Iy, % hence also H’;
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is contained in the inverse image of U C Aut(H’}’,XkE) by Gk, — Aut(H’;XkE).
Then k' is a finite extension of ks. Moreover, since the image of the composite
G — Gp, — Aut(H’;XkE) is pro-p, Gr — Gg, — Aut(Hi’,XkE) factors through
the surjection Gy — GY,. Thus we obtain a homomorphism G¥, — Aut(H’;Xk%),
which determines a semidirect product H@ng x G¥,. Then by construction, we
obtain a surjection ITy, 7 x G — H};x,ﬁ x G}, Now Iy, 7% G = Tly
(cf. Lemma 2.5) and, moreover, the image of Il 7 C Iy, by Iy, p —
H?ka% X GY, is Hf/x,ﬁ' Since H?/xkﬁ x G}, is pro-p, the composite TIy, = C

p p ; p p p p
My, x — HYxkE x G, determines a sequence HYxkE — HYka, —» HYxkE X G-
P

In particular, since H’;X T | G?%, is injective, we conclude that H@X =
k k k
Iy, . s is injective.

Now H&ka//k,, H’;,ka,/k, are the inverse images of the normal open sub-
group G C Gy by the surjections Hg(/k — Gy, H’;/k — G, respectively. Thus,
if we write ¢’ : Hf,xkk,/k, — H%ka,/k, for the open homomorphism over G
determined by ¢, then ker ¢’ = ker ¢. Write 5’ : H@ka, — H%ka, for the open

. D . , . » » L
homomorphism over G, determined by ¢'. Then since HYxkE — Iy 4 Is in-

jective, we have ker ¢’ = ker¢’. On the other hand, since X x k1/ky satisfies
condition (#x),, it follows from Proposition 3.16(ii) that X xj k'/k’ satisfies con-
dition (#x),. Thus, ¢’ arises from a dominant morphism Y x k' — X x k' over
k' (cf. Theorem 4.16). Since the image of ¢ by the map of Lemma 3.23(ii) is ¢,
this implies that ¢’ arises from the above dominant morphism Y x, k" — X x, k/,
which is compatible with the natural actions of Gal(k'/k) (cf. Proposition 4.2(i)).
Thus, by descending the morphism, we obtain a dominant morphism ¥ — X
over k. Since A’)’(/k is slim (cf. Proposition 3.16(iii)), it follows from Lemma 2.20
that Hf,/k — Hi/k induced by the morphism Y — X belongs to the same A?(/k'
conjugacy class determined by ¢, which implies that ¢ arises from a dominant
morphism Y — X. Moreover, it follows from Proposition 4.2(i) that ¥ — X is
unique. This completes the proof of Theorem 4.17. O

Corollary 4.18. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve of dimension 3 over k satisfying condition (xx),, Y a normal variety
over k and ¢ : I}, — TI% a homomorphism over GY. Suppose that the following
conditions are satisfied:
(1) ¢ is open and its kernel is finite.
(2) Y is of p-LFG-type and, moreover, II¥ _ — TIY, is injective.
Y Xk

(3) 3 <dim(Y).

Then ¢ arises from a uniquely determined quasi-finite dominant morphism
Y — X over k. In particular, dim(Y") = 3.
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Proof. (Cf. [10, Cor. 3.15].) It follows from condition (1), together with Propo-
sition 3.16(iii), that the kernel of the composite II§, A % — TI% is topolog-
ically finitely generated. Thus, it follows from Theorem 4.16 that the composite
I 2 5 — H.I;(z arises from a dominant morphism Y — X, over k. In particular,
it follows from Theorem 4.9 that ¢ arises from a quasi-finite dominant morphism
Y — X over k. Moreover, it follows from Corollary 4.3(i) that Y — X is unique.
This completes the proof of Corollary 4.18. O

Corollary 4.19. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve of dimension 3 over k satisfying condition (x),, Y a normal variety over
k and ¢ : Hz;,/k — H?{/k a homomorphism over Gy. Suppose that the following
conditions are satisfied:

(1) ¢ is open and its kernel is finite.
(2) Y is of p-LFG-type.
(3) 3 < dim(Y).

Then ¢ arises from a uniquely determined quasi-finite dominant morphismY — X
over k. In particular, dim(Y") = 3.

Proof. This follows from Corollary 4.18, together with an argument similar to the
argument used in the proof of Theorem 4.17. O

Corollary 4.20. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve of dimension 4 over k satisfying condition (xx),, Y a hyperbolic poly-
curve over k satisfying condition (xx), and ¢ : IIY, — I a homomorphism over
G%. Suppose that the following conditions are satisfied:

(1) ¢ is an open injection (resp. isomorphism).
(2) 4 < dim(Y).

Then ¢ arises from a uniquely determined finite étale covering (resp. isomorphism,)
Y — X over k. In particular, dim(Y") = 4.

Proof. (Cf. [10, Cor. 3.16].) First, by replacing X by the connected finite étale
covering of X corresponding to ¢(II}.) C II% (cf. Proposition 3.5, Lemma 3.22(ii)),
to verify Corollary 4.20, we may assume without loss of generality that ¢ is an
isomorphism. Then it follows from Proposition 3.16(iii) that the kernel of the

composite I}, R IT% — II% is topologically finitely generated. Thus, it follows
from Theorem 4.16 that the composite I, 4 % — II% arises from a dominant

morphism Y — X5 over k. In particular, it follows from Corollary 4.14 that ¢
arises from a quasi-finite dominant morphism Y — X over k, which implies that
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4 = dim(X) = dim(Y). By applying an argument similar to the above argument to
¢~1, we obtain a quasi-finite dominant morphism X — Y over k. Then it follows
from Corollary 4.3(i) that the two morphisms ¥ — X and X — Y are inverse to
each other. In particular, this morphism ¥ — X is an isomorphism. Moreover, it
follows from Corollary 4.3(i) that Y — X is unique. This completes the proof of
Corollary 4.20. 0

Corollary 4.21. Let p be a prime number, k a sub-p-adic field, X a hyperbolic
polycurve of dimension 4 over k satisfying condition (), Y a hyperbolic polycurve
over k satisfying condition (), and ¢ Hl;,/k — Hi/k a homomorphism over Gy,.
Suppose that the following conditions are satisfied:

(1) & is an open injection (resp. isomorphism,).
(2) 4 < dim(Y).
Then ¢ arises from a uniquely determined finite étale covering (resp. isomorphism,)

Y — X over k. In particular, dim(Y') = 4.

Proof. This follows from Corollary 4.20, together with an argument similar to the
argument used in the proof of Theorem 4.17. O

Corollary 4.22. Let p be a prime number, ny, ny positive integers, k a sub-p-
adic field and X, Y hyperbolic polycurves of dimension ny, ny over k satisfying
condition (x),, respectively. Suppose that either ny < 4 or ny < 4. Then the
natural maps

Isomy (Y, X) — Isomg, (Iy, x )/ Inn(A x ;) — Isomg,, (H’;,/,€7 Hg(/k)/lnn(Ag(/k)
are bijective.
Proof. The bijectivity of the map
Isomy (Y, X') — Isomg, (ITy, I1x )/ Inn(A x/x)
is proved in [10, Cor. 3.18], and the injectivity of the map
Isomy (Y, X) — Isomg, (Hf,/k, H’)’(/k)/ Inn(A’;(/k)

follows from Proposition 4.2(i). Thus, it remains to verify the surjectivity of the
latter map. Let ¢ : IT}, n L s be an isomorphism over Gy. Then, by replacing
(X,Y,9) by (Y, X,¢~ 1) if necessary, we may assume without loss of generality
that ny < ny. In particular, ny < 4. Thus, it follows from Proposition 3.28,
Theorems 4.4, 4.17 and Corollaries 4.19, 4.21 that ¢ arises from a uniquely deter-
mined quasi-finite dominant morphism Y — X over k. In particular, we obtain
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that ny = ny < 4. Thus, by applying an argument similar to the above argu-
ment to ¢~ !, we obtain a quasi-finite dominant morphism X — Y over k. Then
it follows from Corollary 4.3(i) that the two morphisms ¥ — X and X — Y are
inverse to each other. Thus, Y — X is an isomorphism. This completes the proof
of Corollary 4.22. O

Remark 4.23. It seems that the assertion (Tn)g holds for every positive integer
n. However, it is not known whether there exists an integer n > 1 such that the
assertion (f,)$ can be proven (with a sufficiently general condition C). If one proves
that the assertion (]L,,)IC7 holds for every positive integer n, then, by applying an
argument similar to the argument applied in the proof of Corollary 4.22, except
that instead of applying Theorems 4.4, 4.17 and Corollaries 4.19, 4.21, one applies
Theorem 4.13, we can prove the assertion obtained by replacing the assumption
“either ny <4 or ny < 4”7 of Corollary 4.22 by “X, Y satisfy condition C”.

Proposition 4.24 ([10, Prop. 3.19]). Let kx, ky be finitely generated extension
fields of Q. Then the following hold:

(i) Let H C Gy be a closed subgroup of Gy, . Suppose that H is topologically
finitely generated and normal in an open subgroup of Gy, . Then H is trivial.

(ii) The natural map Isom(kx /kx, ky /ky) — Isom(Gy, , Gy, ) is bijective.
Corollary 4.25. Let p be a prime number, kx, ky fields of characteristic zero,
n a positive integer, X a hyperbolic polycurve of dimension n over kx satisfying
condition (x)p, Y a normal variety over ky and ¢ : H’;/ky — Hz)){/kx an open
homomorphism. Suppose that one of the following conditions (1), (2), (3), (4) is
satisfied:

(1) n=1.
(2) The following conditions are satisfied:
(24) n = 2.
(2-ii) The kernel of ¢ is topologically finitely generated.
(3) The following conditions are satisfied:
(3-) n = 3.
(3-ii) The kernel of ¢ is finite.
(3-iii) Y 14s of p-LFG-type.
(3-iv) 3 < dim(Y).

(4) The following conditions are satisfied:
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(4-1) n=4.

(4-ii) ¢ is injective.

(4-iii) Y is a hyperbolic polycurve over ky satisfying condition (x)p.
(4-iv) 4 < dim(Y).

Then the following hold:

(i) Suppose that both kx, ky are finitely generated over Q. Then the open ho-
momorphism ¢ lies over an open homomorphism G, — G .

(ii) In situation (i), suppose that the homomorphism G, — G, obtained in (i)
18 ingective. Then ¢ arises from a dominant morphism Y — X.

(iii) Suppose that both kx, ky are sub-p-adic and, moreover, that the open ho-
momorphism ¢ lies over an open homomorphism G, — Gi, that arises
from a homomorphism kx — ky of fields. Then ¢ arises from a dominant
morphism Y — X.

Proof. (Cf. [10, Cor. 3.20].) First, we verify assertion (i). It follows from Lemma 2.7
and Proposition 3.7(i) that HyW = Ay/ky , hence also the image of the compos-

ite Ay, — A’;//ky — Hlx)//ky LA H?{/kx — Ggy, s topologically finitely gen-
@

erated. Moreover, the image of the composite Ay, —» A’}’,/ky — Hg/ky Rt

HI))(/kx — G, is normal in the image of HI;,/]W E> HZ))(/kX — Gy, which

is an open subgroup of Gj,. Thus it follows from Proposition 4.24(i) that the

p

image of the composite Ay, — AY/ky

— Gy, is trivial. In particular, the

composite Hf,/ky A Hg(/kx — Gy factors through Hf,/ky — Gy . Then ¢
lies over a resulting homomorphism Gy, — Gik,. Moreover, since ¢ is open
and the outer homomorphism H’)’( Jex 7 G, is surjective, we conclude that
Gry — Gy is open. This completes the proof of assertion (i). Next, we ver-
ify assertion (ii). Let us observe that, by replacing X by the connected finite
étale covering of X corresponding to gb(Hf,/k,y) C H’)’(/kx (cf. Proposition 3.5,
Lemma 3.22(i)), to verify assertion (ii), we may assume without loss of general-
ity that ¢, hence also the injection Gy, — Gj,, is surjective. Then it follows
from Proposition 4.24(ii) that the isomorphism G}, — G, arises from an iso-
morphism kx — ky that determines an isomorphism kx — ky. In particular,
by replacing (X x, ky,ky,ky) by (X, kx,kx), we may assume without loss of
generality that (kx,kx) = (ky,ky), and that the homomorphism Gy, — Gi,
of (i) is the identity automorphism of Gy, . Then it follows from Theorems 4.4,
4.17 and Corollaries 4.19, 4.21 that ¢ arises from a dominant morphism Y — X.
This completes the proof of assertion (ii). Finally, we verify assertion (iii). Since
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II

es ‘o P
termines a homomorphism IIY, Jhy 1T

I;(kaky/ky 5 Hi);(/kx X @, Gy (cf. Proposition 3.16(ii)), it follows that ¢ de-

14
Xkak‘y/ky7

morphism Y — X xj, ky (cf. Theorems 4.4, 4.17, Corollaries 4.19, 4.21). Thus,
¢ arises from the composite ¥ — X X, ky 24 X This completes the proof of
assertion (iii). O

which arises from a dominant

85. Finiteness of the set of outer isomorphisms between geometrically
pro-p étale fundamental groups of hyperbolic polycurves

In the present Section 5, we discuss the finiteness of a certain set of outer isomor-
phisms between the pro-p étale fundamental groups of hyperbolic polycurves. Let
k be a field of characteristic zero, k an algebraic closure of k and Gy, := Gal(k/k).

Lemma 5.1 ([10, Lem. 4.1]). Let G be a profinite group, H C G an open subgroup
of G, A a group and A — Aut(G) a homomorphism. Write Ag C A for the
subgroup of A consisting of a € A such that the automorphism of G obtained by
forming the image of a in Aut(G) preserves H C G. Suppose that G is topologically
finitely generated. Then Ay is of finite index in A.

Lemma 5.2. Let p be a prime number, n a positive integer, S a connected noethe-
rian separated mormal scheme over k and X a hyperbolic polycurve of relative di-
mension n over S satisfying condition (x),. Then there exists an open subgroup
HC A?{/s of Ai/s such that, if we write H; := H N AI))(/X,; for each integer i
such that 0 < i <mn, then, for each integer i such that 0 < i < n, it holds that

rankzp ((Hi/Hi+1)ab) < rankzp ((Hi,1/Hi)ab).

Proof. (Cf. [10, Lem. 4.2(i)].) We verify Lemma 5.2 by induction on n. If n = 1,
then Lemma 5.2 is immediate. Now suppose that n > 2, and that the induction
hypothesis is in force. Then it follows from the induction hypothesis that there
exists an open subgroup U C A_};(/Xl of AZ))(/XI such that, if we write U; :=
Un A_I;(/XI_ for each integer i such that 1 < ¢ < n, then, for each integer i such
that 1 <4 < n, it holds that

rankzp((Ui/UiJrﬂab) < rankzp((UFl/Ui)ab)

Now it follows from Lemma 3.17(i) that there exists an open subgroup V- C A% /s

of Af;(/s such that U = V N A?(/Xl‘ Write W for the image of V C AI;(/S by the

surjection AZ;(/S —» Ag(l/s. Then since W is an open subgroup of AI;(I/S, there

exists an open subgroup @@ C W of W such that

rankyz, Q) > rankz, ((U1/U2)™)
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(cf. Proposition 3.16(vi)). Write H for the inverse image of Q C W by the surjec-
tion V' — W. Then H is an open subgroup of V', hence also of Ag( /5" Moreover,
since U = VHA’)’(/X1 C H C V, we have HﬁA’)’(/X1 = U. Thus, if we write
H;,:=HnN AI;(/Xi for each integer ¢ such that 0 < i < n, then, for each integer ¢
such that 1 < i < n, it holds that H; = U;. Moreover, since Hy = H and H, = U,
it follows from the exact sequence 1 - U — H — @ — 1 that we have an isomor-
phism Hy/H; = Q. In particular, for each integer i such that 1 <i < n —1, it
holds that
rankzp((Hi/Hi_,_l)ab) < rankzp((Hi_l/Hi)ab).

This completes the proof of Lemma 5.2. O

Lemma 5.3. Let p be a prime number, n a positive integer and X, Y hyperbolic
polycurves of dimension n over k satisfying condition (x),. Then the following
hold:

(i) Let ¢ : Af//k = Ai,/k be an isomorphism from Af//k to Ai/k. Suppose
that there exists an open subgroup H C Af//k of AI;///@ such that, if we write
H; = HHAZ;,/YL_, H! .= (/)(H)ﬂAg(/Xi for each integer i such that0 < i <mn,
then, for any integers i, j such that 0 <i < j < mn, it holds that

rankzp((HZ-/HiH)ab) > rankzp((HJ’-/H]/-H)ab),
rankzp((Hg/H£+1)ab) > rankzp((Hj/Hj_,_l)ab).

Then, for each integer i such that 0 < i < n, it holds that ¢(A’;,/Yi) = Ai/xi.

(i) Let ¢ : 1Ty, = 1%, be an isomorphism from 11y, to I, over Gy.
Suppose that k is sub-p-adic, and that for each integer i such that 0 < i <mn,
it holds that w(AI;,/Yi) = A?(/Xi (e.g., the case where w|A€/’/k satisfies the
condition appearing in the statement of assertion (1)). Then v arises from
an isomorphism Y = X over k.

Proof. (Cf. [10, Lem. 4.2(ii),(iii)].) First, we verify assertion (i) by induction on n.
If n = 1, then assertion (i) is immediate. Now suppose that n > 2 and that the
induction hypothesis is in force. To verify assertion (i), I claim that the following
assertion holds:

Claim A: ¢(H,—1) = H],_4.
Indeed, there exists a unique integer m such that 0 < m < n, and the image of
the composite H,,_1 — H 4 ¢(H) - ¢(H)/H],, is nontrivial, but the image of
the composite H,,—; < H 4 ¢(H) - ¢(H)/H), is trivial. Then the composite
H,, — H 4 ¢(H) — ¢(H)/H],,, determines a nontrivial homomorphism
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H, 1 — H /H! . Now since H % ¢(H) — ¢(H)/H,,,, is surjective, and
H, 1 C H is normal in H, it follows that the image of H,,_1 — H) /H,, ,, is
normal in H,,/H], ;. On the other hand, it follows from the commutative diagram
of profinite groups

| — ",

+1 Hy, ——— Hy/Hyy —— 1

| | |

— A — A% — 1

1 A Xmt1/Xm

P P
X/ Xm41 X/ Xm

that the image of H,,/H], ,, — AI)’%H/XM

regarded as the maximal pro-p quotient of the fundamental group of a hyperbolic

is open. Thus, H,, /H), , , may be

curve over an algebraically closed field, which implies that H,,/H], ., is elastic (cf.
Proposition 3.16(iv)). In particular, since H,,_; is topologically finitely generated,
the image of H,,_1 — H},,/H}, ., is open, which implies that rankz, ((H},/H},+1)*")
< rankzp(Hffil). Thus, it follows from our assumption that m = n — 1, ie.,
¢(Hn—1) C H} _,. Moreover, by applying an argument similar to the above ar-
gument to ¢!, we conclude that ¢(H,,_1) = H],

n

_1. This completes the proof of
Claim A. Next, I claim that the following assertion holds:

Claim B: QS(A];//Yn,,l) = AI))(/X”A'

Indeed, if we write N for the intersection of all A}, / p-conjugates of Hy, 1, then N
is a normal subgroup of A, Ik Moreover, since AY, Y s is topologically finitely
generated (cf. Proposition 3.16(iii)) and normal in Al;/,w and H,_; C Ai/Ynfl is
open in A}, R N is a finite intersection of open subgroups of Af, Yy of the
form gH, 19! (where g € A’;//k), hence N is also open. Thus, AI;//Y,I,I/N -
A’;//k/N is a finite subgroup of Af,/k/N. In particular, since Af’nfl/k is torsion-
free (cf. Proposition 3.16(iii)), Af,/ynil/N C A’;,/k/N is the unique maximal
torsion subgroup of Af,/k /N. On the other hand, it follows from Claim A that
the image of N C Af,/k by the isomorphism ¢ is the intersection of all A’)’( e
conjugates of H/,_;. Thus, it follows from an argument similar to the above argu-
ment that Ag(/Xn_l/qS(N) C A])D(/k/¢(N) is the unique maximal torsion subgroup
of Agf/k/qS(N). In particular, the image of Af,/yn_l/N C A’;/k/N by the isomor-
phism A’;,/k/N = Ag(/kﬂb(]\f) determined by ¢ is AI))(/X,L,I/QS(N) C A’;(/k/qS(N).
Thus, we conclude that ¢(AI})’/Y,1,1) = A’;(/Xnil. This completes the proof of
Claim B.

It follows from Claim B that ¢ determines an isomorphism ¢ : Af,nil i

AR - Wite H for the image of H C A, by the surjection AT, — Af .
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For each integer 7 such that 0 <4 < n, write, moreover,

HZ‘ = H n A:l;/n—l/yz"

Y

H;=o(H)NAY .
Then, since the inverse image of H; C A’;ﬂil/k by the surjection Af,/k —» A;,L,l/k
is HZ'AI;,/Y o for each integer ¢ such that 0 < < n —1, it holds that H;/H;; =

H;/H; .. Similarly, for each integer i such that 0 < i < n — 1, it holds that
H}/H],, = H,;/H,,,. Thus, it follows from the induction hypothesis that for each
integer ¢ such that 0 < i < n, ¢(A§n71/n) = A])D(nfl/Xi' On the other hand, for
each integer 7 such that 0 < ¢ < n—1, the image of AI;//Yi C Ai’,/k by the surjection
Af,/k — A};’n_l/k is A’;ﬂ_l/yi. Thus, since QS(AZ;’H_MY) = A’)’(n_l/xi, the image of
¢(A€//1q) C A})’(/k by the surjection Ag(/k — A})?(n_l/k is Ag(n—l/xi. In particular,
¢(A€//m) is contained in the inverse image of Ag(n—l/Xi by the surjection A?{/k —»
AL /k» Which coincides with AR /x,- Now, by applying an argument similar to
the above argument to ¢~*, we conclude that ¢(Af, Iy,) = Af /x,- This completes
the proof of assertion (i).

Finally, we verify assertion (ii). It follows from Proposition 3.16(i) that, for
each integer 4 such that 0 < ¢ < n, 1 induces an isomorphism ); : Hg'/i Ik = H’)’Q I
over Gy. By induction on i, to verify assertion (ii), it suffices to verify that the
following assertion holds:

Claim C: For each integer ¢ such that 0 < i < n, if the isomorphism ;
arises from an isomorphism f; : Y; = X; over k, then v, arises from an
isomorphism Y41 = Xi+1 over k.

Indeed, write n — Y; for the generic point of Y;, (Yiy1), := Yiy1 Xy, 1, and
(Xit1)n == Xit1 xXx, n (where n — X, is the composite n = Y; B X;). Then it
follows from Proposition 3.16(ii) that

~ P

P P 1P
H(Yi+1)n/77 B TRV 7 XH;{Q/Yi HYiXY,;W/ﬁ B HYi+1/Yz‘ Xy, I

n-

Moreover, it follows from Remark 3.24(i) that IIy. . = 5. g, v,
which implies that H](DYiH)n/n = HZ;GH/k X, IL,. Similarly, it holds that

H&Hl/k Xy IT,,. Thus, ;11 determines an isomorphism II?

(Yit1)n/n
over II,,. Now it follows from Theorem 4.4 that the isomorphism

» ~
Txiyum™
~ 1P
— H(Xi+1)n/77

P ~ 1P
H(Yi+1)n/77 - H(Xviﬂ)n/n
over 7, which is actually an isomorphism (cf. Lemma 3.37(i)). Write £ — (Yi41)y

arises from a dominant morphism (Yj11), — (Xit1)n

for the generic point of (Y;41), C Yit1. Then it follows from the commutative



850 KOICHIRO SAWADA

diagram of profinite groups

p ~ p
I H(Yi+l)n/77 H(Xi+1)n/n

L |

P R P

p
H&/k HYi+1/k Yig1 HXiJrl/k’

together with Lemma 3.34, that ;1 arises from a morphism Y;.; — X; 1 over
i_+11, we
conclude that 1/1;11 arises from a morphism X;; — Y;y; over k. Then it follows

k. Moreover, by applying an argument similar to the above argument to

from Proposition 4.2(i) that the two morphisms Y;y; — X,;11 and X;11 — Y
are inverse to each other. Thus, Yj.; — X, is an isomorphism. This completes
the proof of Claim C, hence also of assertion (ii). O

Theorem 5.4. Let p be a prime number, n a positive integer, k a sub-p-adic field
and X, Y hyperbolic polycurves of dimension n over k satisfying condition (x)p.
For each integer i such that 1 <i <mn, write (g;,r;) for the type of the hyperbolic
curve X;/X;_1, and (g}, r}) for the type of the hyperbolic curve Y;/Y;_1. Suppose
that, for any integers i,j such that 0 <i < j <mn,

2g; + max{r; — 1,0} > 2¢} + max{r; — 1,0},
2g; + max{r; — 1,0} > 2g; + max{r; — 1,0}.
Then the natural map

Isomy (Y, X) — Isomg, (HI;,/]~C7 % . )/ Inn(A

Son) Non)
X/k X/k
is bijective, i.e., every isomorphism HY/k — HX/k over Gy, arises from a uniquely

determined isomorphism 'Y — X owver k.

Proof. (Cf. [10, Thm. 4.3].) The injectivity of the map in question holds from
Proposition 4.2(i). The surjectivity of the map in question follows from Lemma 5.3

(where we take “H” to be A’;/k), together with Proposition 3.16(v). O

Proposition 5.5 ([10, Prop. 4.5]). Let S, Y be integral varieties over k, Y — S

a dominant morphism over k and X a hyperbolic polycurve over S. Then the set
Homgom(Y,X) of dominant morphisms from'Y to X over S is finite.

Theorem 5.6. Let p be a prime number, k a sub-p-adic field and X, Y hyperbolic
polycurves over k. Suppose that at least one of X/k, Y/k satisfies condition (*),.
Then the set

Isomg, (Hg/k,ﬂi/k)/lnn(Aﬁ/k)

is finite.
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Proof. (Cf.[10, Thm. 4.4].) If Isom¢, (Hﬁ’,/k, Hg(/k) = (), then Theorem 5.6 is imme-
diate. Thus, to verify Theorem 5.6, we may assume without loss of generality that
Isomg, (I, ;. , 1% ;) # 0. Then any element of Isomg, (11§, ,, II% ;) determines a
bijection between Isomg, (Hf,/k, X/k)/lnn( X/k) and Autg, (H’)’(/k)/lnn(Ag’(/k).
Thus, to verify Theorem 5.6, we may assume without loss of generality that
X =Y and X/k satisfies condition (x),. Let H C A’;(/k be an open subgroup
of A% Jk that satisfies the condition appearing in the statement of Lemma 5.2.
Then, by applying Lemma 5.1, where we take the data “(G, H, A)” to be (A‘I;(/k,
Autg, (H’;(/k)) (note that there exists a natural homomorphism Autg, (HX/k) —
Aut (A% Xk x)), we conclude that there exists a subgroup A C Autg, (Hi/k) of
Autg, (H,I;(/k) of finite index such that each ¢ € A preserves H C AX/k Then
it follows from Lemma 5.3(ii) that every element of A arises from an automor-

phism of X over k, i.e., the image of the composite

A = Autg, (I ;) — Autg, (IT% )/ Inn (A% ;)

is contained in the image of the natural injection Autg(X) — Autg, (H’;(/k)/
Inn(Aﬁ(/k) (cf. Proposition 4.2(i)). On the other hand, Auty(X), hence also the
image of the composite

A = Autg, (I ;) - Autg, (IT5 )/ Inn (A% ;)

is finite (cf. Proposition 5.5). Thus, it follows from our choice of A that
Autg, (IT X/k)/Inn( X/k) is finite. This completes the proof of Theorem 5.6. [

Corollary 5.7. Letp be a prime number, kx, ky finite extensions of Q and X, Y
hyperbolic polycurves over kx, ky, respectively. Suppose that at least one of X/kx,
Y/ky satisfies condition (x),. Then the set

Isom(Hy/,C , X/k )/ Inn(II I))(/kx)
is finite.

Proof. (Cf. [10, Cor. 4.6].) It follows from an argument similar to the argument
used at the beginning of the proof of Theorem 5.6 that to verify Corollary 5.7, we

may assume without loss of generality that X =Y, and X satisfies condition (x),.

Then, for each ¢ € Aut(IT% Nk ), the image of the composite A’)’(/kx — H’)’(/kx 2

1% X/kx ™ G is a topologically finitely generated normal closed subgroup of Gy,

hence trivial (cf. Proposition 4.24(i)). Thus, since Hx/k /AL = Gy, there

X/kx
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exists a unique homomorphism Gy, — Gy, such that

¢ »
HX//CX

l |

ka ——— GkX

T ke

is commutative. Moreover, by applying an argument similar to the above argument
to ¢!, we conclude that the homomorphism Gy, — G is an isomorphism. Thus,
we have a natural exact sequence

1— AUtGkX (Hi/kx) — Aut(Hg(/kX) — Aut(Gpy )-

Write N C Out(ITy , ) for the image of Autg, (I, ) C Auwt(II%, ) by
Aut(I% ;) — Owt(IT ;). Then since Iy |, — G is surjective, the sequence

1—-N— Out(H’)’(/kX) — Out(Gpy )

induced by the above exact sequence is exact. Thus, to verify Corollary 5.7, it
suffices to verify that N and Out(Gy, ) are finite. Now since Aut(;kx (H’)’(/kx)/
Inn(A% /kx) is finite (cf. Theorem 5.6), it follows that N is finite. Finally, we
verify the finiteness of Out(Gy, ). It follows from Proposition 4.24(ii) that the
natural map

Isom(kx /kx,kx/kx) D ¢ (Gry 20+ pop~te Gry) € Aut(Gpy)

is bijective. Let f,g € Aut(Gyy ). Then, if we write ¢y, ¢, € Isom(kx /kx, kx /kx)
for the element of Isom(kx /kx,kx/kx) corresponding to f, g, respectively, then
one verifies easily that f and g are Gy, -conjugate if and only if @¢|r, = @glkx-
Thus, it holds that Out(Gy, ) = Aut(kx), which implies that Out(Gy, ) is finite.
This completes the proof of Corollary 5.7. O
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