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Extended Affine Root Supersystems of Types
C(I,J) and BC(1,1)

by
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Abstract

In this paper, we complete the characterization of tame irreducible extended affine root
supersystems. We give a complete description of tame irreducible extended affine root su-
persystems of type X = C(1,1),C(1,2), C(2,2) and BC(1,1) and determine isomorphic
classes.
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§1. Introduction

The notion of locally finite root supersystems was introduced in [8]; this is a gener-
alization of the two notions of locally finite root systems [3], as well as generalized
root systems [4]. More precisely, a symmetric spanning set R of a nontrivial vector
space V equipped with a nondegenerate symmetric bilinear form (-,-) is called a
locally finite root supersystem if

e 0eR,
e for a € R with (a,@) #0 and 8 € R, 2(8, a)/(«, @) EZandB—maeR,

(o)

e the root string property is satisfied for R and
e for a, 8 € R with (a,a) =0 and (o, 8) #0, {8 —a,8+a} N R # 0.

The root system of a basic classical simple Lie superalgebra is an example
of a locally finite root supersystem. Irreducible locally finite root supersystems
are classified and known as types A(I,.J), B(I,J), C(I,.J), D(I,J) and BC(I,.J),
together with the root systems of basic classical simple Lie superalgebras; see [8].
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Locally finite root supersystems have a close connection with the super version
of affine Lie algebras called affine Lie superalgebras, which was introduced and
classified by Van de Leur in 1986 [6]. An affine Lie superalgebra £ is equipped with
a nondegenerate invariant supersymmetric bilinear form and has a weight space
decomposition with respect to a finite-dimensional abelian subalgebra H C L on
which the form is nondegenerate. This allows the transfer of the form on £ to a
nondegenerate bilinear form (-,-) on the dual space H* of H and the ability to
divide nonzero roots of the root system R of £ (with respect to H) into three
parts:

e RX (nonzero real roots), consisting of those roots a with (o, a) # 0,

e R (nonzero imaginary roots), consisting of all nonzero roots o with (a, R) =
{0} and

e R (nonzero nonsingular roots) consisting of nonzero roots which do not be-
long to R} U R .

The set of imaginary roots generates a free abelian group Zd of rank 1 and the
root system R up to Zd is just a locally finite root supersystem. This motivated
us in 2016 to introduce a combinatorial object, called an extended affine root
supersystem; see [7]. An extended affine root supersystem R is a specific subset of
a vector space and is divided into three parts: Ry, (real roots), R,s (nonsingular
roots) and RO (isotropic roots). Up to the group generated by isotropic roots, the
extended affine root supersystem R is just a locally finite root supersystem, say
R; see Definition 2.1 for the precise definition. We say R is of type X if R is of
type X and call it tame if RY C (R* — RX), where R* := (Rye U Rps) \ {0}.

In 2017, another combinatorial object, called an affine generalized reflection
root system, was introduced in [2] and the irreducible ones were characterized.
Each irreducible affine generalized reflection system is of the form S* = 5o U Sys \
{0} for a complex infinite tame irreducible extended affine root supersystem S
satisfying

e 7S* ®z C is naturally isomorphic to spang S*,
sifa,peSianda+peS, thena—p¢S.

There are examples of tame irreducible extended affine root supersystems which
do not satisfy the above two conditions; see e.g., Example 3.2 and [2, §1.2.6].
The main goal is finding descriptions of all tame irreducible extended affine root
supersystems.

For each irreducible extended affine root supersystem S of type X, there are
a locally finite root supersystem S of type X and nonempty subsets S, (a € S)
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of the radical of the form (-,-) on the underlying vector space such that

(1.1) S=J@+5).
aes

To get a description of S, we need to know the interactions between the Ss. In [7],
we obtained these interactions for types X # B(0, 1), C(2,2), C(1,2), A(¢,£) and
BC(1,1) which help us to find a description of tame irreducible extended affine
root supersystems of the corresponding types. But for type A(¥, £), the interactions
are not sufficiently explicit to be investigated directly. One of the difficulties that
occurs in finding these interactions for type A(4,¢) is that in contrast with other
types, if & is a nonsingular root of S, then Sy in (1.1), can be not equal to S_.
Moreover, for type A(1, 1), this phenomenon can even happen for real roots & € S,

Depending on ¢ = 1 or £ # 1, we need different techniques to study type
A(¢,£). More precisely, if R is a tame irreducible extended affine root supersystem
of type A(4,€) (£ # 1) in an F-vector space V', we extend V by a 1-dimensional
vector space Fd and use R to define a new extended affine root supersystem 7" in
the new vector space V @ F§. Then we describe T instead of R, but T is defined
in a way that up to Fé, it is just R and so we get a description of R by making
the quotient on Fd; see [5] for the details. This technique does not work for ¢ = 1;
see [5, Prop. 2.4(i)].

In this paper, we focus on type A(1,1) = C(1,1). We first give two kinds of
examples of extended affine root supersystems (Examples 3.1, 3.2) and then prove
that each tame irreducible extended affine root supersystem of type C(1, 1) has the
expression stated in these examples. Moreover, we complete the study of extended
affine root supersystems by giving descriptions of remainder types C(1,2), C(2,2)
and BC(1,1). We also determine the isomorphism classes.

§2. Extended affine root supersystems

Throughout this paper, F is a field of characteristic zero and all vector spaces are
defined on F.

Definition 2.1 ([7]). Suppose that V' is a nontrivial vector space, S is a subset
of Vand (+,-): V x V — F is a symmetric bilinear form with radical V°. Set

S0 :=8nVY S* =8\ 8",
Sie ={a €S| (a,a)#0}, Sre = 57 U{0},
S5 ={ae S\ S| () =0}, Sus =S5 U{0}.
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We say (V, (-,-),S) is an extended affine root supersystem if the following hold:
(S OESandSspansV

for a € SX and 8 € S, 2(o, B)/ (e, ) € Z,

(root string property) for o € S)¢ and 8 € S, there are nonnegative integers
p,gsuchthat {k € Z | B+ ka € S} ={—p,...,q} and 2(B,a)/(a, ) = p—gq,
(S5) for av € Sy and B € S with (o, 8) #0,{B—«a,B+a} NS #0.

If there is no ambiguity, we say S is an extended affine root supersystem in V.
Elements of S° are called isotropic roots, elements of S, are called real roots and

1)
s2)
)
S4)

(
(S3
(

elements of S5 are called nonsingular roots. The extended affine root supersys-
tem S is called tame if S° C % — §*. An extended affine root supersystem S
is called drreducible if S;e # {0} and S* cannot be written as a disjoint union
of two nonempty orthogonal subsets. The extended affine root supersystem S is
called a locally finite root supersystem if the form (-,-) is nondegenerate. A locally
finite root supersystem S is called a finite root supersystem if S is finite and it
is called a locally finite root system if Sps = {0}. We say an extended affine root
supersystem (V, (+,-), R) is isomorphic to another extended affine root supersystem
(V’,(-,-)', R') and write R ~ R’ if there are a linear isomorphism ¢: V' — V' and
a nonzero scalar r such that o(R) = R’ and r(z,y) = (p(x), p(y))’.
Remark 2.2. Suppose that (V,(-,-),S) satisfies (S1)—(S3) and (S5); then using
[7, Prop. 1.11] and the same argument as in [7, Prop. 2.1], we get that S satisfies
(S4) if and only if it satisfies the following:

e (V,(-,-) ,8) is alocally finite root supersystem, in which V is the quotient of

V over the radical V° of the form (-,-) and (-,-) is the induced form on V,

e for a € S%, the reflection

re: V —V,
2(v, a)
(a, )

v v — (veV)

preserves S.

In what follows, we give the classification of irreducible locally finite root
supersystems of [8]. Suppose U is a vector space with a basis {ni,72,73}. For
A € F\ {0,—1}, define the symmetric nondegenerate bilinear form (-,-) on U by
the linear extension

(mym) =X, (myme) = =1=X,  (m3,m3) =1,

(2.1)
(mi,m;) =0 (1<i#j<3).
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Define
(2:2) D(2,1;X) = {0, £2n;, £ £ 03 |1 <i <3},

Next suppose I and J are two index sets with I U J # () and U (by abuse of
notation) is a vector space with a basis {¢;,d; | ¢ € I, j € J}. Define a symmetric
bilinear form (-,-): U x U — F with

(Ei76,‘) = 57;’7” (5j755) = _5]',5 and (Ei7(5j) =0 (i,’f‘ el, 7,8 € J)

Set!
A(I,1) =+{e; —€,0; — 6,6 — 6 — D pes(en — Ok) | i, €1}
(= |I| € Z=?),
A(I,) :::I:{ei—er,(sj—(ss,ei—tsj|i,r€], j,sEJ}
(| # |J]if I, J are finite sets),
B(I,J) = +{e€;,0;,¢; £ €,0; £ 05,6, £8; |i,r €1, j,s€J, i#r},
C(I,J)=+{eite,6;£6,6£6; |i,rel, jse€J},
(23) D(I,J) ==+{e +¢,0; £05,6; £6; |i,r €1, j,s€J, i#r},
BC(I,J) = +{e€;,0;, ¢+ €,0; £ 05,6, £ 6; | i,r € I, j,s € J},
F(4) :==£{0,¢,6; £6;,0;, 2(e £ 61 £ £ 85) | 1 <i #j <3}

(I={1}, J={1,2,3}, e :=3e1),
G(3) = +{0,v,2v,6;—€;,26;—€; — e, v (e, —€;) | {i,5,t} = {1,2,3}}
(I={1,2,3}, J={1}, v:=26),

in which if I or J is empty, the corresponding indices disappear. We mention that
the F-linear spans of all these sets are U except for A(I ,J), so to denote this
type, we use A instead of A. If X is one of the sets introduced in (2.2) and (2.3),
then X is an irreducible locally finite root supersystem, in its linear span, called
the irreducible locally finite root supersystem of type X. Up to isomorphism, each
irreducible locally finite root supersystem is either an irreducible finite root system
or one of the locally finite root supersystems introduced in (2.2) or (2.3); see [3],
[4] and [8].

In the sequel, if either I or J is a finite set, we may replace it by its cardinality
in each type, e.g., we may denote B(I,J) by B(|I|,|J]) if I and J are finite sets.
We should point out that our notation has a minor difference compared with the
notation in the literature; more precisely, D(1,n) for n € Z=! and A(m,n) for

IWe denote the cardinal number of a set A by |A|.
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m,n € Z=' in our sense are denoted by C'(n+ 1) and A(m — 1,n — 1) respectively
in the literature.

The real part of an irreducible locally finite root supersystem (V, (-,+),S) is a
locally finite root system; in fact, we have

where n € {1,2,3}, each S is an irreducible locally finite root system and (S, S7)
= {0} for i # j. Moreover, we have

5'={0}USHUS,US]

ex’?

where

b= {a e SN\{0} | (a,0) < (8,8) VB € S\ {0}},
Sl =284 NS
Slig = 57 \ ({O} U Séx U Sih)a
which are called the sets of short, extra-long and long roots of S?, respectively. We
set

(2.4) (Sre)w = J SL (+ = sh,lg, ex).
i=1

Next assume ™ V — V = V/V? is the canonical projection map. Then the
form induces a form on V and R is an irreducible locally finite root supersystem
in V; see [7, Prop. 1.11]. We say R is of type X if R is of type X.

Pick a subset Il = {v; | i € I} C R such that Il = {; | i € I} is a basis for V
and set

V= spang II.
Then we have
V=vVeaV’
and that
R:={acV |a+o¢cR forsome o€V}
is an irreducible locally finite root supersystem in V isomorphic to R. We mention
that

(2.5) IICRNR.

Setting
Sqe={0ceV’|a+oeR} (deR),
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we have
(2.6) R= ] (a+8a).
GeR

To get a description of R, one needs to know the interaction between the S, .
Although, these interactions depend on the type of R and the choice of II, we have
the following four general facts:

Fact 1. For & € R;; and 3 € R, we have

2(cv, )

(&, )

Sy -

Sd g S S 2(!—'}’&)(_!.

Tah) — Pp-2a
This follows from the fact that

2(e, B)
(a, @)

Fact 2. If & € Rrxe and 0 € S, we have S,B = Sm(ﬁ') for each 3 € R. This follows
from Fact 1.

ro(B) =6 — a€R (a€RS BER).

Fact 3. Suppose &, € R* with & + 8 ¢ R and (d,B) £ 0; then & — 8 € R
and So — S5 € S, 4. For o € S5, 7€ S; and o =& +o0, B = B+71 €R,
since (&, ) # 0 and & + § € R, we have using (S5) and (S4) that o — 8 € R and
&—B€eR Sooc—T¢€ Sdiﬁ'. This means that Sg — SB - Sd—ﬂ"

Fact 4. For & € R, S_s = —S4. This follows easily from (S2).

Using these facts together with some technical points, some descriptions of
all tame irreducible extended affine root supersystems except for types A(l7 1) ~
C(1,1), B(0,I),C(2,J) ~ C(J,2) and BC(1,1), are given in [7]. In this work, we
deal with these remainder types. Regarding type C(I,J) with (|I|,|J]) # (1,1),
we give, in general, a description of type C'(I,J) for two nonempty sets I and J
with |I| > 1 and |J| > 2.

Locally finite root supersystems B(I,0), B(0,I) = BC(0,I) ~ BC(I,0),
C(I,0) ~ C(0,I) = D(0,I) and D(I,0) are locally finite root systems known
as types By, BCy, C; and Dy respectively. Moreover, BC; ~ B(0,I) appears as
the root system of some Lie superalgebra with nonzero odd part; namely, B(0,n)
is the root system of basic classical simple Lie superalgebra B(0,n).

The following theorem is proved as in [1, (2.18), Prop. 2.23 & Thm. 3.1]:
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Theorem 1. Suppose that (U, (-,-),R) is an irreducible locally finite root super-
system of type B(0,I) = BCy for a nonempty set I and U is a vector space. Let
L (if |I| > 2), S and E be nonempty subsets of U satisfying

0eS, S—28CS, E—2ECE and 0€L, L—2LCL (if |I| > 2),
L+LCL (if|I| >3) and spanyS ="U,
() S+LCS, L+25CL (if|1]>2),
S+ECS, E+4SCFE (if|I|=1),
L+ECL, E+2LCE (if|I|>2).

Extend (-,-) to a form on U @& U such that U is the radical of this new form and
set

(2.7) R=R(S,L,E) = (S —S)U (Rep + S)U (Rig + L) U (Rex + E),

where if |I| = 1, the part Rz + L disappears. Then (U @ U, (-,-), R) is a tame
irreducible extended affine root supersystem of type B(0,1) in U®U. Conversely,
each tame irreducible extended affine root supersystem of type BCy = B(0,1I) has
an expression as in (2.7). Moreover, if V is a vector space with subspaces S’, L', E’
satisfying the same conditions as in (1), R(S, L, E) is isomorphic to R(S', L', E")
if and only if there are 7 € L' (if |I| > 2), o/ € S' and a linear isomorphism
v: U — V with

GL) =L +7 (f11]22), $(S)=5+0 and $(E)=E +20".

§3. Type C(1,1)

Suppose that (U, (-, ), R) is a finite root supersystem of type C'(1,1) and U is a
vector space. We know from (2.3) that Ry is the direct sum of two irreducible
finite root systems of type Ay, say ch = R1 S5 RQ with

Ry ={0,42¢}, Ry ={0,4£20}, Rys={te=+d}
and
(,6) =0 and (e,€) =1=—(4,9).
Set
Rf = {2¢}.
Extend the form on U to a symmetric bilinear form on U @ U such that U is the

radical of this new form.

Example 3.1. Suppose that K is a subgroup of U and E, F and T are nonempty
subsets of K such that
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¢ K =FEUF and spany K =U,
e 0eF,F—-2FCFand F—-2EC —FE,
e (E-EF)U(F-F)CT=-TCK.

Then we claim that

U =spanp T’
and that

R=R(T,E,F,K) =TU=+(R + E)U (R} + F)U(R}, + K)
=TUx(2e+E)U(£20+ F)U (te£d + K)

is a tame irreducible extended affine root supersystem of type C(1,1) in UaU.

We first note that R =T C K = K—K = (e+6+K)—(e+6+K) C R*—R*.
So, using Remark 2.2, we get that R is a tame irreducible extended affine root
supersystem if we verify property (S5) of an extended affine root supersystem for
R. To this end, suppose that & € R}, = e £ § + K and § € R with («,3) # 0.
Since K is a group and K = EU F, if € Ry, it is trivial that either « + 8 € R
or a— 3 € R. So we assume a, § € Rys. Since («, 8) # 0, we have o = te +t'd + 7
and B =re+1r'd + 15 for some 1,75 € K and ¢, ¢/, r,r" = £1 with tt' = —rr’.

Since a + = a— (=) and R = —R, replacing « with —« and 8 with —3 if
necessary, we may assume « = € +rd + 7 and § = € — rd + 7o for some r = +1
and 71,72 € K. Note that

frn,m-nmneEF=mn+n=(Mm-n)+2ne€-FE+2ECE,

which in turn gives that

K=EUF
Tl+72€E—U>7'1€For71—TQEF.

So we have the following cases:

e 71 +73 € E. Then a+ 5 =2¢+ (11 + 72) € R and we are done.
er+mngEand T —1 € F. Then « — 8 =2rd+ (11 — 12) € R as we desired.
e+ Fandm € F.Asi+m e K+ KCK=FEUF, weget T+ € F.
So we have
m—To=—(11+7)+2n € F—2F CF,

and we get @ — 8 € R as in the previous case.

Finally, we show that U = spany T'. To this end, we fix 0 € E. We have

U = spany K = spang(E U F') C spang((F —o)UF U {c}) CU.
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This means that
U = spang((E — o) U FU{c}) Cspang(T'U{c}) C U;
ie.,
U = spany(T' U {c}).
Since 0 € E C K and K is a group, we have —c € K = FUF. If —0 € E, we

have —20 = —c —c € E—0c CT. Also, if —0 € F, we have —c € Tas F C T.
Therefore, in both cases, we have o € spany T and so U = spang 7.

Theorem 2. Suppose that U and V are vector spaces and suppose that subspaces
T,K, E, F of U and subspaces T', K', E', F' of V satisfy the same conditions as
those stated in Example 3.1. Then R(T, E, F, K) is isomorphic to R(T', E', F', K')
if and only if there exist 71,72 € K’ with %(7'1 +72) € K' and a linear isomorphism
¥: U — V such that one of the following occurs:

(i) O(T)=T", (E) =E =71, Y(F) = F' = 75 and (K) = K';
(ii) ¥(T) =T1", Y(E) = —E' — 11, Y(F) = F' — 72 and Y(K) = K';
(iil) v(T) =T, Y(E)=F' —1, Y(F)=FE — 15 and ¥(K) = K'.
Proof. We mention that as 0 € F,
(3.1) in cases (i), (ii), we get 7o € F' and in case (iii), we have 7, € E'.
(i) Suppose that the conditions of (i) occur and define
p:UsU—UaYV,
2e+ 02+ 1 +Y(0),
20+0—=20+12+ (o) (oc€l).
Then for t1,ty € {1}, we have

t t
o(tre+t26 + K) = t1e + t20 + 517—1 + 527—2 + K’
to —t
:t16+t25+t1ﬂ;7—2+ 22 L+ K/

tie +t20 + K'.

K’ group

We also have

(X2 + E))=+2e+7 + E —71) =+(2¢+ E'),
0264+ F)=25+m+F —1 =20+ F,

O(=20+F)=-20—m+F' — 7 2 —204+F — 219 = -2+ F".
——

eFr'—2F’
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Moreover, denoting the bilinear forms defined on U @ U and U @ V respectively
by (-,-) and (-,-)’, we have

(p(u), p(v)) = (u,0) (w0 € UB).
These, together with the fact that ¢(R?) = o(T) = ¢(T) = T' = (R')° imply that
¢ defines an isomorphism from R(T, E, F, K) to R(T", E', F', K').

(ii) Suppose that the conditions of (ii) occur and define

p:UsU—UaYV,
2¢+ 0 +— —2¢+ 11 +Y(0),
20 +0—=20+12+ (o) (0€l).

Then

o(£(2¢+ E)) =+(-2c+7 — E' —71) = F(2e + E),
026+ F)=2+T1+ F —19=20+ F',
(254 F)=-20—m+ F -7 95 4 F' 27y = 25+ F,
~——
EF/=2F"
and for t1,ts € {£1}, we have

@(t16+t25+K) 7t1€+t25+ 2 7'1+§7'2+K,

T+ T2 tatiy
2 + 2

—tie+t0 + K.

= —tie+t20 — 7+ K’

K’ group

We also have
p(R%) = (R)" and (p(u),¢(v))' = (u,0) (u,veUaU).
So ¢ defines an isomorphism from R(T, E,F K) to R(T’7 E' F' K').
(iil) Suppose that the conditions of (iii) occur and define
0:UU—UaYV,
2e+0—=20+7 +9Y(0),
20+o0—2e+1+(0) (0el).

Then as in the previous cases, for ¢1,ts € {£1}, we have

@(t16+t2(5+K)—t15+t26+ 27'1+ 2T2+K/—t1(5+t26+Kl
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and

(X2 +E)=+(20+71 +F —71) =420 + F') = 25 + F,
020+ F)=2c+1+E —10 =2+ E',
P(=20+F)=-2c—1o+E — 1 $2) —2¢+FE' — 21 = —2¢—FE'.
————
€E'—2E’
Moreover, we have

p(RY) = (R)’ and (p(u),p(v)) = —(u,v) (4,0 €UaU),

i.e.,  is an isomorphism from R(T,E, F,K) to R(T’, E' F' K').

Conversely, assume R = R(T,E,F, K) and R’ = R(T’,E’,F’,K’) are iso-
morphic. Denote the bilinear forms on the underlying vector spaces UaU and UsV
respectively by (-,-) and (-, -)’. So there is a linear isomorphism : U®U — UGV
and a nonzero scalar r such that

p(R) =R and (p(u), () =r(u,v)
for u,v € U @ U. Since ¢(R) = (R')°, we have
(3.2) o(T)="T'.
Moreover, there are linear transformations

C:U—U, n:U—V, :U—V
such that '

pla+0) = (@) +n(d) +¢(o) (aeU, oel),
¢ is an isomorphism from R to R and 1) is a linear isomorphism. Since
—1=(26,20) = r(¢(29),¢(29))’,

we get either » = 1 or » = —1. In the former case, we have
(({£e}) = {£e} and (({£6}) = {0},
and in the latter case, we have
(({£e}) = {£d} and (({+0}) = {£e}.
If r =1, we have

C(2€) + n(2¢) + () = p(2¢ + E) € +(2¢ + E'),
€(20) +n(20) + ¥ (F) = ¢(20 + F) € {26} + F',
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and also
Cle+0)+ne+d) +(K)=ple+d+K) € +etd+ K'.

So setting
71 :=n(2¢) and 7o = n(20),

one of the following occurs:

e Y(E)=F' —71,Y(F)=F —rand ¢(K) = K'— (11 +72): Since 0 € FNK,
these imply that 7, € F' C K’ and (71 + 72) € K'; in particular, as K’ is
a group, we have ¢(K) = K’ and 71 = (11 + 72) — 72 € K’. So by (3.2), the
conditions stated in (i) are fulfilled.

e Y(E) = —E' — 1, Y(F) = F' — 75 and ¢(K) = K' — (71 + 72): As in the

previous case, 71,72, 3(11 +72) € K’ and ¢(K) = K’. So the conditions stated
in (ii) are satisfied; see also (3.2).

If r = —1, we have

C(2€) +n(2¢) + Y(E) = p(2¢ + E) € £25 + F,
C(20) +n(20) + Y(F) = (26 + F) € +(2¢ + E)

and
Cle+d)+ne+d) +Y(K)=ple+d+K)e+etd+ K.
So setting
71 :=n(2¢) and 7 =n(29),

one of the following occurs:

e Y(E)=F -1, ¢(F)=E —15 and ¢¥(K) = K’ — $(71 + 72): These together
with the fact that 0 € F N K imply that 7 € £/ C K’ and %(71 +73) € K'.
Since K’ is a group, we have (K) = K’ and 11 = (11 + 72) — 72 € K i.e,
recalling (3.2), we get the conditions stated in (iii).

e Y(E)=F —1,$(F) = —E' — 15 and Y(K) = K' — 1(71 + 72): Since 0 € F
and K is a group, we get —m2 € E' C K', (11 + 1) € K’ and ¢(K) = K'. So
for 75 == —m5 € E', we have ¢(F) = (—F) = E' + 7 = E' — 74. Moreover,
since K' is a group, we have (1 +74) = 3(11 — ) = (1 + 1) — 1 € K'.
In fact, we have 71,74, 3 (1 +74) € K',

Y(E)=F -7, $(F)=FE -, Y(K)=K ad (T)=T"

In other words, again, we get the conditions stated in (iii). This completes the
proof. O
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Example 3.2. For a quadruple (U, G, T, 7) in which G is a subgroup of the vector
space U, T C U and 7 € U with U = spang(T" U {7}) and G C T = -T C
G U (G +£27), set

R=R(T,G,7) =TU(RX+G)U(RL+G+T1)CU.

It is easily seen that R(T,G,7) is a tame irreducible extended affine root super-
system of type C(1,1) in U @ U. Furthermore, we claim that if U # spang T,
then T = G. In fact, if T # G, then since G C T C G U (G =+ 27), there are
r ==+1 and g € G such that g + 2r7 € T, so 27 € T — rg C spanp 1. Therefore,
U = spany(T U {7}) = spany T. We moreover note that if 7 € G, then T'= G and
R = R+ G. In particular, if o, 8 € Ry with (a,8) # 0, then a4+ 3,0 — 3 € R.
This phenomenon does not happen for affine reflection root systems [2, §1.2.6].

Theorem 3. Suppose that quadruples (U,G,T,7) and (V,G',T',7") satisfy the
same conditions as stated in Example 3.2. Then R(T,G,7) ~ R(T',G', ") if and
only if there exist 01,09 € V and a linear isomorphism ¢: U — V' such that

e 201,205 € G,

o Y(T)=T,9Y(G)=G and (1) € G £ 7' + 01 + 02.
Proof. Denote the bilinear forms defined on U @ U and U @V respectively by ()
and (-,-)" and suppose o1, o2 and ¢ are as in the statements. Define

p:UsU—UaYV,
e—etoy, 0—d+oa, o Po) (ocel).

Then for t1,ty = 1, we have

(p(?tlﬁ + G) = 2t16 + G/ + 2t10’1 = 2t1€ + G/,
©(2t20 + G) = 2t20 + G’ + 2t209 = 2t26 + G

and as G’ is a group with 201,205 € G', we get
Q(tie+ta0+7+G) € tie+ta0+t101+t202+ T +01+02+G = tie+t20+£7 +G'.
Also, we have

(p(u), o)) = (u,u’)  (u,u' € U@ U).

These together with the fact that p(T) = (T) = T’ imply that ¢ defines an
isomorphism from R(T, G, 1) to R(T",G’, 7).

Conversely, assume R := R(T,G,7) and R’ := R(T',G’,7') are isomorphic.
So there are a nonzero scalar r and a linear isomorphism ¢: U @ U — U ® V.
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such that

p(R) =R and (p(u),p(u) =r(uu) (u,u' €UaU).
This gives that there are linear transformations

¢:U—U, n:U—V and ¢:U—V
such that
i+ 0) = C(@) + (@) + (o) (GeU, o).
In particular, ¢ defines an isomorphism of R and
U(T) =%(R%) = p(R") = (R))’ =T".
Set
o1 =-n(e) and oy = —n(d);

then we have

¢(2€) — 201 = p(2¢) € R and ((26) — 202 = ¢(26) € R'.

So
201,209 € G.

Moreover, we have
C(2€) +n(2€) +¥(G) = p(2¢ + G) C RX + G'.
Since ((2¢) € {42¢, £25}, it follows that
»(G) =G".
Finally, we have
() +C0) —o1 —oa+ (1) =ple+d+T) Ete£d£T + G,

which gives
(1) € G £ 7' + 01 + 09.
This fulfills the conditions stated in the statement.
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O

Theorem 4. Fach tame irreducible extended affine root supersystem (V,(-,-), R)
of type C(1,1) has an expression as R in Examples 3.1, 3.2. Moreover, if spany R"
# VO, then for a, 8 € Rys with (o, ) # 0, one and only one of a+ B and o — 3

is an element of R.
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Proof. Suppose (V, (-, ), R) is a tame irreducible extended affine root supersystem
of type C(1,1). As in (2.5) and (2.6), for R = {0,+2¢,+2n, +¢ + n}, which is
an irreducible finite root supersystem of type C(1,1) with (¢,n) = 0, ({,¢) =
—(m,m) =1 and IT = {{ — n, 2n}, there is a class {54}, of nonempty subsets of
V0 such that
R=|J(a+Ss) with0€ S5 (& €II).
GER
Since 0 € S¢—yy N Say, Fact 2 implies that

Say = S-2n9;  Scn = Sctny  S¢on =S¢
Also as R = —R, we have

Sgc = —S,QC and SCin = _S*Cin'

Set

E1 = SQ(, F = Si2n and K = SCin-
So
(3.3) R*=%(2(+E)U(E2n+ F)U£((£tn+ K)
with
(3.4) 0 F=—-F and 0€K.

We continue the proof in the following steps.
Step 1. We have the following:
(a) By —2E, C —E,, F-2FCF, B, —KCKand K — F C K.
(b) K = Ey UF. Moreover,
K is a subgroup of V% <= K = - K <= F, \ (E, N —E;) C F;
in particular, if £, = —FE;, K is a subgroup of V°.

Reason: (a) Fact 1 implies that Fy — 2E; C —F; and F — 2F C F = —F. Next
assume x € K,y € Ey and z € F. Since (2(+y,(+n+z),(—2n—2,(+n+z) #0
while 2¢ + (€ +1), =217 — (¢ + 1) € R, from (S5), we have

(—n+y—x=020+y)—((+n+z)€R,
(—n—z+zxz=(-2n—2)+(+n+z) €R,

which in turn implies that

E,-KCK and K- FCEK.
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(b) Since 0 € K and F' = —F, (a) implies that Fy U F C K. Now suppose
x € K; then (+n+ 2, ( —n € R. So (S5) implies that either 2 + x € R or
2n + x € R. Therefore, either xz € E; or x € F; in other words, K = E; U F.

Next suppose K is a subgroup of V?; then K = —K. Conversely, suppose
K=-K,so

E1—-KCK K-FCK & K=E|UF
—_

K=-K K-FE CK

K- KCK,

i.e., K is a subgroup of V°.

To complete the proof of this step, we need to show that K = — K if and only
if By \ —E; C F. First assume K = —K. Since —F; C —K = K = F; UF and
F=-F,ifx € Fy\—Fy, then —x € K\ Ey,s0 —x € F;ie, E1\(E1N—E;) C F.
Conversely, suppose F1 \ (E1 N —E;) C F; then as F = —F, we have

~K=-E,U-FC(EiN-E)U-FCE U-F=FEUF=K

as we desired.
Step 1(a)

Step 2. Letc e Ey C K andset F:=F, —cCFE;— K C K. Then

(a) 0e FNE,2E - ECE,2F — FCF.
(b) Set e:=(+ ¢ and L := K — Z; then
R* = (£2e+ E)U (£2n+ F)U (e £ n+ L).

(€) ~L=L=(E+§U(F -9

(d) FEUFC(E-E)U(F—-F)CR'CK-—K and V° = spang(R° U {0}).

(e) Suppose o & spang R?. Then for a, 3 € Ry with (a, 8) # 0, one and only one
of @« + f and o — 3 is a root; in particular, we get the last assertion of the

theorem.

Reason: (a) Since 2n € R and ¢ € Ey, we have 0 € E N F. Using Step 1(a), we
have
E1—2E1 Q—El and F—2F§F7

SO
E—2E:E1—0—2(E1—U):E1—2E1+0§—E1+a:—E.

Since 0 € EN F, these imply that F = —F and F' = —F and consequently
2E—-FCFE=—-F and 2F-FCF=-F.
(b) We first show that K — o = —K. In fact, we have, using Step 1(a), that

K-0CK-F C—K.
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Also using (3.3), if 7 € —K, we have —( + 1+ 7 € R and as 0 € E;, we have
2(+0c€R But (—C+n+71,2(+0)#0and (—C+n+7)—(2¢(+0) € R, so we
get from (S5) that ( +n + o + 7 € R, which in turn implies that ¢ + 7 € K. In
other words, 7 € K — o; that is

—-KCK—o.
Therefore, we have

g ag (o2 ag
L_K—i_K—a+§_—K+§_—(K——)_—L.

Use (3.3) and recall that € = ¢ + § to get
R*=x(2(+FE)U(£2n+ F)Ux(( £ n+ K)
=+ (2(c+2)—o+B) v+ P UE(CEn+ S - T+ K)
=+ 2e+E)U(£2n+ F)Ux(etn+L).
But we have already seen that F = —F and L = —L, so we have
R* =(£2e+ E)U (£2n+ F)U (et n+ L).
(¢) We know from Step 1(b) that K = E; U F. Therefore, we have

p=g= (5= g)u(r=) - (=D (r-9)

- (e+5)u(e-3)

(d) Assume z,y € E, since by part (b), 2¢ + x,2¢ + y € R, the root string
property implies that  —y € R°. Similarly, F —F C R°. Soas 0 € ENF, we have

(3.5) FUFC(E-E)U(F—-F)CR"
Also as R is tame, we have R C R* — R*. So we get
ROC(E-E)U(F-F)U(K-K)CK—-K.

For the last assertion of (d), suppose that v € V? C V = spang R. Since
spany R C spang(R* U (R* — R*)), (3.3) implies that

Step 1(b) E=E

v € spang(E; U FUK) spang(E; U F) "~= "7 spang(E U F U {o}).

Therefore, we have
VY C spang(EUF U {o}) C VY.
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So
(3.5)
VY =spang(EUFU{c}) C spang(R°U{c}) C V°
as we desired.

(e) Let o ¢ spang R® and «, 8 € Ry with (a, 3) # 0. Then by (S5), either
a+p € Ror a—f € R. To the contrary, assume both a4+ and av— /3 are elements of
R. Using parts (b) and (c), without loss of generality, we assume o = e+n+7+7%
and f =e—n+71' + 5%, where 7,7/ € EUF and r,s € {£1}. Therefore,

g

a+5=2e+(7’+7'/)+(7“+8)2, 04—52277—1—(7—7')—1—(7“—3)%61?.

So by (3.5), (t+7)+(r+s)g € ECR’and (r—7')+ (r—s)g € F C R°. Since
7+ 7',7 — 7' € spany R, it follows that o € spany R, a contradiction.

Step 3. If E; \ (F1 N —E;) C F, then R has an expression as in Example 3.1.
Reason: If B4\ (E1N—E;) C F, then by Step 1(b), K is a group. Moreover, picking
o € E1 C K, by Step 2(d),

(By —E)U({F-F)=((E1—0)—(E1—0))U(F-F)CR'=-R'CK
and so again using Step 2(d), together with the fact that o € F; C K, we get
VY = spang(R° U {0}) C spany K C V°.
Also by (3.3), we have
R* =42+ Ey) U (£2n+ F)U (£( £ n+ K).

These together with Step 1 and (3.4) give that R has an expression as in Exam-
ple 3.1.

Step 4. If F1 \ (E1 N —FE;) € F, then R has an expression as in Example 3.2.
Reason: Fix 0 € E1 \ (—FE1 U F) and set E = E; — 0. For

e::§+% and 9§ =7,
Step 2 implies that
(36) E=—-ECKN-K and R*=(+2c+E)U(£20+ F)U(£etd+ L),

where L = K —
following stages:

% = —L. We complete our argument in this step through the
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Stage 1. 2E C F and 2F C E: Suppose that t €¢ E = —F C —K N K. Then
a::e+5+$+g66+5—K+%:e+5+LgR,
Br=e—d—a+Zce—d-K+Z=e—d+LCR

Since («, 8) # 0, by (S5), we have either a+5 = 2¢4+0 € Ror a— = 26+2zx € R.
If 2¢ + 0 € R, we get 0 € E = E; — ¢ which in turn implies that 20 € F;. So

0=20—-20€2FE, — FE; C E.

Therefore, —F; = 0— E; C 2Fy — Ey C E4y, which implies that 0 € E; = —F1, a
contradiction. So aw — 8 = 2§ + 2z € R, that is, 2z € F by (3.6) as we expected.

Next assume y € F' = —F C K N —K. Then as above a :== ¢ +0 +y — 3,
B = —e+d—y—95 € Rwith (a, ) # 0, which in turn implies that either a+3 € R
ora—feR Ifa+=2)—0 € R, we get 0 € F, which is a contradiction. So
a — 8 =2e+ 2y € R, which in turn implies that 2y € F; see (3.6). So 2F C E.

Stage 2. E is a subgroup of V?: To the contrary, assume there are x,y €
FE=—FE CKnN-—K such that x —y € E. Since

o o (3.6)
a=etdteto,  f=-—erdtytg € R
—— ——"
€-K+g%=L €—K+g%=L

and (o, 8) # 0, (S5) implies that either « — 5 € Ror a4+ 8 € R. Since x —y € E,
we have a — 8 =2¢+ (r —y) € R, s0 a+ 3 =20 + (z +y) + 0 € R. Therefore,
(r+y) + o € F and so by Stage 1, 2z + 2y + 20 € E. This implies that
Step 2(a)
20 =(2x+2y+20)—2c -2y E—2E—-2E C E.
But this implies that —20 € —F = F = F; — o, that is, —o € E1, a contradiction
asoc € By \ (—E1UF).

Stage 3. F is a subgroup of V°: To the contrary, assume there are z,y € F
with z —y ¢ F. Using the same argument as in Stage 2, for a == e+ +x — F,
B=e—-0+y—FcRasx—ygF, wehave a + 3 =2c+ (z+y) — o € R. This
implies that (z +y) — o € E and so by Stage 1, 2z + 2y — 20 € F'. Thus, we have

—20=2r+2y—20)—2x—2yc F—2F —2F C F' = —F.
Therefore, Step 1 gives
—o0=0—-20€c F1 - FCK-FCK=EFE|UPF.

So either —o € F or —o € Fy, i.e., either o0 € F or —o € Ey, which both result in
a contradiction as 0 € E1 \ (—E; UF).



EXTENDED AFFINE ROOT SUPERSYSTEMS OF TYPES C(I,J) AND BC(1,1) 109

Stage 4. E = F: We first show that F' C E. To the contrary, assume there
isye F\EFand fixe e EC KN-K. Then since ' C K and L = -L =K — %
(see Steps 1, 2), we have

a::e+6+y—g, ﬂ:ze—5—|—x+%€R.
S~—— S~
€K—g=L €-K+g=L

But («, 8) # 0, so by (S5), either o458 € Ror a—f € R. If 2¢+(z+y) = a+8 € R,
we have x4y € E, which together with Stage 2 implies that y € F, a contradiction.
Also, if 20+ (y—2z) —oc=a—f € R, we have y — x — 0 € F = —F. Therefore,
as F'is a group and y € F', we have x + 0 € F and so we get, using Stage 1, that
2z 420 € FE, which implies that 20 € E as F is a group. But we have already seen
in Stage 2 that 20 € F implies that ¢ € —FE7, a contradiction.
We next show that E C F. To the contrary, assume there is y € E'\ F and
fix x € F. Then as above, since
a::e+6+y—|—%, ,8::—6—!—54—:6—%6}{
—— ——
€-K+Z=L €EK—-5=L

and (a, 8) # 0, we have either a+8 € Rora—f € R.If 26+ (y+z) = a+8 € R,
we have y + x € F. Since F is a group, this implies that y € F', a contradiction.
Also, if 2¢+ (y—z)+o0=a— 5 € R, we get y — x + o € E. Therefore, we have
—x 4+ 0 € E and so by Stage 1, we have —2x + 20 € F. But F is a group, so we
get —20 € F. This gives a contradiction as we saw in Stage 3.

Stage 5. R has the expression of Example 3.2: By (3.6), Stage 4 and Step 2(c),
we have
. . o
R=R"U(RX+E)U <R§S+Ei§).
Since 2¢ + E C R (in particular, 2¢ € R), the root string property implies that
E C RY; also as R is tame and E is a group, we get

ECR®=-R®=RN(R*—R*) C (EfE)u((Eig) 7<Ei%>) C EU(E+0).

Furthermore, we know from Step 2(d) that spang(R® U {c}) = V°. So R has the
expression as in Example 3.2. This completes the proof. O

§4. Type C(L,J) (|I| =2 1, |J]| = 2)

From [7, Thm. 2.2], we know a description of tame irreducible extended affine
root supersystems of type C(J,I) ~ C(I,J) when |J| > 2 and here we want
to find a description for tame irreducible extended affine root supersystems of
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types C(1,2) ~ C(2,1) and C(2,2). As arguments giving descriptions of types
C(2,2) and C(1,2) ~ C(2,1) are similar and also work for the general type C(I, J)
(I| = 1, |J| > 2), we give a description of the general case and, moreover, we
determine the isomorphic classes.

Convention 4.1. Throughout this section, we suppose I and J are index sets
with |I| > 1 and |J| > 2. We always assume 1 € I and 1,2 € J. Moreover, if
|[I| > 2, we assume 2 is also an element of I.

Suppose that (U, (-,-), R) is a locally finite root supersystem of type C(I,.J).
Without loss of generality, we assume R has the expression as in (2.3), that is,

R={%e e, 0, £ g, £, |i,5 €I, pge J}
with (€5, 8,) = 0, (€5,¢;) = bij, (8p,04) = —0pq (i,j € I, p,g € J) and Ry = R'U
R?, where
R':={+e;te;|i,jel} and R*:={£5,+£0,|p,q€ J}.
Next assume U is a vector space. Let L1, Lo and F' be subsets of U satisfying
0ely, L;—2L;,CL;, L;+FCF (i=1,2),

(i) L1+2FQL1 (lf |I| 22)7 LQ-FQFQLQ and F:Ll ULQ.

Extend (-, -) to a form on U @ U such that U is the radical of this new form. Recall
(2.4) and set

R = R(F,Ll,LQ)

(4.1) . ) . . .
= FU (((Rre)sh U Rns) + F) U (Rj, + L1) U (R, + Ly) if [I]| > 1
and
R =R(F, L1, L
(4.2) (F Ly, L)

= FU((R%, URy)+ F)U(RY + L1) U (RY + Ly) if |I] =1

Then using Remark 2.2, it is readily seen that R is a tame irreducible extended
affine root supersystem of type C(I,.J).

Theorem 5. Suppose that (V,(-,-),R) is a tame irreducible extended affine root
supersystem of type C(I,J). Then R has an expression as R(F, Ly, La); see (4.1)
and (4.2).

Proof. Assume (V, (-,-), R) is a tame irreducible extended affine root supersystem
of type C(I,J). Keeping the same notation as in the text and recalling (2.5) and
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(2.6), we may assume
Hz{?ehq €1,0p, —€e1 | 1#£i e, pEJ}

and

R=J(@a+Ss)

GER

for some nonempty subsets Ss of V0.
Step 1. Recall that R! = {+¢; +¢; | i,j € I}. For 4,3 € (R")* with (&,d) =
(B, ﬁ), we have 0 € Sy = SB: We know that R! is an irreducible locally finite root
system of type Cr and B := {2¢1,¢;—€; | 1 # i € I} is a reflectable base of R in the
sense that (Rl)X = WpB in which Wpg is the group generated by the reflections
o (€ B). Since B CII C RN R and (R')* = WgB, Fact 2 implies that 0 € S
for all & € (R')*. Since (R')* = WgB, for &, € (R")* with (&,a) = (6, 5),
there is w € Wp with w(&) = 8, so again using Fact 2, we get Sg = Sg.

Step 2. For p # q € J, we have 0 € Si5,4¢,: Using Fact 2, we get
(4.3) Se1—6, = Sy (e1—8,) = S—e1-5,-

Set & = —e; — 0p and 5 = €1 — 04. Using Facts 3, 4, we have S_¢, _s, +S¢, -5, C
S_s5,-5,- But eg —dp,e1 — 64 € I C RN R which in turn, together with (4.3),
implies that

(4.4) 0e 561,(;? N 551,511 = S,q,gp N Selﬂsq.

Then we get
0€S -6, + S5, S5 6,-5,

This, together with Fact 1 and the fact that r_5, s, (e1 — 0p) = €1 + &4, implies
that Se, 15, = Se;—5,- S0 0 € Sc, 45, by (4.4). Changing the roles of p and ¢, we
get 0 € S, 4s,; in fact, we have using (4.4) that

(4.5) 0 € Sey+5, N Sey6,-

Since for t1,ty € {1,—1}, (e1 + t16,) + (e1 + t2d,) & R, we get using Fact 3 that
Sert15, = Sey+t25, € St16,—128,; in particular, (4.5) implies that 0 € St5, 45, .

Step 3. Fori € I and p € J, we have
0e F = Sgl_el = S:I:e;,:l:é,,:
We first note that §; —e; € 1 C RN R, so

0e 551_51 =F.
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Next suppose p # 1; since r5, 45, (€; + 6p) = €; F 01, we get S, 5, = Se, 75, Dy
Fact 2 and Step 2; i.e.,
S€i+6p = Sei+o1 = Se;—61-

So Fact 2 implies that

S*6i+51 = STQFi(Ei"I‘(Sl) = Sfi+51 = 561*51 = S"‘Qei(ei_él) = S*Eifisl
and

S_eiv6, = Srac, (cit+8,) = Seits, = Sei—51 =Sy 5 (ei—61) = Pei=5,

:Sm‘i(e,;fép) = S,q,gp.

This completes the proof.

Step 4. Recall F' from Step 3. We have FF — F C F and for i # j € I and
p#qeJ,
F=Sic+e; = Sts,+6,:

Suppose t,t1,ts € {£1} and set & = te; +t1€; and 8= te; +1t20,. Since (o'z,,@) #0
and & + 3 ¢ R, Fact 3 implies that

Steittre; — F' = Ste;ttre; — Ste;+t26, S Stye;—ta5, = F.
Since 0 € F' by Step 3, this means that
Stete; CF.
One also knows that (¢; + d,) + (¢; + 0,) € R, so again using Fact 3, we have
F—F=584s5,—Sec;+5, € Se;—c; CF;

but 0 € F, so these, all together with Step 1, imply that F — F C FF' =S, _., =
Ste,+e;- The same argument implies that F' = Si5 45, -

Step 5. For i € I and p € J, we have
Ly = 5261 = S:I:Qei and Lp = 5251 = Si25pi
It follows from Fact 2, Steps 1, 4 and the fact that for p # 1,
rs,5,(201) = £26, and rs,ys, (202) = —201.

Step 6. We have 0 € L; and L; — 2L; C L; for ¢ = 1,2; in particular, L; = —L;:
From Step 1, we see 0 € Ly. For the last assertion, suppose & = 3 := 2¢;. Then
Fact 1 implies that L; — 2Ly C Lq. Similarly, we get Lo — 2Ls C Lo.
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Step 7. We have Ly + 2F C Ly and if |I] > 2, L1 + 2F C Ly: Set 8 = 20, and
& = §; + d2 and use Fact 1 to get

Sas, — 255,45, = S5 — 254 € S_26,.

By Step 4 and Fact 4, we have Sy = F' = —F and by Step 5, we have Ly = Sys, =
S_2s,, S0 we get Lo + 2F C Lo. If |I] > 2, setting § := 2¢; and & = €1 + €5 and
using the same argument as above, we get L1 + 2F C Ly as we desired.

Step 8. L,+ F C F (i=1,2) and F = L U Ly: Contemplating Step 3 and using
Fact 1 by taking & := 26; and 3 := ¢; — 01, we have F + Ly C F. Similarly, we
have F' 4+ Lo C F'; in particular

as 0 € F. For the last assertion, suppose o € F. We have a = ¢; + §; + o,
B =€ — 01 € R; see Step 3. Since («, 8) # 0, by (S5) we have either a+ 8 € R or
o — € R. This implies that either o € Sy, or o € Sa5,. Therefore, ' C Ly U Ly
and so we are done.

Summarizing our result, there are an abelian group F C V° and subspaces
L., Ly C F with

0ely, L;—2L;CL;,, L, +FCF (i:1,2),
F=1LyUlLs, L1+2Fngif|I|Z2 and Lo+ 2F C Lo

such that
R=R%U (((Rre)sh U Bns) + F) U (R, + L1) U (R}, + L2)
if [I] > 1 and
R =RV U((R4 U Rns) + F)U (RY, + L) U (R}, + L)
if |[I| =1, where
R'={tete;li,jel} and R*={£s,+d,|p,qe J}.

Since R is tame, we have R® C RX — R*, so we get RO C F — F C F. On
the other hand, for & := §; + d2 and o € F, we have & + 0,& € R and so the root
string property implies that o € R; i.e., F C R°. Therefore, we have R® = F. So

R=R(F, Ly, Ly).

This completes the proof. O
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Theorem 6. Assume U and V are vector spaces and F,Li,Lo C U, as well
as F', L}, L}, C V, satisfy the same conditions as in (f). Then R(F, Ly, Ls) and
R(F', L}, Lb) are isomorphic extended affine root supersystems in USU and UV
respectively if and only if there are 71,75 € F' with (11 + 1) € F' and a linear
isomorphism : U — V' such that if |I| # |J|, then

Y(F)=F" and (L;)=L,—7 (i=1,2)
and if |I| = |J|, then
Y(F)=F" and ¢(L)=L; -7 ({i,j}={12}orl1<i=j<2).

Proof. Suppose that R(F, Ly, Ls) and R(F’,L’I,Lé) are isomorphic. We denote
corresponding bilinear forms on the underlying vector spaces respectively by (-, -)
and (-, -)’. Then there are a nonzero scalar r and a linear isomorphism ¢: UGU —
U @ V such that

©(R) =R and (u,v)=r(ou), o)) (u,velUaU);
in particular, o(U) = V (equivalently, ¢~(V) = U), so there are linear maps
(4.6) C:U—U, n:U—V and ¢:U—V
such that ¢ and 1 are linear isomorphisms and
oli+ o) = (@) + (i) + (o) (€U, o €l).

In fact, ¢ defines an isomorphism from R to R. Since for p,q € J with p # q,
Op — 0g € RN R, we have

=2 = (0p = 0q,0p — 6g) = 7(C(dp — J4), C(Jp — 0g))',
we get either » = 1 or r = —1. In the former case,
({teliel}) ={te|icl} and (({£d,[peJ})={£d |pe S},
and in the latter case,
(e i€ I} = {6, |peJ} and C({£0, [pe}) = (e |ie I}

in particular, in the latter case,

1| = [J].
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Case 1. r = 1: In this case,

o({xd, o, |pF#qgeJ}+F
o({xe; £6,|iel,pe J}+ F
o({£2¢; | i€ I} + Ly
e({£20p [p € J} + Lo

={£6, £ |lp#qcJ}+F,
={te;£6,|icl,peJt+F,
={+2¢ |i eI} + L,
= {20, | pe J} + L.

(4.7)

—_— — ~— —

For v = n(d1 — d2), we have ((61 — d2) +v = p(61 — d2), so we get using (4.7) that
v € F’ and

C(01 = 02) + F' = (01 — 02 + F) = ((61 — d2) + v + ¢(F).
This implies that
(4.8) GF)=F —y=F
as F' is a group. Also, setting
11 :=1n(2¢1) and Ty :=n(201),
we have
@(2e1+L1) = ((2e1)+n(2e1)+(L1) and  ©(201+La) = ((201)+n(261) +(L2).
This together with (4.7) implies that
Y(Li) =L;—7 (i=1,2).
We know that
ULy =F " y(F) = (L U Ly) = (L} — m1) U (L) — 7).
But F’ is a group, so this implies that
71,79 € F'.
Again using (4.7), we have
Cler+61)+ F =g+ 01+ F) = (e +01) +nler+ 1) +(F)
(4.8)

1
= C(Gl +51) + 5(7‘1 +T2) +FI,

so we get

1
5(7’1 +T2) S F/.
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Case 2. r = —1: In this case, |I| = |J| and

e({£p £dq |p# g€ J}+ F
o({tei+d,|iel,pe J}+ F
o({£2¢; |i € I} + Ly
e({£20p [p € J} + Lo

={teite i jel i+ F,
= {teait6,|iclpeJ}+F,
={£26, |p e J} + Lj,
— {42 |ie I} + L.

(4.9)

—_— — ~— —

Recall (4.6) and set
T =1n(261) and Ty = n(261);

then we have
©(261 + L1) = ((2¢1) + o+ (L1) and (201 + L1) = ¢(261) + 11 + ¥(L2).
This together with (4.9) implies that
e(Li) =Ly =7 ({i, 5} ={1,2}).
Also as in the previous case, we have
Y(F)=F" and 7,7 € F' with %(ﬁ +71) €F.

Conversely, suppose that there is a linear isomorphism ¢: U — V', as well
as 71,72 € F/ with 1(71 + 72) € F’, such that

Y(F)=F" and ¢(L)=L,—7 (i=12).
Define

e:UsU—UaYV,
2, +0—2¢,+71+9Y(0) (i€el,ocel),
20, +0 —20,+m+Y(0) (pedoecl).

Then as for i = 1,2, L} C F’ and L, — 2L, C L}, for j € I and p € J we have

<p(2ej +L1) = 2€j +T1 +L’1 —T1 = 26j +L/1,
@(—2@ +L1) = —2€j — T +L/1 -7 = —2€j +LI1 — 21 = —26j —|—L/1,
©(20, + Lo) = 26, + T2 + Ly — 10 = 20, + L},
)

(,0(—26;0 + L2 = —2(51, — To + LIQ — Ty = —2517 —|—L/2 — 27’2 = —2(51, —I-LIQ
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Also, as F' is a group, for t1,ty € {£1}, for i # j € I and p # q € J we have

t t
o(tie; + 120y, + F) =t1e; + 517'1 + tadp + 25+ Y(F)

2
t t t
=1t1€; —|—t2(5p +FI + 51(7'1 +T2) + (52 — 51)7'2
~——
€{0,+1}

=t1€; + t2(5p + FI;
similarly, we get p(t1€; + tae; + F) U p(t16, + t204 + F') C R. Moreover,
(u,0) = ((u), p(v))" (u,v € USU).

This means that ¢ is an isomorphism from R(F, Ly, L) to R(F’, L}, L}).
Finally, assume |I| = |J| and that there are a linear isomorphism ¢: U — V
and 71,79 € F’ with %(Tl + 72) € F’ such that

Y(F)=F and o(L;) = L;- -7 ({i,7} ={1,2}).
Without loss of generality, we assume I = J and define

o:UU—UsV
2€Z‘—|—O'—>25Z‘+Tg+w((f) (iEI,UEU),
20 +0—2¢;+71+¢(o) (i€l,ocel).

So as in the previous case, we get that ¢ is an isomorphism from R(F7 Ly, Ls) to

R(F', L}, L}). O

§5. Type BC(1,1)

Suppose that (U, (-, -), R) is an irreducible finite root supersystem of type BC(1, 1).

Without loss of generality, we assume (U, (-,-), R) is as in (2.3), i.e.,
R = {#e, £0, +2¢, +20, +e + 6}

with

(e,6€) =—(4,0) =1 and (¢,9)=0.
Suppose that U is a vector space and S, F', E; and E5 are subsets of U satisfying

0esS, S—-25CS, F+25CF,
(1) E,+SCS, E;,—2E,CFE;,, E+4SCE; (i=1,2),

F' is a subgroup of U and F = E; U Fs.
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Note that we have
(5.1) S=-5 and E;=—-E;CS (i=1,2) (in particular F C S).
Set

R(S,F,Ey,Ey) = (8 — S)U ({£e, £6} + S) U ({£e £} + F)

and extend the form (-,-) to U @ U such that U is the radical of this new form.
Then one can easily check that (U ®U,(,-),R) is a tame irreducible extended
affine root supersystem of type BC(1,1) in UaU.

Theorem 7. Each tame irreducible extended affine root supersystem of type
BC(1,1) is of the form R(S, F,Ey, Es).

Proof. Assume (V, (-,-), R) is a tame irreducible extended affine root supersystem
of type BC(1,1). As in (2.6), for R = {+e, 0, +2¢, £26, e+6} and IT = {e—4, 5},
we have
R=J(@+Ss)
GER

for some nonempty subsets S of V0. As II C R, we have in particular that
(5.2) 0€Sc_sNSs.

Since (e —0) —6 ¢ Rand (e—6)+e &€ R, foroc € S._5, 7 € Sy and v € S,
(equivalently, —y € —S_, by Fact 4), we have

(e—0+0)—(6+7)¢R and (e—6+o0)+(c+v) &R
and so by (S5),
e+(o+7)=(e—0+0)+(0+7) € R and (—6+0—7)=(e—d+0)—(e+7v) € R.
This gives that
(5.3) Ses+S5CSe and Se_s+ S_e C S_g;
in particular, we get using (5.2) that

0€S5CS and —S.=85_.CS5 s=-5;.

So we have

(5.4) 0=.S55=25..
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Therefore, Fact 2 implies that
F = Sci5 = Srs(c=5) = Se—6 = Sr.(c=5) = S—e—6 = Srs(—ets) = S—e+6;
and

S_e=8.0=5,  S_5=>58m =5
S_9e = re(2€) = Soe, S_25 = ST6(25) = 525

So (5.2) and (5.4) imply that

(5.5) 0eF=544s and 0€85:=5;=55=8.=5_.

Set Ey := Soe = S_g. and Ey := So5 = S_35. So (5.5) implies that

(5.6) R* = ({%e,£0} +S)U ({LeL£d}+ F)U ({£2e} + E1) U ({£20} + E2).
Using Fact 1, we have

(5.7) S—-25CS, F+2SCF, F+4+E;CF (in particular, E; C F),

Moreover, for o € F', we have e+ 0 + 0, —d € R, so by (S5), either 2¢+ 0 € R or
26 + o € R. Thus, we get either o € F; or o € Es, in other words, F' = E; U Fs.
In particular, as F + E; C F and E; = —F; (i = 1,2), we get that F is a group.
To complete the proof, we just need to show that R® = S —S. Since R is tame,
we have R C R* — R*. By using (5.6), (5.7) and (5.1), we have R® C S — S.
Also, since for o,7 € S, e + 0, + 7 € R, the root string property implies that
o—71€RY thatis, S — S C R°. So R® = S — S. This completes the proof. O

Proposition 8. Suppose that U and V' are vector spaces and S, F, E1, E5 and S’,
F', E{, E} are subspaces of U and V respectively, satisfying the same conditions
as in (#). Then R(S,F,Ey, Ey) is isomorphic to R(S',F', E} Eb) if and only if
there are 0 € S', 7 € F' N (S"+ S") and a linear isomorphism ¢: U — V such
that one of the following occurs:

(1) ¢(S) = S/ + o0, Z/J(F) = F/7 ¢(E1) = Ei +2J7 ¢(E2) = Eé + 20 — 27—;

(ii) ¥(S)=8"+o0o, Y(F)=F', Y(E,) = E} 4+ 20, ¢(F3) = E] + 20 — 27.

Proof. Denote the forms on U @ U and U & V respectively by (-,-) and (-,-)".
Suppose that the conditions of (i) are fulfilled and define

@:U@U%U@V
ere—o, 0—d—T+0, y—=P>H) (yel).
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Then since S+ F' = 5" — (E{ UE}) C 8" and S" — 25" C 5, we have
o(re+S)=x(c—0)+ 8 +0==+e+ 95
and
o(F5+S)=+(0—7+0)+ 5 +o=+5+5".
Also, as F' = E{ UE, C S’ F' +25 C F' and E] +45' C E! (i = 1,2), for
t1,t2 € {£1} we have
(p(t16+t25+F) :t16+t25—t10+t2(—T+O’)+Fl :t1€+t25+F1,
o(+£2¢ + F1) = +(2¢ — 20) + B + 20 = +2¢ + B},
©(£26 + Es) = £(26 — 27 + 20) + Eb + 20 — 27 = +26 + E),.
These together with the fact that (¢(u), o(u)) = (u,v') (u,v’ € U@ U) give that
¢ is an isomorphism from R(S, F, E1, Fs) to R(S', F', E}, E}).
Next assume (ii) is fulfilled and define
p: UaU-—UaV,
e—rd—0o, d—e—T+0, YY) (yeU).
A similar argument to above implies that ¢ is an isomorphism from R(S, F,E1, E»)
to R(S', F', E}, E}).
Conversely, suppose that R(S, F, Ey, Es) is isomorphic to R(S’, F’, E{, E}).

So there are a nonzero scalar r and a linear isomorphism : UaU —UsV
such that

<p(R) =R and (‘P(u)v (p(ul))l - r(u, ul) (u7 u' € U D U)
Therefore, there are linear transformations

C:U—U, n:U—V and ¢:U—V

such that .
(i +7) = (@) +n(@) +¢(y) (wel, yel).
Set
o=-n(e)e S and 7:=—n(e)—n(d)=-nle+d)eF NS +9).
—~ ~~
esr  es
Then
C(e) +n(e) +9(S) = ple + S) € {&e, £6} + 5.
So

P(S) =5"+o0.
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We also have
Ce+d0)+ne+d)+Y(F)=9p(e+d+F)e{tetd}+F'.
Therefore, as F' is a group, we have
Y(F)=F +71=F"

Next we recall that for u,u’ € U ® U, we have (p(u), p(u)) = r(u,u’). So it
follows that » = +1. We first suppose r = 1; then

C(2€) +n(2¢) + Y(E1) = ¢(2¢ + E1) C +2¢ + Fj.
So we get ¥(E;) = Ef + 20. We also have
((20) +n(20) + ¥ (E2) = (26 + E2) C +£20 + Ej,

which gives ¥(Es) = E} 4+ 27 — 20. These altogether imply that condition (i) is
satisfied. Next assume r = —1. Then

C(2€) +n(2€) + Y(E1) = p(2¢ + E1) C £26 + E5.
So we get ¥(Fy) = E} + 20. Moreover, we have
€(20) +n(20) + P(E2) = (20 + Ep) C +2¢ + Ey,

which in turn implies that ¢(E2) = E] + 27 — 20. This completes the proof. [
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