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On Auslander-Type Conditions of Modules

by
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Abstract

For a left and right Noetherian ring R, we give some equivalent characterizations for
rR satisfying the Auslander condition in terms of the flat (resp. injective) dimensions
of the terms in a minimal injective coresolution (resp. flat resolution) of left R-modules.
Furthermore, we prove that for an artin algebra R satisfying the Auslander condition,
R is Gorenstein if and only if the subcategory consisting of finitely generated modules
satisfying the Auslander condition is contravariantly finite. As applications, we get some
equivalent characterizations of Auslander—Gorenstein rings and Auslander-regular rings.
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§1. Introduction

It is well known that commutative Gorenstein rings are fundamental and impor-
tant research objects in commutative algebra and algebraic geometry. Bass proved
in [B2] that a commutative Noetherian ring R is a Gorenstein ring (that is, the
self-injective dimension of R is finite) if and only if the flat dimension of the ith
term in a minimal injective coresolution of R as an R-module is at most i — 1
for any ¢ > 1. In the non-commutative case, Auslander proved that this condition
is left—right symmetric ([FGR, Thm. 3.7]); in this case, R is said to satisfy the
Auslander condition. Motivated by this philosophy, Huang and Iyama introduced
the notion of Auslander-type conditions of rings as follows. For any m,n > 0, a
left and right Noetherian ring is said to be G, (m) if the flat dimension of the
7th term in a minimal injective coresolution of Rp is at most m + i — 1 for any
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1 < i < n. Auslander-type conditions are non-commutative analogs of commu-
tative Gorenstein rings. Such conditions play a crucial role in homological alge-
bra, representation theory of algebras and non-commutative algebraic geometry
([AR3, AR4, Bj, EHIS, FGR, H1, HI, IS, 11, 12, I3, 14, M, Ro, S, W] and so on).
In particular, by constructing an injective coresolution of the last term in an exact
sequence of finite length from that of the other terms, Miyachi obtained in [M]
an equivalent characterization of the Auslander condition in terms of the relation
between the flat dimensions of any module and its injective envelope. Then he got
some properties of Auslander—Gorenstein rings and Auslander-regular rings.

Note that a commutative Noetherian ring satisfies the Auslander condition if
and only if it is Gorenstein ([B2]). Auslander and Reiten conjectured in [AR3] that
an artin algebra satisfying the Auslander condition is Gorenstein. This conjecture is
situated between the well-known Nakayama conjecture and the finitistic dimension
conjecture. For an artin algebra R, the Nakayama conjecture states that R is self-
injective if all terms in a minimal injective coresolution of rR are projective,
and the finitistic dimension conjecture states that the supremum of the projective
dimensions of all finitely generated left R-modules with finite projective dimension
is finite. All of these conjectures remain open.

Based on the above-mentioned details, in this paper we will introduce mod-
ules satisfying Auslander-type conditions and study the homological properties of
such modules. By using the obtained properties we get some equivalent character-
izations of rings satisfying the Auslander condition, Auslander—Gorenstein rings
and Auslander-regular rings respectively. Then we study when an artin algebra
satisfying the Auslander condition is Gorenstein.

Throughout this paper, R is an associative ring with identity, Mod R is the
category of left R-modules and mod R is the category of finitely generated left
R-modules. This paper is organized as follows.

In Section 2 we give some terminology and some preliminary results.

Let M € Mod R. We use fdr M, pdp M and idr M to denote the flat, pro-
jective and injective dimensions of M, respectively. Bican, El Bashir and Enochs
[BEE, Thm. 3] proved that every R-module has a flat cover. For an R-module M,
we call an exact sequence

e B BB R SRS M—0

a proper flat resolution of M if m;: F; — Imm; is a flat precover of Im ; for any
1 > 0. Furthermore, we call the exact sequence

(M) - ma(M) 7o (M)

w1 (M)
%

- — Fy(M) Fi (M) Fy(M) M 0



ON AUSLANDER-TYPE CONDITIONS OF MODULES 59

a minimal flat resolution of M, where m;(M): F;(M) — Imm;(M) is a flat cover
of Imm;(M) for any i > 0. It is easy to verify that fdg M < n if and only if
F,41(M) = 0. In addition, we use

0—M— E°M)— E*(M)— - = E'(M) = ---

to denote a minimal injective coresolution of M.
In Section 3, by using some techniques of direct limits and transfinite induc-
tion, we prove the following theorem.

Theorem 1.1 (Theorem 3.1). Let R be a left Noetherian ring and n,k > 0, and
let {M;}ic1 be a family of left R-modules and M = ligiel M;, where I is a directed
index set. If tdg E™(M;) <k for any i € I, then {dgr E™(M) < k.

For any m,n > 0, we introduce in Section 4 the notion of modules satisfying
the Auslander-type conditions G,,(m); in particular, a module M in Mod R is said
to satisfy the Auslander condition if fdg E*=1(M) < i — 1 for any i > 1. By using
Theorem 1.1 and the constructions of (co)proper (co)resolutions of modules in [H2]
we will investigate the homological behavior of modules satisfying Auslander-type
conditions in terms of the relation between the flat (resp. injective) dimensions of
modules and their injective envelopes (resp. flat covers). We prove the following
theorem.

Theorem 1.2 (Theorem 4.9). Let R be a left and right Noetherian ring. Then
the following statements are equivalent:

(1) rR satisfies the Auslander condition.

(2) Ewvery flat left R-module satisfies the Auslander condition.
(3) fdr EY(M) < fdgr M +i for any M € Mod R and i > 0.
(4) fdr E°(M) < fdg M for any M € Mod R.

(5) idg F;(Q) <i for any injective left R-module Q and i > 0.
(6) idg F;(M) <idr M + i for any M € Mod R and i > 0.
(7) idg Fo(M) <idg M for any M € Mod R.

(1)°P The opposite version of (i) (1 <i<7).

As applications of this theorem, we obtain some equivalent characterizations of
Auslander—Gorenstein rings and Auslander-regular rings, respectively (Theorems
4.15 and 4.18).

In Section 5 we first obtain the approximation presentations of a given module
relative to the subcategory of modules satisfying the Auslander condition and
that of modules with finite injective dimension respectively. Then we establish the
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connection between the Auslander and Reiten conjecture mentioned above with
the contravariant finiteness of some certain subcategories as follows.

Theorem 1.3 (Theorem 5.8). Let R be an artin algebra satisfying the Auslander
condition. Then the following statements are equivalent:

(1) R is Gorenstein.

(2) The subcategory consisting of finitely generated modules satisfying the Auslan-
der condition is contravariantly finite.

(3) The subcategory consisting of finitely generated modules which are n-syzygy
for any n > 1 is contravariantly finite.

(4) The subcategory consisting of finitely generated modules which are n-torsion-
free for any n > 1 is contravariantly finite.

As a consequence, we get that an artin algebra is Auslander-regular if and
only if the subcategory consisting of projective modules and that consisting of
modules satisfying the Auslander condition coincide (Theorem 5.9).

§2. Preliminaries

In this section we give some terminology and some preliminary results.

Definition 2.1 ([E]). Let ¥ C 2 be full subcategories of Mod R. A homomor-
phism f: C' — D in Mod R with C' € ¥ and D € & is said to be a € -precover
of D if for any homomorphism ¢g: C' — D in Mod R with C' € €, there exists a
homomorphism h: C’ — C such that the following diagram commutes:

Cl

v
h
v lg

i
C ——=D.

The homomorphism f: C — D is said to be right minimal if an endomorphism
h: C — C is an automorphism whenever f = fh. A %-precover f: C — D is
called a €-cover if f is right minimal. Dually, the notions of a € -preenvelope, a left
minimal homomorphism and a €-envelope are defined. Following Auslander and
Reiten’s terminology in [AR1], for a module over an artin algebra, a €-(pre)cover
and a €-(pre)envelope are called a (minimal) right € -approzimation and a (min-
imal) left €-approzimation, respectively. If each module in 2 has a right (resp.
left) €-approximation, then € is called contravariantly finite (resp. covariantly

finite) in 9.
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We use .Z#°(Mod R) and .#°(Mod R) to denote the subcategories of Mod R
consisting of flat modules and injective modules, respectively. Recall that an
Z°Mod R)-(pre)cover and an .#°(Mod R)-(pre)envelope are called a flat (pre)
cover and an injective (pre)envelope, respectively.

Lemma 2.2 ([X, Thm. 1.2.9]). Let € be a full subcategory of Mod R closed under
direct products. If f;: C; — M; is a € -precover of M; in Mod R for any i € I,
where I is an index set, then [[,c; fit [Lic; Ci = Ilier Mi is a €-precover of
Hiel M;.

We write (—)" := Homgz(—,Q/Z), where Z is the additive group of integers

and Q is the additive group of rational numbers.

Lemma 2.3 ([EH, Thm. 3.7]). The following statements are equivalent:

(1) R is a left Noetherian ring.

(2) A monomorphism f: A — E in Mod R is an injective preenvelope of A if and
only if ft: EY — AT is a flat precover of At in Mod R°P.

Lemma 2.4.

(1) ([F, Thm. 2.1]) For any M € Mod R, fdg M = idgo» M.

(2) ([F, Thm. 2.2]) If R is a right Noetherian ring, then fdg N* = idge» N for
any N € Mod R°P.

Recall that Fin.dimR = sup{pdz M | M € ModR with pdy M < oo}.
Observe that the first assertion in the following result was proved by Bass in [B1,
Cor. 5.5] when R is a commutative Noetherian ring.

Lemma 2.5.

(1) For a left Noetherian ring R, we have
idp R > sup{fdr M | M € Mod R with fdr M < co}.
(2) For a left and right Noetherian ring R, we have
idg R > sup{idger N | N € Mod R°Pwith idger N < c0}.

Proof. (1) Let idg R = n (< o0). Then Fin.dim R < n by [B1, Prop. 4.3]. Tt
follows from [J1, Prop. 6] that the projective dimension of any flat left R-module
is finite. So, if M € Mod R with fdg M < oo, then pdp M < oo and pdy M < n.
Thus we have fdg M (< pdp M) < n.

(2) By [B1, Prop. 4.1] we have sup{fdg M | M € Mod R with fdg M <
oo} = sup{idrer N | N € Mod R°P with idge» N < o0}. So the assertion follows
from (1). O
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§3. Flat dimension of E™ of direct limits

In this section, R is a left Noetherian ring. The aim of this section is to prove the
following theorem.

Theorem 3.1. Let n,k > 0 and let {M;}icr be a family of left R-modules, where
I is a directed index set. If M = lim, _ M; and fdgr E™(M;) < k for any i € I,
then fdg E™(M) < k.

By [R, Thm. 5.40], every flat left R-module is a direct limit (over a directed
index set) of finitely generated free left R-modules. So by Theorem 3.1 we have
the following corollary.

Corollary 3.2. We have fdg E"(rR) = sup{fdgr E™(F) | F' € Mod R is flat} for
any n > 0.

Before giving the proof of Theorem 3.1 we need some preliminaries.

Definition 3.3 ([J2]). Let 8 be an ordinal number. A set S is called a continuous
union of a family of subsets indexed by ordinals a with « < f if for each such
o we have a subset S, C S such that if < o then S, C S, , and such that if

v < [ is a limit ordinal then S, = an Sa.

A main tool in our proof is the next result.

Lemma 3.4 ([J2, Lem. 1.4]). If I is an infinite directed index set, then for some
ordinal B, I can be written as a continuous union I = Ua<6 1., where each I is
a directed index set with the order induced by that of I and where |I,| < |I| for
each a < .

This result will be useful since it will allow us to rewrite a direct limit as a well-
ordered direct limit. So if M = lim _ M; with T infinite, then write I = U, Ia
as above, and put M, = hﬂie] M;. Hence if a < o' < 3, since I, C I, we have
an obvious map M, — M, . These maps then give us a direct system {My}a<g.

Clearly then hﬂa<ﬁ M, = hﬂiel M;.

Proposition 3.5. Let k be an ordinal number and {M,, fap: Mo — Mg | a <
B < K} a direct system of left R-modules. If

Coi= 0= Mo = B'(Ma) = E'(Ma) = -+

is a minimal injective coresolution of M, in Mod R for each «, then these exact
sequences C,, are the members of a direct system indexed by a < K in such a way
that if « < B < K, the map from the sequence indexed by « into that indexed by B
agrees with the original map fog: Mo — Mg.
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Proof. We only need to construct a direct system {(n,Fap: Co — (3 | @ <
B < k} indexed by k, consisting of complexes {, of minimal injective coresolu-
tion of M, and system maps F,5: (o — (g, Where F,z is a sequence of maps
(faps fogs faps - - -) such that the diagram

0 —> M, — E°(M,) —— EY(My) — - -

I I
(31) lfaﬁ ‘fgﬁ ‘f},ﬁ
Y \
0—— Mg —— EO(Mﬁ) —_— El(Mﬁ) _—

is commutative, and the original map in Fg is fag: Ms — Mpg.
Next we will give the construction of Fyg: (o — (g, @ < f < k in (3.1) by
transfinite induction on 8 < k.

(1) For the successional case, let § +1 < k. We can form a commutative
diagram

0 Mg E°(Mpg) E'(Mp) —— ---

I I
(32) ifﬁ,ﬁ“rl I fg,[s-u I f[}i‘[ﬁﬁ—l

v v
0—— M1 — E%(Mgy1) —= BN (Mpsr) — -

Let Fﬂﬂ_;,_l = (fﬂvlg_i_l,fg’ﬁJrl,fé}BJrl,...): Cﬁ — C,B—i—l- Therefore, Fa,ﬂ+1 =
Fg pi1Fup, o < 3, are the desired maps in (3.1).

(2) For the limit case, let 8 < k be a limit ordinal. By induction, assume
{Car Fary: Ca = ¢ | @ <y < B} is the desired direct subsystem in (3.1). Taking
the direct limit, we get the following commutative diagram:

Ca s 0 M, E°(M,) BUM,) — .
\ \
F, J] ‘ |
\ \d
lim (o, : 0 —— lim My —— lim E°(M,) — lim E'(My) — -,
a<p a<f a<f a<f

where Fi, is the limit map such that F, = F,F,, for any o < v < S. Since
R is left Noetherian, any direct limit of injective left R-modules is injective by
[B1, Thm. 1.1]. So hﬂaqa (o 1s in fact an injective coresolution of lig(Kﬁ M,. We
have a map f3: lig(Kﬁ My — Mg given by the maps fog: Mo — Mp. As the
construction in (3.2), we have a map Fg: lim o — (g such that the original in Fjs
is the map fg. So, composing Fjz with F,, we get maps Fnog = FgFy: (o — (3.
It follows that F,g = F,gF,, for any a < v < . By transfinite induction, this
completes the construction. O
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Note that this result gives that if  is an injective coresolution of M, then
¢ hﬂo«ﬁ Co- In particular, this gives that E™ (M) = @a<ﬂ E™(M,). This then
gives that if fdg E™(M,) < k for each « then fdg E™(M) < k. In other words,
Theorem 3.1 holds true when our direct system is over the well-ordered index set
of a < B for some ordinal 3.

Proof of Theorem 3.1. We proceed by transfinite induction on |I]. So to begin the
induction we suppose that |I| = Xg (the first infinite cardinal number). Then I is
countable, so we suppose I = {i,, | n € N} with N the set of non-negative integers.
We construct a sequence jo, j1, j2, - - - of elements in I by letting jo = i¢g. Then we
choose j; so that j; > jp,41. So in general we choose j, so that j, > jn_1,in.
Then let J = {j,, | n € N}. We have that J is well ordered and is clearly a cofinal
subset of I. Hence M = li—I)nieI M; = h_r)njeJ M;. Since J is well ordered, we have
E"(M) = li_n%,eJ E™(Mj). So the assumption that fdgr E™(M;) < k for each j
gives fdgr E™(M) < k.

Now we make the induction hypothesis and assume |[I| > Ng. We appeal to
Lemma 3.4 and write I = Ua<ﬁ I, as in that lemma. Then M = hﬂaqa M,,.
We have that M, is the limit over I,. But |I,| < |I], so the assertion holds true
for direct limits over I, by the induction hypothesis. This means that we have
fdr M, < k for each . Because the system {M, },<p is over a well-ordered index
set of indices, we get that fdg E™(M,) < k for each «, which gives the assertion
that fdgr E™(M) < k. O

Remark 3.6. The same techniques show that, for a given n > 0, if
0— M, — E°(M,) = E*(M,) — --- = E"" (M) — C"(M,) — 0

is a partial minimal injective coresolution of M, with fdr C™(M,,) < k for each «,
then we get fdr C™(M) < k, where

0—M— E°(M)— E*(M) = ---— E""Y(M) = C"(M) =0

is a partial minimal injective coresolution of M.

§4. Modules satisfying the Auslander-type conditions

As a generalization of rings satisfying the Auslander condition, Huang and Iyama
introduced in [HI] the notion of rings satisfying Auslander-type conditions. Now
we introduce the notion of modules satisfying the Auslander-type conditions as
follows.
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Definition 4.1. Let M € Mod R and let m,n > 0. Then M is said to be G, (m)
if fdg F*(M) < m+i for any 0 <i <n—1, and M is said to be G (m) if it is
G, (m) for all n. In particular, M is said to satisfy the Auslander condition if it is
G (0).

Recall from [FGR] that a left and right Noetherian ring R is called Auslander’s
n-Gorenstein if fdgr E*(rR) < i for any 0 <i <mn —1, and R is said to satisfy the
Auslander condition if it is Auslander’s n-Gorenstein for all n.

Example 4.2. Let R be a left and right Noetherian ring. Then we have the
following:

(1) grRis Gy (m) if and only if R is G,,(m)°P in the sense of Huang and Iyama in
[HI].

(2) rRis G,(0) if and only if R is Auslander’s n-Gorenstein. Note that the notion
of Auslander’s n-Gorenstein rings (and hence that of the Auslander condition)
is left-right symmetric ([FGR, Thm. 3.7]). So R satisfies the Auslander condi-
tion if and only if both pR and Rp satisfy the Auslander condition. However,
in general, the notion of R being G, (m) is not left—right symmetric when
m > 1 ([AR4, HI)).

(3) Let idger R = m (< 00). Then fdgr E < m for any injective left R-module F
by [I, Prop. 1]. So any module in Mod R is G (m).

(4) Let K be an algebraically closed field, and let @ be the quiver

1 2 3 n+1

and R = KQ/J?, where J is the Jacobson radical of KQ. Then gl. dim R = n,
E’(R) is projective for any 0 < j < n—1 and pdi E"(R) = n. The Auslander—
Reiten quiver of mod R is

P(2) P(3)
NN
S(1) (= P(1)) 5(2) S

e P(n) P(n+1)
/ SN TN
3) S(n)

( S(n—1) S(n +1),

where P(i) and S(i) are the projective and simple modules corresponding to
the vertex i respectively for any 1 < i < n+1. By [HZ, Thm. 4.8 and Cor. 4.9]
we have pdp S(7) +idr S(i) = n for any 1 < ¢ < n+1. In the minimal injective
coresolution

0 — S(i) = E°(S(i)) — E*(S(1)) — --- = E""""(S(i)) = 0



66 Z. HuANG

of S(i) in mod R, we have that E7(S(i)) is projective and pdp E"~*T1(S(3)) =
nforany 1 <i<n+1land0<j <n-—i SoS(1l)is G,+1(0) and hence
Goo(0), and S(i) is both G,,—;4+1(0) and Goo(i — 1) for any 2 < i <n+ 1.

(5) Let K be an algebraically closed field, and let @ be the quiver

S=—=4 3 2—=1

k+5

k+6

and R = KQ/J? with n > 1. We use P(i), I(i) and S(i) to denote the projec-
tive, injective and simple modules corresponding to the vertex i respectively
for any 1 < ¢ < k + 6. Then we have

(5.1) For any 1 <14 <5,

0—-P(1)—=I2)—=I1I3)—=I4) —IbB)—I4)—---,

0— P(2) = I(1) =0,
0—-P3)—=I2)®I(6)—>13)—I(4)—=I05B)—I(4)—=I5)—- -,
0—-PA4)—=IB)®IB)—I(4)—=I5)—I4)—---,

0— P(5)—I(4)—0

are minimal injective coresolutions of P(i) respectively. So idg R = occ.
Because pdg I(2) = 0o, pdg I(3) = o0 and pdg I(5) = oo, we have that
none of P(1), P(3), P(4) and R is G, (m) for any n,m > 0.

(5.2) For any 7 <i<k+6,

0—S()—>I6)—=IGE—1)—---—I(7)— 1(6)
—I3)—=>I4)—=I(5)—>I4)—---
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is a minimal injective coresolution of S(4), where all of I(3), (i —1),...,
I(7) are projective and pdg I(6) = oo. Thus S(i) is G;—¢(0) but not
G;—5(0), and S(6) is not G,,(m) for any n,m > 0.

(6) Let R and S be finite-dimensional algebras over a field K, and let M € mod R
be G, (m) for some n,m > 0. Because

0+ M®gS— E" (M) S — E'(M)®g S — ---

is a minimal injective coresolution of M ®k S in mod R ®k S, by [CE,
Thm. XI.3.2] we have that M ® S is Gp(m) in mod R ®x S.

The aim of this section is to study the homological behavior of modules (espe-
cially grR) satisfying certain Auslander-type conditions. The following proposition
plays an important role in proving the main result of this section.

Proposition 4.3. For a left Noetherian ring R, idges F;(E) < fdg E'(rR) for
any injective right R-module E and i > 0.

Proof. By Lemma 2.3 we have that
- = [E'RrR)T 55 - B [BY(rR)T 5 [E°RR)T S (RR)T —0

is a proper flat resolution of (gR)* in Mod R°P.

Let E be an injective right R-module. Because (gR)™ is an injective co-
generator for Mod R°P, we have that E is isomorphic to a direct summand of
[(RR)T]! for some index set I. Because the subcategory of Mod R°P consisting
of flat modules is closed under direct products by [C, Thm. 2.1], we have that
w1 ([BY(gR)]T)! — (Imm;)! is a flat precover of (Imm;)! for any i > 0 by
Lemma 2.2. Note that F;(E) is isomorphic to a direct summand of ([E*(grR)]")!
for any 7 > 0. So by Lemma 2.4(1), we have

idror F5(E) < idgor ([E*(rR)]T)! = idpes[E*(rR)]T = fdr E*(rR)
for any 7 > 0. O
We also have the following result.

Proposition 4.4. For any m > 0, idger F;(F) < m + i for any injective right
R-module E and i > 0 if and only if idger F;(N) < idgee N +m + i for any
N € Mod R°P and i > 0.

Proof. The sufficiency is trivial. We next prove the necessity. Let N € Mod R°P
with idgor N = s < 0o. We will proceed by induction on s. If s = 0, then the
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assertion follows from assumption. Now suppose s > 1. Then we have an exact
sequence
0—+N—E°N)— N"—0
in Mod R°® with idges N' = s — 1. By the induction hypothesis we have
idgor F;(N1) < (s — 1) +m +i and idger F;(E°(N)) < m + i for any i > 0.
By [H2, Cor. 3.3] we have that

= B (NP F(EYN)) = -+ = B(NY @ Fi(E°(N)) = Fy = N =0
is a proper flat resolution of N and
0= Fy = Fy(N") @D Fo(E°(N)) = Fo(N') = 0

is exact. So idger Fy < s+ m and idger Fi11(NY) @ F;(E°(N)) < s +m + i for
any 7 > 1. Notice that Fy(N) is isomorphic to a direct summand of Fy and F;(N)
is isomorphic to a direct summand of F;1(N') @ F;(E°(N)) for any i > 1, so we
have idgop F;(N) < s+ m + i for any ¢ > 0. O

As a consequence of Propositions 4.3 and 4.4, we get the following corollary.

Corollary 4.5. Let R be a left Noetherian ring. If rR is Goo(m) with m > 0,
then idger F;(N) < idger N +m +1i for any N € Mod R°P and i > 0.

Proof. If RR is Goo(m), then fdg E*(zR) < m + i for any i > 0. By Proposition
4.3 we have idgor F;(E) < m + i for any injective right R-module E and i > 0.
Now the assertion follows from Proposition 4.4. O

The following result can be regarded as a dual version of Proposition 4.4.

Proposition 4.6. For any m > 0, any flat left R-module is G (m) if and only
if fdg E¥(M) < fdgp M +m + i for any M € Mod R and i > 0.

Proof. The sufficiency is trivial. We next prove the necessity. Let M € Mod R with
fdg M = s < oo. We will proceed by induction on s. If s = 0, then the assertion
follows from assumption. Now suppose s > 1. Then we have an exact sequence

0= M —- Fp(M)—-M-=0

in Mod R with fdg M; = s— 1. By the induction hypothesis we have fdg E*(M;) <
(s —1)+m+iand fdgr B (Fy(M)) < m + i for any i > 0.
By [M, Cor. 1.3] (cf. [H2, Cor. 3.5]) we have that

0= M — I°— E'N(Fy(M)) P E*(My) — - -
— EY(Fo(M)) P EF (M) — -
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is an injective coresolution of M and
0 — E°(M) — E°(Fo(M)) P E' (M) — 1° = 0

is exact and split. So fdg I° < s+m and fdg E*(Fo(M)) @ EH (M) < s+m+i
for any i > 1. Notice that E°(M) is isomorphic to a direct summand of I° and
E*(M) is isomorphic to a direct summand of E‘(Fy(M)) @ E*F(M;) for any
i >1, so we have fdr E*(M) < s +m + i for any i > 0. O

By the dimension shifting we get the following lemma.

Lemma 4.7.

(1) fdgr E°(M) < fdg M for any M € Mod R if and only if fdg E*(M) < fdg M +i
for any M € Mod R and ¢ > 0.

(2) idger Fy(N) < idger N for any N € Mod R°? if and only if idrer F;(N) <
idgor N + i for any N € Mod R°P and i > 0.

We also need the following lemma.

Lemma 4.8. Let M € Mod R and n > 0.

(1) If R is a right Noetherian ring and idges Fo(M™) < idges MT + n, then
deEO(M) <fdr M + n.

(2) If R is a left Noetherian ring and idger M+ < idgor Fo(M™*)+n, then fdgp M <
de EO(M) +n.

Proof. (1) Let fdg M = s < oo. Then idge» MT = s by Lemma 2.4(1). So
idger Fo(M™) < idger MT = s + n by assumption, and hence we get an in-
jective preenvelope 0 — M™TT — [Fy(M™T)]t of M+ with fdg[Fo(M™)]T =
idger Fo(M™) < s+ n by Lemma 2.4(2). Notice that there exists an embedding
M < M*+ by [St, p.48, Exe. 41], thus E°(M) is isomorphic to a direct summand
of [Fo(M™*)]* and therefore fdr E°(M) < s + n.

(2) Let fdg E°(M) = s < co. By Lemmas 2.3 and 2.4(1), [E°(M)]*T - M+
is a flat precover of M* in Mod R°P with idge»[E°(M)]* = 5. So Fo(M™) is
isomorphic to a direct summand of [E°(M)]* and idger Fo(MT) < s. Then by
assumption, we have

idgor M <idpge» Fo(M™1) 4+n < s4n.
It follows from Lemma 2.4(1) that fdg M < s+ n. O

We are now in a position to state the main result in this section, which is
more general than Theorem 1.2.
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Theorem 4.9. For a left Noetherian ring R, consider the following conditions:

(1) rR satisfies the Auslander condition.

(2) Any flat left R-module satisfies the Auslander condition.

(3) fdg EY(M) < fdr M + i for any left R-module M and i > 0.
(4) fdgr E°(M) < fdg M for any left R-module M.

(5) idper Fy(

(6) idgor F;(N) <idgor N +1i for any right R-module N and i > 0.
(7) idger Fy(N) < idger N for any right R-module N.

E) < i for any injective right R-module E and i > 0.

We have (1) & (2) & (3) & (4) = (5) & (6) & (7). If R is also right Noetherian,
then all of the above and below conditions are equivalent:

(i)°P The opposite version of (i) (1<i<7).
Proof. (2) = (1) is trivial, and (1) = (2) follows from Corollary 3.2. The assertions

(2) & (3) & (4) follow from Proposition 4.6 and Lemma 4.7(1), and (5) < (6) <
(7) follow from Proposition 4.4 and Lemma 4.7(2). By Corollary 4.5 we have

(1) = (5).
Assume that R is a left and right Noetherian ring. Then (1) < (1)°P follows
from [FGR, Thm. 3.7], and (7) = (4) follows from Lemma 4.8(1). O

Observe that Miyachi proved in [M, Thm. 4.1] that if R is a right coherent and
left Noetherian projective K-algebra over a commutative ring K, then R satisfies
the Auslander condition (that is, g R is G (0)) if and only if fdgr E°(M) < fdg M
for any M € Mod R. Theorem 4.9 extends this result. Moreover, by Theorem 4.9,
we immediately have the following corollary.

Corollary 4.10. Let R be a left Noetherian ring such that g R satisfies the Aus-
lander condition. If M € Mod R with fdg M < s (< 00), then M is Goo(s).

Remark 4.11. By the dimension shifting it is easy to verify that the converse of
Corollary 4.10 holds true when idg M < oo, even without the assumption that R
is a left Noetherian ring satisfying the Auslander condition. However, this converse
does not hold true in general. For example, let R be a quasi-Frobenius ring with
the global dimension gl. dim R of R infinite. Then R is a left and right artin ring
satisfying the Auslander condition and every module in Mod R is G, (0), but there
exists a module in Mod R which is not flat because gl. dim R is infinite.

For any n,k > 0, we use 4,(k) to denote the full subcategory of Mod R
consisting of modules being G, (k), and write Yoo (k) = (1,50 Y n(k). By [H2,
Cor. 3.9] it is easy to get the following proposition.
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Proposition 4.12. Let
0-X =X X'—0

be an ezact sequence in Mod R, and let s > 0 and n > 1. If X° € 4,(s) and
X' €9, 1(s+1), then X € 4,,(s).

For any n > 0, we use .#"(Mod R) to denote the subcategory of Mod R
consisting of modules with flat dimension at most n.

Corollary 4.13. Let R be a left Noetherian ring. Then we have

(1) 95 (0) = Z°(Mod R) if and only if 9o (s) = .F*(Mod R) for any s > 0;
(2) 9o(0)Nmod R = .F°(mod R) if and only if 9 (s) N mod R = .#%(mod R)
for any s > 0.

Proof. (1) The sufficiency is trivial, so it suffices to prove the necessity. By Corol-
lary 4.10 we have #°*(Mod R) C ¥ (s) for any s > 0. In the following we will
prove the converse inclusion by induction on s. The case for s = 0 follows from
assumption. Now suppose s > 1 and M € 4, (s). Let

0> K—->FM) —-M-=0

be an exact sequence in Mod R. By assumption Fy(M) € 9o(0). So K € Yoo (s—1)
by Proposition 4.12, and hence fdg K < s—1 by the induction hypothesis. It follows
that fdgp M < s and M € .#°(Mod R), which implies ¥ - (s) C .#°(Mod R).

(2) Tt is an immediate consequence of (1). O

As applications of the results obtained above, in the rest of this section we will
study the properties of rings satisfying the Auslander condition with finite certain
homological dimension. In particular, we will get some equivalent characterizations
of Auslander—Gorenstein rings and Auslander-regular rings.

For a module M € Mod R and t > 0, we use Q'(M) to denote the tth syzygy
of M (note: Q°(M) = M). It is known that Qf(M) is unique up to projective
equivalence for a given module M.

Lemma 4.14. Let R be a left Noetherian ring, and let t > 1 and n > 0. For
a module M € ModR, if fdg Q' (M) < fdr E°(QY(M)) + n, then fdg M <
de EO(RR) + n + t.

Proof. Let M € Mod R. Then there exist index sets Jy, ..., J;—1 such that we have
the following exact sequence:

0— QM) — RV ... 5 RV 5 M 0
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in Mod R. Because E°(R(/+-1)) = [E°(gR)]/s1) by [B1, Thm. 1.1] and [AF,
Prop. 18.12(4)], we have fdp E°(R(/t-1)) = fdr E°(gR). Notice that E°(Qt(M)) is
isomorphic to a direct summand of E°(Ri-1)), so fdg E°(Q!(M)) < fdp E°(rR).
It follows from assumption that

fdr Qf (M) < fdg E°(QY(M)) +n < fdg E°(rR) +n
and fdg M < fdg E°(rR) +n +t. O

Recall from [Bj] that a left and right Noetherian ring R is called Auslander—
Gorenstein (resp. Auslander-regular) if R satisfies the Auslander condition and
idg R = idger R (resp. gl.dim R) < co. Also recall that fin. dim R = sup{pdy M |
M € mod R with pdp M < oo}.

As an application of Theorem 4.9 we get some equivalent characterizations of
rings satisfying the Auslander condition with finite left self-injective dimension as
follows, which generalizes [M, Prop. 4.4].

Theorem 4.15. For a left and right Noetherian ring R and n > 1, the following
statements are equivalent:

(1) R satisfies the Auslander condition with idg R < n.

(2) idger Fo(N) < idger N < idges Fo(N)+n—1 for any N € Mod R°P with finite
injective dimension.

(3) fdg E°(M) < fdr M < fdg E°(M)+n—1 for any M € Mod R with finite flat
dimension.

Proof. (1) = (2). When N € Mod R°P is flat, it is trivial that assertion (2) holds
true. Now let N € Mod R°P be non-flat with finite injective dimension. By Theorem
4.9 we have idger Fo(N) < idger N. So we only need to prove the latter inequality.
Because idg R < n, we have idgor N < n by Lemma 2.5(2). So if idger Fo(N) > 1,
then the assertion holds true. Suppose that Fo (V) is injective. We have an exact

sequence
0—B—FN)—-N—=0

in Mod R°P with idger B < 00. If idger N = n, then idger B = n + 1. It follows

from Lemma 2.5(2) that idg R > n + 1, which is a contradiction. Thus we have

idger N <mn — 1.

(2) = (3). Let M € Mod R with finite flat dimension. Then M+ € Mod R°P
with finite injective dimension by Lemma 2.4(1). Now the assertion follows from
Lemma 4.8.

(3) = (1). By (3) and Theorem 4.9, R satisfies the Auslander condition. Let
M € mod R with pdg M (= fdg M) < co. Then fdg Q}(M) < co. By (3) we have
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fdr QY (M) < fdg E°(Q*(M)) +n — 1. So
pdy M =fdg M < fdg E°(rR) +n=n

by Lemma 4.14. Thus we have fin. dim R < n. It follows from [HI, Cor. 5.3] that

In view of Theorem 4.15 it would be interesting to ask the following question.

Question 4.16. Let R be a left and right Noetherian ring satisfying the Auslan-
der condition with idgr R < oo. Then, is idror R < oo? That is, is R Auslander—
Gorenstein?

By [H1, Prop. 4.6] the answer to Question 4.16 is positive if R is a left and
right artin ring. It is a generalization of [AR3, Cor. 5.5(b)].
Putting n = 1 in Theorem 4.15 we have the following corollary.

Corollary 4.17. For a left and right Noetherian ring R, the following statements
are equivalent:

(1) R satisfies the Auslander condition with idr R < 1.
(2) idger Fy(N) = idger N for any N € Mod R°P with finite injective dimension.
(3) fdr E°(M) = fdg M for any M € Mod R with finite flat dimension.

As another application of Theorem 4.9 we get some equivalent characteriza-
tions of Auslander-regular rings as follows, which generalizes [M, Cor. 4.5].

Theorem 4.18. For a left and right Noetherian ring R and n > 1, the following
statements are equivalent:

(1) R is an Auslander-regular ring with gl.dim R < n.
(2) idger Fy(N) < idger N < idger Fo(N)+mn —1 for any N € Mod R°P.
(3) fdr E°(M) < fdgp M < fdr E°(M) +n — 1 for any M € Mod R.

Proof. By Theorem 4.15 and Lemma 4.8 we have (1) = (2) = (3).

(3) = (1). By (3) and Theorem 4.9, R satisfies the Auslander condition. Let
M € mod R. By (3) we have fdgr Q'(M) < fdg E°(Q'(M)) +n — 1. So

pdy M =fdg M < fdg E°(rR) +n=n
by Lemma 4.14, and hence gl.dim R < n. O

Putting n = 1 in Theorem 4.18 we have the following corollary.
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Corollary 4.19. For a left and right Noetherian ring R, the following statements
are equivalent:

(1) R is an Auslander-regular ring with gl.dim R < 1.
(2) idger Fy(N) =idger N for any N € Mod R°P.
(3) fdg E°(M) = fdr M for any M € Mod R.

8§5. Approximation presentations and Gorenstein algebras

In this section, R is an artin algebra. We will establish the connection between Aus-
lander and Reiten’s conjecture mentioned in the introduction and the contravari-
ant finiteness of the full subcategory of mod R consisting of modules satisfying the
Auslander condition.

For n > 0, we use .#™(Mod R) to denote the full subcategory of Mod R con-
sisting of modules with injective dimension at most n. For a module M € Mod R,
we denote by Q~"(M) the nth cosyzygy of M. The following approximation the-
orem plays a crucial role in the rest of this section.

Theorem 5.1. Let R € 9,(k) and Rr € 9, (k)°P with n,k > 0. Then for any
M € ModR and 1 < i < n —1, there exist the following commutative diagrams
with exact rows:

0——M—1ip 1 (M) —=Gip1 (M) —=0

T

0—— M ——IL(M) G;(M)——0

and

0——I""Y(M) ——= G (M) —— M —0

w

0—>I'(M) ——> G (M) —> M —>0

in Mod R with G;(M),GI(M) € 9;(k), and I;(M),I’(M) € #7T*(Mod R) for
j = i,i+ 1. Furthermore, if M is in mod R, then all modules in the above two
commutative diagrams are also in mod R.

Proof. By [H2, Cor. 3.7 and Lem. 3.1(1)] we have the following commutative dia-
grams with exact columns and rows:
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0 0 0
* i
0———>M-——————————— > I (iw) 77777777777777 ~Gi(M)——————— >0
‘ i
0— —>E(M)----- - E°(M) B(P; VLP (B (M) == === = > @y Py(EH (M) - - - = >0
‘ i
0— —=E'(M)-—-—- = EY(M) &( @1 . Py(EI+2(M))) - — = — — — =@ P (EI*3(M)) - — - >0

0-—>E"Y (M)~ ——— -~ =B M)PP(E (M)~~~ ———— =Py (E{(M)) - — — - — - >0
* i
A
00— QM) Ei{(M) Q (M) —————0
‘ l
A
0 0 0,

where, for any i > 1,

I;(M) = Ker (EO(M) a5 (E_P: Pj(EI+ (M))) - B' (M) P (E_Pz Pj(Ej“(M)))),

J
i—1 ' i—2 _
Gi(M) = Ker <@ Pi(E7TH (M) — P pj(Eﬂ+2(M))> .
j=0 j=0
Consider the following pull-back diagram:
0 0
!
|
v
0- —>=QYEMN M) - -~ ->Xip1————=Q (M) - - >0
I |
I |
I y
0 —= QUEHY(M)) —= Py(B+(M)) B+ (M) 0
|
|
v
Q- HFD(M) = = = Q0+ (M)

[
[
y
0 0.
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By [H2, Cor. 3.7 and Lem. 3.1(1)] again, for any ¢ > 1 we have the following
commutative and exact columns and rows:

0 ? 0
i * i
0— — > QFYEF (M) - - - — — — — — — — ~ G,,-,Hv (My— ———————— - —_ ~Gi(M)——————— =0
* i
Y
0= = = P(EFH M) = = = = = =~ — =@ M) = = = = = = = = - =@ B(E (M) - = - = =0
l ? i
Y
0= == Py (B (M) = = = = = =~ — =@ P(E (M)~~~ - =@ BB (M) - - - - =0
I
| v i
| | |
|
v

0= — > Py(EH(M)) — — > Poy(B7+ (M) D(Py(E(M)) @ Po(E-1(M))) - — = Py (EH (M) @ Po(E= (M) - — >0

| l

|
|
0— — =P (B (M) - — — — — — =P (Ei+1(M>)VEB Py (BN (M) == —————— - — = Py(E*(M))— - — — — — =0
1 |
00— QYE™(M)) X:,VH QM) ——— 0
|
| ¢ l
0 0 0.

Then we get the following pull-back diagram:

0 0
I
I
v
QB (M) = = = (B (M)
I
I
Y
077)]\“47777>IZ+I(M) ***** =G (M)— - —>0
I
Il \
Il Y
0 M I,(M) Gi(M) ——0
I
I
Y
0 0.

Because Rp € ¥, (k)°P, we have idg Pj(E*(M)) < j+k forany 0 < j <n—1 and
t > 0 by Proposition 4.3. So from the middle column in the first diagram we get
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idg I;(M) < i+ k for any 1 < i < n. Because rR € ¢,,(k), any projective module
in Mod R is also in ¢,,(k). So by [H2, Cor. 3.9] and the exactness of the rightmost
column in the first diagram, we have G;(M) € 4;(k) for any 1 < ¢ < n. Thus the

above diagram is (5.1).
Put I'(M) = I;(Q'(M)). Then we have the following push-out diagram:

" i
|
A
0——= QYM) —— Py(M) M 0
: Il
v I
0———>I'(M)————>G(M)-—->M-->0
l
\
Gi(Q'(M)) == = GZ(QT(M))
\\V
0 0.

Note that Py(M) € 4, (k). For any 1 < i < n, because G;(Q*(M)) € ¥4,(k) by the
above argument, we have that G*(M) is also in ¢;(k) by the horseshoe lemma and
the exactness of the middle column in the above diagram. By the above argument

we have the following pull-back diagram:

9 0
I
\
QLB Q1 (M))) = = = QB (01 (M)
I
I
0— —=Py(M)— — — — >Gi+1V(M) 777777 -G (Q (M) = — — =0

I
I
0—— PO(H]\/[)

|
Y
Gi(M) Gi(Q(M)) ———0
|
v
0
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Then the pull-back diagram

? 0
|
Y
QB (@ (M) = = - (B (@ (1))

|
Y

0————>I*"Y(M)- - - - - -~ )Gz‘—kl(M),,,,,]\{,,)O
: I
A I

0~ 1i(M) G (M) M 0
|
Y
0 0

is (5.2). O

Let G € ¢4,(0) and I € #%(Mod R) with i > 1. Then applying the functor
Homp(—, I) to the minimal injective coresolution of G, we get Ext}%(G, I) =0by
the dimension shifting. So, if R satisfies the Auslander condition, then the exact

sequences
0—->M-—>LM)—G(M)—0

and
0—I'(M)— G'(M)— M —0

in Theorem 5.1 are a left .#¢(Mod R)-approximation and a right ¢;(0)-approx-
imation of M respectively for any 1 < i < n.

Lemma 5.2. Let X € mod R and {M;}icr be a family of left R-modules, where
I is a directed index set. Then for any n > 0 we have

Ext?, (hg M;, X) ~ lim Extf}(M;, X)),
i€l €1

Proof. Because R is an artin algebra, any module in mod R is pure-injective by
[GT, Cor. 1.2.22]. Then the assertion follows from [GT, Lem. 3.3.4]. O

Let M € Mod R and n,k > 0, and let
o= PB(M)— - = P(M) = Po(M) > M —0

be a minimal projective resolution of M. We use Co¥, (k) to denote the full
subcategory of Mod R consisting of the modules M satisfying idg P;(M) <i+k



ON AUSLANDER-TYPE CONDITIONS OF MODULES 79

for any 0 < i < n—1, and denote Co¥ o (k) = (),,>0 Co¥ n (k). We use #"(mod R)
(resp. .#™(mod R)) to denote the full subcategory of mod R consisting of modules
with projective (resp. injective) dimension at most n. We use D to denote the
ordinary duality between mod R and mod R°P. As a consequence of Theorem 5.1
we get the following proposition.

Proposition 5.3. Let R satisfy the Auslander condition and M € mod R. Then
we have the following:

(1) There exists a countably generated left R-module N € Co¥ +(0) and a mono-
morphism 3: M »— N in Mod R such that Hompg(8,T) is epic for any T €
Co9 +(0) Nmod R.

(2) There exists a countably generated right R-module N' € Co¥% 5 (0)°P and
an epimorphism «: DN’ — M in Mod R such that DN’ € 94(0) and
Homp (1", &) is epic for any T’ € 9+ (0) Nmod R.

Proof. (1) Let R satisfy the Auslander condition. By Theorem 5.1, for any M €
mod R and n > 1, we have the following commutative diagram with exact rows:

0 — I"*(DM) — G+ (DM) DM 0
0—— I"(DM) G"(DM) DM 0

with GH(DM) € 4,;(0)°°P Nmod R°P and I'(DM) € .#%(mod R°P) for i = n,n + 1.
Then we get the following commutative diagram with exact rows:

0— Mo DG"(DM) — > DI"(DM) —> 0

ﬂn+1

0 —— M —=DG""(DM) ——=DI""(DM) ——=0

with DGY(DM) € Co¥%;(0) Nmod R and DI*(DM) € £*(mod R) for i = n,n + 1.
Put N,, = DG"(DM) and K, := DI"(DM) for any n > 1. Then we have the
following commutative diagram with exact rows:

| | |
k k—1 1 0
1 9nt1,n 19 41,n [ 9nt1,n 1 9nt1,n

Py(Ny) —— Pp_1(Ny) —— -+ —— P (Vy) Py(N,) ]T" 0
|
Gntin

¥ ¥ ¥ ¥
Pu(Npg1) — Peo1(Npg1) — -+ —— Py (Npg1) — Py(Npq1) — Npp1 — 0.

If n > m, then put

In,m = Inn—19n—1,n—-2 """ Im+1,m
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and
k — k k k
Inm = Inn—-19n—1,n—2"""9Im+1,m"

In this way, for any k > 0 we get direct systems {Ny, gn.m tnez+ and {Prp(N,),
gﬁ,m}nezh where Z7T is the set of positive integers. Because each g, m: Ny, —
N,, is monic, we can identify @n> L N,, with the direct union. It follows that
“ﬂnlen = hﬂnzt N, for any 1 < t < n. Put N = 113"211\[”. Then N is
countably generated.

Because N; € Co¥(0) N mod R, we have idg Px(Ny) < k for any 0 < k < ¢.
So mnzt Py (N,,) is projective and idg @nzt Py(N,) <k for any 0 < k < ¢ by
[B1, Thm. 1.1]. On the other hand, we have an exact sequence

o+ = Tim Py(Ny) = lim Py (Ny) = -+ = lig Py(N,) = lim N, (= N) = 0.

n>t n>t n>t n>t

So N € Co¥9(0). Put K = li_n>qn2t K, and 8 = @nzt Brn. Then we get the
following exact sequence:

O%MiN%K%O

in Mod R. Note that K,, € £"(mod R) for any n > 1. So by Lemma 5.2 and the
dimension shifting, for any T' € Co¥ o (0) N mod R we have

Exth(K,T) = Extl, (lim K,, T) = Jim Bxth (K, T)
n>t n>t
= Jim Ext’s"™ (K, Q"(T)) = 0,

which implies that Hompg(8,T) is epic.

(2) Let M € modR and T" € ¥+ (0) N mod R. Then DM € mod R°? and
DT’ € Co¥(0)°P Nmod R°P. By (1), there exists a monomorphism §: DM —
N’ in Mod R°P with N’ countably generated and N’ € Co¥.(0)°P such that
Hompor (8,DT") is epic. Then DF: DN’ — M (= DDM) is epic in Mod R such
that Homp (77, DB) (= Homp(DDT',Dg)) is also epic. Because N’ € Co¥ ,(0)°P,
we have that idger P;(N') < i for any i > 0. Note that P;(N') = P; P} with all
P} projective in mod R for any i > 0. So we get an exact sequence

0— DN — [P - [[pP} —-- = [[ PP} — -
J J J

in Mod R with [, ]DP; injective and pdg [, ]D)P} < i (by [C, Thm. 3.3]) for any
i > 0. It implies DN’ € 4 (0). O
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Following [AR2], for a full subcategory 2" of mod R we write

Rapp(2) := {M € mod R | there exists a right .2 -approximation of M},
Lapp(Z') = {M € mod R | there exists a left 2 -approximation of M}

We use Z°°(mod R) (resp. .#°°(mod R)) to denote the full subcategory of mod R
consisting of modules with finite projective (resp. injective) dimension.

Proposition 5.4. Let R satisfy the Auslander condition. Then we have
(1) Lapp(Co¥ . (0) N mod R)

= {MG mod R | there exists an exact sequence 0 - M — X —-Y — 0 in
mod R with X € Co%+(0) Nmod R and Y € 2*°(mod R) }.
(2) Rapp(¥4(0) Nmod R)
= {M € mod R | there exists an ezact sequence 0 —Y — X — M — 0 in
mod R with X € 95(0) Nmod R and Y € #°°(mod R) }.

Proof. Tt is easy to see that Lapp(Co¥ o, (0)Nmod R) D {M € mod R | there exists
an exact sequence 0 - M — X — Y — 0 in mod R with X € Co¥ .,(0) Nmod R
and Y € #*°(mod R)} and Rapp(¥~(0) Nmod R) O {M € mod R | there exists
an exact sequence 0 - Y — X — M — 0 in mod R with X € ¢.,(0) Nmod R
and Y € #°°(mod R)}. So it suffices to prove the converse inclusions.

(1) Let M € Lapp(Co¥(0) N mod R). Because R satisfies the Auslander
condition, the injective cogenerator D(Rp) for Mod R is in Co¥ +(0) N mod R. So
we may assume that

0 ML xM _yM_4

is exact in mod R such that f is a minimal left Co% . (0) N mod R-approximation
of M.
By the proof of Proposition 5.3(1) we have an exact sequence

0—>ME>N—>K—>O

in Mod R satisfying the following properties:

(a) N € Co¥9»(0) and N = lim _ Nn (= U1 Vi) with all N, € Co¥(0) N
mod R. B

(b) K = @n21 K, (= U,>, Kn) with pdg K, <n for any n > 1.

(c) O%MB.%N,L%Kn%OisexactforanynZ 1 andﬁzlignyﬂn.

(d) Hompg(B,T) is epic for any T € Co¥ »(0) N mod R.
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Then there exist u € Homg (N, X™) and v,, € Homg(X™, N,,) such that f = uf
and 8, = v, f for any n > 1. It induces the following commutative diagram:

0 M XM yM 0
|
lv "Ul
ﬁ V
0 M N K 0
|
lu ‘UI
f Y
0 M XM yM 0,

where v = hﬂn> | Un; v’ and v/ are induced homomorphisms. By the minimality

of f we have that uv is an isomorphism and so is w/v’. It implies that v': Y™ —

K (= 1i_1>1r1n21 K, = U,>, K»n) is a split monomorphism. Because YM is finitely

generated, we have Imv’ C K, for some n. So Y™ is isomorphic to a direct
summand of K, and hence pdp YM < p.

(2) Let M € Rapp(9«(0) N mod R). Then DM € Lapp(Co¥~(0)°" N
mod R°P). By (1) there exists an exact sequence

0—-DM—-X—->Y —0

in mod R with X € Co¥ . (0)°° N mod R°P? and ¥ € £°°(mod R°P). So we get
an exact sequence
0—=DY -DX —-M—0

in mod R with DX € ¥ (0) Nmod R and DY € .#°°(mod R). O
As a consequence of Proposition 5.4, we get the following proposition.

Proposition 5.5. Let R satisfy the Auslander condition. Then we have

(1) Rapp(¥ o (0)Nmod R) = {M € mod R | there existsn > 1 such that Q~"(M) €
Y o (n) Nmod R}.

(2) Lapp(Co¥ o (0) Nmod R) = {M € modR | there exists n > 1 such that
Q" (M) € Co¥ oo (n) Nmod R}.

Proof. (1) Let M € Rapp(9~(0) N mod R). Then by Proposition 5.4(2), there
exists an exact sequence
0=-Y—->X—-M—0

in mod R with X € 4,(0) NmodR and Y € .#°°(mod R). Suppose idgY = k
(< o). Then for any n > k we have

Extp(—, Q7" (X)) 2 Exth(—, X) = Exth(—, M) = Extp(—, Q" (M)),
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which implies that Q="+ (X) and Q="+ (M) are injectively equivalent. Because
X € 95(0), we have Q"1 (X) € Doo(n —1). So Q@ "THM) € Goo(n — 1) and

Q" (M) € Goo(n).

Conversely, let Q" (M) € ¥+ (n) N mod R. We have the following commuta-
tive diagrams with exact columns and rows:

0 0 0
| |
| |
Y Y
0O-—-—->1-——-——-—-—-— G- —— - — — M- — — >0
| |
| |
\, \
0 Ky PO(EO(M))—>EO(M)4>O
| I
| |
v Y
0 Ky PO(EI(M))—>E1(M)*>O
! \
[
Y v
i i
| \
% \
0—= K, g —> Py(E"?(M)) —= E"2(M) —=0
| |
| I
Vs \
0 —> K, 1 — P(E" ' (M)) — E""{(M) —0
|
| I
\s \
0 Q"(M) Q"(M)
|
|
\
0 0,

where K; = Ker(Py(E*(M)) — E*(M)) for any 0 < i < n—1, G = Ker(Py(E°(M))
— Py(E*(M))) and I = Ker(Ky — K1). Because R satisfies the Auslander con-
dition, we have that Py(E*(M)) is injective and satisfies the Auslander condition
for any 0 < i < n — 1 by Theorem 4.9. So idg K; < 1 for any 0 < i <n — 1, and
hence idr I < n by the exactness of the leftmost column in the above diagram.
On the other hand, by [H2, Cor. 3.9] and the exactness of the middle column in
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the above diagram, we have G € ¥, (0) N mod R. Thus the exact sequence
0=-I—-G—>M-—=0

in mod R is a right ¥ ,(0) N mod R-approximation of M and M € Rapp(¥«(0)N
mod R).

(2) Tt is dual to the proof of (1), so we omit it. O

Corollary 5.6. Let R satisfy the Auslander condition. Then we have

(1) 95 (0) Nmod R is contravariantly finite in mod R if and only if there exists
n > 1 such that Q™" (M) € Yoo(n) Nmod R for any M € mod R;

(2) Co¥ o (0) Nmod R is covariantly finite in mod R if and only if there exists
n > 1 such that Q" (M) € Co¥(n) Nmod R for any M € mod R.

Proof. (1) The sufficiency follows from Proposition 5.5(1).

Conversely, let 9,,(0) N mod R be contravariantly finite in mod R and
{51, 59,...,5t} a complete set of non-isomorphic simple modules in mod R. By
Proposition 5.5(1), there exists n; > 1 such that Q7" (S;) € Do (n;) for any
1 <4<t Putn:=max{ni,ng,...,n:}. Then Q7 "(S;) € ¥o(n) forany 1 <i < ¢.

We will prove that Q" (M) € Y (n) for any M € mod R by induction on
length(M) (the length of M). If length(M) = 1, then M = S, for some 1 < <t
and the assertion follows. Now suppose length(M) > 2. Then there exists an exact
sequence

0—-S—>M-—=>M/S—0

in mod R with S simple and length(M/S) < length(M). By the induction hypoth-
esis, both S and M/S are in 9 (n). Then M is also in ¥ (n) by the horseshoe
lemma.

(2) It is dual to the proof of (1), so we omit it. O
Let M € mod R and let
P(M)— Py(M)—- M —0

be a minimal projective presentation of M € mod R. For any n > 1, recall from
[AB] that M is called n-torsion-free if Extpo,(Tr M, R) = 0 for any 1 < i < n,
where Tr M = Coker(Py(M)* — Pi(M)*) is the transpose of M and (—)* =
Homp(—, R). We use Q" (mod R) (resp. 7, (mod R)) to denote the full subcategory
of mod R consisting of n-syzygy (resp. n-torsion-free) modules. Put

0% (mod R) := ﬂ O"(mod R) and Z(modR) := ﬂ Ip(mod R).

n>1 n>1

In general, we have Q" (mod R) 2 .7, (mod R) for any n > 1 (cf. [AB, Thm. 2.17]).



ON AUSLANDER-TYPE CONDITIONS OF MODULES 85

Lemma 5.7. If R € ¢4,,(0) with n > 1, then
%,(0) Nmod R = Q"(mod R) = 7, (mod R);
in particular, if R satisfies the Auslander condition, then
Y+ (0) Nmod R = Q°°(mod R) = I (mod R).

Proof. We have ¢,,(0) Nmod R = Q"(mod R) by [AR3, Prop. 5.1] and Q" (mod R)
= 7, (mod R) by [AR4, Prop. 1.6 and Thm. 4.7]. O

For a full subcategory ¢ of mod R, we write
¢+ == {M € mod R | ExtR(C, M) =0 for any C € €}

Auslander and Reiten conjectured in [AR3] that R is Gorenstein (that is,
idp R = idper R < 00) if R satisfies the Auslander condition. It remains open.
Now we are in a position to establish the connection between this conjecture and
the contravariant finiteness of %, (0) N mod R, Q2°°(mod R) and I (mod R) as
follows.

Theorem 5.8. Let R satisfy the Auslander condition. Then the following state-
ments are equivalent:

1

2) 9..(0) Nmod R is contravariantly finite in mod R.

(1) R is Gorenstein.

(2)

(3) Co¥%(0) Nmod R is covariantly finite in mod R.
(4) @

(5) 7

4
5

*(mod R) is contravariantly finite in mod R.

~o(mod R) is contravariantly finite in mod R.

Proof. Because R satisfies the Auslander condition if and only if R°P does, we get
(2) & (3). By Lemma 5.7 we have (2) < (4) < (5).

(1) = (2). Assume that R is Gorenstein with idg R = idger R = n. By [I,
Prop. 1], we have pdg E < n for any injective left R-module E. So ¥ (0) N
mod R = ¢,,(0) N mod R, and hence ¥,(0) N mod R is contravariantly finite in
mod R by Theorem 5.1.

(2) = (1). Assume that ¥, (0) N mod R is contravariantly finite in mod R.
Then there exists n > 1 such that Q™ "(M) € Yo (n) N mod R for any M €
mod R by Corollary 5.6, which implies ¢ ., (0) Nmod R = ¢,,(0) Nmod R. Because
%,(0) Nmod R = .7, (mod R) by Lemma 5.7, we have

(9 (0) Nmod R)** = (¢4,,(0) "mod R)** = .7, (mod R)** = .#™(mod R)
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by [HI, Thm. 1.3]. On the other hand, it is easy to see that .#°°(mod R) C
(95 (0) Nmod R)*1. So .#°°(mod R) = .#"(mod R), and hence £ (mod R°P) =
2" (mod R°P). Thus idger R < n by [HI, Cor. 5.3], which implies that R is Goren-

stein by [AR3, Cor. 5.5(b)]. O

We remark that the equivalence between (1) and (5) in Theorem 5.8 has been
known for a commutative ring under some mild assumption (see [T, Cor. 3.15]).

As an application of Theorem 5.8, we obtain in the following result some
equivalent characterizations of Auslander-regular algebras. Note that the converse
of Corollary 4.10 does not hold true in general by Remark 4.11. The following
result also shows when this converse holds true.

Theorem 5.9. The following statements are equivalent:

(1) R is Auslander-regular.

(2) Yoo (0) = 29(Mod R).

(3) Yo(0) Nmod R = #°(mod R).

(4) Yoo(s) = Z*(Mod R) for any s > 0.

(5) Y(s) Nmod R = Z*(mod R) for any s > 0.

Proof. Both (2) = (3) and (4) = (5) are trivial. By Corollary 4.13 we have
(2) & (4) and (3) & (5).

(1) = (2). By (1) and Corollary 4.10 we have 22°(Mod R) C 4, (0).

Let gl.dimR = n (< oo) and M € ¥+ (0). Then in a minimal injective
coresolution

0—M— E"M)—= E*(M)— - = E"(M)—=0

of M in Mod R, we have pdp E*(M) < i for any 0 < i < n. By the dimension
shifting we have that M is projective, which implies ¢, (0) € 22°(Mod R).

(5) = (1). By (5), R satisfies the Auslander condition and ¥, (0) Nmod R =
2°(mod R) is contravariantly finite in mod R. So R is Gorenstein by Theorem
5.8. Suppose idger R = idg R = n (< o0). Then pdg F < n for any injective left
R-module E by [I, Prop. 1]. So for any M € mod R, we have M € ¥, (n)Nmod R,
and hence pdp M < n by (5). It follows that gl. dim R < n. O
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