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Abstract

These notes are intended to be an invitation to differential calculus on RCD spaces. We
start by introducing the concept of an “L%-normed L°°-module” and show how it can
be used to develop a first-order (Sobolev) differential calculus on general metric measure
spaces. In the second part of the manuscript we see how, on spaces with Ricci curvature
bounded from below, a second-order calculus can also be built: objects like the Hessian,
covariant and exterior derivatives and Ricci curvature are all well defined and have many
of the properties they have in the smooth category.
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81. Introduction

These are extended notes for the course given by the author at RIMS, Kyoto in
October 2016. The aim is to give a self-contained overview of the recently developed
approach to differential calculus on metric measure spaces, with most, but not all,
of the material coming from [27]. The effort is directed into giving as many ideas as
possible, without losing too much time in technical details and utmost generality:
for this reason many statements are given under some simplifying assumptions
and proofs are sometimes only sketched.

The notes are divided into two parts: in the first one we study the first-
order differential structure of general metric measure spaces, then, building on
this, in the second we study the second-order differential structure of spaces with
(Riemannian) Ricci curvature bounded from below.

In what concerns the first part, a crucial role is played by the concept of an
L?-normed L*°-module, which provides a convenient abstraction of the notion of
a “space of L2-sections of a vector bundle”. This is a variant of the similar notion
of L*®-module introduced by Weaver in [48] who was also interested in develop-
ing a calculus on non-smooth spaces. In fact, some of the statements which we
shall present in Sections 2.2 and 2.3 can be seen as technical variants of analogous
statements given in [48]. Still, our axiomatization and the study of Sobolev func-
tions carried out in [8] allow us to produce new and interesting links between the
abstract differential calculus and the structure of the space: for instance, in Theo-
rem 2.33 we shall see that we can associate to “almost every absolutely continuous
curve” a derivative whose modulus coincides with the metric speed of the curve
itself. This kind of statement, whose precise formulation requires the notions of
“test plan” and of “pullback of a module”; is crucial in applications to geometry;
see, for instance, [20].

We also remark that the definition of a cotangent module that we give here
can be canonically identified with the cotangent bundle as built by Cheeger in
[17]. We won't insist on this point (referring to [27] for more details) because the
two approaches are very different in spirit: in [17], working on doubling spaces
supporting a Poincaré inequality, Cheeger gave a metric version of Rademacher’s
theorem, which results in much more than a mere definition of a cotangent bundle.
Here, instead, we are interested only in giving an abstract and weak notion of
differential of a Sobolev function and we shall do so without imposing any doubling
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or Poincaré inequality. In any case, our first-order theory should mostly be regarded
as foundational material for the second-order one on RCD spaces.

In the second part of the notes we shall work in RCD spaces, mostly without
imposing any dimension bound (we confine some recent results about calculus on
finite-dimensional spaces to the final Section 3.7). The definition of RCD(K, 00)
spaces that we shall adopt is the one, coming from [10], based on the appropriate
weak formulation of the Bochner inequality

2
Nz
2

(1.1) > (Vf,VAS) + K|V f|*.

There is a certain amount of “cheating” in choosing this approach, because
it is the closest to differential calculus and the furthest from the fact, crucial for
the theory, that the class of RCD(K, co) spaces is closed w.r.t. measured-Gromov—
Hausdorff convergence. Nevertheless, the validity of the Bochner inequality on RCD
spaces is now well established within the theory, so that possibly there is not much
harm in taking it as the starting point for our discussion. The reader interested
in the stability issue might want to start from the lecture notes [6] for an account
of the path which starts from the original approach of Lott—Sturm—Villani ([38],
[45]) and uses the heat flow ([24], [28], [8]) to isolate “Riemannian” spaces ([9]) by
also providing a stable version of the Bochner inequality ([10]).

From the technical point of view, the main result of this second part of the
notes (Lemmas 3.8 and 3.33) is the improvement of the Bochner inequality from
(1.1) to
(1.2) AXE S VX |2g — (X, (A X")H) + K| X|?

: 9 = HS » \m2H
in the appropriate weak sense. This result builds on works of Bakry [16] and
Savaré [43]; see also Sturm’s contribution [46]. Notice that for X = Vf, (1.2)
reduces to (1.1) with the additional non-negative contribution [Hessf|%q on the
right-hand side. Here the language of L?-normed modules provides natural spaces
where objects like the Hessian or the covariant derivative belong, and one of the
effects of the improved formula (1.2) is the bound

(1.3) /|Hessf|§IS dm < /(Af)2 _ K|Vf[2dm

obtained integrating (1.2) for X = Vf (Corollary 3.10). Since functions with
gradient and Laplacian in L? are easy to build using the heat flow, (1.3) grants
that there are “many” functions with Hessian in L?. Starting from this, it will
not be hard to build a second-order calculus and an indication of the novelty of
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the theory is in the fact that we can prove that the exterior differential is a closed
operator on the space of k-forms for any k& € N (Theorem 3.24), whereas previously
known results covered only the case k = 0 ([17], [48], [18]). In particular, quite
natural versions of the de Rham cohomology and of the Hodge theorem can be
provided (Section 3.5.3)

Another consequence of the fact that we have well-defined differential opera-
tors is that we can define the Ricci curvature as the quantity for which the Bochner
identity holds:

X 2
Ric(X, X) := A% — VX s + (X, (A X")H).

It turns out that Ric(X, X) is a measure-valued tensor and the role of (1.2) is to
grant that the Ricci curvature is bounded from below by K, as expected.

Finally, a feature of the language proposed here is that the differential opera-
tors are stable w.r.t. measured-Gromov-Hausdorff convergence of the base spaces
in a quite natural sense. To keep the presentation short we won’t discuss this—
important and under continuous development—topic, referring to [34], [13], [11]
for recent results.

82. First-order theory for general metric measure spaces
§2.1. Sobolev functions on metric measure spaces

For the purpose of this note a metric measure space (X, d, m) is a complete separa-
ble metric space (X, d) endowed with a non-negative (and not zero) Borel measure
m giving finite mass to bounded sets.

We denote by Z(X) the space of Borel probability measures on X, and by
C([0,1],X) the space of continuous curves with value in X endowed with the sup
norm. For ¢ € [0, 1] the evaluation map e; : C([0,1],X) — X is defined by

et(y) ==y VveC(o,1],X).

Recall that 7 : [0,1] — X is absolutely continuous provided there is f € L1(0,1)
such that

(2.1) d(7ve,7vs) < / f(r)dr Vit ,s€][0,1], ¢t <s.
t
In this case, for a.e. t € [0,1] there exists || := limp_0 W and || is the

least, in the a.e. sense, function f € L1(0,1) for which (2.1) holds (see, e.g., [5,
Thm. 1.1.2] for a proof).
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By LIP(X) (resp. LIP,(X)) we mean the space of Lipschitz (resp. Lipschitz
and bounded) functions on X.

There are several equivalent definitions of Sobolev functions on a metric mea-
sure space ([17], [44], [8]); here we shall adopt one of those proposed in the latter
reference, where the notion of a Sobolev function is given in duality with that of
a test plan.

Definition 2.1 (Test plans). Let w € Z(C([0,1],X)). We say that & is a test
plan provided that for some C' > 0 we have

(er)«m < Cm Vtel0,1],

/ |’yt|2 dtdm(v) <

The least such C is called the compression constant of 7w and denoted Comp(7r).

Recall that L°(X) is the space of (equivalence classes w.r.t. m-a.e. equality of)
Borel real-valued functions on X.

Definition 2.2 (The Sobolev class S?(X,d, m)). The Sobolev class S?(X,d, m), or
simply S%(X)m, is the space of all functions f € L°(X) such that there exists a
non-negative G € L?(X), called the weak upper gradient of f, for which

(2.2) /|f 71) — f(y0)| dm(y / G(v)|3e| dtdm(y) V test plan.

Notice that the assumptions on 7r grant that the integrals are well defined
and that the one in the right-hand side is finite. With an argument based on the
stability of the class of test plans by “restriction” and “rescaling”, it is not hard
to check that f € S%(X), with G being a weak upper gradient, if and only if for
any test plan 7 and any ¢,s € [0,1], t < s,

(2.3) o) = fel < [ Gl dr mac .

Then an application of Fubini’s theorem (see [7] for the details) shows that this is
in turn equivalent to the following: for any test plan 7w and 7r-a.e. 7y, the function
t = f(y) is in WH(0,1) and

(2.4)

‘&f(%) <G| ae t

It is then easy to check that there exists a minimal G in the m-a.e. sense for which

(2.2) holds: such a G will be called the minimal weak upper gradient and
denoted |Df|.
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From the definitions it is clear that S?(X) is a vector space and that
(2.5) ID(arf + Bg)| < |al Df| +|B]|Dg| ¥ f.g €S*(X), a,B €R.

Besides this, we shall use the two following crucial properties of minimal weak
upper gradients:

Lower semicontinuity of minimal weak upper gradients. Let (f,) C S?(X)
and f € L°(X) be such that f, — f as n — oo in LY(X) (i.e., m-a.e.). Assume
that (|Df,|) converges to some G € L?(X) weakly in L?(X). Then

(2.6) fes*X) and |Df|<G, m-ae.
Locality. The minimal weak upper gradient is local in the sense that
(2.7) IDf| =0 m-a.e. on {f =0}, VfecS*X).

Equation (2.6) follows quite easily from the very definition of S?(X), while (2.7)
comes from the characterization (2.4) and the analogous property of functions in
wt1(0,1).

The lower semicontinuity of minimal weak upper gradients ensures that the
space W12(X) := L? N S?(X) endowed with the norm

1120y = 172 00) + I DSIIZ2 )

is a Banach space. It is trivial to check that Lipschitz functions with bounded
support are in W12(X) with

IDf| <lip(f) m-a.e.,

where

i W) = f@)]
lip(f)(z) := T d(a,y)

0 otherwise.

if z is not isolated,

In particular, W2(X) is dense in L?(X). On the other hand, it is non-trivial that
for every f € W12(X) there exists a sequence (f,) of Lipschitz functions with
bounded support converging to f in L? such that

/|Df|2dm:1i£n/lip2(fn)dm.

We shall not use this fact (see [8] for the proof).
We conclude by recalling that, as shown in [2],

(2.8) if W2(X) is reflexive, then it is separable.
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This can be proved by considering a countable L2-dense set D of the unit ball B
of Wh2(X). Then for f € B, find (f,) C D converging to f in L*(X): (f,) being
bounded in W12(X), up to subsequences it must have a weak limit in W%(X)
and this weak limit must be f. Hence the weak closure of D is precisely B and by
Mazur’s lemma this is sufficient to conclude.

§2.2. L?-normed modules, cotangent module and differential

2.2.1. L%-normed modules.

Definition 2.3 (L?(X)-normed L>(X)-modules).  An L?(X)-normed L (X)-
module, or simply an L?(X)-normed module, is a structure (M, || - ||, |- |) where

(i) (M, || - D) is a Banach space;
(ii) - is a bilinear map from L>(X) x M to M, called multiplication by L (X)-
functions, such that

(2.9a) f(g-v)=(fg) v,
(2.9b) 1 v=uv,

for every v € M and f, g € L>°(X), where 1 is the function identically equal
to 1;

(iii) |- | is a map from M to L?(X), called the pointwise norm, such that

(2.10a) [v| >0 m-ae,;
(2.10Db) Ifo] = |fllv] m-a.e.;

(2.10¢) ol = | // [o]? dm.

An isomorphism between two L?(X)-normed modules is a linear bijection which
preserves the norm, the product with L>°(X)-functions and the pointwise norm.

We shall typically write fv in place of f - v for the product with an L>(X)-
function.

Notice that thanks to (2.9b), for A € R and v € M the values of Av intended
as coming from the vector space structure and as the product with the function
constantly equal to A agree, so that the expression is unambiguous. Also, from
(2.10b) and (2.10c¢) we obtain

[foll < 1 fllzes ll]l-
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We also remark that the pointwise norm satisfies

[Av] = [A]]v],
v+ w| <o + [w],

m-a.e. for every v,w € M and A € R. Indeed, the first comes from (2.10b), while
for the second we argue by contradiction. If it was false, for some v, w € M, Borel
set E C X with m(FE) € (0,00) and positive real numbers a, b, ¢ with a +b < ¢ we
would have m-a.e. on F,

wtwl>e fol<a, |w<b.

However, this creates a contradiction with (2.10c) and the fact that || - || is a norm
because

IXevll + [Xew| = IXeloll2 + [IXElwl]L2 < VM(E) (a +b)
<vVm(E) e < |[[[Xe(v+w)llee = IXe(v+ w)l| = [Xev + Xpwl|.

In the following, for given v,w € M and Borel set £ C X we shall say that v = w
m-a.e. on F, provided that

Xg(v—w) =0 orequivalently if |v—w|=0 m-a.e. on E.

Example 2.4. Consider a manifold X equipped with a reference measure m and
with a normed vector bundle. Then the space of L?(X,m)-sections of the bundle
naturally carries the structure of an L?(X)-normed module. This is the example
which motivates the abstract definition of an L?(X)-normed module. ]

We say that f € L>°(X) is simple provided it attains only a finite number of
values.

Definition 2.5 (Generators). We say that V' C M generates M provided finite
sums of the form ). Xg,v; with (E;) Borel partition of X and (v;) C V are dense
in M.

By approximating L°°-functions with simple ones, it is easy to see that V'
generates M if and only if L°°-linear combinations of elements of V are dense
in M.

A particularly important class of modules is that of Hilbert modules, i.e.,
modules .27 which are, when seen as Banach spaces, Hilbert spaces. It is not hard
to check that in this case the pointwise norm satisfies the pointwise parallelogram
identity

v +w* + v —w|? = 2(Jv]* + |w|?) m-a.e. Yo,w € A,
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and thus that by polarization it induces a pointwise scalar product (-,-) : #? —
LY (X) which is L>°(X)-bilinear and satisfies

[{v,w)| < [vlw], (v,0) = o],
m-a.e. for every v, w € J.

It is at times convenient to deal with objects with less integrability; in this
direction, the following concept is useful.

Definition 2.6 (L%-normed module). An L°-normed module is a structure (M, 7,
| -|) where

(i) - is a bilinear map, called multiplication with L°-functions, from L°(X) x M
to M for which (2.9a), (2.9b) hold for any f € L°(X), v € M;
(i) |-]: M — LX), called the pointwise norm, satisfies (2.10a) and (2.10b) for
any f € LO(X), v € M;
(iii) for some Borel partition (E;) of X into sets of finite m-measure, M is complete
w.r.t. the distance

(2.11) do(v,w) := Z m /E min{1, v — w|} dm

and 7 is the topology induced by the distance.

An isomorphism of L%-normed modules is a linear homeomorphism preserving the
pointwise norm and the multiplication with L°-functions.

It is readily checked that the choice of the partition (E;) in (iii) does not affect
the completeness of M nor the topology 7.

Theorem /Definition 2.7 (L°-completion of a module). Let M be an L?-normed
module. Then there exists a unique couple (M, 1), where M® is an L°-normed
module and ¢ : M — MO is linear, preserving the pointwise norm and with dense
1mage.

Uniqueness is intended up to unique isomorphism, i.e., if (MO, r) has the same
properties, then there exists a unique isomorphism ® : M% — MO such that i = ov.

Proof. Uniqueness is trivial. For existence define M to be the metric completion
of M w.r.t. the distance defined in (2.11) and ¢ as the natural embedding; then
observe that the L2-normed module structure of M can be extended by continuity
and induce an L%-normed module structure on MO, O
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2.2.2. Cotangent module and differential. The cotangent module L?(T*X)
and the differential d : S?(X) — L2(T*X) are defined, up to unique isomorphism,
by the following theorem. The elements of the cotangent module will be called
1-forms.

Theorem /Definition 2.8. There exists a unique couple (L?(T*X),d) with
L3(T*X) being an L*-normed module and d : S*(X) — L?*(T*X) a linear map
such that

(i) for any f € S*(X) it holds that |df| = |Df| m-a.e.;
(i) L2(T*X) is generated by {df : f € S2(X)}.

Uniqueness is intended up to unique isomorphism, i.e., if (M,d’) is another such
couple, then there is a unique isomorphism ® : L*(T*X) — M such that ®(df) =
d'f for every f € S%(X).

Note: we shall call a form w € L*(T*X) simple if it can be written as Y, X a,d f;
for a finite Borel partition (A;) of X and (f;) C S?(X).

Proof.

Uniqueness. Consider a simple form w € L?(T*X) and notice that the require-
ments that ® is L>°-linear and that ®(df) = d’f force the definition

(2.12) b(w) = ZXAid/fi for w = ZXAidfi'

The identity

i) for M i) for L2(T*X
D) =S xald sl PEY S xa Dl PETY S ] =

shows in particular that the definition of ®(w) is well posed, i.e., (w) depends
only on w and not on the way we represent it as a finite sum. It also shows that
® preserves the pointwise norm of simple forms and thus, since @ is clearly linear,
grants that ® is continuous. Being simple forms dense in L?(T*X) (by property (ii)
for L?(T*X)), ® can be uniquely extended by continuity to a map from L?(T*X)
to M and this map is clearly linear, continuous and preserves the pointwise norm.
Also, from the very definition (2.12) we see that ®(fw) = f®(w) for simple f and
w, so that by approximation we see that the same holds for general f € L (X),
w € L?(T*X). Property (2.10c) grants that ® also preserves the norm, so that to
conclude, it is sufficient to show that its image is the whole M. This follows from
the density of simple forms in M (property (ii) for M).
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Existence. We define the “pre-cotangent module” Pcm to be the set of finite
sequences (4;, fi) with (A4;) being a Borel partition of X and (f;) C S?(X). Then
we define an equivalence relation on Pcm by declaring (A, f;) ~ (By,g;) iff for
every i, j we have

ID(fi —g;)] =0 wm-a.e.on A;NB;.

Denoting by [4;, f;] the equivalence class of (A;, f;), we endow Pcm/ ~ with a
vector space structure by putting

[Ai, fi] + [Bj, 95] == [Ai 0 By, fi + g5],
AAs, fi] = [Ai, Mfil-

Notice that thanks to the locality property (2.7) of the minimal weak upper gra-
dient, these definitions are well posed. For the same reason, the quantity

I1A4s, filll == \/Z/A IDfi[? dm

is well defined, and from (2.5) we see that it is a norm. Let (L?(T*X),|| - ||) be the
completion of (Pcm/ ~, | - |) and d : S?(X) — L?(T*X) be the map sending f to
[X, f]. By construction, L?(T*X) is a Banach space and d is linear. We want to
endow L2(T*X) with the structure of an L?(X)-normed module and to this aim
we define | - | : Pcm/ ~— L?(X) by

I[Aq, fi]| := ZXAi

Dfi
and a bilinear map {simple functions} x Pcm/ ~ — Pcm/ ~ by

(ZanEj) [Aq, fi] = [Ai NVEj, g fil,

where (E;) is a finite partition of X. It is readily verified that these definitions
are well posed and that properties (2.9) and (2.10) hold for simple functions and
elements of Pcm/ ~. It is also clear that | |w;| — |ws| | < |w1 — wa| m-a.e. for every
w1, ws € Pcm/ ~ and therefore we have

|| lwr| = Jwal || 2 < llwr — w2ll,

showing that the pointwise norm can, and will, be extended by continuity to the
whole of L?(T*X). Similarly, for h : X — R simple and w € Pcm/ ~, from the
identity |hw| = |h| |w| we obtain

I = [ hel? dm < B [ ol dm = ]3],
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showing that multiplication by simple functions on Pcm/ ~ can, and will, be
extended by continuity to a multiplication by L° (X)-functions on L?(T*X).

The fact that properties (2.9) and (2.10) hold for these extensions follows
trivially by approximation. Hence L?(T*X) is an L?(X)-normed module.

To conclude, notice that property (i) is a direct consequence of the definition
of d and of the pointwise norm. The fact that L?(T*X) is generated by {df : f €
S2(X)} also follows by the construction once we observe that the typical element
[A;, fi] of Pcm/ ~ is equal to ), Xa,df; by the very definitions given. O

Remark 2.9. By a simple cut-off and truncation argument we see that {df : f €

W12(X)} also generates L?(T*X). Hence, slightly more generally, we also have

that if D is a dense subset of W2(X), then {df : f € D} generates L?(T*X).
This also shows that if W12(X) is separable, then so is L2(T*X). O

Remark 2.10. It is not hard to check that if X is a smooth Finsler manifold,
then W12(X) as we have defined it coincides with the Sobolev space defined via
charts and that |D f| coincides a.e. with the norm of the distributional differential.

From this fact and Theorem 2.8 it follows that the cotangent module can be
identified with the space of L?-sections of the cotangent bundle via the map which
sends df to the distributional differential of f. O

Remark 2.11. A variant of Theorem 2.8 holds, with the same proof, if one re-
places “L?-normed module” with “L°-normed module”; notice that the change in
topology produces a difference in the meaning of (ii).

It is readily verified that the resulting couple (L°(T*X),d), say, can be iden-
tified with the L°-completion of (L?(T*X),d) in the sense that there is a unique
linear map ¢ : L2(T*X) — L9(T*X) preserving the pointwise norm and sending d f
to df; moreover such a map has a dense image. O

Proposition 2.12 (Closure of the differential). Let (f,) C S%(X) be a sequence

m-a.e. converging to some function f € L°(X). Assume that (df,) converges to

some w € L2(T*X) in the weak topology of L*(T*X) seen as a Banach space.
Then f € S*(X) and df = w.

Proof. By applying Mazur’s lemma we can assume that the convergence of (df),)
to w is strong in L?(T*X). In particular, (|df,|) converges to |w| in L?(X) and by
(2.6) this grants that f € S?(X). For any m € N we have f,, — f,, — f — fm m-a.e.,
thus again using (2.6) we have

[df = dfullzcrex) = D = fa)l llL2ox) < Bm ([ [D(fm = fu)l l22x)

= lim [|[dfm — dfallz2(rex)
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and the conclusion follows letting n — oo using the fact that, since (d f,,) is strongly
converging in L?(T*X), it is a Cauchy sequence. O

Proposition 2.13 (Calculus rules). The following holds.

— (Locality) For every f,g € S*(X) we have

(2.13) df =dg m-a.e. on {f =g}.

— (Chain rule) For every f € S%(X) and ¢ € LIPNCY(R) we have o f € S?(X)
and
(2.14) d(po f)=¢ o fdf.

— (Leibniz rule) For every f,g € L> N S?(X) we have fg € S*(X) and

(2.15) d(fg) = fdg +gdf.
Proof.

Locality. By the linearity of the differential the claim is equivalent to
df =0 m-a.e. on {f =0}

which follows directly from |df| = |Df| m-a.e. and the locality property (2.7)
of [IDf].

Chain rule. The fact that Lip(¢)|Df| € L?(X) is a weak upper gradient for po f
is obvious, hence in particular ¢ o f € S2(X).

To prove (2.14), start by noticing that taking into account the linearity of the
differential and the fact that the differential of a constant function is 0 (because
trivially their minimal weak upper gradient is 0), the chain rule (2.14) is trivial if
 is affine. Hence, by the locality property (2.13) the chain rule (2.14) holds if ¢
is piecewise affine. Notice that this also forces df to be 0 m-a.e. on f~1(z) for any
z € R, and thus also m-a.e. on f~1(N) for N C R countable.

Now let ¢ € LIPNC!(R) and find a sequence (¢,,) of equi-Lipschitz and piece-
wise affine functions such that (¢y,), (¢},) uniformly converge to ¢, ¢’ respectively.
From these, what was said previously and the closure of the differential, we can
pass to the limit in

d(eno f) =y, 0 fdf

and conclude.
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Leibniz rule. From the characterization (2.4) it easily follows that |g||Df| +
|f|IDg| € L*(X) is a weak upper gradient for fg, so that fg € S?(X). Now assume
that f,g > 1 m-a.e. Then also fg > 1 m-a.e. and we can apply the chain rule with
¢ = log, which is Lipschitz on the image of f, g and fg, to get

d d d
4s9) _ d(log(fg)) = d(log f +log g) = dlog f + dlogg = L
fg [y
which is the thesis. The general case now follows easily replacing f, g by f + C,
g+ C for C € R large enough. O

§2.3. Duality and the tangent module
2.3.1. The module dual.

Definition 2.14 (Dual of a module). Let M be an L?(X)-normed module. Its
dual M* is the space of linear continuous maps L : M — L(X) such that

L(fv)=fL(v) VfeL>*X), veM

We equip M* with the operator norm, i.e., [[L|l« := sup,. <1 [L(v)[z1. The
multiplication of f € L>°(X) and L € M* is defined as

(fL)(v) := L(fv) VveM.
Finally, the pointwise norm |L|. of L € M* is defined as

|L|.« := ess-sup |L(v)].
v:|v|<1 m-a.e.
The only non-trivial thing to check in order to show that the structure just
defined is an L?-normed module is property (2.10c) (which also grants that |L|.
belongs to L?(X)). From the definition it is not hard to check that

|L(v)| < |L|«Jv] m-ae. YveM, L eM",

and thus by integration we get ||L(v)|r: < ||v|||||L|«]|zz showing that ||L]. <
VL [ e

For the opposite inequality notice that from the basic properties of the essen-
tial supremum there is a sequence (v,) C M such that |v,| < 1 m-a.e. for every
n € N satisfying |L|. = sup,, |L(v,)|. Put 99 := v and for n > 0 define recur-
sively A, := {|L(vn)| > |L(#n—1)[} and ¥, := Xa,vn + Xac¥p_1. Then |3, < 1
m-a.e. and the sequence (|L(?y,)|) is increasing and converges m-a.e. to |L|.. Pick
f € L? N L*(X) arbitrary, notice that || fo,] = || |fonl|llzz < || f|lz2 and thus

[1n1z@am = [ (L) dm < (55 IL1 = 1ALl Yo e,
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By the monotone convergence theorem the integral on the left goes to [ |f||L[. dm
as n — 00, hence passing to the limit we obtain

[1711E) dm < 720,

and this being true for every f € L? N L>(X) we conclude that || |L|.||zz < || L],
as desired.

We shall frequently use the fact that for L : M — L(X) linear and continuous
we have
(216) LeM" < L(xgv)=XgL(v) forevery E C X Borel and v € M,
which can be proved by first checking that L(fv) = fL(v) holds for simple f and
then arguing by approximation.

Denote by M’ the dual of M seen as a Banach space, so that M’ is the Banach
space of linear continuous maps from M to R equipped with its canonical norm
|| - || Integration provides a natural map Int : M* — M’ sending L € M* to the
operator Int(L) € M’ defined as

Int(L)(v) := /L(v) dm VoveM.
Proposition 2.15. The map Int is a bijective isometry, i.e., ||L||. = ||Int(L)||
for every L € M*.
Proof. The trivial bound

ne(2)(0)| = | [ 20)dm| < L) < ol 121

shows that ||Int(L)|- < ||L||«. To prove the converse, fix L € M*, ¢ > 0 and find
v € M such that |[L(v)|[z1 > [[v[|(IL]l+ = €). Put @ := X{1()>0}V — X{L(v)<0}Vs
notice that |0| = |v| and L(9) = |L(v)| m-a.e. and conclude by

it (Z) ] = ne(2)(@)] = | [ £(6)dm

= L)l
2 [[ol|(ILll« = &) = [l (ILll+ — &)
and the arbitrariness of € > 0. Thus it remains to prove that Int is surjective.
Pick £ € M/, fix v € M and consider the map sending a Borel set E to
o (E) == L(Xgv) € R. It is additive and given a disjoint sequence (E;) of Borel
sets we have

|10 (Un En) = po(UnZa Bn)| = |0 (Uns N En)| = 00X, w2, )| < X0, 2 B,
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and since |[Xu,.ye,0l* = [, g, [v[°dm — 0 by the dominated convergence
theorem, we see that u, is a Borel measure. By construction, it is also absolutely
continuous w.r.t. m and thus it has a Radon-Nikodym derivative, which we shall
denote by L(v) € L*(X).

The construction trivially ensures that v — L(v) is linear and since for every
E,F C X Borel the identities py ., (F) = {(XpXgv) = {(XEnFv) = po(E N F)
grant that [, L(Xpv) = [,-p L(v), we see that

(2.17) L(xgv) =XgL(v) YveM, EC X Borel.
Now given v € M we put ¥ := X{1,(»)>0}V — X{L(v)<0}? S0 that || = |v| and, by

(2.17) and the linearity of L, we have |L(v)| = L(9) m-a.e. Then

L)L = /L(ﬂ) dm = p5,0(X) = £(0) < [|€]|-|o]} = [[€]]-[|v]],
i.e., v — L(v) is continuous. The conclusion follows from (2.17) and (2.16). O

The Hahn-Banach theorem grants that for every v € M there exists £ € M’
with |||, = |Jv|| and |¢(v)| = ||v||?. Putting L := Int~'(¢), from the fact that the
inequalities

ol =) = [ Ltw)dm < [ [L].foldm < [ ]2} |21 12
= lollllLll = llolllelr = [lo]?
are in fact equalities we deduce that m-a.e.,
(2.18) Ll = [ol,  L(v) = [o]*.

It follows that the natural embedding J : M — M** sending v to the map L
L(v), which is trivially L°°-linear, preserves the pointwise norm. Indeed, since for
any v, L we have |J(v)(L)| = |L(v)| < |v||L|« we have |J(v)]«x < |v|, while the
opposite inequality comes considering L such that (2.18) holds.

Modules M for which J is surjective will be called reflexive.

Proposition 2.16 (Riesz theorem for Hilbert modules and reflexivity). Let J#
be a Hilbert module and consider the map sending v € S to L, € J€* given by
Ly(w) := (v,w).

Then this map is an isomorphism of modules. In particular, Hilbert modules
are reflexive.

Proof. The only non-trivial claim about the map v — L, is surjectivity. To check
it, let L € 5*, consider Int(L) € J#’ and apply the standard Riesz theorem to
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find v € 2 such that
/L(w) dm = Int(L)(w) = (v,w) 4 = /(v,w) dm Vwe 2,

where (-,-),, is the scalar product in the Hilbert space . and the last identity
follows from (2.10c) by polarization. Writing X pw in place of w in the above for
E C X Borel arbitrary we see that L(w) = (v, w) m-a.e., i.e., L = L,. The claim
about reflexivity is now obvious. O

Proposition 2.17. Let M be an L?(X)-normed module, V C M a vector subspace
which generates M and L : V. — LY(X) a linear map. Assume that for some
g € L%(X) we have

(2.19) |L(v)] < glv] m-a.e. YveV.

Then there is a unique L € M* such that L(v) = L(v) for every v € V and for
such a L we have |L|, < g.

Proof. Any extension L of L which is L>(X)-linear must be such that

(2.20) Lv) = Xg,L(v;) forv=> Xguvi

where (E;) is a finite partition of X and (v;) C V. For L defined in this way, the
bound (2.19) gives

L) = 3o Xe L] < 3 Xeugloil = o] 3 X

= gv|

and in particular ||I~/(v)||L1(x) < lgllz2xyl|v]|. This shows that definition (2.20)
is well posed—in the sense that L(v) depends only on v and not on the way
to represent it as ), Xp,v;—and that it is continuous. Since by assumption the
set of v’s of the form ), Xp,v; is dense in M, we can uniquely extend L to a
continuous operator L : M — L'(X). The fact that such an L is linear is obvious
and definition (2.20) easily gives that L(fv) = fL(v) holds for simple functions f.
Then L°-linearity follows by approximation. 0

We conclude with the following proposition, which in some sense says that the
operations of taking the dual and of taking the L°-completion (recall Theorem 2.7)
commute.

Proposition 2.18. Let M be an L?-normed module. Then the duality pairing
M x M* — LY(X) uniquely extends to a continuous duality pairing M° x (M*)° —
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L°(X). Moreover, if L : M° — L°(X) is such that for some g € L°(X),
(2.21) |IL(v)| < glv] meae. Yove M,

then L € (M*)Y (in the sense of the previously defined pairing).

Proof. The claim about the unique continuous extension is a trivial consequence
of the definitions. For the second part of the claim just notice that we can always
find a sequence (E,,) of Borel sets such that Xg, g € L*(X) for every n € N
and (Xg,g9) — ¢ in LY(X). Then from (2.21) and Proposition 2.17 above with
V =M we see that the map v — L, (v) := Xg, L(v) belongs to M*. Since clearly
|Lp — Ll < [XE, — XE
is easily seen to be equal to L. O

g, the sequence (L,,) is Cauchy in (M*)? and its limit

m

2.3.2. The tangent module.

Definition 2.19 (Tangent module). The tangent module L?(TX) is defined as
the dual of the cotangent module L?(T*X). Its elements are called vector fields.

To keep consistency with the notation used in the smooth setting, we shall
denote the pointwise norm in L?(TX) as | - |, rather than |- |, and the duality
pairing between w € L?(T*X) and X € L*(TX) as w(X).

Definition 2.20 (L?-derivations). An L2-derivation is a linear map L : S(X) —
LY(X) for which there is g € L?(X) such that

(2.22) IL(f)l < gDf| ¥ f € S*X).

Notice that the concept of derivation has a priori nothing to do with the
notion of an L2-normed module. It is therefore interesting to see that such a notion
emerges naturally from the concept of derivation, because as the following theorem
shows, derivations and vector fields are two different points of view for the same
kind of object. The same result, in conjunction with the Leibniz rule (2.15), also
shows that, although not explicitly encoded in the definition, derivations satisfy
the Leibniz rule L(fg) = fL(g) + gL(f) for any f,g € L> N S?(X).

Theorem 2.21 (Derivations and vector fields). For any vector field X € L?(TX)
the map X od : S?>(X) — LY(X) is a derivation.

Conversely, given a derivation L there exists a unique vector field X € L*(TX)
such that the following diagram commutes.
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g2 x) —L . r2(pex)

X

L'(X)

Proof. The first claim follows from the linearity of X od, the fact that | X| € L?(X)
and the inequality |[df(X)| < |X||df| = | X]| |Df| valid m-a.e. for any f € S?(X).

For the second, let L be a derivation, put V := {df : f € S%(X)} and define
L :V — LY(X) by L(df) := L(f). Inequality (2.22) grants that this is a good
definition, i.e., L(df) depends only on df and not on f, and that

\L(df)] < gldf]-

The conclusion then follows from Proposition 2.17 recalling that V generates
L2(T*X). O

Taking the adjoint of the differential leads to the notion of divergence:
Definition 2.22 (Divergence). We say that X € L?(TX) has divergence in L?,
and write X € D(div), provided there is h € L?(X) such that
(2.23) /fhdm = —/df(X)dm v f e Wh(X).

In this case we shall call h the divergence of X and denote it by div(X).

Notice that by the density of W12(X) in L?(X) there is at most one h satisfying
(2.23), hence the divergence is unique.

It is also easily verified that for X € D(div) and g € LIP,(X) we have gX €
D(div) with

(2.24) div(gX) = dg(X) + gdiv(X);

indeed, start by observing that replacing f with min{max{f, —n},n} in (2.23) and
then sending n — oo, we can reduce to checking (2.23) for f € L N W12(X). For
such an f we can apply the Leibniz rule (2.15) to get

/ F(dg(X) + g div(X)) dm = / £ dg(X) — d(fg)(X) dm = — / g df(X) dm,

which is the claim.
Notice that we are not claiming that in general D(div) contains a non-zero
vector field; in this direction, see (2.43).
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8§2.4. Link with the metric

2.4.1. Pullback of a module. The concept of the pullback of a module mimics
the one of the pullback of a bundle.

Definition 2.23 (Maps of bounded compression). Let (X,mx) and (Y,my) be
measured spaces. We say that ¢ : Y — X has bounded compression provided
pemy < Cmy for some C' > 0. The least such constant C'is called the compression
constant and denoted by Comp(yp).

Theorem/Definition 2.24 (Pullback module and pullback map). Let M be an
L?(X)-normed module and ¢ : Y — X a map of bounded compression.

Then there exists a unique couple (¢*M, ©*) with ¢*M being an L*(Y)-normed
module and ¢* : M — *M linear and continuous such that

(i) for every v € M it holds that |o*v| = |v| 0 ¢ my-a.e.;
(ii) ¢*M is generated by {p*v : v € M}.

Uniqueness is intended up to unique isomorphism, i.e., if (m,&*) is another

such couple, then there is a unique isomorphism ® : *M — @©*M such that
D(p*v) = g*v for any v € M.

Note: we call an element of ¢*M simple if it can be written as >, Xa,¢*v;
for some finite Borel partition (A4;) of Y and elements v; € M.

Sketch of the proof.

Uniqueness. As in the proof of Theorem 2.8, any such ® must send the simple
element ). Xa,0*v; to >, Xa,¢*v; and properties (i), (ii) grant that this is a good
definition and that ® can uniquely be extended by continuity to a map which is
the desired isomorphism.

Existence. Consider the set “pre-pullback module” Ppb defined as
Ppb := {(Ai,vi)izly__m : neN, (4;) is a Borel partition
of Y and v; e M Vi= 1,...,71}7
define an equivalence relation on it by declaring (A4;,v;) ~ (Bj,w;) provided
lvi —wjlop=0 my-a.e.on A;NBj, Vi, j

and the map ¢* : M — Ppb/ ~ which sends v to the equivalence class of (Y, v). The
construction now proceeds as for the cotangent module given in Theorem 2.8: one
defines on Ppb/ ~ a vector space structure, a multiplication by simple functions
on Y, a pointwise norm and a norm, then passes to the completion to conclude.
We omit the details. O
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Example 2.25. If M = L?(X), then ¢*M is (= can be identified with) L?*(Y),
the pullback map being given by ¢*f = f o ¢. O

Example 2.26. If (Y, my) is the product of (X, mx) and another measured space
(Z,mz) and ¢ : Y — X is the natural projection, then the pullback of M via ¢ is
(= can be identified with) L?(Z, M) with the pullback map being the one assigning
to a given v € M the function identically equal to v.

Indeed, notice that L?(Z, M) admits a canonical multiplication with functions
in L>°(Y) = L>®(X x Z): the product of z — v(z) € M and f(z,2) € L>®(X x Z)
is 2 = f(-,2)v(z) € M. Also, on L?*(Z, M) there is a natural pointwise norm: the
one assigning to z — v(z) € M the map (z,z) — |v(2)|(z).

The claim is now easily verified. (]

Proposition 2.27 (Universal property of the pullback). Let M be an L?*(X)-
normed module, ¢ : Y — X a map of bounded compression, N an L?(Y)-normed
module and T : M — N linear and such that for some C' > 0,

IT(v)] < Clv|op my-a.e.

Then there exists a unique L™ (Y)-linear and continuous map T: P*M = N such
that

T(e*v) =T(w) YveM.

Sketch of the proof. Consider the space V := {¢*v : v € M}, which generates
©*M, and the map L : V — N given by L(¢*v) := T'(v), and then argue as for
Proposition 2.17. O

Remark 2.28 (Functoriality of the pullback). A direct consequence of this last
proposition is that if ¢ : Y — X and ¢ : Z — Y are both of bounded compression
and M is an L?(X)-normed module, then ¢**M can be canonically identified to
(¥ 0 p)*M via the only isomorphism which sends ¥*p*v to (¢ o p)*v for every
v e M. g

Remark 2.29 (The case of invertible ). If ¢ is invertible with inverse of
bounded deformation, then the previous remark grants that ¢* is bijective. More-
over, the right composition with ¢ provides an isomorphism of L (X) and L>°(Y)
and under this isomorphism the modules M and ¢*M can be identified, the iso-
morphism being ¢*. 0

Now also consider the dual M* of the module M and its pullback ¢*M*. There
is a natural duality relation between *M and ¢*M*.
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Proposition 2.30. There exists a unique L>(Y)-bilinear and continuous map
from o*M x ©*M* to L*(Y) such that

(2.25) Prw(p ) =w@)op YveM, weM*
and for such a map,
(2.26) (W) < |[WL|V| VYV ep™™M, W e p*M*.

Proof. Considering simple elements W € ¢*M* and V' € ¢*M we see that the
requirement (2.25) and L>°(Y)-bilinearity force the definition
(2.27)
W(V):= ZXAmBjWi(Uj) op for W= ZXAiga*wi, V.= ZXBJ.QO*’U]'.
0. i j

The bound

]ZXMB wilv; osa]<zxAnB [wil o plvs] 0
—ZXA il ocpZXB [vjlo @ = Wl |V]

shows that the above definition is well posed, in the sense that the definition
of W(V') depends only on V, W and not on the way they are written as finite
sums. The same bound also shows that (2.26) holds for simple elements and that
W)y S Wl n= IV [l 1

Since the definition (2.27) also trivially grants that (fW)(gV) = fgW (V) for
f, g simple, all the conclusions follow by the density of simple elements in the

respective modules. O

The last proposition can be read as saying that there is a natural embedding
J of o*M* into (¢*M)* which sends W € ¢*M* into the map

M3V = W(V)e LYY).

Routine computation shows that J is L°°-linear, continuous and preserves the
pointwise norm. It is natural to wonder whether it is surjective, i.e., whether ¢*M*
can be identified with the dual of ¢*M or not. Example 2.26 and Proposition 2.15
show that in general the answer is negative, because in such a case our question
can be reformulated as, is the dual of L?(Z, M) given by L?(Z, M*)? It is known
(see, e.g., [21]) that the answer to this latter question is yes if and only if M* has
the Radon—Nikodym property and that this is ensured if M* is separable.
In our case we have the following result.
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Theorem 2.31 (Identification of o*M* and (p*M)*). Let (X,dx,mx), (Y,dy,my)
be two complete and separable metric spaces equipped with non-negative Borel mea-
sures finite on bounded sets and ¢ : Y — X of bounded compression. Let M be an
L?(X)-normed module such that its dual M* is separable.

Then I : o*M* — (@*M)* is surjective.

The proof of this result is rather technical: notice in particular the assumption
that the measurable structures come from complete and separable metric spaces.
We shall omit the proof, referring to [27] for the details. Here we prove instead the
following much simpler statement.

Proposition 2.32. Let (X, mx) and (Y, my) be two measured spaces, p : Y — X
of bounded compression and € a Hilbert module on X.
Then I : p* % — (@*H)* is surjective.

Proof. The pointwise norm of ¢ satisfies the pointwise parallelogram identity,
hence the same holds for the pointwise norm of ¢* 5% (check first the case of simple
elements, then argue by approximation). Thus ¢*.5 is a Hilbert module. Now let
R:# — #* and R : o* — (¢*) be the respective Riesz isomorphisms
(recall Proposition 2.16), consider ¢* o R : 5 — ¢* (") and the induced map
m Dt — p* () as given by Proposition 2.27.

It is then readily verified that @ o RV (p* )" — p*A* is the inverse
of J: p** — (p*H)*, thus giving the result. O

2.4.2. Speed of a test plan. With the aid of the concept of the pullback of
a module we can now assign to any test plan its “derivative” ; for a.e. ¢t. The
maps of bounded compression that we shall consider are the evaluation maps e;
from C([0, 1], X) endowed with a test plan 7 as reference measure to (X,d, m). In
this case, we shall denote the pullback of the tangent bundle L?(TX) via e; by
L2(TX, e, ).

Theorem/Definition 2.33. Let (X,d,m) be a metric measure space such that
L2(TX) is separable and 7 a test plan.

Then for a.e. t € [0,1] there exists a unique vector field @, € L*(TX, e, )
such that for every f € WH2(X) the identity

(2.99) tim T =00 (s )

holds, the limit being intended in the strong topology of L*(m). For these m}’s we
also have

(2.29) i) = el 7x &1 e (,0)
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Sketch of the proof. Start by observing that since L?(TX) is separable and iso-
metric to the Banach dual of L?(T*X) (Proposition 2.15), L?(T*X) is also sep-
arable. Then observe that since f +— (f,df) is an isometry of W2(X) into
L2(X) x L*(T*X) with the norm ||(f,w)[* := || fl72x) + lwll72(p-x)> the space
W12(X) is separable as well.

Now pick f € WhH2(X), define [0,1] > t — F},, Gy € L*(m) as

Fi(v) :== f(m), Gi(7) = IDf(ve) el

and notice that (2.3) can be written as
(2.30) |Fs — Fy| < / G,dr m-a.e.
¢

Integrating this bound w.r.t. 7 we see in particular that the map t — F; € L () is
absolutely continuous. Although this is not sufficient to deduce that such a curve is
differentiable at a.e. t (because the Banach space L!(7) does not have the Radon—
Nikodym property), the pointwise bound (2.30) grants uniform integrability of

. . Fn—F
the incremental ratios %

F~+hn —F.
Ry

and in turn this grants that for some h,, | 0 the

sequence converges in the weak topology of Ll(Llho I x ) to a limit

function Der.(f) which by (2.30) and the definition of G; satisfies

(231)  [Dere(N)I(v) < IDFI(w)lAel = lefdf (NIl L7y, X w-a-e. (7).

Passing to the limit in the trivial identity

1 s+hn, 1 /t-i-hn /s Fr+h _ F’r‘
— F.dr — — = —F——dr,
hn/s hn J, L h,,

one can check that
F,—F, = / Der,.(f)dr Vit ,se€]0,1], t<s,
t

and this in turn implies that w converges to Dery(f) strongly in L'(m) as
h — 0 for a.e. t € [0,1]. With a little bit of work based on the fact that W12(X)
is separable, we can then see that the exceptional set of ¢’s is independent of f, so
that for a.e. ¢t we have

foeiwn— foet

h

to some Der;(f) for which (2.31) holds.

v f e Wh(X), converges in L*(m)

Fix ¢ for which this holds and let L; : {ejdf : f € W12(X)} — L'(m) be defined
as Li(efdf) := Der(f). The bound (2.31) grants that this is a good definition,
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then using Proposition 2.17 and Theorem 2.31 (recall that we assumed L?(TX) to
be separable) we deduce that there exists a unique m} € L?(TX, e, ) such that

ejdf(my) = Dery(f) VfeW"*(X)

and that the inequality < in (2.29) holds. To prove > notice that for f € W12 n
LIP(X) and + absolutely continuous, the map t — f(;) is absolutely continuous.

Therefore the derivative & f(v;) is well defined for 7 x Ll| -a.e. (7,t) and it is

[0,1]

-a.e. coincides with Der;(f) (7). Thus ><L1| -a.e.

easy to check that it 7 x L1 0.1]

l[0.1]
(v,t) we have

%f(%) =e;df(m,)(v) < le;df[(m)Imil(v) = [df|(ve)|lmil () < Lip(f) |7;](7),

where Lip(f) denotes the Lipschitz constant of f. Hence to conclude it is sufficient
to show that there exists a countable family D of 1-Lipschitz functions in W12 (X)
such that for any absolutely continuous curve v we have

d .
fw) = || ae t.

2.32 sup —
(2.32) SUD

Let (zy,) C X be countable and dense and define f,, ,,(z) := max{0,m —d(x, z,)}.
It is clear that f,, , € WH?NLIP(X) and that d(z,y) = SUP,, 1 from (%) = from (Y);
thus for v absolutely continuous we have

d(sta’Yt) = sup fn,m(Vs) - fn,m(’}/t)

*d s d
= il’lrg/t dr fn,m('}/r) dr < A il,lrg afn,m('}/r) dr
and claim (2.32) follows. O

In applications one can often find explicit expressions for the vector fields 7}
in terms of the data of the problem, so that this last theorem can be used to
effectively calculate the derivative of f o e;; see, for instance, Remark 2.46.

§2.5. Maps of bounded deformation

Here we introduce maps between metric measure spaces which are “first-order
smooth” and see that they naturally induce a pullback of 1-forms and, by duality,
that they have a differential.

Definition 2.34 (Maps of bounded deformation). Let (X,dx, mx) and (Y,dy,my)
be metric measure spaces. A map ¢ : Y — X is said to be of bounded deformation
provided it is Lipschitz and of bounded compression (Definition 2.23).
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A map of bounded deformation induces by left composition a map ¢ :
C([0,1,Y) — C([0,1],X). It is clear that if v is absolutely continuous then so
is ¢(v) and, denoting by ms;(4(7)) its metric speed at time ¢, that

(2.33) ms, (4(7)) < Lip(p)|%] ae. .

Also, for p € Z(Y) such that u < Cmy we have p,.u < CComp(p)mx. It follows
that if 7r is a test plan on Y, then ¢, 7 is a test plan on X.
By duality, we now check that for f € S?(X) we have f oy € S?(Y) with

(2.34) [d(f op)| < Lip(p)ldflop my-ae.

Indeed, let 7r be a test plan on Y and notice that

[ 186600 = stetunlann) = [ 15Go) - 160l dem(3)

because Q.7 is a test plan on X < / |df|(5¢)ms: (7) dgsm(7)

/ AF|(p(e)ymse (6()) d ()
by (233)  <Lip(p) // Af (o)) el d (),

which, by the arbitrariness of 7 and the very definition of S?(Y) and the minimal
weak upper gradient, gives the claim.
The next theorem is a direct consequence of this simple observation.

Theorem/Definition 2.35 (Pullback of 1-forms). Let ¢ : Y — X be of bounded
deformation. Then there exists a unique linear and continuous map o* : L*(T*X) —
L2(T*Y), called a pullback of 1-forms, such that

(2.35) ¢ (df) =d(foy) VY feS*X),
(2.36) P (gw) = gopy'w Vge L¥(X), we L*(T*X),
and for such a map,
(2.37) lo*w| < Lip(p)|lw|op my-ae., Yw e LA(T*X).
Proof. For a simple form W = Y, Xa,df; € L?*(T*X) the requirements (2.35),
(2.36) force the definition *W := 3. X4, 0 pd(fi o ). The inequality
D xaowd(fiog)] = 3 Xa opld(fiow)

(2.34)
< Lip(p) Y _(Xa,ldfil) o o = Lip(p)[W] o ¢

9
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shows that the definition of ¢*W is well posed—i.e., it depends only on W and
not on the way we write it as ) . X4,dfi—and that (2.37) holds for simple forms.
In particular we have

" Wla(r-v) < Lin(o)y / W o pdmy

< Lip(p) v/ Comp(p) [[W{|L2(r+x) VW simple,

showing that the map ¢* so defined is continuous from the space of simple 1-forms
on X to L2(T*Y). Hence it can be uniquely extended to a linear continuous map
from L?(T*X) to L2(T*Y), which clearly satisfies (2.37). Thus by construction we
have (2.35) and (2.36) for simple functions; the validity (2.36) for any g € L>(X)
then follows by approximation. O

Notice that the composition of maps of bounded deformations is of bounded
deformation and by a direct verification of the characterizing properties (2.35),
(2.36) we see that

(pod))" =4 op™
We remark that given a map of bounded deformation ¢ : Y — X we have two
(very) different ways of considering the pullback of 1-forms: the one defined in
the previous theorem, which takes values in L?(T*Y), and the one in the sense of
pullback modules, which takes values in the pullback p*L?(T*X) of L?(T*X) via
. To avoid confusion, we shall denote the latter map by [¢*] keeping the notation
p* for the former.

With this said, by duality we can now define the differential of a map of
bounded deformation.

Theorem /Definition 2.36 (Differential of a map of bounded deformation). Let
0 : Y — X be of bounded deformation and assume that L*(TX) is separable.
Then there exists a unique L (Y)-linear and continuous map d¢ : L*(TY) —
©*L%(TX), called the differential of ¢, such that

(2.38) [p*w](dp(v)) = ¢*w(v) Vw e L*(T*X), ve L*(TY)
and it satisfies
(2.39) |dp(v)| < Lip(p)|v| my-ae., Yo € L*(TY).

Proof. Let v € L*>(TY) and consider the map L, : {¢*w : w € L*(TX)} — L(Y)
sending p*w to p*w(v). The bound (2.37) and the identity |w| o ¢ = |[¢p*|w]| give

|L,(w)| < Lip(@)|[¢*]|w| [v| my-a.e., Yw € L3(T*X).
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The vector space {¢*w : w € L?(T*X)} generates ¢*L?(T*X) and the dual of
this module is—by Theorem 2.31 and the separability assumption on L?(TX)—
the module * L?(TX); thus by Proposition 2.17 we deduce that there is a unique
element in p*L?(TX), which we shall call d¢(v), for which (2.38) holds and such
a de(v) also satisfies (2.39).

It is clear that the assignment v +— dp(v) is L°°(Y)-linear and since the
bound (2.39) also ensures that such an assignment is continuous, the proof is
completed. O

Remark 2.37. If ¢ is invertible with an inverse of bounded compression, then Re-
mark 2.29 says that the pullback module ¢*L?(TX) can be identified with L?(TX)
via the pullback map. Once this identification is done, the differential dy can be
seen as a map from L?(TY) to L?(TX) and (2.38) reads
w(dp(v)) = p*w(v) o p".
d

We shall now relate the differential just built to the notion of “speed of a test
plan” as given by Theorem 2.33 to see that in our setting we have an analogy of
the standard chain rule

(o) = de(n),

valid in the smooth world.

As before, let ¢ : Y — X be of bounded deformation, denote by ¢ the induced
map from C([0,1],Y) to C([0,1],X) and let 7 be a test plan on Y. For ¢ € [0, 1]
let us also denote by ef, e} the evaluation maps on C([0,1],X) and C(]0,1],Y)
respectively.

Notice that [(e})*]de : L2(TY) — (e} )*¢*L?(TX) satisfies

[[(e2)*Jdg(v)] < Lip()|v| o €,

and thus by the universal property of the pullback given in Proposition 2.27 we see
that there is a unique L (7r)-linear and continuous map, which we shall denote
by de, from L2(TY, e}, m) to (e} )*¢*L?(TX) such that

de([(e)"](v)) = [(e))dp(v) Yo € LX(TY).
We observe that for such a map,

(1) )" @)) (V) = () ]l¢"] @) (dp(V)) Ve € LA(T7X),

2.40
(2:40) Ve LX(TY,e), x);
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indeed, for V of the form (e})*v for v € L2(TY) this is a direct consequence of
the defining property and the conclusion for general V'’s follows from the fact that
both sides of (2.40) are L°°(7r)-linear and continuous in V.

With this said, we have the following result, proved in [20].

Proposition 2.38 (Chain rule for speeds). Assume that L?(TX) is separable.
Then for a.e. t we have

(2.41) do(m}) = [¢*](@um); .

Proof. Both sides of (2.41) define elements of (e} )*p* L2(TX) ~ $*(eX)* L2(TX),
where the “~” comes from the functoriality of the pullback (Remark 2.28) and
Y _ X ~ : Y \x x72 : Y\*x x7172 *
poe = epop. Since (ef )*¢*L*(TX) is the dual of (e} )*¢*L*(T*X) (by the
separability assumption and Theorem 2.31), to prove (2.41) it is sufficient to test
both sides against forms of the kind [(e}’ )*][¢*](df) for f € S?(X), as they generate
(e) )*p* L*(T*X) (recall Proposition 2.17).
Thus let f € S?(X) and notice that for a.e. ¢ we have

[(eX)*][e*](df) (dp(r}))

= [(e))")(w*df) () by (2.40)
= [(e,))(d(f o 9))(m}) by (2.35)
= L'(m)—lim fowe eﬁrhh_ foooe by definition of 7}
h—0

o foef —foefy ‘ .
= (Ll(go;:ir)?)fhm #) o because g oe;y =ef o
= () )(df)(@urm); 0 @ by definition of (. )}
= ([2"1[(e) () ([&*)(Du)t) by (2.25)
= (Il 1(dN) (£ ()7 because @ o e, = e 0§,

having also used Remark 2.28 in the last step. This is sufficient to conclude. O

Remark 2.39. If p is invertible with an inverse of bounded compression we know
from Remark 2.37 that dy can be seen as a map from L?(TY) to L?(TX); thus
in this case the lift of its composition with (e])* to L2(T'Y, e/}, m) provides a map
dg from L2(TY,eY,m) to L2(TX, eX, ¢.m) and in this case (2.41) reads

~ !

dp(m}) = (pum);
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82.6. Infinitesimally Hilbertian spaces and Laplacian

Definition 2.40 (Infinitesimally Hilbertian spaces). The metric measure space
(X,d,m) is said to be infinitesimally Hilbertian provided L?(T*X) (and thus also
L?(TX)) is a Hilbert module.

Remark 2.41. Since f +— (f,df) is an isometry of W12(X) into L?(X) x L2(T*X)
endowed with the norm [|(f,w)||* = | f]|2. + HwH%z(T*X), we see that if X is
infinitesimally Hilbertian, then W12(X) is a Hilbert space.

It is possible, although not entirely trivial, to show that also the converse
implication holds, i.e., if W12(X) is Hilbert, then so is L?(T*X). In fact, the original
definition of infinitesimally Hilbertian spaces given in [26] adopted such a “W?1:2”
approach, but for the purpose of this note we preferred to start with the seemingly
more powerful definition above. O

By Proposition 2.16 we know that L?(T*X) and L2(TX) are isomorphic as
L*°-modules. For f € S?(X), the image of df under such an isomorphism is called
the gradient of f and denoted by Vf. Directly from (2.14) and (2.15) it follows
that

Vipof)=¢ o fVf, VfeS*X), peLIPNC'(R),
V(fg) = fVg+gVf VfgeL>nS*X).

Remark 2.42. Remark 2.41 and (2.8) grant that W2(X) is separable. Hence by
Remark 2.9 we see that L?(T*X), and thus also L?(TX), is separable. Thus all the
results of the previous sections are applicable. O

Notice also that both L?(T*X) and L?(TX) are endowed with a pointwise
scalar product.

Definition 2.43 (Laplacian). The space D(A) is the space of all functions f €
W12(X) such that there is h € L?(X) for which

/hgdm = 7/<Vf, Vg) dm Vge Wh?(X).
In this case the function h is called the Laplacian of f and denoted by Af.

In other words, A is the infinitesimal generator associated to (as well as the
opposite of the subdifferential of) the Dirichlet form

%/|df|2dm if feWh2(X),

400 otherwise,

(2.42) E(f) =
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in particular is a closed operator and from the density of {E < oo} = W12(X) in
L?(X) it follows that D(A) is dense in W12(X). It is also clear from the definitions
that

feD(A) & VfeD(div) and in this case Af = div(Vf),
and thus recalling (2.24) we see that
(2.43) on infinitesimally Hilbertian spaces the space D(div) is dense in L*(TX).
The following calculus rules are also easily established:

(244) Alpof)=¢ o fAf+¢" o fIVfI? ¥V [feLIP,(X)ND(A), v C*(R),
(245) A(fg) = fAg+9Af+2(Vf,Vg) V[fgeLIPy(X)ND(A).

For instance, for the second, notice that for h € W12(X) and f, g as stated, we
have fh,gh € W12(X) and thus the claim follows from

/ (Vh,V(fg)) dm = / (V(Fh),Vg) + (V(gh), V f) — 20 (V ], Vg) dm.

Remark 2.44. In [42] a different construction of “L? 1-forms” was introduced in
relation to Dirichlet forms E admitting a Carré du champ I'. Adapting the original
presentation slightly, the construction starts by defining a symmetric bilinear map
from [L°°(X) ® D(E)]? to L*(X) by putting

(fog ffeg)=ffT(gg) VffeL*X), 9,9 € D(E)

and extending it by bilinearity. Then one defines the seminorm ||-|| on L>(X)®D(E)
by putting
|2 := /(w,w} dm Vw e L®(X) ® D(E),

then passes to the quotient and finally to the completion. Calling the resulting
Banach space M it is easy to check that it comes with the structure of an L?-
normed module, the pointwise norm being given by |w| := /{w, w) and the product
with L°°-functions as (the linear continuous extension of) h- (f ® g) := (hf) ® g.

In particular, the space of forms of the kind 1 ® g, for g € D(E), generates M
and it holds that |1 ® g| = 1/T'(g,9).

In the case of infinitesimally Hilbertian spaces, the form E defined in (2.42)
is a Dirichlet form whose Carré du champ is given (thanks to (2.45)) by T'(f, g) =
(Vf,Vg) and in particular I'(g, g) = |dg|?. This and Theorem 2.8 (and Remark 2.9)
show that the cotangent module L?(T*X) and the space M coincide, meaning that
the map sending dg to 1 ® g, for ¢ € W12(X) = D(E), uniquely extends to an
isomorphism of modules. O
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We conclude with a proposition (which concentrates results from [8], [9], [26]
and [25]) which is crucial in the application of this theory to the study of the ge-
ometry of RCD spaces: it provides an explicit differentiation formula along (appro-
priate) Wa-geodesics. Both the statement and the proof rely on notions of optimal
transport; see, for instance, [47], [4], [41] for an introduction to the topic. Notice
that the result can be read as a purely metric version of the Brenier—-McCann
theorem about optimal maps and Ws-geodesics.

Theorem 2.45 (Derivation along geodesics). Let (X,d,m) be an infinitesimally
Hilbertian space and t — pp = prm C Po(X) a Wa-geodesic made of measures
with uniformly bounded supports and densities. Assume also that for some, and
thus any, p € [1,00), the map t — p, € LP(m) is continuous.

Then for every f € WH2(X) the map t — [ f dus is C*([0,1]) and the formula

(2.46) < / Fdu = — / (V1. V) due Vi€ [0,1],

where @y 18, for every t € [0,1], Lipschitz and such that for some s # t the function
(s — t)¢ is a Kantorovich potential from p; to ps.

Note: on RCD(K, c0) spaces every Wa-geodesic such that pg, g1 have both
bounded densities and support satisfy the assumptions (see [40]).

Sketch of the proof.

Step 1. Let ¢ be a Lipschitz Kantorovich potential from pg to pg and let 7 be
a lifting of (), i.e., so that (e;).m = u; for every ¢ € [0,1], 7 is concentrated on
geodesics and (eg, e1)47 is an optimal plan. We claim that

. - 1 1
(2.47) lim (o) = elv) dm(y) = 5 / |de|* dpo + S W5 (o, 1)
=0 3 2 2

To see this, start by noticing that v € 9%p(7p) for m-a.e. v and thus for m-a.e. v
we have

d*(z,m)  d*(v0,m)
2 2

)d(Z’,yl) + d(’70771) )

Sd(zafYO 9

p(z) = () <
Taking the positive part, dividing by d(z,7o) and letting z — -y we obtain

(p(2) — 0(70))*

<d -a.e.
d(Z,"}/()) >~ (707’71) mT-a.e. v,

(248)  |del(0) < Tm
Z—7Y0

where the first inequality is an easy consequence of the definition of a minimal
weak upper gradient and the fact that ¢ is Lipschitz. On the other hand, still from
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v1 € 0%%(p) for m-a.e. v we have

Fhom)  Fhom) _ g

(v0) —w(ve) > Y0,71)(t—1%/2) VYt e (0,1) m-a.e. .

2 2
Thus
tiy [ EOLZ PO (o) > [y DO 200 (o) > [ e2(30,0) ()

and since [ d?(vo,71) dmw(y) = W3 (1o, p1), this inequality and (2.48) give (2.47).
Step 2. Let m be as before, notice that it is a test plan and let f € W12(X).

Then
/ f(%f) ; f(,YO) dﬂ'(’y)

IN

L1 sl ds dmy)
.

IN

I 1
3 [ 107 Ppuasdm o+ S o).

Passing to the limit, noticing that (p;) C L*° is weakly*-continuous, we conclude
that

H/Mdﬂ-@) < %/|df|2d,uo+%W22(Mo7M1)-

t—0
Write this inequality with £f — ¢ in place of f and subtract (2.47) to deduce that

%5%5/ ¥ : Yo

an(7) < 5 [ Ier = o) el dpo.

Dividing by € > 0 (resp. € < 0) and letting ¢ | 0 (resp. € 1 0) and noticing that
2 2
w = —2(Vf, V) +e|df|* we conclude that

(2.49) G [ fmy = [ 91.50) du

Step 3. By rescaling, we see from (2.49) that formula (2.46) holds for any ¢, so
that to conclude, it remains to prove that the right-hand side is continuous in ¢.
Notice also that we have free choice of the (rescaled) Kantorovich potentials in
(2.46) and thus we may assume that they are equi-Lipschitz. Then since uniform
limits of Kantorovich potentials are Kantorovich potentials, it is easy to see that
to conclude it is sufficient to prove that for ¢, — ¢ and (¢, ) uniformly Lipschitz
and uniformly converging to some ¢; we have

lim [ (Vf, Vg, )pe, dm = / (Vf,Vr) pedm.

n—roo

Since the p;’s have uniformly bounded support, up to multiplying the ¢’s by
an appropriate cut-off we can assume that the ¢’s are bounded in W2?(X) and
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thus that the convergence of (¢, ) to ¢ is weak in W12(X). Thus (V,) weakly
converges to Vi, in L?(TX) and, by the assumptions on p;, (p, Vf) strongly
converges to p;Vf in L?(TX). The thesis follows. O

Remark 2.46. In connection with Theorem 2.33, the proof of this last proposition
can be used to show that if X is essentially non-branching (a property that in
particular holds on RCD(K, 00) spaces—see [40]) for 7 as in the proof, the vector
fields 7r} are defined for every ¢ (and not just for a.e. t) and are given by

m =ef (V).
This follows by noticing that for A C C([0,1],X) Borel with w(A4) > 0, the plan
Ty = (W(A))_lﬂ"A is still a test plan and the curve ¢t — (e;).7 4 still satisfies the

assumptions (the essential non-branching is needed to ensure that time continuity
of the densities is preserved) with the same functions ¢. O

83. Second-order theory for RCD spaces
§3.1. Definition of RCD spaces

From now on, we shall always assume that our space satisfies the Riemannian
curvature dimension condition RCD(K, 00), the definition being ([10]) as follows.

Definition 3.1 (RCD(K, oo) spaces). Let K € R. Then (X,d, m) is an RCD(K, c0)
space provided that

(i) it is infinitesimally Hilbertian;
(ii) for some C' > 0 and = € X it holds that m(B,(z)) < e for every r > 0;
(iii) every f € WY2(X) with |df| € L>(X) admits a Lipschitz representative f
with Lip(f) < || 1df ]z~
(iv) for every f € D(A) with Af € WH2(X) and g € L>(X) N D(A) with g > 0,
Ag € L*(X), the Bochner inequality holds:

(3.1) %/\dﬂ?Agdmz /g(<Vf,VAf>+K\df|2) dm.

In some sense the “truly defining” properties are (i) and (iv), while (ii), (iii) are
more of a technical nature: (ii) is necessary to ensure a priori that the heat flow—
see below—preserves the mass, while (iii) grants that Sobolev functions determine
the metric of the space (notice that there are doubling spaces supporting a Poincaré
inequality for which (iii) fails).

The heat flow (hy) on X is the gradient flow of (= the flow associated to)
the Dirichlet form E, i.e., for f € L?(X) the map t — h,f € L?*(X) is the only
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continuous curve on [0, co) which is absolutely continuous on (0, c0) and such that
hof = f and
d
&htf = Ahtf a.e. t > 0.
It is possible to check (we omit the details) that the heat flow satisfies the weak
mazimum principle
f<C m-ae. = hf<C mae, Vt>0

and thus it can be extended to L' 4+ L>°(X). Then from (3.1) one gets the following
important Bakry—Emery estimate: for every f € W12(X) and t > 0,

(3.2) |dh, f|? < e 2Kth,(Jdf]?) m-a.e.

Formally, this comes from noticing that the derivative of [0,#] 3 s — F(s) :=
hi_s(|dhsf]?) is given by

s (= Alldh.f?) +2(Vhof, VARS) )

and this is < —2K F(s) by the Bochner inequality (3.1). Then one concludes with
Gronwall’s lemma.

We shall also make use of the L>°-Lip regularization: for f € L>°(X) and ¢ > 0
we have h,f € LIP(X) with

t
(3.3) /2 / 255 ds Lip(hef) < |~

This, again formally, follows by integrating in s € [0, ¢] the bound

d (2.45)
ha(lheof2) = ho (Al £ = 2ne o fAR— ) P27 20, ((dhe— o f12)

(3.2)
> 2e*°|dh, f1?,

and then using the weak maximum principle and property (iii) in the definition of
RCD spaces.

83.2. Measure-valued Laplacian and test functions

A key tool that we shall use to develop second-order calculus on RCD spaces is the
notion of a “test function” introduced in [43]:

Test(X) := { f bounded, Lipschitz, in D(A) with Af € W"?(X)}.
From (3.3) and general regularization properties of the heat flow we have

FEL’NL®(X), f>0 = hyf € Test(X), hsf >0, Vt >0,
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and thus in particular that Test(X) is dense in W12(X). To analyze the properties
of test functions it is useful to introduce the following notion, coming from [26].

Definition 3.2 (Measure-valued Laplacian). Let f € W12(X). We say that f has
a measure-valued Laplacian, and write f € D(A), provided there exists a Borel
measure p on X finite on bounded sets such that

/gd,u =— / (Vf,Vg) dm for every g € LIP(X) with bounded support.

In this case the measure u, which is clearly unique, will be denoted by A f.

It is readily verified that this concept is fully compatible with the one given
in Definition 2.43, in the sense that

feD(A) & feD(A)with Af <m and % € L*(X),
and in this case Af = Afm,
and one can check that
(3.4) feDA), |dfle L'(X) = AfX)=0

(this is trivial if m(X) < oo, for the general case one approximates the constant 1
with functions with uniformly bounded Laplacian).

We then have the following crucial property, proved in [43], which is the first
crucial step towards second-order calculus in RCD spaces: among others, it provides
Sobolev regularity for |[df|? for any f € Test(X) (in contrast, without any lower
Ricei bound it seems impossible to exhibit non-constant functions f for which |d f|
has any kind of regularity).

Theorem 3.3. Let f € Test(X). Then |df|?> € D(A) C W12(X) and
1
(35) LAAS? > ((VAVAS) + KJaf)m.

Sketch of the proof. From the fact that |df|?, (Vf, VAf) + K|df|?> € L?(X) one
can check that (3.1) holds for any g € D(A) non-negative. Picking g := h,(|df]?)
we obtain
[lana(iasam == [ 1af?an(ds?) am
(3.1)

2 _/ht(\dfF)((Vf,VAf)+K|df|2)m

< (1A / [(VF.VAS) + K|df[2|m,
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so that letting ¢t | 0 we conclude that |[df[*> € W12(X). Now, at least if X is
compact, |df|? € D(A) and (3.5) both follow noticing that from (3.1) we have
that the linear operator

dff?
2

CX)ND(A)> g~ L(g) ::/Ag g((Vf,VAf)—i—K\dfF) dm

is such that L(g) > 0 for g > 0. Hence it must coincide with the integral of g w.r.t.
a non-negative measure. ]

A direct, and important, property that follows from the above is that
Test(X) is an algebra.

Indeed, in checking that fg € Test(X) for f,g € Test(X) the only non-trivial thing
to prove is that A(fg) € W12(X). Since it is clear that fAg, gAf € WH2(X), by
the Leibniz rule for the Laplacian (2.45), to conclude it is sufficient to show that
(Vf,Vg) € WH2(X). This follows by polarization from Theorem 3.3.

§3.3. The space W?2(X)

3.3.1. Tensor product of Hilbert modules. Let 777, .74 be two Hilbert mod-
ules on X and denote by J4 ® a1, %3 their tensor product as L°°-modules, so that
SO Qalg % can be seen as the space of formal finite sums of objects of the kind
v1 ® vg with (v1,v2) — v1 ® vy being L*°-bilinear.

We define the L*°-bilinear and symmetric map “” from [/ ®alg H5)% to
L°(X) by putting

(v1 @ w2) : (v @) := (v1,01); (v2, 5)5

where (-,-), is the pointwise scalar product on %, ¢ = 1,2, and extending it by
L -bilinearity. It is readily verified that this definition is well posed and that the
resulting map is positively definite in the sense that for any A € JA ®a1z % and
E C X Borel,

A:A>0 m-a.e.
A:A=0 mae.onFE ifandonlyif A=0 m-a.e onFE.

Then define the Hilbert-Schmidt pointwise norm as
|A‘HS =VA: A€ LO(X)

and the tensor product norm as

Al =] [ 1A7s dm € 0, +c0)
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We are now ready to give the following definition.

Definition 3.4 (Tensor product of Hilbert modules). The space 4 ® 54 is de-
fined as the completion of

[A€ i omg s |Almerns <o)
w.r.t. the tensor product norm || - || 4 .-

The multiplication by L*°-functions in J# ®ais S is easily seen to induce
by continuity a multiplication by L°°-functions on 477 ® 5 which together with
the pointwise norm | - |gs show that J# ® % comes with the structure of L>2-
normed module. Moreover, since |-|gg satisfies the pointwise parallelogram identity,
JA Q J is in fact a Hilbert module.

If JA = s, the tensor product will be denoted .7#®2. In this case the map
V] ® V2 = V2 ® U1 on S ®alg S induces an automorphism A — At called a
transposition, on %2 and for a generic A € J#%? we put

A+ At A— At
ASym = Ta AAsym = T

for the symmetric and antisymmetric parts of A, respectively. It is then clear that
(3.6) |Alks = |Asymliis + |Aasymlfig m-ace., VA € #%2

We shall write L2((T*)®2X) (resp. L*(T®2X)) for the tensor product of L?(T*X)
(resp. L2(TX)) with itself. These modules are the dual of each other and we shall
typically write A(X,Y) in place of A(X ® Y) for A € L?((T*)®?X) and X ® Y €
L2(T%2X).

Notice that L?(T*X) being separable (Remark 2.42), then so is L?((T*)®2X),
and the same for L?(T®2X).

3.3.2. Definition of W?%2(X). Recall that on a smooth Riemannian manifold,
the Hessian of the smooth function f is characterized by the validity of the identity

2Hess(f)(Vg1,Vg2) = (V(Vf,Va1)),Vge) +(V((Vf,Vg2)),Vg1)
—(Vf,V((Vg1,Vg2)))

for any smooth functions g;, g2. This motivates the following definition.

Definition 3.5 (The space W22(X) and the Hessian). The space W%2(X) is the
set of all the functions f € W2(X) for which there exists A € L*((T*)®?X) such
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that

(3.7) 2/hA(Vgl,Vgg)dm: 7/<Vf, V1) div(hVga) + (Vf,Vge) div(hVg1)
+h({Vf,V(Vg1,Vgs)) dm

for every g1, g2 € Test(X) and h € LIP,(X). Such an A will be called the Hessian
of f and denoted by Hessf. The space W22(X) is equipped with the norm

112200 = [ 7200 + 1AF 17200 + [Hess |72 ()25 -

From the density of Test(X) in W12(X) it easily follows that the Hessian, if
it exists, is unique and thus in particular the W22-norm is well defined. Notice
that in giving the above definition we used Theorem 3.3, in a crucial way, to grant
that (Vg1, Vga) € W12(X) so that the last addend in the integral in (3.7) is well
defined.

The following result is easily verified.

Theorem 3.6. We have

(i) W?22(X) is a separable Hilbert space;
(ii) the Hessian is a closed operator, i.e., the set {(f,Hess(f)): f € W2%(X)} is
a closed subset of W12(X) x L2((T*)®2X);
(iii) for every f € W22(X) the Hessian Hess(f) is symmetric, i.e., Hess(f)! =
Hess(f).

Proof. For given g1,g2,h € Test(X) the left- (resp. right-) hand side of (3.7) is
continuous w.r.t. A € L2((T*)®2X) (resp. f € W12(X)). Point (ii) and the com-
pleteness of W22 follow. The fact that the W?22-norm satisfies the parallelogram
rule is obvious. For the separability, notice that L?(X) x L?(T*X) x L2((T*)®2X)
endowed with its natural Hilbert structure is separable and that the map

W22(X) > f +—  (f,df,Hessf) € L*(X) x L*(T*X) x L*((T*)®?X)
is an isometry. Point (iii) comes from the symmetry in g1, g2 of (3.7). O

Remark 3.7. As the example of a weighted Riemannian manifold shows, in gen-
eral the Laplacian is not the trace of the Hessian. O

3.3.3. Existence of W?22-functions. It is not at all obvious that W?22(X) con-
tains any non-constant function. This (and much more) is ensured by the following
crucial lemma which is about the self-improving of the Bochner inequality. Read
in the smooth setting, the claim says that for the vector field X := 73", ¢;Vf; and
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the 2-tensor A := 3, Vh; ® Vhy,
X 2
(38) |VX:A] < (A'Q' (X, ApX) — K|X]? - |<VX>Asym|%Is) A

see also Lemma 3.33. Given that for the moment we don’t have the covariant
derivative and the Hodge Laplacian, we have to state (3.8) by “unwrapping” these
operators.

From now on, we shall denote by Meas(X) the space of finite Borel measures
on X equipped with the total variation norm. Then for f, g, h € Test(X) it will be
useful to introduce Ta(f, g) € Meas(X) and H|[f](g,h) € L*(X) as

To(f,9) = 3 (MUY, Vo)) — ((VF,VAg) + (Vg VAS) )m),
HIf)(g.h) = 5 ((V(V £, V), Vh) + (V(V£. V1), Vo) — (V£,V(Vg, TBY)))-

We shall also write

We then have the following lemma.

Lemma 3.8 (Key inequality). Letn,m € N and f;,g;,h; € Test(X),i=1,...,n,
j=1,...,m. Define the measure pu = p((f;), (9;)) € Meas(X) as
M((fz‘)’ (Qi))

= Zgigi/ (To(fi, fir) — K (V f;,V fir) m)

Qi

+ (QgiH[fi](fi" gir) +

Vi,V 1) (Vgi; Vgir) +(V i, Vair) (Vgi, V fir) )m
2 b

and write it as p = pm + p® with p° L m.

Then
(3.9) 1 >0
and
2
(3.10) [ Y (V£i,Vhy) (Vgi, Vi) + g H[ fil(hy hy) | < p > [(Vhy, Vhyo) |2,
i 53’

Sketch of the proof. We shall prove the thesis in the simplified case n = m =1
and g1 = 1 (this is the original argument in [16] as adapted to RCD(K, co) spaces
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in [43]): in this case the measure p is given by p = T'2(f, f) — K (Vf, Vf) m. Then
(3.9) follows from (3.5) and (3.10) reads

(3.11) HI7)(0,1)[* < (7ol 1) = KV L, 90)) VA

For \,c € R define ®, . = @, .(f,h) := Af + h? — 2ch € Test(X). It is only a
matter of computation to check that

72((1))\,0 (b/\,c> - K|vq)>\,c|2 = )‘2 (’72(]0’ f) - K|Vf|2) + 4)‘H[f](ha h)
+4|Vh* + (h - c)Fy .

for some F) . € L'(X,m) so that ¢ — F\ . € L' (X, m) is continuous. It follows that
m-a.e. the inequality v5(®x e, Pr ) — K|V®y|> > 0 (which comes from (3.5))
holds for any ¢ € R. Hence for m-a.e.  we can take ¢ = h(z) and conclude that

N (o (f, ) = K|V f1?) + ANH[f](h,h) + 4|VR[* >0 m-a..

and (3.11) follows by the arbitrariness of A € R.
The general case follows by a similar optimization argument using ®(f;, gi, h;)
in place of ®(f,h) for ® given by

B(x1,. -y Ty Yls ey Yns 21,5 Zm) = Z()‘xlyz +a;z; — biyi) + ZZJQ — 2¢j25;
‘ J

(2

we omit the details. O

The first important consequence of this lemma is the following result, which
shows in particular that W22(X) is dense in W?(X).

Theorem 3.9. Let f € Test(X). Then f € W22(X) and
(3.12) Hess s < vo(f, /)~ KIVP mac,
and moreover for every g1, gs € Test(X),

(3.13) H[f](g1,92) = Hessf(Vg1,Vga) m-a.e.

Proof. We apply Lemma (3.8) with n = 1 for given functions f,h; € Test(X),
j=1,...,mand g =1 (this is admissible at least if m(X) < oo; in the general case
an approximation argument is required). In this case, also recalling the definition
of a pointwise norm on L?(T®2X), inequality (3.10) reads

(3.14)

ZH[f](hj»hj) < Vs(f, f) = K|V f]? ‘ Zth ®th‘HS m-a.e.
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Now notice that for arbitrary hy, h'; € Test(X), g; € LIP,(X) we have

9;H[f(hy, 1) =

7273

205 (B + 0,y 4+ 05) = HIf)(hy, hy) — HIFI(0G 1))

Vh; @ VI + Vh) @ Vh;
2
_ g~V(hj + h;) ®@V(h; + h;) —Vh; ® Vh; — Vh; X Vh;
J 9 )
hence taking into account the trivial inequality |Asym|us < |A|us m-a.e. (recall
(3.6)) for A:= 3", g;Vh; ® Vhj, from (3.14) we obtain

‘Zg] (R, )

(3.15) <V (f. f) - KIVf2

9j

Vh; @ VI, + Vh; @ Vh;

D 9 3
J

< VRlF ) =~ KIVIP| Y 5Vh @ VI
J

HS

Now let V C L?(T®2X) be the space of linear combinations of tensors of the form
gVh ® Vh for h,h' € Test(X), g € LIP,(X) and define A : V — L°(X) as

A(D iV @ V) = Zg] (b, ).
J

From (3.15) we see that this is a good definition, i.e., that A(T") depends only on
T. Moreover, recalling that by (3.9) we have I'5(f, f) > 0, we obtain

/72(f,) K|V/[2dm < Ts(f, £)(X K/|Vf|2dm
(3.16)

(20 / (Af)? — K|V f[? dm;

hence from (3.15) we deduce that

ATz x) < \//(Af)2 — K|VfPdm ||T||p2(pe2x) VT €V.

It is readily verified that V is dense in L?(T%2X), therefore A can be uniquely
extended to a continuous linear operator from L?(T®2?X) to L!(X) which is readily
checked to be L®-linear. In other words, A € L?((T*)®?X).

Now let hq, ho € Test(X), g € LIP,(X) be arbitrary and notice that we have

/A(th1 ® Vhg)dm = 2/gH[f](h1,h2)dm
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and, by the definition of H[f] and after an integration by parts, that
2 [\, ha)am = [ = (97,1} div(gVha) = (V5. Vo) div(gVhs)
— g(V [,V (Vhy,Vhy) ) dm.

These show that f € W%2(X) with Hessf = A and that (3.13) holds. For (3.12)
notice that (3.15) can be restated as

Hessf(T)| < V/72(f, f) = KIVf* |Tlus YT €V,
and once again use the density of V in L?(T®2X) to conclude. O
In particular, we have the following important corollary.

Corollary 3.10. We have D(A) C W22(X) and

(3.17) /|Hessf|%{s dm < /(Af)2 — K|Vf*dm VfeD(A).

Sketch of the proof. For f € Test(X) the claim follows by integrating (3.12) and
recalling (3.16). The general case is then achieved by approximation, recalling that
the Hessian is a closed operator. O

Such a corollary ensures that the following definition is meaningful.
Definition 3.11. We define H?2(X) as the W%2-closure of D(A) C W?2(X).

It is not hard to check that H??2(X) also coincides with the W?%2(X) closure
of Test(X); on the other hand, it is important to underline that it is not at all clear
whether H%2(X) coincides with W?22(X) or not.

3.3.4. Calculus rules.

Proposition 3.12 (Product rule for functions). Let f1,fa € LIP, N W22(X).
Then f1fo € W22(X) and the formula

(3.18) Hess(f1f2) = foHessf1 + fiHessfo +df1 @ dfs + dfo ® dfi m-a.e.
holds.

Proof. Tt is obvious that fifo € W2(X) and that the right-hand side of (3.18) de-
fines an object in L2((T™)®?X). Now let g1, g2 € Test(X), h € LIP;(X) be arbitrary
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and notice that

—{(V(f1f2),Vg1) div(hVgs)
=—f1(Vf2,Vg1) div(hVg2) — f2 (Vf1,Vg1) div(hVg2)
= —(Vf2,Vg1) div(f1hVga) + h(V f2,Vg1) (Vf1,Vg2)
—(Vf1,Vg1) div(f2hVg2) + h(V f1,Vg1) (V f2,Vga) .

Exchanging the roles of gq, g2, noticing that

—h(V(f1f2),V(Vg1,Vg2) ) = —=hf1(V f2, V(Vg1,Vg2) )
— hf2(V 1,V (Vg1,Vg2) ),

adding everything up, integrating and observing that fih, foh € LIP,(X), we con-
clude. O

Proposition 3.13 (Chain rule). Let f € LIP N W?22(X) and ¢ : R — R be a
C?-function with uniformly bounded first and second derivatives (and ¢(0) = 0 if
m(X) = +00).

Then @ o f € W22(X) and the formula

(3.19) Hess(po f) =¢" o fdf @df + ¢’ o fHessf m-a.e.
holds.

Proof. Tt is obvious that po f € W12(X) and that the right-hand side of (3.19) de-
fines an object in L?((T*)®2X). Now let g1, ga € Test(X), h € LIP,(X) be arbitrary
and notice that
— V(¢ o [),Vgr) div(hVgz) = =¢" o f(V},Vg1) div(hVg,)
= —(V/,Vg) div(¢' o fhVgs)
+ h@” © f <Vf7 vgl> <vfa V92> .
Similarly,
—(Vlpo f),Vga) div(hVg1) = — (Vf, Vga) div(¢' o fhVg1)
+ h(p” © f <Vf7 ng) <Vf, vgl>
and
—h{V(po [),V(Vg1,Vg))=—hg' o f(Vf,V(Vg1,Vga)).

To conclude, add up these three identities, integrate and notice that hy' o f €
LIP;(X). O
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Proposition 3.14 (Product rule for gradients). Let fi, fo € LIPNH?2(X). Then
<Vf1, Vf2> S W1’2(X) and

(3.20) d(V f1,Vfa) = Hessf1(V fa,:) + Hessfo(Vf1,:) m-a.e.

Sketch of the proof. For fi, fo € Test(X) the fact that (Vfi,Vfo) € WH2(X)
follows from Theorem 3.3 by polarization. Also, by the very definition of H[f], we
know that for any g € Test(X),

(Vf1,Vf2), Vg) = H[f1l(f2, 9) + H[f2](f1, 9);

hence in this case the conclusion comes from (3.13) and the arbitrariness of g.
The general case follows by approximation by observing that with an argument
based on truncation and regularization with the heat flow, we can approximate
any f € LIP N H?>2?(X) in the H*?(X)-topology with test functions which are
uniformly Lipschitz. O

§3.4. Covariant derivative

3.4.1. Sobolev vector fields. The definition of Sobolev vector fields is based
on the identity

(Vvg, X, V1) = (V({X,Vg1)), Vga) — Hess(g1)(X, V1),
valid in the smooth world for smooth functions gi, go and a smooth vector field X.

Definition 3.15 (The Sobolev space Wé’2(TX)). The Sobolev space Wé’z (TX) C
L3(TX) is the space of all X € L?(TX) for which there exists 7' € L?(T®?X) such
that for every g1, g2 € Test(X) and h € LIP;(X),

/hT 1 (Vg1 ® Vgg)dm = /— (X,Vyga) div(hVg1) — hHess(g2)(X, Vg1 ) dm.

In this case we shall call the tensor T' the covariant derivative of X and denote it
by VX. We endow W5 *(TX) with the norm || - HWé*"‘(TX) defined by

X122 = X + 19X 3 oo,

It will be useful to introduce the space of “test vector fields” as
n
TestV(X) := {Zgini :neN, fi,g € Test(X)} C LA(TX).
i=1

It is easy to show that TestV(X) is dense in L?(TX).
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Theorem 3.16 (Basic properties of Wé’Q(TX)). We have

(1) Wé’Z (T'X) is a separable Hilbert space;
(ii) the covariant derivative is a closed operator, i.e., the set {(X,VX) : X €
WEA(TX)} is a closed subset of L*(TX) x L*(T®2X);
(iti) given f € W22(X) we have Vf € W5*(TX) with V(V f) = (Hessf)?, where
£ L2((T*)®2X) — L2(T92X) is the Riesz (musical) isomorphism;
(iv) we have TestV(X) C W& (TX) with

and, in particular, Wé’Q(TX) is dense in L*(TX).

Sketch of the proof. Parts (i), (ii) are proved along the same lines as Theorem 3.6.
Part (iii) follows from Proposition 3.14 and direct verification; then (iv) follows
from (iii) and the definitions. O

3.4.2. Calculus rules. We know that TestV(X) is contained in W5?(TX), but
not if it is dense. Thus the following definition is meaningful.

Definition 3.17. We define H5*(TX) € WE*(TX) as the W5?(TX)-closure of
TestV(X).

We shall also denote by L°(TX) the L°-completion of L?(TX) (Theorem 2.7)
and by L (TX) its subspace made of X’s such that |X| € L>°(X).

Proposition 3.18 (Leibniz rule). Let X € L°°ﬂWé’2(TX) and f € LNW12(X).
Then fX € W5(TX) and

(3.21) V(fX)=Vf@ X+ fVX mae.

Proof. Assume for the moment that f € Test(X) and let g1, g2 € Test(X), h €
LIP,(X) be arbitrary. Then fh € LIP,(X) and from the definition of VX we see
that

/thX 1 (Vg1 ® Vgo)dm = /— (X,Vgo) div(fhVg1) — fhHessga2 (X, Vgy) dm.

Using the identity div(fhVgy) = h(Vf,Vg1) + fdiv(hVgy1) (recall (2.24)), this
gives

/ B (V1Y) (X,Vgs) + FAVX : (Vg1 © Vo) dm

= /— (fX,Vgs) div(hVg;) — hHessga(f X, Vg1) dm,
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which is the thesis. The general case comes by approximation. O

It will be useful to introduce the following notation: for X € Wé’Q(TX) and
Z € L>(TX), the vector field VzX € L*(TX) is defined by

(VzX,Y):=VX:(Z®Y) m-ae., VY c L*(TX).

Since L3(TX) 2 Y = VX : (Z®Y) € L(X) is continuous and L>-linear, we see
from Proposition 2.16 that this is a good definition.

Proposition 3.19 (Compatibility with the metric). Let X,Y € L N H5*(TX).
Then (X,Y) € WH2(X) and

dX,Y)(Z)=(VzX,Y)+(VzY,X) ma.e,
for every Z € L*(TX).

Sketch of the proof. For X, Y € TestV(X) the claim follows directly from (3.20)
and (3.21). The general case then follows by approximation (to be done carefully,
because for (X,,), (Y;,) converging to X, Y in Hé’Q(TX), the differential of (X,,,Y,)
converges only in L'(7T*X), so that Proposition 2.12 cannot be applied as it is). O

In the following proposition and below we shall write X (f) in place of df(X).

Proposition 3.20 (Torsion-free identity). Let f € LIP N H>?(X) and X,Y €
L™ N HE*(TX). Then X(f),Y (f) € W“2(X) and

(3.22) X(Y(f) = Y(X(f) = df(VxY — VyX) m-ae.

Proof. By the very definition of Hé’Z(TX) we have Vf € L>* N HéJz(TX), thus
from Proposition 3.19 we know that Y (f) € W2(X) and

XY(f)=VY : (X®@Vf)+Hessf(X,Y)=df(VxY) + Hessf(X,Y).

Subtracting the analogous expression for Y (X (f)) and using the symmetry of the
Hessian we conclude. O

Since Test(X) C LIP N H%2(X), we have that {df : f € LIP N H>?(X)}
generates L?(T*X), hence VxY — Vy X is the only vector field for which identity
(3.22) holds. It is therefore meaningful to define the Lie bracket of vector fields as

[X,Y]:=VxY - VyX € L}(TX) VX,Y € H;*(TX).
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3.4.3. Flow of vector fields. In the smooth setting, the Cauchy—Lipschitz the-
orem provides existence and uniqueness for the solution of

(3.23) v =v(1), 7o given,

for a suitable family of Lipschitz vector fields v, on R?. The Ambrosio-DiPerna—
Lions theory ([22], [1]) provides an extension of this classical result to the case of
Sobolev/BV vector fields with a one-sided bound on the divergence. As it turned
out ([14]) such a theory admits an extension to RCD spaces, which we very briefly
recall here. We remark that [14] has been developed independently from [27], and
that the definitions and results in [14] cover cases more general than those we recall
below: here we just want to phrase the main result of [14] in the language we are
proposing and in a set of assumptions which is usually relevant in applications.

The concept of a solution of (3.23) is replaced by the following definition.

Definition 3.21 (Regular Lagrangian flow). Let (X;) € L2([0,1], L>(TX)). We
say that F': [0,1] x X — X is a regular Lagrangian flow for (X;) provided that

(i) for some C > 0,
(3.24) (Fy)sm < Cm Vte][0,1];

(ii) for m-a.e. z € X the curve [0,1] 3 ¢ — F;(z) € X is continuous and such that
Fo(z) = x;

(iii) for every f € WH2(X) we have, for m-a.e. z € X, the function t — f(Fy(z))
belongs to W11(0,1) and

d

(3.25) 5

f(Fi(z)) =df(Xy)(Fi(z)) mx Ll|[071]—a.e.(x,t),
where the derivative on the left-hand-side is the distributional one.

Notice that it is due to property (i) that property (iii) makes sense. Indeed,
for given X; € L?(TX) and f € W12(X) the function df(X;) € L*(X) is defined
only m-a.e., so that (part of) the role of (3.24) is to grant that df(X;) o F} is well
defined m-a.e.

Notice that by arguing as in the proof of equality (2.29) we see that for m-a.e.
x € X the curve ¢t — Fy(z) is absolutely continuous with

Ey(2)| = | X (Fy(z) mx L e(z,1).

|[0,1]'a

Taking into account the integrability condition on (X;) we then see that for every
w € P(X) with p < Cm for some C' > 0, the plan 7 := (F),p is a test plan, where
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F : X — C([0,1],X) is the m-a.e.-defined map sending x to ¢ — Fi(z). It is then
clear from the defining properties (2.28) and (3.25) that the velocity vector fields
w, € L2(TX, e, m) of  are given by

w,o=e;/ X; ae. t.
The main result of [14] can then be stated as follows.

Theorem 3.22. Let (X;) € L*([0,1], W5*(TX)) be such that | X.| € L= (Xx[0,1])
and X; € D(div) for a.e. t € [0,1], with

1
X200+ VO 200+ (VX)) e <
0

Then a reqular Lagrangian flow Fy for (X;) exists and is unique, in the sense that
if F is another flow, then for m-a.e. x € X it holds that Fy(x) = Fy(x) for every
t € [0,1]. Moreover,

(F}y)«m < exp (/0 1(div(Xe)) [lLe(x) dt) m Vitelo,1].

It is outside the scope of this note to present the proof of this result, which
is non-trivial even in a Euclidean setting; rather, we refer to [3] and [15] for an
overview of the theory in R™ and RCD spaces respectively.

§3.5. Exterior derivative

3.5.1. Exterior power of a Hilbert module. Let 57 be a Hilbert module and
put H®* .= # ® - @ H. The kth exterior power A" of A is defined as the
—_—

k times
quotient of #®* w.r.t. the space of L*-linear combinations of elements of the

form v ® - - - ® v with v; = v; for some 7 # j.
We denote by v1 A- - - Avg the image of v1 ®- - -® v under the quotient map and
endow " with the (rescaling of the) quotient pointwise scalar product given by

(VI A Avg,wy A=+ Awy) = det ((v;,w;))  m-ae.

Routine computation shows that 7" is a Hilbert module. For # = L2 (T*X),
we write L2(A*T*X) for the kth exterior power if k& > 1, keeping the notation
L?(T*X) and L?(X) for the cases k = 1,0 respectively. We shall refer to elements
of L2(A*T*X) as k-forms.

It is readily checked that the duality relation between L?(T*X) and L?(TX)
induces a duality relation between the respective kth exterior powers; we shall
typically write w(X7y, ..., X%) in place of w(Xy A -+ A Xp).
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3.5.2. Sobolev differential forms and basic calculus rules. In the smooth
setting the exterior differential of the k-form w is characterized by

dw(XO> ce 7Xk) = Z(il)zd(w(Xm s >Xia s an))(Xz)

+) (D)X, X5], Xoy -, Xy X X,
1<j
for any smooth vector fields X1, ..., Xg.
Noticing that for X; € TestV(X) we have | X1A---AX,,| € L*(X) and |[X;, X;]A
X1 A+ AX,| € L3(X) as well, we are therefore led to the following definition.

Definition 3.23 (The space W, *(A*T*X)).The space W' *(A*T*X) C LA(AFT*X)

is the space of k-forms w such that there exists a (k + 1)-form n € L2(A¥F1T*X)
for which the identity

/n(Xo, LX) dm = /Z(—1)i+1w(xo, X, Xg) div(X;) dm

(3.26) + / Z(—l)i+jOJ([Xi,Xj],X0, o ,Xi, e ,Xj, - 7Xk) dm
i<j
holds for any Xo,..., X € TestV(X). In this case n will be called the exterior

differential of w and denoted by dw.
We endow W"*(A*T*X) with the norm || - ||W(},2(AkT*x) given by

HWH%;VJJ(MT*X) = HWH%%AK‘T*X) + ||dW||%2(Ak+1T*x)‘

It is readily verified that for w € W, *(A*T*X) the 7 for which (3.26) holds is
unique and linearly depends on w, so that W;’Q(AkT*X) is a normed vector space.
We then have the following theorem.

Theorem 3.24 (Basic properties of W;’Q(AkT*X)). For every k € N the follow-
ing holds:
(i) WC}’2 (AFT*X) is a separable Hilbert space;
(i) the exterior differential is a closed operator, i.e., {(w,dw) :w € V[/dl’2 (AFT*X)}
is a closed subspace of L?>(A*T*X) x L2(A*+1T*X);
(iii) WC}’Q(AOT*X) = W12(X) and the two notions of differentials underlying these
spaces coincide.

Proof. Properties (i) and (ii) are proved along the same lines used for analogous
claims in Theorem 3.6. For (iii) we notice that the inclusion D and the fact that for
f € WH2(X) its differential as defined in Theorem 2.8 satisfies (3.26) are obvious
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by the very definition of divergence. For the converse inclusion notice that in the
case k = 0, (3.26) reads

—/fdiv(X)dm:/n(X) dm VX € TestV(X),

let (f,) C L2 N L*(X) be L?-converging to f and notice that for t > 0 we have
Vhy f, € TestV(X), so that the above holds for X = Vh,f,. Passing to the limit
in n and noticing that Vh,f,, — Vh,f and Ah;f, — Ah,f in L?*(TX) and L?(X)
respectively we deduce

/ Vhejof|? dm = — / AR, £(X) dm = / D(Vhef) dm < [l 22 [ Fhe ] 2z

< ||77||L2||Vht/2f”L27

having used the fact that ¢ — [ |Vh,/of|? dm is non-increasing. The conclusion
follows on dividing by ||Vhy/sf[/z2 and letting ¢ | 0. O

It will be convenient to introduce the space of test k-forms as
TestFormy (X) := {linear combinations of forms of the kind fodfi A--- Adfx
with f; € Test(X) Vi =0,.. k}
It is not hard to check that TestFormy(X) is dense in L?(AFT*X).

Proposition 3.25 (Basic calculus rules for exterior differentiation). The follow-
ing holds:
(i) For f; € L™ N WYL2(X) with |df;| € L*°, i = 0,...,k, we have that both
fodfi A ANdfr and dfi A--- Adfy are in Wi’Q(AkT*X) and
(3.27) d(fodfi A---ANdfi) =dfo Adfi A Adfi,
(3.28) d(dfi A+ Adf) =0.
(i) We have TestFormy(X) € W, 2(A*T*X) and in particular W1 (AFT*X) is
dense in L?(AFT*X).
(iii) Letw € Wdl’Z(AkT*X) and w’ € TestFormy (X). Then wAw' € Vle’2 (AFHF T*X)
with
dwAw) =dwAw + (—1)Fw A d'.
Sketch of the proof. These all follow from the definitions, the identity dfy A--- A

dfu(X1,..., Xk) = det(df;(X;)) and routine computation based on the calculus
rules obtained so far. O

This last proposition motivates the following definition.
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Definition 3.26. We define H}*(A*T*X) ¢ W, ?(AFT*X) as the W, *-closure
of TestFormy (X).

Clearly, H;’Q(AkT*X) is dense in L%(AFT*X). We now give another crucial
property of H;’2—f0rms.
Proposition 3.27 (d2 = 0 for forms in H}*(A*T*X)). Let w € Hy?(APT*X).
Then
dw e HY*(AMT*X)  and  d(dw) = 0.

Proof. Identities (3.27) and (3.28) establish the claim for forms in TestFormy (X).
The general case then follows by approximation, taking into account the closure
of the exterior differential. O

3.5.3. de Rham cohomology and Hodge theorem. Proposition 3.27 is the
starting point for building de Rham cohomology. The definition of closed and exact
k-forms is naturally given by

Cr(X) := {we Hy*(A*T*X) : dw =0}, Eix(X):={dw : we HP*(AF1T*X)}.

Proposition 3.27 ensures that Eg(X) C Cg(X), and the closure of the differential
ensures that Cy(X) is a closed subspace of L?(A*T*X). Hence defining Ex(X) as

Er(X) ;= L*(A*T*X)-closure of Ej(X),
we also have Ej(X) C Ci(X). We can then give the following definition.

Definition 3.28 (de Rham cohomology). For k € N the Hilbert space H¥5(X) is

defined as the quotient
Cr(X)

- EnX)’
where Cj,(X) and Ej(X) are endowed with the L?(A*T*X)-norm.

HIJR(X) :

Cohomology as we just defined it is functorial in the following sense. Let
@ : Xg = X1 be of bounded deformation and recall that in Theorem 2.35 we gave
the definition of a pullback of 1-forms ¢* : L?(T*X;) — L?(T*Xy). It is then not
hard to see that for every k € N there is a unique linear map ¢* : L2(A*T*X;) —
L?(AFT*X5) such that

P (w1 A Awg) = (@ wi) A A (@ wr),
(3.29) ¢ (fw) = fope'w,
lp*w| < Lip(p)*|wl o o,

for every wy,...,wy € L2NL®(T*X;), w € L2(AFT*X;) and f € L (Xy).



DIFFERENTIAL CALCULUS ON RCD SPACES 907

Proposition 3.29 (Functoriality). Let (X1,d1,my1), (X2,d2,m2) be two RCD(K,00)
spaces, K € R, and ¢ : Xo — X1 of bounded deformation. Then for every k € N
and w € Hé’Q(AkT*Xl) we have p*w € Hé’Q(AkT*Xg) and

(3.30) d(¢*w) = p*dw.

In particular, ¢* passes to the quotient and induces a linear continuous map from
HEL (X1) to HEL(Xs) with norm bounded by Lip(p)*.

Proof. From the linearity and continuity of ¢* and of d : H372(AkT*X2) —
L2(A*+1T*X,), it is sufficient to prove (3.30) for w of the form w = fodfiA---Adfy,
for f; € Test(Xy). In this case (3.29) gives

P'w=foopd(fiop)A---Ad(frop)

and since f;op € L®°NW12(Xy) with |d(fiop)| € L (X3), from Proposition 3.25(i)
we deduce that

de*w=d(foop) Ad(fiop) A---Ad(frop) = ¢"dw,

as desired.
The fact that ¢* passes to the quotient is then a direct consequence of its

linearity and continuity, and the bound on the norm comes directly from the last
in (3.29). O

We now want to show that an analogue of the Hodge theorem about repre-
sentation of cohomology classes via harmonic forms holds. We shall need a few
definitions.

We start with that of a codifferential, defined as the adjoint of the exterior
differential: for k& € N the space D(§) C L?(A*T*X) is the space of those forms
w for which there exists a form dw € L2(A¥~1T*X), called the codifferential of w,
such that

/(&u,n) dm = / (w,dn) dm Vn € TestFormy_1(X).

In the case k = 0 we put D(dg) := L?(X) and define the § operator to be identically
0 on it.

It is not hard to check that ¢ is well defined and closed, while some compu-
tation shows that TestFormy(X) C D(d): while such computation is quite tedious,
and we omit it, it is important to emphasize that it is based on the fact that a
well-defined Hessian is at our disposal. In this sense, the computation relies on the
lower Ricci bound.

We then can give the definitions of “Hodge” Sobolev spaces.
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Definition 3.30. For k € N, we define Wy*(A*T*X) := W, *(A*T*X) N D(9)

with the norm

||WH$/VF1[72(MT*X) = Wl Z 2 arrexy + 1dwllTaarsaroxy + [100]172(ar-17x)-
The space Hyy>(A*T*X) is the Wyy*-closure of TestFormy (X).

In particular, HI}I’Q(A’“T*X) is a Hilbert space dense in L2(A*T*X).

Definition 3.31 (Hodge Laplacian and harmonic forms). Given k € N, the do-
main D(Ag) C HII{’z(AkT*X) of the Hodge Laplacian is the set of w € HPII’2 (AFT*X)
for which there exists a € L?(A*T*X) such that

/ (o, ) dm = / (dw,dn) + (8w, dn) dm  Vn € Hy*(AFT*X).

In this case, the form « (which is unique by the density of Hﬁ’Q(AkT*X) in
L2(A*T*X)) will be called the Hodge Laplacian of w and denoted by Agw.

The space Harmy(X) C D(Ap) is the space of forms w € D(Ap) such that
AHw =0.

In the case of functions, we have the usual unfortunate sign relation:
Apf=—-Af Vfe€D(A)=D(An) C L*(A°T*X) = L*(X).

The Hodge Laplacian is a closed operator: this can be seen by noticing that it is the
subdifferential of the convex and lower semicontinuous “Hodge” energy functional
on L?(A*T*X) defined by

1

5/|dw|2 +owlzdm if X € HE2(TX),
EH(w) =
+00 otherwise.

From such a closure it follows that Harmy(X) is a closed subspace of L?(A*T*X)
and thus a Hilbert space itself when endowed with the L?(A*T*X)-norm. We then
have the following theorem.

Theorem 3.32 (Hodge theorem on RCD spaces). The map
Harmy,(X) Sw  —  [w] € HE:(X)

is an isomorphism of Hilbert spaces.

Proof. Start by noticing that

w € Harmi(X) < dw =0 and dw = 0.
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Indeed, the “if” is obvious by definition, while the “only if” comes from the identity
/(w,AHw) dm = / |dw|? + [dw|* dm.
Recalling the definition of §, we thus see that
w € Harmi(X) <  w € C(X) and /(w,n) dm =0 Vn € Egx(X).

The conclusion follows by recalling that for every Hilbert space H and subspace
V', the map
Visw = w+VeH/V

is an isomorphism of Hilbert spaces. O

83.6. Ricci curvature

In the course of this section we shall abuse the notation slightly and identify
vector and covector fields, thus, for instance, we shall write X € D(Ap) and
consider the vector field Ay X € L*(TX) when we should write X* € D(Ay) and
(AgX°)* € L*(TX), where > : L2(TX) — L*(T*X) and -f : L>(T*X) — L*(TX)
are the Riesz (musical) isomorphisms.

We begin by reinterpreting the key Lemma 3.8: the differential operators
introduced so far allow us to restate the key inequalities (3.9), (3.10) in a much
more familiar way.

Lemma 3.33. Let X € TestV(X). Then X € D(An), |X|? € D(A) and we have
the inequality

| X

(3.31) AL S (\vx@ls — (X, AgX) + K|X\2)m

Sketch of the proof. Let X =3, g;V f; for f;,g; € Test(X). It is only a matter of
computation to see that | X|?> € D(A) and X € D(Ag) with

X2
AP

=Y 00 A (YY)

— 2

i,
+ (920 (VI V) + (V9i, Va)) (V£ V) Jm
+ (QgiHessfi(ij, Vg;) + 2g;Hessf; (V fi, ng))m,

ApX = —gidAf; — Ag;df; — 2Hessf;(Vg;,-),
Vg @ Vfi =V fi®Vy;
2 9

(VX)Asym = Z

%
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and thus recalling the definition of the measure u((f;), (¢:)) given in Lemma 3.8

we see that
| X]?

u(£0:(00) = AL 1 (0, (2nx) = KX = (VX nagm s ) m.

Therefore, writing A@ = Aacgm—i—Asing@, with Asingg 1 m, inequality
(3.9) in Lemma 3.8 yields

o XP
(332) Asulg 2 Z 0)
while from (3.10) we see that for every m € N and choice of hy, ..., h,, € Test(X)
we have

VX f:vm ® Vh;
i=1

i Vhi ® Vh;

=1

X2
< \/Aac|2| + <X, AH‘X> - K|X|2 - |(VX)ASym‘%~IS

HS
m-a.e., which in turn implies

m 2

> Vhi® Vh;

i=1

2VX : Y Vh; ® Vh; —
i=1

X 2
< 2 5 4 00 A) — KIXP — (VX

HS

m-a.e. Noticing that L°°-linear combinations of objects of the form VA ® Vh for
h € Test(X) are L2-dense in the space of symmetric 2-tensors, taking the (essential)
supremum in this last inequality among m € N and choices of hq, ..., h,, € Test(X)
we obtain

X 2
(V) symlfs < Bac o+ (X, AuX) — KIX[? ~ [(VX)affs et

which, recalling (3.6) and (3.32), gives the conclusion. O

Y

Let us introduce the “covariant energy” and the “Hodge energy” functionals

on L?(TX) as
) 2 . 1,2
Ec(X):={ 2 VX [2dm if X € H5*(TX),
C =
+00 otherwise,
1
En(X) = En(X’) = 5/\Xm2 +[6X[2dm if X € HY*(TX),
H = LCH =
+00 otherwise.
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Notice that the closures of the differential operators involved grant that these
are L?(TX)-lower semicontinuous. Then the last lemma has the following useful
corollary (which generalizes Corollary 3.10).

Corollary 3.34. We have HII{’Q(TX) C Hé:Z(TX) and

K
(3.33) Ec(X) < En(X) — 5||X||2L2(T><) VX € Hy®(TX).

Proof. For X € TestV(X) the bound (3.33) comes by integrating (3.31) and re-
calling (3.4). The general case then follows by approximating X € HII{’Q(TX) with
vector fields in TestV(X) and using the L2-lower semicontinuity of Ec. O

We are now ready to introduce the Ricci curvature operator.

Theorem /Definition 3.35 (Ricci curvature). There exists a unique continuous
map, called the Ricci curvature, Ric : [Hy”(TX)]? — Meas(X) such that for every
X,Y € TestV(X),

(3.34) Ric(X,Y) = A@ + (% (X, AnY) + % (Y,ApX) — VX : VY)m.

Such a map is bilinear, symmetric and satisfies
(3.35) Ric(X, X) > K|X |*m,

(3.36) Ric(X,Y)(X) = / (dX,dY) + 6X §Y — VX : VY dm,

(3:37) [Rie(X, V)l < 2, /Er(X) + KX ) \/En () + K~ Y g,

for every X,Y € Hy*(TX), where K~ := max{0, —K} and || - |[tv is the total
variation norm.

Sketch of the proof. The fact that the right-hand side of (3.34) is well defined
for X, Y € TestV(X) is a direct consequence of Lemma 3.33. That such a right-
hand side is bilinear, symmetric and satisfies (3.36) is obvious, while (3.35) is a
restatement of (3.31). Thanks to the density of TestV(X) in Hy*(TX), to conclude
it is therefore sufficient to prove (3.37) for X, Y € TestV(X): we shall do so for the
case K = 0 only.

Let X,Y € TestV(X), choose u € Meas(X), 1o > 0 such that Ric(X, X),
Ric(X,Y) and Ric(Y,Y) are all absolutely continuous w.r.t. 4 and let f,g,h be
the respective Radon—-Nikodym derivatives. Then (3.35) grants that f, h > 0 p-a.e.
and that for any A € R we have Ric(AX +Y,AX +Y) > 0. Hence

Nf+22g+h>0 pae.,
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which easily implies |g| < v/fh p-a.e. and therefore

Ric(X.V)llrv = [ lglan </ [ 7an [ nan

= VIRie(X, X)|lrv|Ric(Y,Y)[rv.

The conclusion then follows by noticing that

. 3.35) .
IRic(X, X)[rv "2 Ric(X, X)(X)

B2 9B (X) — 2Ec(X) < 2Ex(X) VX € TestV(X).
O

The Ricci curvature operator as defined in the last theorem is a tensor in the
sense that

Ric(fX,Y) = fRic(X,Y) VX,Y € H;*(TX), f € Test(X),

as can be shown with some algebraic manipulation based on the calculus rules
developed so far (we omit the details). Moreover, directly from the definitions we
get

(X,d,m) is an RCD(K", 00) space with

X,d i RCD(K )
Ric(X,X) > K|X|’m VX € HII{’2(TX)} = (X,d,m) is an (K, 00) space

Remark 3.36. Directly from the definition it is easy to see that the Ricci mea-
sure gives 0 mass to sets with 0 capacity. It follows that, for instance, on a two-
dimensional space with a conical singularity, the Ricci curvature as we defined it
does not see any “delta” at the vertex: this also implies that we cannot hope for
such a measure to have any kind of Gauss—Bonnet formula.

If the space is sufficiently regular (C1'! manifold is enough), then one can
detect the singularity of the curvature at the vertex of such a cone by computing the
curvature along objects more regular than Sobolev vector fields, namely Lipschitz
half densities (see [37]). O

83.7. Some properties in the finite-dimensional case

Here we briefly present, without proofs, some related results about the analysis
and geometry of finite-dimensional RCD spaces ([26], [10], [23], [12]).

Definition 3.37 (RCD*(K, N) spaces). Let K € R, N € [1,00). Then (X,d, m)
is an RCD*(K, N) space provided it is an RCD* (K, 00) space and the Bochner
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inequality holds in the form

A 2
%/Ag|df|2dm2/g<( ]\J;) +(Vf7VAf>+K|df|2) dm

for every f € D(A) with Af € WH3(X) and g € L*(X) N D(A) with g > 0,
Ag € L™ (X).

On compact finite-dimensional RCD spaces, the following natural second-order
differentiation formula holds (see [32] and references therein), which links the Hes-
sian as we have defined it to the second derivative along geodesics; compare with
Theorem 2.45.

Theorem 3.38 (Second-order differentiation formula). Let (X,d, m) be a compact
RCD*(K, N) space, N < oo and (p) C P(X) a Wa-geodesic such that g, pn < Cm
for some C > 0.

Then for every f € H**(X) the map t — [ fdu, is C*([0,1]) and

d2

@/fd/lt = /Hessf(Vgot,Vgot) dﬂt Vt S [0, 1],

where @y is, for every t € [0,1], such that for some s # t the function (s —t)y is
a Kantorovich potential from p; to ps.

The proof of this theorem relies upon an approximation of Ws-geodesics with
so-called entropic interpolation (see [36] for an overview on the topic). The result
requires finite-dimensionality because it is based, among other things, on the Li-
Yau inequality. Compactness is not likely to be needed, but so far the general
result is unknown.

A better understanding of the structure of RCD spaces can be achieved by
introducing the concept of local dimension of a module: we say that M has di-
mension n € N on the Borel set £ C X provided there are vq,...,v, € M such
that

Zfivizo = fi=0 m-a.e.on E foreveryi=1,...,n,

L*-linear combinations of the v;’s are dense in {v € M : Xgev = 0}.

It is then not hard to see that for any given module there exists a (unique up
to negligible sets) Borel partition (£;);enu{oc} of X such that M has dimension 4
on E; for every i € N and does not have finite dimension on any F C E., with
positive measure.

When the module under consideration is the tangent one, we call the resulting
partition the dimensional decomposition of X. This also allows us to m-a.e. define
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the “analytic local dimension” function dimje. : X — N U {co} which sends E; to
i for every i € NU{oo}. It is conjectured that such a function is actually constant
(after [19] and Theorem 3.39 below this is known to hold at least for Ricci-limit
spaces), but so far this is unknown.

Results in [39] grant that the pointed rescaled spaces (X,d/r, m(B,(z)) " 'm, z)
converge, for m-a.e. z € X, to the Euclidean space (R™*),dgy.1, £™%),0) in the
pointed-measured-Gromov—Hausdorff sense for some n(z) € N, n(z) < N. In
particular, the number n(z) provides a “geometric” notion of dimension at . It
turns out ([30]) that this notion is equivalent to the analytic one:

Theorem 3.39. With the above notation, we have dimy.(x) = n(x) for m-a.e.
x € X. In particular, m-a.e. we have dimjo. < N.

In fact, something stronger holds: the tangent module L?(TX) is isomorphic to
the space of “L2-sections” of the bundle on X made of the collections of the pmGH-
limits of rescaled spaces. The proof of this fact uses charts built in [39], along with
the improvements given in [35] and [29], to produce the desired isomorphism.

In a different direction, the properties of the cohomology groups reflect on
the geometry of the space, as shown by the following result which generalizes a
classical result of Bochner to the setting of RCD spaces.

Theorem 3.40. Let (X,d,m) be an RCD(0,00) space. Then dim(H}jz(X)) <
miny dimjg.

Moreover, if (X,d,m) is RCD(0, N) and dim(Hiz(X)) = N (so that in partic-
ular N € N), then X is a flat N-dimensional torus.

The first part of the statement (proved in [27]) follows by noticing that, much
like in the smooth case, harmonic 1-forms must be parallel (because of (3.33)). The
second claim (proved in [31]) is harder, because the classical proof which passes via
universal cover can’t be adapted; instead, the desired isomorphism is built from
scratch by considering the regular Lagrangian flows of a basis of harmonic forms.

In the smooth setting of weighted Riemannian manifolds, it is well known
that the validity of a curvature dimension condition is linked to the fact that the
N-Ricci tensor is bounded from below by K and that N is equal to the geometric
dimension of the manifold if and only if the trace of the Hessian is equal to the
Laplacian.

Something similar holds on RCD* (K, N) spaces, as proved in [33] by adapting
computation done in [46] to the non-smooth setting. Let us introduce the function
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Ry : [H(TX))? — LY(X) as

(tr(VX) — div X) (tr(VY) — div Y)
Ry(X,)Y) := N — dimye
0 otherwise,

if dimye. < N,

and the N-Ricci tensor Ricy : [Hyy>(TX)]? — Meas(X) as
Ricy(X,Y) := Ric(X,Y) — Ry (X,Y)m.

It is easy to see that

(div X)?

IVX|%s + Ry(X, X) > N and Ricy(fX,Y) = fRicy(X,Y),
for every X,Y € Hyy*(TX) and f € Test(X).

The main results in [33] can then be summarized:

Theorem 3.41. Let (X,d, m) be an RCD*(K’, 00) space. Then it is an RCD* (K, N)
space if and only if

(i) dimjpe < N m-a.e.;
(it) for any X € Hy*(TX) we have tr(VX) = div X m-a.e. on {dimy,. = N};
(iii) for any X € H11{’2(TX) we have

Ricy (X, X) > K|X|*m.
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