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Abstract

Schur duality is an equivalence, for d < n, between the category of finite-dimensional
representations over C of the symmetric group Sq on d letters, and the category of
finite-dimensional representations over C of GL(n,C) whose irreducible subquotients are
subquotients of E®¢, E = C". The latter are called polynomial representations homoge-
neous of degree d. It is based on decomposing E®¢ as a C[S4] x GL(n, C)-bimodule. Tt
was used by Schur to conclude the semisimplicity of the category of finite-dimensional
complex GL(n,C)-modules from the corresponding result for Sq that had been obtained
by Young. Here we extend this duality to the affine super case by constructing a functor
F: M — M Qcsy E®? E now being the super vector space C™™, from the category
of finite-dimensional C[Sq x Z?-modules, or representations of the affine Weyl, or sym-
metric, group S5 = Sy x Z%, to the category of finite-dimensional representations of
the universal enveloping algebra of the affine Lie superalgebra $i(sl(m|n)) that are E®-
compatible, namely the subquotients of whose restriction to (sl(m|n)) are constituents
of E®?. Both categories are not semisimple. When d < m+n the functor defines an equiv-
alence of categories. As an application we conclude that the irreducible finite-dimensional
E®?-compatible representations of the affine superalgebra sl(m|n) are tensor products of
evaluation representations at distinct points of C*.
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§1. Introduction

In the beginning the Schur duality [Sch01, Sch27], promoted by Weyl in his book
[W53] (see [FHI1] and [E11] for modern expositions), was the study of the com-
muting actions of the symmetric group S; and the complex general linear group
GL(n,C) on E®? where E is the n-dimensional Euclidean complex space C". It
was extended by Drinfel’d [D85] and Jimbo [J86] to the context of the finite-
dimensional Iwahori-Hecke algebra Hy(q?) and the quantum algebra $,(sl(n)), on
using universal R-matrices, which solve the Yang—Baxter equation.

There were two extensions of this duality in the Hecke-quantum case: to the
infinite-dimensional affine quantum settings by Chari and Pressley [CP96] and
to the super situation by Moon [Mo03] and by Mitsuhashi [Mi06], who quantum
deformed the super Schur duality of (Sergeev [S85], of which they apparently were
not aware, nor of the work of each other; see also [CW12]; and of) Berele and
Regev [BR87].

We continued this chain of works in [F20] by completing the cube, dealing
with the general affine super quantum case, relating the commuting actions of the
affine Iwahori—Hecke algebra Hg(qz), and of the affine quantum Lie superalgebra
ilq(sAl(m|n,H,p)) (IT is a root system, p: parity), using the presentation of the
former by Bernstein [F11], and the latter by Yamane [Y99], in terms of generators
and relations, acting on the dth tensor power of the superspace E = C™". Thus
we constructed a functor and showed it is an equivalence of categories of H%(q?)-
and uq(sAl(m|n, II, p))-modules of finite rank when d < m + n.

However, the non-, or pre-quantum, case is interesting in its own right. We
study the affine extension of the original Schur duality in [F21], which relates the
representation theories of the group algebra C[S$], where S¢ = S; x Z% is the
affine symmetric group, and of the affine Lie algebra ﬂ(;l(n)), a duality of which
[CP96] is a quantum deformation.
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The case of affine super Schur duality, which relates the representation theo-
ries of the group algebra C[S7] and of the affine Lie superalgebra u(sﬁ(mm, 11, p)),
is studied here. In particular, we consider all root systems — a new phenomenon
that occurs only in the super case, as the Weyl group does not act transitively on
the set of the root data.

The work [F20] is a quantum deformation of the present work, except that
we dealt there only with the standard case. We show that the functor that we
construct is an equivalence of categories only under the assumption d < m +n. Is
this a casualty of the method of proof? In the finite-dimensional super situation
considered in [S85], the functor is an equivalence in the generality d < (m+1)(n+
1). In the classical initial case of Schur, the equivalence is for d < n, thus m = 0,
d < n+ 1. It is extended to the affine case on the range d < n in [F21], where it
is also shown that the functor F does not extend as an equivalence when d = n.

As an application of the equivalence of categories we obtain a description of the
irreducible finite-dimensional representations of the affine superalgebra sAl(m|n) in
terms of evaluation representations, namely that the irreducible E®¢-compatible
finite-dimensional representations of the affine superalgebra sAl(m|n) are tensor
products of evaluation representations at distinct points of C*. This is an extension
to the affine super case of a result of [F21] in the affine case.

The contents of this article are as follows. We first recall what superalgebras
with their even and odd parts, endomorphisms, superdimension, supertrace, super-
transpose, and their basic properties are. Then we consider the structure of root
systems, where there are even and odd roots in the super case, positive system and
fundamental system, and associated decompositions, Weyl group, and Chevalley
generators. Next we describe the Dynkin diagrams, where there are white, gray,
and black vertices in the super case. We are mainly interested in gl(m|n) and
sl(m|n), and describe all positive systems for this superalgebra. In contrast to the
semisimple Lie algebra, nonsuper, case, there are positive systems for the root sys-
tem that are not conjugate to each other under the action of the Weyl group. It is
possible to pass from one fundamental system to another by means of a sequence
of real and odd reflections. Then there is the theory of highest weight, and induced
modules for the universal enveloping algebra (gl(m|n)).

To state Sergeev’s extension of the Schur duality to the context of the superal-
gebra gl(m|n), we recall what partitions A I d, and (m|n)-hook-partitions and the
associated partitions A*; and associated simple g-modules of highest weight A\° are.
We introduce the action ¢4 of gl(m|n) on E®? as well as that, 14, of Sy. The two
actions commute. The duality here, in the finite-dimensional super case, asserts
a decomposition of E®4, where E = C™", as a U(gl(m|n)) @ C[S4]-module, as a
direct sum over \ in the set P;(m|n) of (m|n)-hook partitions of d, of L(\*) ® S*;
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here L(\*) is the simple gl(m|n)-module of highest weight A*, and S* is the Specht
module of S; associated with the partition A. It can be rephrased as follows:

If M is a right (Sg,taq)-module, define S(M) = M ®y,(c(s,]) E®? on
objects, with the natural left (Ll(g), ¢4)-module structure obtained from
that on E®? and S(f) = f ® idge« on morphisms. If d < (n + 1)(m + 1)
then every partition of d is an (m|n)-hook partition, and the functor M —
S(M) is an equivalence from the category of finite-dimensional C[S4]-
modules to the category of finite-dimensional E®?-compatible (gl(m|n))-
modules, namely those that are polynomial of degree d.

In particular, S takes S* to S* ®c[S4] E® = V* since for any G-modules V, W
we have V' @ W = Homg(V, W), and S? is self-dual in characteristic 0 (only!;
see [Ja78, Thms. 4.12, 6.7, 8.15; pp. 16, 25, 33]), thus S* ®c(S4] S* ~ C.

By a finite-dimensional E®?-compatible {(g)-module, we mean here a g-mod-
ule, g = gl(m|n) or sl(m|n), all of whose subquotients are subquotients of the
semisimple module E®?. Below, we say that a {(g)-module is E®?-compatible if its
restriction to $4(g) is. By a g- or £Lg-module we mean a module for their universal
enveloping algebras $(g) and $4(Lg).

To extend this to the affine SAl(m|n), we then introduce an affine Lie superal-
gebra as a loop algebra augmented with the central elements ¢ and the derivation
element d. We then describe admissible and affine admissible Lie superalgebras, to
describe Yamane’s presentation of the affine Lie algebra sAl(m|n7H, p) associated
with a datum (&, (.,.),II, p), in terms of generators and relations. There are inter-
esting affine Serre relations in the super case. We need to describe the fundamental
representation of sAl(m|n) on the superspace E = C™" to state the main result,
Theorem 10.1, which takes the following form. Put S§ = Z x Sy (superscript a for
“affine”).

Theorem 1.1. Fix integers d > 0, m >n > 1, m+n > 3. There exists a func-
tor F from the category Rep C[S9] of finite-dimensional right C[S$]-modules, to
the category Rep(bl(m|n) d) of finite-dimensional E®?-compatible left i, (bl(m|n
I1, p))-modules, defined as follows. Let M be a right SS-module. Define F(M) to

be S(M) = M ®y,c(s.) E®? as a Us(sl(m|n))-module, thus U, (sl(m|n)) acts on
S(M) via ¢q. Let the remaining generators of sAl(m\n,H,p) act by

(paleo))m@v) = Y my; @ p22(Y Dyv, VD = (gP0))BU-D g ¢y @ 1909,
1<j<d

(palfo))m @ v) = 3= my;t @ p>(V;7)o, V7 = (o7)U D @ fo 0 190079,
J

1<j<d
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for allm € M and v € E®?, If d < m +n then the functor F: M + F(M) is
an equivalence from the category Rep C[S9] of finite-dimensional SG-modules onto
the category Rep(sAl(m|n);d) of finite-dimensional E®?-compatible Llc,(;l(m|n))—
modules.

We show that our functor is an equivalence only for d < m + n. Perhaps this
assertion holds for d < (n+ 1)(m + 1), as this is the condition in Theorem 6.2(4),
as in [S85]. But our method of proof, which adapts [CP96], shows the surjectivity
only for d < m + n. In the nonsuper case n = 0, it is shown in [F21] that F is an
equivalence when d < m, but it is not an equivalence when d = m in the affine
case, although S is in the finite-dimensional case.

When d = 0 the category on the Sg-side is that of finite-dimensional complex
vector spaces, and the theorem asserts that there are no nontrivial extensions of
Lg-modules lifted from the trivial g-module C.

When d = 1, an irreducible representation of C[Sy x Z%] = C[Z] = C[t,t ] is
a C-linear homomorphism y: C[t*!] — C determined by the value x(t) € C* of x
at ¢, or at 1 € Z. A finite-dimensional E-compatible irreducible representation of
Lg = L &®sl(n,C) (i.e., whose restriction to sl(m|n) is the standard representation
p on E = C™") is then of the form x ® p, where x: £ — C is a C-linear algebra
homomorphism determined by the value x(¢t) € C* (see Corollary 17.3). On irre-
ducibles the correspondence defined by F is then x — x ® p. Both categories, of
finite-dimensional £-modules and of finite-dimensional E-compatible Lg-modules,
are not semisimple.

For the proof we check that the operators that appear in the theorem are
well defined. Then we check that the relations stated by Yamane, especially the
super Serre relations, are satisfied by our operators. Particularly technical is the
verification that the functor F is an equivalence of categories.

To show that the functor F — which we have seen is a well-defined functor
between the categories specified in the theorem — is an equivalence, one has to
show the following;:

(a) Every finite-dimensional E¥¢-compatible U(sl(mln, 1, p))-module W is isomor-
phic to F(M) = M ®c[s, E®? for some C[S%]-module M.

(b) F is bijective on sets of morphisms.

To prove (a), by the super Schur duality theorem we assume that W = S(M)
for some C[Sy]-module M. We then construct the action of the yjil on M from
the given action of p4(eq), pa(fo), pa(h) on W.

As an application, we define induction M;x M, of affine Weyl group mod-

ules from C[S3 ] ® C[S$] to C[S§ ,,,], discuss commutation F(M;xMy) ~
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F(M;) ® F(Mz) with the functor F, evaluation representations, implications to
universal C[S5]-modules, and then we deduce from Mackey theory that the irre-
ducible finite-dimensional E®?-compatible representations of the affine superalge-
bra sﬁ(m\n) are tensor products of evaluation representations at distinct points of
Ccx.

It is natural to attempt to state the equivalence of categories in group-theoretic
terms, rather than in Lie algebra language. Although not touched upon in the
present notes, where we work only with affine superalgebras ;l(m|n), it is tempting
to take the hint that the group algebra C[Sy x Z%] is C[S4] x C[Z?] and C[Z9] is
the ring T'(G%,, O) of global sections of the torus G¢, = Spec C[Z4], and note that
a finite-dimensional C[Sy x Z4]-module M can be viewed as the module of global
sections I'(M, O) of an Sy-equivariant quasi-coherent sheaf of modules M = 7* M
over G4 = Spec C[Z?], pulled back from a point: 7: G%, — {x}.

The role of the affine superalgebra sAl(m|n) has to be replaced by the affine
super group SL(m|n, £), viewed as a functor A — SL(m/|n, A[t,t71]) on the cate-
gory of superalgebras A over C. Suitably interpreted, the functor F may take the
(modified to be a limit of subsheaves with finite support) form

M =T(M,0) = {T(M ®¢s (EF* @ GL)), O)cisa ) 4-

Another approach would be to show that a finite-dimensional representa-
tion of the super loop algebra sAl(m|n7(C) integrates to a compatible family of
representations of the super loop group SL(m|n, A[t,t~1]) for all superalgebras
A over C. This would permit restating Theorem 1.1 as asserting that the func-
tor F is, for d < m + n, an equivalence of categories between the category of
finite-dimensional C[S§]-modules, and the category of compatible families of finite-
dimensional representations of SL(m|n, A[t,t71]), all of whose subquotients as rep-
resentations of SL(m|n, A) (C SL(m|n, A[t,t']) via A < A[t,t""]) occur in E§?,
where E4 = A™" for A a superalgebra over C. As E%d is semisimple as an
SL(m|n, A)-module, “occur in” could be replaced by “are subrepresentations of”,
or “are subquotients of”.

§2. Superalgebras

We work over the field C of complex numbers. In the super world, the group Z/2 of
two elements, which we denote by 0 and 1, plays a pivotal role. We denote it by [Fs,
as Z/2 is too long and Zy denotes the ring of 2-adic integers. A (vector) superspace
is a vector space over C with Fy-gradation: V' = V;®V;, where Vj is called the even
part, and V; the odd part. Its dimension as a superspace, or its superdimension,
is dim, V' = dim V| dim V;. As a vector space it is dim V' = dim Vj + dim V5.
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For example, C™" denotes the superspace with even part C™ and odd part
C™ m, n € Z>( = set of nonnegative integers; dim, Ccmin = m|n. We often denote
C™" by E.

A vector v € V is homogeneous if it lies in V5 or in V5. It is then called even
or odd, and its parity is p(v) =i if v € V.

A subspace of a superspace V = V5 @ Vi is a superspace W = W5 & Wy
contained in V' compatibly, thus W5 C V5 and Wy C V;. Writing p(v) for v € V
implies v is homogeneous. Formulae involving such elements are extended below
by linearity to all of V.

If V, W are superspaces, then the space Hom(V, W) of linear transformations
from V to W is a superspace: T: V — W is even if T(V;) C W, (i € F3) and odd
if T(V;) C Wiq1. Write End(V) for Hom(V, V).

The parity reversing functor II on the category of superspaces takes V =
Vo @ Vi to (V) = (V)5 © IL(V)1, where TI(V); = V, 1, i € Fa. Then I =1,
the identity in End(V).

A superalgebra is a superspace A = Ay @ A;j together with a bilinear multi-
plication satisfying A;A; C A;y; (i, j € F2). A module over a superalgebra A is
graded: M = Mz ® My, with A;M; C M, ;. Also, subalgebras and ideals of super-
algebras are to be understood in the Fo-graded sense. A superalgebra is simple if
it has no nontrivial ideals.

A homomorphism between A-modules M and N is a linear map f: M — N
with f(am) = af(m) for all a € A, m € M. Such f has parity p(f) if f(M;) C
M p(p), © € Fa. Note that a homomorphism f: M — N of parity p(f) defines
by fH(z) = (=1)PU)P@) f(x) a linear map f+: M — N of parity p(f) satisfying
fT(am) = (=1)P@PUgf(m) for homogeneous a € A, m € M, and such an f+
defines f by the same formula.

A Lie superalgebra is a superalgebra g = g5 ® g7 with a bilinear operation
[.,.]: g x g — g, called a bracket, with g; x g; — gi+;, thus p([z,y]) = p(x) + p(y),
satisfying, for all homogeneous z, y, z € g,

skew supersymmetry: [z,y] = 7(71)p(w)p(y) ly, x],

super Jacobi identity: |z, [y, z]] = [[z,y], 2] + (=1)P@PW[y, [z, 2]].

A skew-supersymmetric (satisfying (x,y) = (—1)P®PW) (y, )) bilinear form
(.,.): gx g — Con a Lie superalgebra g is called invariant if ([z,y], z) = (z, [y, 2])
forall z, y, z € g.

The even part gz of a Lie superalgebra g = g5 ® g7 is a Lie algebra. In
particular, if g; = 0 then g = gg is a Lie algebra. A purely odd Lie superalgebra g
(= g1, thus g5 = 0) is abelian: [g,g] =0, or [x,y] = 0 for all z, y.



160 Y. Z. FLICKER

A homomorphism of Lie superalgebras g, g’ is an even linear map f: g — ¢
respecting the bracket, namely f([x,y]) = [f(z), f(y)] for all z, y € g.

An associative superalgebra A = A @ A; is a Lie superalgebra with the
bracket [z,y] = 2y — (—1)P®PWyz (for homogeneous =, y € A, and ., .] extended
by linearity): it is skew supersymmetric and satisfies the super Jacobi identity.

For example, if g is a Lie superalgebra, End(g) is an associative superalgebra,
hence a Lie superalgebra with the bracket as above. The adjoint representation
is the map ad: g — End(g) defined by (ad(x))(y) = [z,y] (z, y € g). It is a
homomorphism of Lie superalgebras, by the super Jacobi identity. The action of
g on itself is called the adjoint action, making g into a g-module.

An endomorphism D of A of parity j (€ Fg), thus D € End(A);, where
A = Ay ® A; is a superalgebra, is called a derivation (of parity j) if it satisfies for
all homogeneous z, y € A,

D(xy) = D(x)y + (—1)""zD(y).

The space Der(A) = Der(A); @ Der(A); is a subalgebra of the Lie superalgebra
(End(A),[.,.]).
When g is a Lie superalgebra, ad(g) € Der(g) for all g € g, by the super
Jacobi identity. These are called inner derivations; they form an ideal in Der(g).
The restriction ad|gs: g5 — End(gq) of the adjoint map is a homomorphism
of Lie algebras, namely g7 is a gz-module under the adjoint action. Thus to a Lie
superalgebra g = gg @ g7 we associate a quadruple consisting of

(1) a Lie algebra gg;

(2) a gg-module gy defined by the adjoint action;

(3) a gzg-homomorphism S?(g;) — g5 defined by the Lie bracket;

(4) the identity obtained from the super Jacobi identity restricted to z, y, z € g3.

Conversely, such a quadruple defines a Lie superalgebra structure on gg ® gs.

Let V = V5 @ Vi be a superspace. The associative superalgebra End(V) is
a Lie superalgebra with the supercommutator defined above, called the general
linear Lie superalgebra, denoted gl(V'). When V is E = C™I", so with the standard
basis, write gl(m|n) for gl(V).

Choose ordered bases for V5 and V3, thus a homogeneous basis for V. Param-
etrize it by the set I(m|n) = {1,...,m; 1,...,n} totally ordered by 1 < --- <
m <0 <1< -+ <n. The size (m+ n) x (m + n) elementary matrices E; ; =
(0¢i,j),(k,0)) € gl(mln) (i, j € I(m|n)) makes a basis of End(V'), and gl(V) can
be realized as their span, thus (m + n) x (m + n) complex matrices of the form
g= (? g), where a is an m x m matrix and d is n x n. The even subalgebra gl(V);
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consists of the g with b = 0 = ¢, and the odd gl(V'); of the g with a = 0, d = 0.
Thus gl(V); >~ gl(m) & gl(n), and gl(V); is self-dual as a gl(V)5-module, and is
isomorphic to (C™ ® C™) & (C™* ® C™), where C™* signifies the dual space of C™.

Note that gl(V) — gl(IV), T — IITH ! is an isomorphism of Lie superalge-
bras, thus gl(m|n) ~ gl(n|m).

Define the supertrace str(g) of g = (25) € gl(m|n) to be tr(a) — tr(d), where
tr is the trace of a square matrix such as a or d. Then str([g,¢']) =0 for all g, ¢’ €
gl(m|n). The special linear Lie superalgebra is sl(m|n) = {g € gl(m|n); str(g) =
0}. This subalgebra of gl(m|n) satisfies [gl(m|n),gl(m|n)] = sl(m|n); we have
sl(m|n) ~ sl(m|n), and when m # n and m + n > 2, sl(m|n) is simple. Denote
the identity matrix in gl(E) = gl(m|n) by I,},. When m = n, sl(n|n) contains a
nontrivial center CI,,,,, and sl(n|n)/CIL,, is simple for n > 2.

A basis for g = gl(1]1) consists of

01 00 10 00

The element h = Ej 1 + E1 1 = Iy)1 is central, [e, f] = h, and {e, f, h} is a basis of
sl(1]1).

Let I be a set parametrizing an ordered basis of V5, and I; of V5. Then
I = I; UI; (disjoint union) parametrizes a homogeneous basis of the superspace
V =V & V;. Put p(i) = j for ¢ € 1. For example, if I = I(m|n), then p(i) = 0 for
i < 0and p(i) = 1 for ¢ > 0. Choosing a total order on I we may identify gl(V') with
the space of [I| x [I| matrices. The supertranspose of a matrix A =3, . ya;;E; ;
(ai; € C) is defined to be A = 37, . (—=1)PWD@OFU)g, ;E; ;. For example, if

I = I(m|n) then
st lab [ ta te)
cd) \-tbtd)’

here ta is the transpose of a matrix a.

The Chevalley automorphism 7: gl(V) — gl(V) is defined by 7(A) = —S*A.
It restricts to an automorphism of sl(V'), and its order is 4 when m, n > 1.

Let V = V5 @ V7 be a superspace. A bilinear form B: V x V — V is called
even if B(V;,V;) = 0 when i+ j = 1, and odd if B(V;,V;) = 0 when i + j = 0.
An even bilinear form B is called supersymmetric if B|Vy x Vg is symmetric and
B|V; xVj is skew symmetric. An even bilinear form B is called skew supersymmetric
if B|Vg x Vj is skew symmetric and B|Vj x Vj is symmetric.

A classification of finite-dimensional complex simple Lie superalgebras was
worked out in [K77]. We are interested here only in the case of sl(m|n), m >n > 1
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(excluding m|n = 2|1) and sl(m|m)/Cl,,, (m > 3). The remaining cases (m = n
or (m,n) = (2,1)) are left to another work.

A Cartan subalgebra b of g = gl(m|n) or sl(m|n) is a Cartan algebra of the
even g5. Every inner automorphism of g5 extends to one of the Lie superalgebra
g, and Cartan subalgebras of g; are conjugate under inner automorphisms. Hence
the Cartan subalgebras of g are conjugate under inner automorphisms.

§3. Root systems

Let h be a Cartan subalgebra of a Lie superalgebra g. For o € h* = Hom¢(h, C)
define

ga={g9 €8 [hgl=a(h)gVhe b}
Such an « is called a root if « # 0 and g, # 0. The root system & is the set of
roots. A root « is called even if g, N g5 # 0 and odd if g, N g7 # 0. The sets of
even and odd roots are denoted ®; and ®;.

Define the Weyl group W of g = g5 @ gy to be the Weyl group of the Lie
algebra gz. We continue to work only with g = gl(m|n) and sl(m|n) (m >n >1
but not (2(1)), sl(n|n)/ClI,),, if m =n > 3, although the following results hold for
other (“basic”) Lie superalgebras.

(1) There is a root space decomposition g = h & P, ga of g wrt b, and go = b.
dim g, =1 for all @ € ®. So fix e, € g, €q # 0.

(2)

(3) [8a,08] C gatp for a, f € ®U{0} (by the super Jacobi identity).

(4) @, D5, ®y are invariant under the action of the Weyl group W on h*.

(5) There exists a nondegenerate even invariant supersymmetric bilinear form

(.,.) on g.

(6) (ga,98) =0 unless o = -3 € .

(7) The restriction of the bilinear form (.,.) to b x b is nondegenerate and W-
invariant.

(8) [ease—a] = (éa;€—a)ha, where h, is the coroot in b determined by (hq, h) =
a(h) Yh e b.

(9) By = —B5, D1 = —B7, b = —.

(10) Fix o € ®. There exists an integer k # +1 such that ko € ® iff « is an odd

root with (a, @) # 0. In this case k = +2.

We shall see these explicitly, and that for each o € ® there is an 7 € Fy with
ga C gi- Then @ is the disjoint union of ®5 and @3, and ®; = {a € ®; g, C g;},
i € Fs.

Note that h C g5 and it is abelian.
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A root a € ¥ is called isotropic if (o, ) = 0. It is necessarily an odd root.
Denote the set of isotropic odd roots by

;= {a€ g (a,0) =0} = {a € P1; 200 ¢ P}

The last equality follows from (10). For a € ®; we have €2 = L[e,,eq] = 0 (by
(3)) in the universal enveloping algebra $(g), defined in Section 5 below, where it
is used. Put &5 = {a € ¥5; 3a ¢ O}

A nondegenerate supersymmetric bilinear form on g = gl(m|n) is given by

(-,.): gl(m|n) x gl(m|n) — C, (z,y) = str(zy),

where zy indicates matrix multiplication. This form is invariant. On restriction
to the Cartan subalgebra h of diagonal matrices, one obtains a nondegenerate
symmetric bilinear form on § satisfying, for i, j € I(m|n),

1 ifl1<i=j<m,
(Eii,Ej5) =4 -1 if1<i=j<n,
0 ifi#7.

Let {d;,e;; 1 < i < m ,1 < j < n} be the basis of h* dual to the basis
{E;;,E;j; 1 <i<im, 1<j<n}ofh. Using the bilinear form (.,.) we can
identify 0; with (E;;,.) and ¢; with —(Ej ;,.). We also write ¢; for §;, 1 <4 < m.
The form (.,.) on b defines a nondegenerate bilinear form on h*, denoted also
by (.,.). For i, j € I(m|n) we have (g;,¢;) = d; j(—1)P), where §; ; is 1 if i = j
and 0 if ¢ # j.
The root system ® = ®5U @5 is given by

Oy = {ei—ej; i #j€I(mln), i,j>0ori,j<0},
7 = {£(5;—¢j); i,j € I(m|n), i <0< j}.

Note that E; ; is a root vector for the root ¢; —¢; for ¢ # j in I(m|n). The Weyl
group of gl(m|n) is that of g5 = gl(m) & gl(n), isomorphic to the product S, x S,
of the symmetric groups on m and n letters.

Let ® be a root system for the Lie superalgebra g = sl(m|n) or gl(m|n), with
a fixed Cartan subalgebra . Let E be the real vector space spanned by ®. Then
E ®r C = bh* for g = sl(m|n). For g = gl(m|n) the space E @ C is a subspace of
h* of codimension one.

The total ordering > on F is taken to be compatible with its real vector space
structure: thus v > w and v > w’ imply v +v' > w+w', —w > —v, and cv > cw
for ¢ € Ryy.
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A positive system ®T is a subset of the root system ® consisting of the roots
a € ® with a > 0 for a fixed total ordering of E. Given such a &, define the
fundamental system II C ®T to be the set of & € ®T that cannot be written as a
sum of two roots in ®*. The roots in ®* are called positive roots. The roots in II
are called simple roots. Put ®~ = {a € ®; a <0}, ®F =dTNd;, & =~ NP,
(i € Fa). By (9), @~ = =0T, &7 = —® (i € Fy). Then @+ = & U @7, Put
5 = &N,

Lemma 3.1. The map “positive system for (g,h) — fundamental system for
(g,h)7, is a bijection between the sets of these systems. The Weyl group of g acts
naturally on these sets.

Proof. Indeed, a positive root that is not simple can be written as a sum of two
positive roots. By induction then every positive root is a Z>o-linear combination of
simple roots. Hence the positive system is uniquely determined by its fundamental
system. By (9), ® = —®, and ® is W-invariant. Then the Weyl group W acts
naturally on the set of positive systems, hence on the set of fundamental systems
by the bijection above. O

A finite-dimensional Lie superalgebra g = g5 ® g5 is called solvable if g®) =0
for some k > 1, where g(©) = g and g+ = [g) g()] for all j > 0.

Define
n+: @gav noo= @ga-

acdt acd—

These are ad(h)-stable nilpotent subalgebras of g. There is a triangular decompo-
sition g = n~ @ h @ nt. The solvable subalgebra b = h ¢ nt is called the standard
Borel subalgebra of g (corresponding to ®*). We have b = by®bg, where b; = bNg,,
1€

The Borel subalgebra b is not a maximal solvable subalgebra of g. Indeed, the
rank one subalgebra of g corresponding to an isotropic simple root is isomorphic
tosl(1]1) = {(2 %)}, which is solvable. Hence, enlarging b by adding the root space
corresponding to a negative isotropic simple root, we obtain a subalgebra that is
still solvable.

To a positive system &+ = @g U <I>;r associate the vectors in h*:

1 1
P =Po— P1» P0:§Za7 p1:§ZBa
oz€<1>§ peal

and 1,,,,, = (01 + -+ + 6m) — (61 + - + &5). Then for g = gl(m|n) we have

p= Z (m—i+1)d; — Z (m—1i+1)5; — Z jsj—%(m+n+1)1m|n.

1<i<m 1<j<n 1<j<n
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In the case of g = gl(m|n), the standard Borel subalgebra is the subalgebra
of upper triangular matrices in g. It contains the algebra h of diagonal matrices.
The standard positive system @+ of @ is {g; —¢;; 4,5 € I(m|n), i < j}. We also
write ¢; for 0; (1 <14 < m). The standard fundamental system for gl(m|n) is

{6; = 0ip1.65—€j41,0m —e1; 1 <i<m, 1 <j<n}.

The standard simple root vectors are e; = E; ;11 (i € I(m —1|jn — 1)) and em =
Eg 1. The standard simple coroots are hy = E; ; — Ej11 ;41 (j € I(m — 1jn — 1))
and him = Emm + E11. Put f; = Ejpq fori € I(m —1n — 1) and fm = E1m
(where i+1 means ¢ + 1 for i = i with 1 <+ < m). Then {e;, hy, fi; i € [(m|n—1)}
is a set of Chevalley generators for sl(m|n).

We have

(03 = 0ig1,05 — 0ig1) = 2, 1<i<m,
(67n - 61,(57" - 51) - Oa

(Ej —Ej4+1,&5 —Ej+1) =-2, 1<j53<n.

Hence 6,,, — 1 is an isotropic simple root.

§4. Dynkin diagrams

There is a Dynkin diagram associated with a fundamental system II = {aq,...,
ay }. It consists of vertices labeled by «y, or simply i, 1 < ¢ < k, and edges. The
vertices are marked

O, called white, if (o, ;) # 0 and p(a;) =0,
®. called gray, if (o, 05) =0 and p(oy) = 1,
@, called black, if (o, ;) # 0 and p(a;) = 1.

We are interested only in Dynkin diagrams whose vertices are white and gray.
There is an edge between the ith and jth vertices iff (a;, o;) # 0. There is an
edge

O—0O if (v, ) = (o5, a5) = =2(vi, o) # 0,

7 7
@ O if (ai, ) =0, (o, 05) = —2(ai, ) # 0,
i j

O—Oif (a,00) = 0= (aj,05), (o, 05) #0.

z J
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The associated standard Dynkin diagram is the graph whose vertices are labeled
by the roots in the standard fundamental system; see Figure 1, where a white
circle denotes an even simple root « (such that %a is not a root), and a gray circle
denotes an odd isotropic simple root.

oO—O0——O—8—O0——0—=0

81 — 82 8o — O3 Om—1—0m Om —e€1 1 — €2 En—2 —En—1 En—1—En

Figure 1. Standard Dynkin diagram for sl(m|n).

To describe all positive systems for gl(m|n), recall again that ; = §; (1 <
i < m), and suspend the parity of the roots. In this case the root system of
gl(m|n) is the same as the root system for gl(m + n), so their positive systems
and fundamental systems are described in the same way. So there are (m + n)!
such systems. From the standard theory for gl(m + n), a fundamental system for
it consists of (m+mn —1) roots: Il = (€4, — €i,,€iy — Eigy -1 iy, — Eipyn)s Where
{#1,92, .-, imitn} is I(m|n). Put X for a white or gray vertex. Restoring the parity
of the simple roots, we get the Dynkin diagram shown in Figure 2.

X X X X X

T &i; Eij T Eijay Cimin—1 " Cimin
Figure 2. A Dynkin diagram for sl(m/|n).

As an example of all gray vertices, consider the case where m = n, and the
simple roots are {01 — 1,61 —02,02 — €2,...,0m—1 — Em—1,Em—1 —Om,Om — Em },
all odd. The Dynkin diagram is shown in Figure 3.

g1 —02 g1 —02 (5]- —€j €j —(5j+1 Em—1 —5m

Figure 3. An all gray Dynkin diagram for sl(m|n).

Associate an e d-sequence to the fundamental system II = {e;, —¢,,,...,
€imin_1 — Eimsn} DY replacing €; by §; (1 <4 < m), then erasing the index. We
obtain a sequence with m d¢’s and n €’s. The Weyl group shuffles the §’s and the
e’s, but does not mix them. In particular, the W-conjugacy classes of fundamental
systems in @ are in bijection with the associated € d-sequences. So there are (™)

W-conjugacy classes of fundamental systems for gl(m|n). In particular, there are
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positive systems for @ that are not conjugate to each other under the action of
the Weyl group, in contrast to the semisimple Lie algebra, nonsuper, case.

For example, there are three W-conjugacy classes of fundamental systems for
gl(2|1), corresponding to 6 § €, d £ 6, € § § (where 6 € corresponds to (d1—d2, da—e1)
and (02 — 01,01 —€1), 6ed to (61 —e1,e1 —02) and (02 — €1,61 —01), and €60 to
(g1 —61,01 — d2) and (g1 —d2,02 — d1)).

The standard Borel algebra of gl(m|n) defines the sequence §™e™ = §...6
€...¢ (0 m times, then £ n times), and the opposite to it defines " 6™.

So in contrast to the case of nonsuper, semisimple Lie algebras, the funda-
mental systems of a root system ® are not all W-conjugate. This is due to the
existence of odd roots in the super case. Recall that a root o € ® is called isotropic
if (o, &) = 0; such a root must be odd. For our superalgebra g we have the following
lemma.

Lemma 4.1. Let II be a fundamental system of a positive system ®T. Let o be
an odd simple root. Then ®f = {—a} U (&1 — {a}) is a positive system whose
fundamental system 11, is given by

{ﬂGH; (8,a) =0, ﬁ#a}u{ﬁ—ka; g ell, (6,04)7&0}U{—a}.

The process of obtaining Il, ®F, b* = b © Pyt gp from I, @, b will be
called an odd reflection wrt «, denoted r,. Thus

’/‘a(H) = 1l,, ra((I)+) = ‘I’Z, ra(b) = ba7 T_aqTa = 1.

Real reflections r, are defined for each even root « (which has to be non-
isotropic) as a linear map on h* by

(z,q)
(@, )

where (.,.) is the even nondegenerate supersymmetric bilinear form on g, b, h* of

ro(z) =2 —2 a, x€bh,

(5) and (7). For an even simple root a we have 3o & ®, thus a € ®5. Then with
&1 and II, as defined in the lemma, and b, we get 7, (II) = I, 7, (®T) = &},
ro(b) = b™.

Proposition 4.2. For two fundamental systems II and II' of our superalgebra g,
there exists a sequence of real and odd reflections ri, ... 7 such that ry ...rory(II)
=1r.

A proof and examples can be found in [CW12].
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§5. Theory of highest weight

To explain the theory of the highest weight, we first record in Proposition 5.1 below
the PBW (Poincaré-Birkhoff-Witt) theorem for a Lie superalgebra g = g5 & g5.
A wuniversal enveloping algebra of g is an associative superalgebra $(g) with a
unit, with a homomorphism ¢: g — (g) of superalgebras, satisfying the following
universal property. For every associative superalgebra A and a Lie superalgebra
homomorphism ¢: g — A, there exists a unique homomorphism of associative
superalgebras 1 : 4(g) — A such that ¢ = 1 o¢. This implies that representations
of g and of (g) coincide. By a standard proof, {(g) exists and is unique up to an
isomorphism by the universal property. In fact, one has the following proposition.

Proposition 5.1. Let {z1,...,2z,} be a basis for g5 and {yi1,...,yq} a basis for
g7 as vector spaces. Then

{x? o TPYT YgTs T1y e Tp € L0, S15---5 8¢ € Fg}
makes a basis for U(g).

Let p be a Lie sub(super)algebra of a finite-dimensional Lie superalgebra g.
Let V be a p-module. The g, or (g), induced module is Ind} V' = U(g) @y V. If
V' is finite-dimensional then so is Indg(,) V, by the PBW theorem.

Let p = pyPp; be a finite-dimensional solvable Lie superalgebra with [pz, p7] C
[pg, pgl- Given A € p3 with A([pg,pg]) = 0, define a one-dimensional p-module
(C,\ = (C’U)\ by

zvy = ANx)va (z €pg), yur=0 (y € pg).

Note that {A € pg; A([pg, pol) = 0} == (po/[pg, Pol)™

Under our assumption on p (= py @ p1, finite-dimensional solvable Lie su-
peralgebra with [p7,p1] C [pg,Pg)l), every finite-dimensional irreducible p-module
is one-dimensional. Any finite-dimensional irreducible p-module is of the form C,
for some X in (pg/[pg, pgl)* (see [CW12, Lem. 1.37] for a proof and Example 1.38
there for why the condition [py,p3] C [pg, pg] is required).

With g, b, ® as usual, let b = h & n™ be a Borel subalgebra of g = n~ @ b,
and ®* the associated positive system. The condition is satisfied for the solvable

Lie superalgebra b as b; = n;r and

[b5,b7] = [0, nf] Cnl =]

i n¥]c [bg, bg]-

i)
If V is a finite-dimensional irreducible g-module, then by the above it contains

a one-dimensional b-module necessarily of the form C, = Cuv) for some A € h* ~
(b/[b, b])*; thus

hvy = A(h)ux (h€H), avy=0 (v €nh).
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Since V is irreducible, by the PBW theorem we get that V = {U(n")vy, hence a
weight space decomposition

V= @VH, Vo={veV; hv=ph)vVheh},
neh*

where V), is {0} unless A\ — p is a Z>¢-linear combination of positive roots. The
weight A is called the b-highest weight (or extremal weight) of V| the space Cuvy
the b-highest weight space, and vy a b-highest weight vector for V. When b is
clear from the context, a reference to it is omitted. In conclusion, every finite-
dimensional irreducible g-module is a b-highest weight module.

Denote this irreducible highest weight module of weight A by L()), or L(g, A),
or L(g, b, ).

Recall the notation II,, b* associated to an isotropic odd simple root a.
Denote by (.,.): h x h — C the standard bilinear pairing. Let h, be the coroot
corresponding to «, and let e, f, be the root vectors of the roots o and —a so
that [eq, fo] = ha-

We also have [CW12, Lem. 1.40]:

Lemma 5.2. Let V be a simple g-module, not necessarily finite-dimensional. Let
v be a b-highest weight vector of V' of b-highest weight \. Let o be an isotropic odd
simple root. Then,

(1) if (\ ha) =0, then V is a g-module of b*-highest weight X, and v is a b*-
highest weight vector;

(2) if (N, ha) #£0, then V is a g-module of b*-highest weight A — «, and fov is a
b*-highest weight vector.

§6. Hook partitions

Once again let g be the superalgebra gl(m|n), and h the Cartan subalgebra of
diagonal matrices, spanned by the basis elements {E; ;; i € I(m|n)}. Let n* be
the subalgebra of strictly upper triangular matrices of g, and n™ the strictly lower
ones. Then the fundamental system II of the simple roots of the positive system
&7 has the Dynkin diagram whose only nonwhite vertex is gray at the mth place.
We have the triangular decomposition g = n~ @ b @ n*. The even subalgebra has
+ +

where n> = gz N nt.

a compatible triangular decomposition g5 = ny &b ong, 5

The Borel subalgebras are b = h @& nt and by = h & ng.

The Lie superalgebra g admits a Z-gradation g = g_1 ©go® g1, where go = g5,
g1 consists of the strictly upper triangular matrices in g7, and g_; the strictly lower
triangular ones; thus g = g7 N n™ is generated by the FE;; with i,j € I(m|n),
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i>0>7 (and g—1 =g Nn~ by i < 0 < j). Then g; and g_; are abelian Lie
superalgebras.

Let L°()\) be the simple gg-module of highest weight A\ € h* relative to the
Borel subalgebra bj. It can be extended trivially to g5 ® g1 = go @ g1, and induced
to a g-module K(\) = IndJ o, L°()\). As a vector space K (X) is A(g_1) ® LO(\)
by the PBW theorem. From the embedding L°(\) < L()) of gz-modules, where
L(A) is the highest weight irreducible g-module of highest weight A, and Frobenius
reciprocity, we obtain a surjective g-module homomorphism K(\) — L(X), which

is unique up to a scalar multiple. The following are equivalent:
(1) L()) is finite-dimensional;
(2) L°()) is finite-dimensional;
(3) K(\) is finite-dimensional.

Indeed, (1) implies (2) since L°()) is an irreducible direct summand of L()\) re-
garded as a gz-module, (2) implies (3) since K(\) = A(g—1) ® L°(}\), and (3)
implies (1) since K(\) — L()) is surjective.

Every finite-dimensional simple g-module is a highest weight module L()\) for
some A € h*, and L(A) % L(p) if A # p.

It follows from the equivalence of (1), (2), (3) above then that the classification
of finite-dimensional simple g-modules is the same as that of the finite-dimensional
simple g5 = gl(m) @ gl(n)-modules. A finite-dimensional simple gl(m)-module is
uniquely the twist L;1(A) ® x by a central character x, that factorizes via the
determinant, of a polynomial gl(m)-module Li(\), namely one parametrized by a
partition A = (A1, Ag,..., Ap), where Ay > Ay > -+ > )\, > 0 are nonnegative
integers (but A, x are not uniquely determined by Li(\) ® x). Thus L;(\) ® x is
parametrized by (A1 + Ao, A2 + Ao, ..., A + Ao) for some A\g € R. Then we have
the following proposition.

Proposition 6.1. All pairwise nonisomorphic finite-dimensional simple gl(m|n)-
modules are L(X\) for A = Zlgigm Aid; +Zl§j§n vie; € b, with \j — A1 € Z>o
and v; — Vjy1 € Z>g for all i, j.

A sequence p = (p1, o, - - -, ibm) of integers p; € Zso with pq > pg > -+ >
tm > 0 is called a partition of py + -+ + pm = r, with £(u) = myg parts if mg
(< m) is the largest integer with p,,, > 0. These parametrize all the polynomial
gl(m)-modules.

A partition p = (u1, 2, . ..) is called an (m|n)-hook partition if pm11 < n,
equivalently if 7, ; < m, where y' is the partition conjugate to p (thus we write
the Young diagram, which has u; boxes in the first row, u, boxes in the rth row,
all aligned to the left at the fourth quadrant in the plane, so there are m rows
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if #(u) = m, and ' is the transpose Young diagram, thus we write the first row
as the first column, second row as the second column, etc., and write p for the
number of boxes in the ith column of y, thus the ith row of u').
Thus an (m|n)-hook partition is a partition not including (m + 1,n + 1).
Given an (m|n)-hook partition y, consider the subpartition ut = (tmai1,
Hma2,--.) and its conjugate v = (uT) = (v1,...,v,); this conjugate has at most
n parts. Define the weight p® (s for “super”) by

:U/S:lulél+"'+Mm5m+V151+"'+Vn—15n—1+yn€n

:(,ufl,"'alu'm;ylv"'ayn)'

Write P(m|n) for the set of (m|n)-hook partitions, and Py(m|n) for the set of
(m|n)-hook partitions p of d; thus 32,y = d and fimy1 < n. Then
P(mln) = Uyso Pi(m|n), Py(m) = P4(m|0) is the set of partitions of d with
at most m parts, and Py = U,n>1 Pa(m) is the set of partitions of d.

Denote by L(A®), for A € P(m|n), the simple g-module of highest weight A*
with respect to the standard Borel subalgebra. For a partition A of d, denote by
S* the Specht module of Sy. For example, S(9 is the trivial representation of Sy,
and (S(ld)) is the sign representation sgn, of S;. Representation theory of the
symmetric group [Ja78, FH91] establishes that {S*; A € P;} is a complete list of
simple inequivalent Si-modules.

Put g = gl(m|n). Let V be the natural left g-module E = C™". Then E® is
a left g-module by

(¢a(9))(v1 @ -+ ® va)
= (gvl) QU2 Q- Qvg + (_1)p(g)p(v1)vl ® (gvg) ® - @ vy
b g (C1)POEEDHFPC-D)y @y @ - © g1 @ (gua)

on homogeneous g € g and v; € E for all ¢ (1 <i < d), extended by linearity.

The following is the extension of the Schur theorem to the context of the
superalgebra gl(m|n), due to Sergeev [S85], and later to [BR87], and in book form
[CW12].

Theorem 6.2.

(1) The formula

(Ya((i i+ 1)1 @+ @0 @vip1 ® -+ @ vg)
_ (_1)P(Ui)17(1)i+1)v1 ® QU1 QU Q- Qg
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(1 <i<d), where (i,7) denotes a transposition in Sq and v;, v;y1 are homo-
geneous in B, extends to a left action of the symmetric group Sq on E®?. The
actions of (gl(m|n), ¢a) and (Sa,q) on E®Y commute with each other.

(2) The images ¢q(8(g)) and 1¥q(C[Sq]) of pa and 14 satisfy the double centralizer
property ¢a(t(g)) = Endegs,) (E®?), $a(C[S4]) = Endyq) (E®).
(3) As a U(gl(m|n)) @ C[S4]-module, one has

cmmEi~ @ L) e SN
AEP (m|n)

(4) If M is a right (Sq,a)-module, define S(M) = M ®y,c(s,) E®?, with the
natural left (84(g), dq)-module structure obtained from that on E®4. If d <
(n 4+ 1)(m + 1), then every partition of d is an (m|n)-hook partition, and
the functor M — S(M) is an equivalence from the category of finite-dimen-
sional C[Sy]-modules to the category of finite-dimensional E®9-compatible
U(gl(m|n))-modules, namely those that are polynomial of degree d.

By a finite-dimensional E®%-compatible $4(gl(m|n))-module we mean here a
module all of whose subquotients are subquotients of the semisimple module E®¢.
It is the same as to be “polynomial of degree d”. In the ordinary, nonsuper case,
this notion is discussed in detail in [F21]. We postpone the discussion of this in
the super case to a subsequent work.

When m > n we have gl(m|n) = sl(m|n) @3, where 3 = CI,,,,, is the center of
gl(m|n), and I, is the identity matrix in gl(m|n). The data of a gl(m|n)-module
IT with a given central character x is equivalent to that of an sl(m|n)-module 7
and the character y of the center 3. Indeed, given II, 7 is the restriction of II to
sl(m|n), in particular it is irreducible if II is; given 7 we put II(s, z) = x(2)7(s)
(s € sl(m|n), z € 3). As z € CI,,), acts on E®? as multiplication by z, we may
replace gl(m|n) by sl(m|n) in (3) and (4) of the theorem. From this perspective,
“E®4_compatible” is a better term than “polynomial of degree d”, which makes
no sense for sl(m|n) once the term “polynomial” is fully explained (see [F21]).

We refer to a i(g) ® C[S4]-module also as a g x Sg-module, g = gl(m|n) or
sl(m|n).

When d < (n+1)(m + 1), every partition A F d lies in Py(m|n), namely it is
an (m[n)-hook partition of d, since (m+1)(n+1) >d =3, A\ > 3 1 cic i1 Ai 2>
(m + 1)A\pa1 implies A1 < n. So in this case, every simple Sg-module appears
in the duality decomposition (3), as stated in (4).

When n = 0 the theorem reduces to the usual (nonsuper) Schur duality.

If d = 2, then (C™)®2 = $2(C™) @& A%(C™). The modules on the right are
irreducible of highest weights 24; and d; 4 d2; see [FHI1].
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§7. Affine superalgebras

Our aim is to develop an affine analogue of super Schur duality. Recall that a Lie
superalgebra is an Fp-graded vector space g = g5 @ g7, together with a bilinear
operation [.,.]: g X g — g, such that for homogeneous z, y, z in g it satisfies skew
supersymmetry,

[, y] = =(=1)POPOy, 2] € gyta) o)
and the super Jacobi identity,

[x’ [yv Z]] = [[xv y]) Z} + (_l)p(m)p(y) [yv [QS, Z]]

Here p: g5 U g7 — Fa is the parity function, which takes a homogeneous ele-
ment x € g; to i. A bilinear form (.,.): g X g — C is invariant if it satisfies
(z,y) = —(=1)P@PW (y ) (skew supersymmetry) and ([z,9],2) = (=, [y, 2]). Tt
is nondegenerate if its restriction to a Cartan subalgebra h C gz C g is (thus for
h e, (h,h) =0iff h =0). We also define the adjoint action ad: g — End(g) by
(ad(2))(y) = [x,y] (z, y € g). A c € g is called central if ad(c) = 0, thus [¢,z] =0
for all x € g.

Let £ = C[t,t!] be the algebra of polynomials in ¢ and ¢t~* over C. Consider
a finite-dimensional (over C) Lie superalgebra g = g5®gy. The loop superalgebra of
gis L(g) =Lg=LRg = L(g); P L(9)1, L(9); = L g;, with the Lie superalgebra
structure defined by [P®z,QQ®y] = PQ®|x,y], P, Q € L, z, y € g. In particular,
the parity is 0 on L. Note that £(g) can be viewed as the Lie superalgebra of
polynomial maps from the unit circle to g, whence the name loop superalgebra of
g.

A skew-supersymmetric invariant nondegenerate bilinear form (.,.): g x g —
C exists, and it is unique up to a scalar multiple when g is simple, as we now
assume. Using it, define (.,.);: £(g) x L(g) — L by

(PRz,Q®y)=PQ(x,y)c L, PQeL, x,ycg.

Define linear maps 4 : £(g) — £(g) and Res: £ — C by

dt -
d n n—1 n
@“ Qz)=nt"""®z, Res(t")=0p+10 NEZ, xE<g.
Res is the unique functional on £ satisfying Rest~! = 1 and Res % = 0 for all
P € L. A more natural presentation of the residue would be to view f € Lg as
a morphism f: C* — g, where C* is the multiplicative group C — {0} of C. The
differential df of f is a 1-form with values in g. Then (df,g); is a 1-form on C*,
whose residue at 0 is denoted by Reso((df, g):) (= Res((%,g)t)). In particular,
Resg(dP) =0 for all P € L.
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Define a bilinear map v: £(g) x L£(g) — C by v(f,g) = Reso((df,9)¢)-

Lemma 7.1. The map v is a 2-supercocycle on L(g). Namely, for all f, g, h €
L(g), we have skew supersymmetry v(f,g) = —(=1)POPHy(g, f), and

V([fag]ah) +L1V([g,h}7f) +L2V([h7.ﬂ7g) = 07

where 1 = (—=1)P@EW+r() - and 1y = (=1)PE @@ W),
Proof. For P, Q € L and z, y € g we have

VPRz,Q®y)+ (-1)PWPr@L(Q oy, P® 1) ,y) Reso(dPQ + PdQ)

= (z
= (2, y) Reso(d(PQ))
=0.

For P, Q, R € L and z, y, z € g we have

V([PRz,Q®yl,R®2)+ur(Q®y, R 2, P &)
+n([Re 2 P@al,Qoy)
= ([z,y], z) Reso(d(PQ)R) + t1([y, 2], z) Reso(d(QR) P)
+1a([= ) 5) Reso((RP)Q)
= ([z,y]
= ]

x,y],z) Resg(d(PQ)R + d(QR)P + d(RP)Q)
([1’7 Yl Z) ResO(d(PQR))
=0.

The passage from the second to the third row follows from
Ll([yvz}7x):(x’ [y,z])z([x,y],z) and ([va]’y):(za [1'73/}):@([1‘79}72)’
as p([z,y]) = p(z) + p(y). =

The pre-affine Lie superalgebra is § = L(g) ® Ce, where ¢ is a formal central
element of parity 0, and the Lie superalgebra structure is defined by

[fv g] = [fvg]ﬁ(g) + V(fv g)C7

and [f, 9]z (g) is the bracket in L(g).

The skew supersymmetry for g is a consequence of the skew supersymmetry
of [.,.]z(g), namely of [.,.] on g, and the skew supersymmetry of v (first equality
of the lemma). The super Jacobi identity for g is a consequence of this identity for
L(g) (which follows from that for g), and the last equality of the lemma.
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To be able to have linearly independent simple roots, one adds the derivation
element d, of parity 0, and defines the affine Lie superalgebra to be

§=00Cd=9g5D07, 0;3=LRggPCcdCd, ¢ =LDg5,

where d acts by

dP
[d, P ® x] :ta ®x, [d,c]=0.

Thus we obtain a Lie superalgebra with (a1, as,b1,b2 € C; m,n € Z),

" ®x + arc+ bid, t" @y + azc + bad]
=t""" @ [z, y] + MOy, —n (2, y)c + bint" @ y — bamt™ @ .

8§8. Generators and relations

An equivalent definition as an abstract symmetrizable Kac-Moody Lie superalge-
bra, analogous to [K90, Sect. 1.3], is as follows. We follow Kac [K77] and Yamane
[Y99].

Let £ be a finite-dimensional C-vector space. Let (., .) denote a nondegenerate
symmetric bilinear form on €. Let II = {ag, a1, ..., an} be a linearly independent
subset of €. Put (Z>o = {0,1,2,...} and)

P:ZCVOEB"'@ZOQU P+:ZZOQO@”'®ZZOQn7 P :_P+'

An element «; € II is called a simple root and P the root lattice. A function
p: II — Fy extends uniquely to a group homomorphism p: P — Fo, called parity.
Put h = £* for the dual space of £. Identify v € £ with h, € h by u(h,) = (u,v)
for all p € €. A datum is a quadruple (&, (.,.),II, p) as above. We abbreviate it to
(E,11, p). We associate to a datum a Lie superalgebra G = 5(5, I1, p) generated by
generators h € b, e;, f; (0 <i <k), and relations [h,h'] =0 (h,h' € b),

[ha ei] = ai(h‘)eia [h7 fz] = _ai(h)fia [eiv f]] = 6i,jh’(xu

and parities

plei) = plai) = p(fi), p(h) =0 (h€D).
The superalgebra G has a triangular decomposition G = fi, @ § & fi_, where fi;
(resp. ni_) is the free superalgebra generated by the e; (resp. f;).

An ideal 7’ of the Lie superalgebra G is called admissible if ' Nh = {0}, and
then we say the quotient G’ = G /7’ is admissible. For a fized datum (&,11, p), the
associated admissible Lie superalgebras make a partially ordered set I = I(E, 11, p).
We say G/ = G/r' > G" = G/r" if ' C +". Then G is the unique top element of
I. Note that G" > G” iff there is a surjection ¢ = ¥(G’,G"): ¢’ — G” with
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(h,ei, fi) = (h,e;, fi). Denote by G = G(E,11,p) the unique bottom element of
I(&,11, p), the object of study of this work. It is the affine Lie superalgebra.

For G’ = G'(€,11,p) and a € &, denote G/, = {zx € G'; [h,z] = a(h)z Vh € h}
and &' = &(G') = {a € £ — {0}; G/, # {0}}. The linear space G} is equal to § for
all G’. It is named the Cartan algebra of G', and h C by is even. By the defining
relations, ® C P, UP_ —{0}. Put ® = ®(&, 11, p) for ®(G), where G is the minimal
element of I. Note that G’ > G” implies ®(G") C ®(G').

For B C I, put Gg = QN/ Ngren kerw(g, G"). Tt is an admissible Lie super-
algebra Gp € I. Then Gp > G” for all G” € B, and ®(Gp) = Ugrep P(G"”). For
a € &, if dimG/ does not depend on G” € B then dimGgp, = dimG/ for all
Gg" € B.

For a, 8 € Py, write 8 < a if « — f € Py — {0}. Fix a datum (&,11, p). Fix
G € I(€,11,p). As argued in the proof of [K77, Prop. 9.11], as in [Y99, p. 327] we
have the following proposition.

Proposition 8.1.

1) Let p € € be such that (p,a;) = L(ay, ;) for all a; € I1. If a € Py satisfies
2 +
(o, ) # 2(p, ), and dimg'ﬁ = dimGg for all B € Py with § < «, then
dim G/, = dimG,,.
(2) Fiz oy € II. Then,

(i) dimGy,,, equals 1 if k =1, or if k = 2 and (o, ;) # 0 and p(a;) = 1; it
equals 0 if k =2 and p(a;) =0, or k > 3;
(ii) when p(a;) =1 and (a4, a;) = 0 we have dim Gy, = 0 iff [e;, e;] = 0;
(iii) statements (1) and (ii) also hold with «; replaced by —au;
(iv) dimGyp is 0 for B € P — Py U P_.

(3) Fiza; € C* foralli, 1 <i< N =1+4n = |II|. There exists a unique automor-
phism ¢(ai,...,an) of G with (h,e;, f;) — (h, aiei,aflfi). An automorphism
@ of G’ satisfies ¢lb = 1y iff ¢ = ¢(as,...,an) for some a; € C* for all i,
1 <i < N. These a; are uniquely determined by ¢.

If ¢: G' — G"” and ¢: G’ — G” are homomorphisms, where G’ = G'(£,11, p)
and G’ = G"(&" I, p’), we write ¢ = ¢ if ¢ = ¢po(ay,...,an) for some a; € C*
(1 <i < N). Then = is an equivalence relation. If ¢, ¢ are isomorphisms and
o(h) = b =(bh), then ¢ = p iff p = ¢(by,...,by)o¢ for some b; € C*, 1 <i < N.

The Dynkin diagram associated with a datum (&, 11, p) is described in general
in [Y99, Sect. 1.3], but we need it only for type (AA)(Y), where only white and
gray vertices occur, no black ones, and no twisting. Thus we shall be interested
only in a datum with Dynkin diagram as shown in Figure 4.
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d—€14+Emin

X X “ee X >< cee X

Ty Eiy TEi Cimin—1 " Cimyn

Figure 4. A type (AA) Dynkin diagram, for ;1(m|n)

Fix a datum (€,II = {ag,...,an},p) whose Dynkin diagram is (AA); the
ith vertex is labeled by the ith root «;. Let £ (ex for extended) be an (n + 2)-
dimensional C-vector space, with a nondegenerate symmetric bilinear form (., .),
and a basis {e1,...,6n+1,0}, such that

(€ire5) = 6i,j(_1)p(ei)7 (€i,0) = (6,0) = 0.

It is common to add to the basis another vector Ag with (4, Ag) = 1, (Ao, Ag) =
0, (gi,A0) = 0, but we do not need it. Write (AA)¢ for (AA) (g for good) if
Y i<icns1(1)PED #£ 0, and (AA)® (b for bad) if this sum is 0. Put £ = £ if
(AA)Y, and € = {z € £ (x,0) = 0} if (AA)Y, where 0 = Z1g¢gn+1(—1)p(si) €.
Note that (., .) restricts to a nondegenerate symmetric bilinear form on £. Assume
there is a simple odd root. The vectors €1,...,en+1,0 (and Ag) are called the
fundamental elements of (£,11,p). In [Y99], n+ 1 is denoted by N (in our case of
(AA)9, thus m # n), and it is equal to our m + n.

The Kac-Moody Lie superalgebra G(&,II,p) is called an affine Lie super-
algebra of type (AA); we denote it also by sAl(m|n, I1, p).

Note that sl(m|n) = A(m — 1,n — 1) (m # n) is (AA)9, sl(m|m)/C - Ly, =
A(m — 1jm — 1). Note that A(m — 1Jm — 1) and sl(m|m) are not Kac-Moody Lie
superalgebras, since their simple roots are linearly dependent, and gl(m|m) is a
Kac-Moody Lie superalgebra. Define A(m — 1|m — 1) as follows. Let sl(m|m)"
be the subalgebra sl(m|m) @ CEq of gl(m|m) (En,1 is the 2m X 2m matrix with
all entries a; ; equal to 0 except aj;; = 1). Then A(m — 1jm — 1)" is defined to be
the quotient sAl(m|m)h/(@k¢0 Clay, ®tF). This is a Kac-Moody Lie superalgebra,
while A(m — 1|m — 1) is not, since its simple roots are linearly dependent.

By [Y99, Prop. 3.1.1], dim G, = 1 for all @ € ®(&,11,p) — ZJ, G = G(&,11, p).

Let G’ =G'(&,11, p) be an admissible Lie superalgebra with respect to (&, 11, p),
namely G’ > G = G(&,I1,p). As in [Y99, Def. 3.1.2], say G is affine admissible
if

oG (&1, p) =P, I,p), dimgG, =1 Vae®EI,p)—7Zd.
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Let AT = AI(E,11, p) be the set of affine-admissible Lie superalgebras with respect
to (£,11,p). Let Gar = Ga1(&, 11, p) be the admissible Lie superalgebra (Jg ca1 G’
It is the unique maximal affine-admissible Lie superalgebra in AI(E, 11, p): it is
in AT and Gar > G’ for all G’ € AL It satisfies dimGar, = dimG, for all a €
(P UP_ —7Z6)U{0}.

[Y99, Prop. 3.1.3] shows that if (4, p) # 0 then Gar = G, and gives examples
where the conclusion fails if (4, p) = 0. In fact, this condition holds for (AA)?, thus
affine sl(m|n), m # n, which we denote by g\l(m|n), and fails for (AA)®, where
Ga1 is described in [Y99, Thm. 3.5.1]. The main result of [Y99, Thm. 4.1.1] of use
for us describes é\l(m|n, IT,p) = Ga1(€,11,p) in terms of generators and relations.
Recall that II = {ag,...,an}, n+1=N=m+n,

& =Span{e; —¢; ,(i # j € I(m|n)), 6} C £ = Span{e; (j € I(m|n)), §}.

We use [Y99, Thm. 4.1.1] only for m > n > 1, m +n > 3. The cases m = n and
(m,n) = (2,1) are left to another work.

Theorem 8.2. Let (€,11,p) be of affine (AA) type. The affine Lie superalgebra
slim|n, I, p) = Ga1(E, 11, p) can alternatively be defined by generators h € b, e;, f;
for all i, 0 < i < mn, parities p(h) = 0, p(e;) = p(ay) = p(f;) for all i, 0 <i < mn,
and “affine Serre” relations

1) [h,h'] =0 for h,h' € b;
S2) [h,ei] = ai(h )% [h, fi] = —ai(h) fi;
S3) [lei, f;] = 0ijha,
S4)(1) [ei,ej] =0 zfz #j and (a;, ;) = 0;
S4)(2) [ei,ei] = 0 if (i, ;) = 0 and then p(a;) = 1;
S4)(3) [es, [es, [ - [ei,ej] .. .]]] =0, e; appears 1 — 20005) yimes if (i, 04) # 0,

(S
(
(
(
(
( v (ai,aq)

then p(a;) = 0, and the ith vertex is white;
(S4)(4) [llei e5], exl 5] = 0 if (i, o) = —(, ) # 0 = (e, 5), so the jth

vertex is gray;
(S5)(a) 1 < a < 4. The same relations as (S4)(a) with f, in place of e,.

Note that for sl(m|n), (S4)(3) becomes [e;, [e;, e;]] = 01if (a4, ;) = —2(ou, o)
= +2, = (¢, a;) if it is nonzero. Then vertex ¢ is white, and the adjacent vertex
Jj is gray if (a;, ;) is zero, and white if not.

§9. Fundamental representation

Our aim is to relate the finite-dimensional representations of the affine Lie algebra
sl(m|n) with those of the affine symmetric group S3 = Z% x Sy, the semidirect
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product of the symmetric group Sy and the lattice Z?, where Sy acts on Z¢ by
permutations. Denote by y; = (0,...,0,1,0,...,0) (1 in the ith place, 1 < i < d)
the standard d generators of Z¢ as a free abelian group.

Before stating the relation, recall that the Dynkin diagram of our é\l(m|n) =
gl(m|n; 11, p) is described by Figure 4, where the vertices are labeled by the roots
aj = g;; —&;,;,, in a fundamental system (i; € I(m|n), 1 < j < m +n, i; # iy
if j #7'), and ag = 6 — (&4, —€i,,..,), Where (6,&5) = 0 = (6,9) (j € I(m|n)).

isej = B, i;,,- The
where p(a;) = 0 if

The root vector corresponding to the root a; = ¢,
- o (_1)p(aj)Eij+17ij+1’
1 <45, 9540 <mor 1 < iy, 4541 < n, and then the vertex labeled j, associated

TG
corresponding coroot is ha, = Ej, i,
with a;, is white, and p(a;) = 1 otherwise, and then the associated vertex is gray.
In particular, (a;, o 41) = £1, and p(e;) = 1 precisely when p(e;, ) +p(ei,,,) = 1,
thus p(ay;) = p(ei;) + p(ei,,, )- The g; satisfy (5,5) = 6; j(—=1)P(?), and we added
a vector § with (g;,d) = (d,6) = 0 for all i. The root vector eg corresponding to «g
is the transpose ‘E;, ;. = FE;, . i of E
heo = Ei — (=1)Ple0) B

The superspace V = E, where E = C™/", has a natural structure of an sAl(m\n)—

i1,imns and the corresponding coroot is

m+nstmtn 1,01

module, called the fundamental representation, denoted p. Recall that E = Eg®E;
is a superspace, thus it is Fa-graded, B = @, Cu; (1 < i < m), E; = @, Cu;
(1 £ j < n), with basis (ug, ..., un), and there is a parity function p: EgUE; — Fo,
with p being 0 on Eg and 1 on E;. Define a C-linear operator p(o) on E by p(o)u; =
(—1)P@iy, (i € I(m|n)), thus p(o) = diag(ln, —I,), in the basis (u;; i € I(m|n)).
Put ug =0 = tpq1 (where 0 <1< - <m<0<1<---<n<n+1). In the
basis (u,...,un), ag = — (&4, —€i,,,,,) has root vector ey and

p(eo) = p(eoéo) = Eim+n1il’ p(fO) = p(fao) = Eil,im+na
p(ho) = plhay) = Eippivsn — (0P E; )
aj = €;; —€;;,, has root vector e;, 1 < j <m+n, and

p(ej) - P(eozj) = Eij,ij+17 p(f]) — p(faj) — Eij+17ij,
phj) = plha;) = Ei; i, — (_1)17(%')EZ_

GH1s0G410
SO
plej)ui = iy y iy p(f5)us = 0iiyuis s,
and
uij lf 1= ij,
plhj)ui = § —ujp1 if i =4,
0 otherwise.

In particular, [p(e;), p(f;)] = di,jp(ha;). Note that ¢; € £ = h* and u; € E.
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§10. Affine super Schur duality

The universal enveloping algebra $(g) of the superalgebra g has the structure of
a Hopf superalgebra, whose comultiplication A, counit ¢, antipode S are

Ale)) =e;®@1+1®e;, A(fi)=fi®1+1® fi,
e(e;) =0=¢e(fi), S(ei)=—ei, S(fi)=—fi

One can introduce a Hopf algebra structure by replacing U(g) by i, (g) =
U(g) x (o), where o is the involution on g given by o(e;) = (—=1)P(@e;, o(f;) =
(=1)P(@) f;. Then U, (g) is a Hopf algebra with comultiplication A,, counit &,
antipode S, given by

Ag(0)=0®0, Asle))=e;@1+0"@e;, A (fi)=fiwl+o"af,
gs(0) =1, eo(e) =0=c¢es(fi),
Se(0) =0, Ss(e;)= —Up(”‘i)ei, So(fi) = —Up(o‘i)fi.

The representation (p,E) extends to a representation pg of U, = i (g) on
E®? via the map

A(k) — (Aa ® I®(k71))A(k71): ua _ u?(/ﬂrl)

where A = A, : 4, — 4®2. Thus we put

pa(x) = p*lo A (z), 2 € Uy = iUy (gl(mln)),

Explicitly, pa(o) = p(o)®?,

pales) = > p(a?*)2E @ p(e;) @ 1904,
1<k<d

pa(fi) = Z p(aP@NBE=1) @ 5 1) @ 1Bk,
1<k<d

We can now state our main result, an affine extension of the super Schur dual-
ity of Sergeev [S85, CW12]. Recall that S¢ = Z% x S;. Put sl(m|n) = sl(m|n, II, p).

Theorem 10.1. Fiz integers d > 0, m > n > 1, (m,n) # (2,1). There exists a
functor F from the category Rep C[S§] of finite-dimensional right C[S5]-modules,
to the category Rep(é\l(m|n); d) of finite-dimensional left ﬂg(é\l(mm, I1, p))-modules
whose restriction to sl(m|n) is E®-compatible, defined as follows. Let M be a right
S4-module. Define F(M) to be S(M) = M®y,c(s.)E®? as a iy (sl(m|n))-module.
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Let the remaining generators of sAl(m|n,H,p) act by

(paeo))m @ v) = 3 my; @ p>! (o, V2 = ()P0 @ eg 0 120,
1<j<d

(palfo))m@v) = 3~ my;t @ p> (V)0 ¥ = (070)20 D e fo @ 19079,
1<j<d

for allm € M and v € E®. If d < m + n then the functor F: M s F(M)

is an equivalence from the category Rep C[S§| of finite-dimensional S§-modules,

onto the category Rep(sl(m|n); d) of finite-dimensional 5 (sl(m|n))-modules whose

restriction to sl(m|n) is E®-compatible.

The vector m € M is unrelated to the integer m = dim Eg.

We show that our functor is an equivalence only for d < m + n. Perhaps this
assertion holds for other d < (n 4 1)(m + 1), as this is the condition in Theorem
6.2(4), as in [S85]. But our method of proof, which adapts [CP96], shows the
surjectivity only for d < m + n. In the ordinary case of n = 0, it is shown in [F21]
that F is an equivalence when d < m, but it is not an equivalence when d = m in
the affine case, although S is in the finite-dimensional case. Determination of the
upper bound of d for which the theorem holds is left for another work.

In the trivial case d = 0, C[S4] = C and E®¢ = C; the category on the Sy-side
is that of finite-dimensional complex vector spaces, and the theorem asserts that
there are no nontrivial extensions of Lg-modules lifted from the trivial g-module C.

When d = 1 an irreducible representation of C[S,; x Z?] = C[Z] = C[t,t '] is a
C-linear homomorphism x: C[t*1] — C determined by the value x(t) € C* of x at
t,or at 1 € Z. An E-compatible irreducible representation of Lg = L&sl(n,C) (i.e.,
whose restriction to sl(m|n) is the standard representation p on E = C™I") is then
of the form x®p, where x: £ — Cis a C-linear algebra homomorphism determined
by the value x(t) € C*, by Corollary 17.3. On irreducibles the correspondence
defined by F is then x — x ® p. Both categories, of finite-dimensional £-modules,
and of finite-dimensional E-compatible Lg-modules, are not semisimple.

§11. Operators are well defined

The first task on the way to the proof of the theorem is to check that the operators
pa(eo) and pg(fo) are well defined. Then we need to check they satisfy the relations
that define g. Only the new relations, those involving the new generators ey and
fo, need to be checked. Then we need to verify that the functor is an equivalence
of categories.

Proposition 11.1. The operators are well defined.
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Proof. First we verify that for all s € Sy,
(pa(fo))(ms @ v) = (pa(fo))(m & sv)
for all m € M and v € E®?%; namely, as operators on S(M) = M ®c[S4] E® we

have
d d
Z sy; ®p®d Y( ) Z n ®p®d Yff))s,
1<j<d 1<j<d

where we recall that Yj%) = (oP(@0)20-D g fu @ I9(1=7) Tt suffices to show this for
a set of generators of the symmetric group Sy, so we take s to be a transposition

s;i = (i,i+ 1), 1 <4 < d. The terms with j # i, i + 1 on both sides are equal to

one another, as s; commutes with y; and with p®d(Y( )) It remains to show

SiYi & Y( ) + 8iYir1 @ Yz(Jri F=Y ® Y(f)sz +Yit1 ® Y(Jr} fSi-

Only the ith and (i+1)th factors in Y are affected by s;, so to simplify the notation
we assume that s = (12) and d = 2, and we are to show that

(pa(fo))(ms @ v) = A+ B,
A=msy; @ (p(fo) ® v, B=msy; @ (p(c?*)) @ p(fo))v

equals

(pa(fo))(m®s-v)=C+ D,
C=my ® (p(fo) @ s v, D=mys@ (p(c™*)) @ p(fo))s v

Here s-v stands for ¢4(s)v, v is v1 ® vy where v; are homogeneous (in E, ), p(o)v; =
(=1)P@y;, (1ha(s))(v1 @vg) = (—1)PDP(U2) 4y @ vy, Then A is mys, times (ie., ®)

7/1(5)(p(f0)111 ® UQ) — (_1)P(P(f0)vl)l’(v2)v2 ® p(f())vl
= (_1)(p(ao)+p(a1))p(vz)v2 ® p(fo)vi,

and D is my, times
(p(aP@)) @ p(fo))(—=1)PEDPO2) gy @ 4 = (—1)PE1PE2) (_1)P(@0)P(v2) gy @ b( o)y,
thus A = D, and B is my; times
() (=1)PPE 0y @ p(fo)vg = (—1)PPED (1)U o fo)uy @ v,y
and C' is my; times
(p(fo) ® (=1)PCVIP2) oy @ vy = (= 1)PEIPE2) p( f )0y @ vy,

so C' = D as p(p(fo)ve) = p(ao) + p(va).
The same computation holds with ey replacing fo (and y replaced by y=1). O
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Remark 11.2. Our proof is patterned on that of [CP96]. Our Section 11 corre-
sponds to the first paragraph in the proof of [CP96, Thm. 4.2]; our verification of
the relations (which are more complex in the present case) in Sections 11.1, 12, 13
reminds one of [CP96, midpage 305 to midpage 306]; and our Section 14 of [CP96,
Sects. 4.3-4.6]. In particular, [CP96, lemma in Sect. 4.3] is given there without a
proof; our version of it is proven as Proposition 14.1 below.

§11.1. The relation (S4)(2)

The relation (S4)(2) needs to be checked only for the vertex in the affine Dynkin

diagram of sAl(m|n), that is not in the diagram of sl(m|n), namely that indexed by

. This relation asserts that if p(ag) = 1, then [eg, eg] = € — (—1)P(@0)p(@0)eZ —

22 is 0. Thus we need to check that pg(e2) = 0 if p(ag) = 1. We then compute
pa(eo)*(m @ v) Z my; yl ® (p (g)®(i—1) ® pleg) ® ]®(d—i))
1<4,5<d
x (p(0)®U=1 @ p(eg) @ 12Dy,

First we consider the summands associated with ¢ < j: thus my; 1y; 1o
12071 @ p(eg)p(0) @ p(a) 29"V @ p(eg) @ T2

plus
12071 @ p(o)pleo) @ p(a) 29~V @ p(eg) @ 19117

is 0 since p(o)p(eg) = —p(eop)p(o). Then for the summands labeled by i = j we
have p(ep)? = 0 since p(eg) € End; E, dimE = m + n, dimsE = m|n, so p(eo)
is nilpotent of order 2. The relation (S5)(2) is verified in the same way, with fo
replacing ey.

§12. The relations (S4)(3)

Next we check the relation(s) (S4)(3). It states, for our g,

0 if (ai,ai) = —Q(Qi,aj) — i27
les, [ei,ej]] = { '
(aj, ) if (o, ) #0.

Here the vertices 7 and j are adjacent, the i-vertex is white, and so is the jth,
unless (o, ;) = 0 when the j-vertex is gray. It suffices to check that pg preserves
this relation only for the new vertex in the Dynkin diagram of g, which does not
appear in the diagram for g. This vertex is (labeled by the root) ag, so we require
that e; or e; is e, and then the other is eg or en, as (v, ;) # 0.
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If j =0 then i = 1 or n, and the relation is

_ Jp- _ 0 if (61,61) = _2(61360) = %2,
[617 [617 60]] = {(60’ 60) i 7& 07
[6 [6 e ]] o 0 lf (an,an) == —2(Oén7040) = i2,
o P POl (60,60) 1f7$0

If i = 0 then j = 1 or n, and the relation is

0 if (eo,e0) = —2(ep, €7) = %2,
(eg,e7) if #0,

0 if (g, ) = —2(ap, o) = £2,
(én,en) if #0.

The first of these triality relations, since p(ag) = 0, becomes

[eo, [eo, €] = {

[607 [607en“ = {

0= [61, [61, 60]] = [61, €1€0 — 6061] = 6%60 - 2616061 + 606%.
We then need to show the vanishing of

paler.[er ol )m@v) = Y my; ! e1), lpale), P2 (Y ) o
1<5<d

It suffices to show the vanishing of p®? of

(A eq), A ), VT

e

When d = 1 this leads to p([eg,[e1,e0]]) = [p(e1), [p(e1), pleo)]]- From the
relations on aj, ag we may assume o7 = €; — €5, Qg = £ — &; (1 <i,4,k <mor
1 <id,4,k <n)if (a1,07) = (a0, 0) = —2(03, ap), hence p(e;) = E; ; satisfies
p(e;)? =0, and p(eg) = Ey 4, k # 7, so p(eg)pl(eo) = E; jE); is 0. When p(ag) =1
we have 1 <i,j<mand 1 <k<norl<k<mandl<ij<n,and the same
conclusion is obtained.

When d = 2, we are led to p®? of

[A(er), [Ale), e0 @ 1+ P @ e]] = A+ B,
—le;®1+1®e;, e @14 1® e, @ el
B = [61®1+1®61,[6i®1+1®61,60®1“.
Using p(ej) = Eij, pleg) = 0, pleo) = Ek, plei)pleo) = EijEy; = 0,
p(ei)? = 0, and putting p(o) = J, we see that the inner [.,.] in p®?(A) is

Em,Jp(ao) @ By — Jp(ao)Em @ B — Jrlao) & Ev.FE;;
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If p(ap) = 0 then the first two terms cancel each other, so p®2(A) becomes
—E;,;®E,;+FE;; @ E; =0.

If p(ap) = 1 we get the same conclusion since E; ;J = JE; ;, as 1 <i,j < m or
1<4,j<n.
The inner bracket in p®2(B) is p(eg) @ p(e7) — pleo)ple) @1 — pleg) @ p(e )

—p(eo)ples) @ 1, hence p®2(B) is —p(eq)p(e1) ® pleg) + pleo)ples) @ ples)
For d > 3, to verify that 0 = p4([e1, [e1, eo]]) = [pa(er), [pa(er), paleo)]]s where
we recall that

pale) = Y p(e? @)V @ pe) 199 (T<i<n)
1<s<d
and

(paleo))(mev) = >~ my; ' @p® (YD), Vi = (7)) 20D @egn =),
1<5<d

it suffices to show that after applying p®¢, which we omit to simplify the notation,
the sum ), ., a(s,t,7) is mapped to 0 for each j, where (here p(az) = 0)

CL(S, t7]) — [I@(S—l) ® e ® ]®(d—s),
[I®(t*1) ®e; ® I®(d*t)’ (O—P(ao))®(j*1) ® ey ® ]®(d*j)“.

Fix j. The term s =t = j is zero since this case reduces to that of d =1, as
the components at all other positions commute. So (p®3 of) a(j, 4, ) is 0.

Fix j' # j. If s, t range over the set {j, j'}, the corresponding part of the sum
reduces to the case of d = 2, for the same reason. In particular, the sum of the
terms a(j', ), a(j, 7 7), aj,j, ') is zero.

Now fix j' and j” such that |{j, 7/, 7”}| = 3. It remains to show that a(j’, 5", j)
+a(j”,5',7) is 0 for all triples {j,j',j”'}. As the components at all other positions
commute, it suffices to consider the case where d = 3. There are three cases: j = 1,
2, 3. Consider j = 1. We have ((s,t) = (2,3), (3,2)) p®3 of

IRe@[,[IRI®e;,e0@IRQI+[I®IRe,[I®e;®@1I,e0®@IRI]]=0.
When j = 2 we have p®3 of
;@I L[ITRI®e;, 0 @e@I)]=0 (s=1,t=3)
plus the term for (s,t) = (3,1), p®3 of

ToI®eg[e; @ TQT,07) @ ey 1]].
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Here the inner bracket has the form (p(eg)J — Jp(eg)) @ p(eg) @ I since p(eg) = 0,
which vanishes since J = diag(l,,, —1I,) and p(e7) = diag(A, B) with A of size m,
B of size n.

Finally, when j = 3, we get p®? of (s = 1, t = 2; use p(eg) = 0)

e @TR[I®e; @ 1,07 @ gPl) @ eg)] =0,

since the inner bracket is JP(0) @ (p(eg)JP(¢0) — JP(€)p(e;)) ® eg = 0, and (for
s=2,t=1) we get p®3 of

IT@e;®1,[e; @1® 1,07 @ 0?0 @ e)] =0,

since the first component in the inner bracket is p(eg)JP(¢0) — JP(€0) p(e1) = 0.
The verification of the relation pg([en, [en,€0]]) = 0 is obtained by simply
replacing e; by e, in the computation above.

The remaining pair of triality relations pg([eo, [eo,€;]]) = 0 for i = 1 or n
is verified similarly. We note that only the standard case, where p(eg) = 1, is
discussed in [F20], but as we show here, the same computations apply to all data
(&,1Lp).

This completes the verification that the relations (S4)(3) are preserved un-
der pg.

The relations (S5)(3), in which e, are replaced by f;, are verified by analogous

computations.

§13. The relations (S4)(4)

The relations are [[[e;,e;],ex],e;] = 0 if p(a;) = 1, thus (aj,a;) = 0, and
(i, a5) = —(aj, o) # 0. The new, affine, cases, are those that involve ag. Only
these relations need to be verified. So these relations are

(*) H[eiveo]ven]’eo] =0, p(eo) =1, (aI,QO) = _(a0704n) #0

corresponding to the three consecutive vertices (i = 1, j = 0, k = n), where the
vertex j = 0 is gray; and the relation obtained on interchanging e; and ey,

(**) [[[60761]765]761] =0, p(ei) =1, (aOvai) = _(O‘I’aﬁ) #0

corresponding to the three consecutive vertices (i = 0, j = 1, k = 2), where the
vertex j = 1 is gray; and the relation obtained on interchanging e5 and eg, and
replacing (0,1,2) with (0,n,n — 1) and (n — 1,n,0): this is the case where j =n
(is gray), {i,k} = {0,n —1}.
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Consider the case where p(ag) = p(ag) = p(an) = 1 of (x), the most extreme
case unique to the super situation. Then oy = §; — ¢; and p(ey) = E; ;. We may
take

(1) a3 = e —0d;, then an = ¢; —d¢, or o3 = §; — €, then ay = §p —¢;; or
(2) o5 =¢€j —0k, then ay = €4 —0;, or ag = 0 — €, then an = 0; — €.

Our task is then to show that

[[[pa(e1), paleo)]; palen)], paleo)] = 0.

Since

(pae)m@v) = > my " @p®(V))), V=00V @eqr®d)
15554

for each of our e = ez, g, en (as oP(¢) = o, since p(e) = 1), we need to consider
the sum of terms of the form (we write J for p(o), E; for p(e;) (i = 0, 1, n),
1 <j; <d)

a(ju.a: g, ga) = [TV 70 @ By @ 190070, 90D @ By @ 19(172)],
J®Us—) o B ® I®(d—j3)]’ JeUa=1) o Ey® ]®(d—j4)]

applied to m ® v.

To keep track of the computations, the procedure will be to fix (ja, js), and
consider the sum of the terms a for all possibilities for ji, j3. In all cases the sum is
zero. There are too many cases to record all computations here, but the technique
is as in the previous section, of a triple bracket. We describe a few cases. Consider
then the case of (1) above. If all j; are equal to the same j, then we may assume
that d = 1, as the other components in the tensor product commute. In this
case we are reduced to the computation of [[[E1, Eol, En], Eo], where Ey = Ej ;,
E, = E;, Eg = E; ;. This bracket becomes [Ey ;E; ;E; ¢, E; ;] = 0, since j, k, ¢
are all different.

Next we consider the case of jo = j4 = 7, and {j1,73} C {4,7'}. Then we may
work with d =2, s0 j =1 or 2. When j =1, j; = 1, j3 = 2, the term is

[[E1 ®1,Ey®1],J ® Ey], By ®1].

The first, innermost bracket, is F4 Eg with p = 0, as EgFE, = 0. The second bracket
is E1EgJ — JE1Ey = 0, since p(eger) = 0 so E1 Ey commutes with J.
When j =1, j1 = 2 (any js € {1,2}), the inner bracket is

[J ® Er, By ® 1] = (JEy + EoJ) ® E,

and this is zero since p(eg) = 1 (thus JEy = —EyJ).
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When j = 2 and j; = 1, the inner bracket
(B1®1,J @ Ey| = (ErJ + JEy) @ Ey
is zero as p(e;) = 1. When j = 2 = j;, j3 = 2, the term is
([[J® E,J ® Eyl, E, ®I],J ® Ep).

The innermost bracket is I ® F1Ey, as EqE; = 0. Since p(ejeg) = 0, the second
bracket is 0, as I ® E; Ey commutes with F,, ® I.

If jo = js = j and j1, j3 # j, then we may work with d = 3. Thus if j = 1,
(J1,73) is (2,3) or (3,2). If j = 2, (j1,73) is (1,3) or (3,1). If j = 3, (51, J3) is (1,2)
or (2,1).

If jo # ja = j and ji1, js € {j2,ja}, we may assume d = 2, and then (jz, js) =
(1,2) and (j1,73) = (1,2) and (2,1), or (j2,44) = (2,1) and (j1,73) = (1,2) and
(2,1). If 41,75 € {j2,Ja,J'} but not both in {ja,74}, then we may assume d = 3.
In this case, one of ji, j3 is in {ja, ja}, the other is not, or j; = j3 = j/, a case we
consider next.

If jo # ju = j and j1, js ¢ {j2,7a}, we work with d = 3 if j; = js, and with
d = 4 if not. In particular, it suffices always to work with d < 4, and in each
case the computation is reduced to an elementary matrix multiplication, that can
easily be verified.

These considerations verify (S4)(4). The verification of the (S5) cases, where
the generators e are replaced by the generators f, is analogous.

§14. The functor F is an equivalence

The super Schur duality (Theorem 6.2) asserts the existence of an equivalence
of categories when d < (m + 1)(n + 1). The proof described below, which is an
adaptation of that of [CP96] in the affine quantum nonsuper case, of [F20] in the
affine quantum super case, and of [F21] in the affine case, seems to hold only
under the restriction d < m 4+ n. So we assume this in the present section, and
ask whether the result, that our functor F is an equivalence, extends to bigger
d < (m+1)(n+1). In [F21] it is shown that the affine extension of Schur’s duality
holds for d < n but not for d = n when g = sl,,(C), although Schur’s duality holds
for d < m. Recall that E = C™l",

To show that the functor F — which we have seen is a well-defined functor
between the categories specified in the theorem — is an equivalence, one has to
show the following;:

(a) Every finite-dimensional E®?-compatible ﬂg(gl(m|n,ﬂ,p))—m0dule W, ie.,
each of its irreducible constituents when restricted to Uy (sl(m|n,II,p)) is a
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constituent of E®?, is isomorphic to F(M) = M ®¢(s,] E®? for some C[S]]-
module M. We write Ac[8q] for Rypa(C[Sa)-

(b) F is bijective on sets of morphisms.

To prove (a), by the super Schur duality Theorem 6.2 we assume that W =
S(M) for some C[Sy]-module M. We shall construct the action of the yjil on M
from the given action of pg(eo), pa(fo), pa(h) on W.

Put Iy = II — {ag} = {1 = €j, —€jps--,0n = €y = Ejmuns Ji €
I(mn)} C £€=h".

Recall that {u;; i € I(m|n)} denotes the standard basis of E, with p(u;) = 0
if1<i<m,pu)=1if 1 <i<n. We also write v; for u;, 1 < i < m, and
Vigm for u;, 1 < ¢ < n. Further, n4+1 = N = m + n. Write i,(sl(m|n)) for
iUy (sl(mn, o, p)).

Proposition 14.1.

(a) Let M be a finite-dimensional C[Sy]-module. Fiz v € E®? such that E®? =
pa(Uy(sl(m|n))) - v. Then the map M — S(M), m — m ® v is injective.

(b) Suppose v = u;, @ --- @ u;, € E®L where iy,...,iq € I(m|n) are distinct.
Then E®4 = py(Uy(sl(m|n))) - v. In particular, v satisfies the condition stated
in (a).

Proof. Choose an isomorphism E®? = @, L(A*) ® S*, where A € Py(m|n). As
we assume d < m +n < (m + 1)(n + 1), every partition A of d is an (m|n)-
hook partition of d, so the sum ranges over Py(m + n). The length £(\°) of A\® is
< m +n. Here S* is the A-Specht representation of Sy and L(\?*) is the sl(m/|n)-
module parametrized by A°. The vector v = ), z spans E®¢ under the action
of pa(thy(g)), in particular pg(,(g)) - 2x = S* ® L(\*) = Homc(L(A*)Y,S*). As
dim L(\*) > dim S*, we may assume xy: L(\*)Y — S is onto, for each \.

To see why the dimension of the GL-representation (L(A*) or V*) is no less
than the dimension of the corresponding representation (S*) of the symmetric
group, when d < n, I follow a message from Vera Serganova. First take the case
d = n, and the usual, nonsuper case. Consider the diagonal subgroup of GL.
Take the subspace M of E®¢ on which diag(zy,...,,) acts by the character
x1 -+ xn. This subspace is the regular representation of Sy (when d = n). Then
we get dim(M NV?*) = dim S*. (Indeed, M N VA = ¢, M, where c, is the Young
projector, basically by definition. But dim ¢y X is the multiplicity of S* in X for a
representation X of Sy. In our case X = M is regular, hence the multiplicity of any
irreducible representation is equal to its dimension.) This gives the inequality, since
dim V* > dim(MNV?*) = dim S*. This proof works perfectly well in the super case.
Now when n > d, the dimension of V* only grows. This is also clear in the super
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case, where V* is replaced by L(\*). It is important to note that in the super case
we mean the usual dimension, dim L(A®)g + dim L(A®);. For the superdimension
the inequality is wrong. For example, all irreducible representations of gl(1|1) have
superdimension < 2. But for the (1|1)-hook partition A = (2,1,1,...,1) of size d,
the corresponding symmetric group module S has dimension d—1, > 2 for d > 4.
In the nonsuper case the dimension inequality follows also from the dimension
formula of [FH91, Ex. 6.4%, p. 78].

Now since C[Sy] is semisimple, by the Maschke theorem the finite-dimensional
C[S4)-module M is completely reducible. Thus M = €, ; M., where M,, are the
p-isotypical components of M. Hence M, ~ S*®A,,, where A, = Homg(g,(S", M)
is a vector space. Since S* ~ (S*)' is self dual, M, ~ HomC(S“, Ay).

We next use the fact that S* is self-dual, and Schur’s lemma: V' @¢ W =~
Homg(V, W) is C if the irreducible G-modules V, W are isomorphic, 0 if not;
G = S,4. Consider the map

M x E®? — M ®¢ys, E®* = (@ Home (5%, Au)) Bcs.] (@ S @ L(/\s)>
A

o

= @AA ® L(X*)
= @Homc V. Ay,

((fr: S* = Ay), (z) € S ®L( )= (falea) € Ay @ LX)
= Homg(L(A*)", A))),

where fy(xy) is faoxx: L(A*)Y — S — A,.

The injectivity of the map M — M ®c|s, E®! m — m ® v, means that
froxyx = 0 implies fy = 0 for all \. This holds when zy: L(\*)Y — S* is
surjective, as assumed; (a) follows.

It does not suffice to assume that xz # 0 for all A as assumed in [CP96,
Lem. 4.3(a)]: if for example z) = a ® b, a € S*, b € L(\®), dimS* > 2 and
Ay # 0, there are nonzero fy: S* — Ay that send a to 0. For this reason we write
a proof of the proposition.

Claim (b) is elementary. We need to show that under the action of the uni-
versal enveloping algebra pq (8, (sl(m|n))), each basis vector e, ® -+ ®¢;, of E®4
can be obtained from &;, ® -+ ® ¢;, with distinct iy,...,iq € {1,...,m + n}.
To simplify the notation it suffices to show this for d = 2. Then m +n > 2
by our standing assumption d < m + n. Thus it suffices to show that pgq(i,(g))
takes €1 ®ey to e ®ep for any k, £ between 1 and m + n. Recall that pg(g)
acts as Ag(g)v = Zlgjgd(_1)17(9)(p(vl)-‘rm-‘rp(vjfl))([@(j—l) ® g ® I®@=))y on
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v =0 Q- ®uvg. Write g = (a,b,c) for the (m + n) x (m + n)-matrix with
first column a, second column b, kth column ¢, & > 2; the other columns are
not written, to save on notation; it suffices to take m +n = 3 and k£ = 3. Then
Ag(eg, 0, %) takes 1 ® 9 to € ® €3, where * means any column; Ay(*,e4,0) takes
erReg to e ey (k #£ 2); Ag(0,%,e9) takes e Re1 to €3 ®@e1; Agley, 0, %) takes
€9 ®e1 t0 g2 ®ey; Ag(0, ex, *) takes 1 ® ey to €1 R &g, of course up to a sign. [

Proposition 14.2. Forj, 1 < j <d, puta(j) = v2®---®v;, b(j) = v11®- - -®vq,
v = a(f) @ vmin @ (), W = a(j) @01 @ b(j).
In particular,

’U(l):’l}m+n®v2®"'®vd7 'U(d):’l)2®"’®’l}d®vm+n;
w® =0, QU ® - @ vy, W =@ @V @01

Then there exists o € Endec M with
(pa(fo)(m © v) = aj s(m) @ p=*(v, 7)o"
and oj. € Endc M with
(palen))m @ w?) = a;.(m) @ p® (Y, yw)
forall j,1 < j <d. We have p®d(Yj(7(jc))v(j) = +w") and p®d(Yj(7g))w(j) = +00),
Proof. For 7 in the symmetric group Sy on d letters, put

w = (Ur(2) @+ Vs () @ Vr(1) @ (Vr(js1) © -+ @ Vy(a))-

The set {wT ; 7 € Sy} spans the subspace of E®¢ of weight \q = &, +¢j, +- -+
€j,- Now pq(fo) adds €5, —¢;,.,,. to the weight, hence it takes ;. to ;. Thus
for every m € M we have

(pa(fo))m@vY)) = > m, @ wl
TESA

for some m, € M. But w(J ) is a nonzero scalar multiple of h - w) for some h €
C[S4], b = k(7). Hence (pa(fo))(m®v9)) equals m’ @wl) for some m’ € M. Then
there exists oj y € Ende M with m’ = ¢ s(m) for all m € M by Proposition 14.1.
The existence of a;j . € Endc M is proven analogously. O
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Proposition 14.3. For allm € M and v € E®? we have

(palea))m@v) = Y ajo(m)® p® (Y, ),
1<j<d

(pa(fo))m@v) = 3 ajs(m)© p®' (¥, 7).
1<j<d
Proof. Suppose v = u;, ® -+ @ u;,. Then (pq(fo))(m @ v) will be 0 if no 4; is
Jmn, as then —e;, . +ej, +&;, + - +¢;, cannot be a weight of E¥?. So we may
assume some component of v is uj, .

Let r >0, s> 1, r+s<d 1< j1 <jo<-<jr<d 1<j <jh<
<o < gL < d, and assume {j1,...,5-} N {j1,..., 45} = 0. Write 5 = (j1,...,4r),
= (j},...,j.). Let EUJ) be the subspace of E®? spanned by the vectors that
have vy in positions ji,...,Jr; Umtn In positions ji,...,7.; and vectors from
{va,..., Umin—1} in the remaining positions. We prove the proposition when v
is in EGJ) for all j, " in two steps:

(i) for s =1, by induction on r,

(ii) for all r, by induction on s.

By Proposition 14.1, applied to the subalgebra of i, generated by the e;, f;, hil for
i €{2,...,m+n—2}, to prove our proposition for all v € EG3") it suffices to prove
it for one 0 £ v € E(:3") whose components have no vector from {va, ..., Umin—_1}
twice. Such vectors exist since 1 < d+1—-7r—s<d<m-+n— 1. Here we used
the condition d < m + n.

Proof of step (i). Here s = 1. The case of r = 0 follows from Proposition 14.2:
take

v = a(ji) @ Vmin @b(j1), w = a(j]) @ v @b(j1)

(recall that a(j) = v2®---®vj, b(j) = vj41 Q- Qug). As Yj(f;) = (oP(@0))2( -1 @

fo ® I®W@=9) and p(fy) = E1 ytn, we have p®d(Yj(1 })v = w times a sign, and

p®d(Yj(7jlc))v = 0 for all j # ji, hence we have (pa(fo))(m®v) =3, 50;7(m)®
p®d(Yj(’;1c))v, where a; r(m) is the sign times m. ~

Assume step (i) holds for 7 —1. Put j = (ja, ..., j,). Define v/ € EU") to be a
pure tensor with vy in the j; position, and distinct vectors from {vs, ..., Umin—1}
in the remaining positions. Then v = pg(er)v’. Indeed, recall that pg(e;) =
S (JPeN@E=D & pler) ® 12@=R) that p(er)v; = d2,v1, and that v’ has vy
only at position j; (and vy only at positions ja,...,j,), so only k = j; survives in
the sum over k that defines py(e1), and (pg(er))v’ = v.

Define v by replacing vp,4, in position j° = jf in v' by v1, and v by
replacing vy in position j; in v” by v;. Now r(v') = r — 1, so we can apply the
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induction on r (in the third equality below, and (S3) in the second):

(pa(fo))(m @ v) = pa(fo)paler)(m @ v')
= pa(e1)pa(fo)(m @)

= paler) Y ang(m) @ > (Y.
1<e<d
Recall again that Yé(?) is (oP(@0))@U=1) & fo @ %9 and p(fo) = E1mn, and
Um4n Occurs only at position j; in v’. Then only £ = j] survives in the sum, which
becomes a multiple of v”, by a sign ¢. Since vy occurs in v” only in position ji,
in the sum defining py(e1) only the summand indexed by k = j; survives when
acting on v, and it is (JP(@))®Ur—1 @ p(e;) @ 1%(4=3) So py(e;) maps v’ to v,
We obtain aj; r(m) times 1"’ = p®d(Yj(f})v. For other j we have 0 = p®d(Yj(f;))v.
So we end up with 3 aj ¢(m) ® p®d(Yj(’;lc))v, completing step (i).

Proof of step (ii). Assume the proposition holds for all v € EG7") with fewer
than s components v,,+,. As in step (i), it suffices to prove the claim for one
element v # 0 in E(3) that has distinct entries from {va, ..., Vmin—1} in the
remaining positions. Fix such a v. Let v’ be the tensor obtained from v on replacing
Um+n in positions j._; and ji by vyqn—1. We claim that

Pd(fernfl)Qv/ = 2v.

To see this, recall that p(fm+n—1) = Emtnmtn—1, and p(emin—1) =0, and

pd(fm+n—l) = Z (Jp(am+n71))®(k71) & p(fm+n—1) ® I®(dik)'
1<k<d

So in pa(fmin—1)%v" the sum over k in each pg(fmin_1) reduces to k = j._;, j’,
and all factors in positions # j._;, j. in each summand, commute. At these two
positions the components of v are vy in_1 ® Vmin_1 and those of pa(fimin_1)>
are

(P(frntn1) © T+ JPEm =1 @ p( fr 1))
X (p(fangn—1) @ I 4 JPOm+n=0) @ p(f 0 1))
= p(fm+n71)<]p(am+”71) ® P(fm+n*1) + Jp(a"'LJr"kl)p(fernfl) ® p(fernfl)

as p(fman-1)2 = 0. S0 pa(fimin_1)*v" equals
I®(j;_171) ® p(fm+n—1) ® I®(j;717j;_1) Y (p(fm+n—1) + p(fm+n—1)) ® I®(d7j';)vl'

Now o frmtn—1)Vmin—1 = Um-in, S0 in conclusion v = % pg( fmin_1)20’, as claimed.
P m+ + +n> 2P + )
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To continue we use the equality (S5)(3),

pd(fo)pd(fm+n—l)2 = 2pd(fm+n—1)pd(fO)pd(fm-‘rn—l) - pd(fm+n—1)2pd(f0)7

in the second equality below:

(pa(fo)(m @ v) = pa(fo)pa(fmin-1)?(m @) = A+ B,
A= pi(frmsn—1)pa(fo)pa(frmsn—1)(m @),
B = —3pa(fmtn—1)?pa(fo)(m @ v").
To find B, we write by induction

d
plime ) = 3 agsim e
1<k<s—2

Y;(,gl’) — (O-P(@O))®(j—1) ® fo® [®(d—j)’

as Upmtn occurs only at the s — 2 < s positions ji,...,j._, in v’. Recall that
p(fo) = E1 m4n- Note that pg(frmtn—1) changes the factors (vym4+n—1 t0 Vptr) of v/
only at the positions j._, j.. Applying pa(fm+n—1) to (pa(fo))(m®v") would send
the part vy 4n—1®Vm4+n—1 at the positions j._; and j. t0 Vs r @Vm4p—1 (from the
summand of pd(fm+n71) with (]gflng) parts p(fernfl)@I)a PlUS Vi n—1®@Umtn
(from the summand of pg(fimtn—1) with (j2_1, %) parts I ® p(fm+n-1))- Applying
Pd(fm+n—1) again we obtain

Um+tn @ Umtn + Umtn @ Umyn = 2vm+n @ Umtn-

Now p®d(yj(;)f) acts on the two factors vy, 4n ® U4y, of v at the positions (5% _4, %)
trivially, and also on v’. So in summary,
d v (d
B== 3 agme e
1<k<s—2
To compute A, let v (resp. v"”’) be obtained from v’ on replacing the vector
Um4n—1 at the j._; (resp. j.) position by vy,4n. Observe that

II/

(pa(frmtn—1)) Mm@ v ) mev +meu

(Applying pa(fm+n—1) again we recover the result from the start of the proof:
(pa(frmin-1)?)(m@0') =2(m ®v).) As s(v") = s —1 = s(v"") < s, by induction
we get

(fO)pd(fern 1 m®’l) Za]k ®p®d(y( )f)v//
k#s
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Now we apply pa(fm+n—1)- As v” has v,4n—1 only at the j. position, we get

d d
palFrin—1) D gy (m) @ p2 (V00" = 3 ayy (m) @ p (V0 o
k#s k<s—1

Denote this by A;. As v"’ has v,,,4,—1 only at the j’_; position
+ s—1 p )

d v (d)
Pd(fm+n1)k;1aj,;,f(m)®p® (V0" = As + A3,

d d
Ay = agy p(m) @ (Vi )o, Ag= D7 g sm)@ p® (v .

Then A = A; + Ay + A3, and B+ A is

(palfo))mev) = — 3 aj,g,f<m>®p®d<¥2‘f}>v

1<k<s—2

d
+ Z aj s ®p®d(y( ))
k<s—2

d
+aj s m) @ p (V4 D0 g pm) @ p® (V)
1<k<s—1
d
= > ajsm) @ ey ). O
1<k<s

Proposition 14.4. Setting my; = «;.(m), my;1 = o f(m) defines a right
C[S§]-module structure on M, extending its C[Sq]-module structure.

Proof. We have to check the following relations:

() vy ' =1=y; "y
(1) yjyr = yryj;
(111) Yj+1 = S;Y;Sj, where S5 = (]7] + 1) € Sd.

To prove (i) and (ii), we compute both sides of the equality

(pa(leo, fol))(m @ v) = pa(ha,)(m @ v).

For (i) we take v with vy, 4y in the jth position and vy, 4n—(4—1), -+ Vmin—1 in
the remaining positions, in any order.

For (ii) take v to be a tensor with v; in the jth place, v, 4, in the kth position,
and distinct vectors from {va, ..., Um4n—1} in the other positions.

For (iii), take v = v;, ®- - -®u;, € E®? with i; = 2,4;,1 = 1, and the remaining
i) are distinct from {3, ..., m+mn— 1}. This is possible since d < m+n—1. (Once
again we use the condition d < m + n.) So v has vy at position j, v; at position
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j+ 1. The vector v’ is obtained from v on replacing vy at position j + 1 by vs1n.
The vector v” is obtained from v’ on replacing v at position j by vy and vian
at position j+1 by ve. The vector v"”’ is obtained from v on replacing vy at position
J by v1 and vy at position j + 1 by vs.

Now looking at the indices (i,7) = (2,m + n) only, we have s(Vp4n ® v2) =
Vg ® Uty and s(ve @ v1) = v1 @ ve, so sv = v and sv” = v'. Then

m - s;y;s; @ v =m-s;5; ®v" = (pa(fo))(m - s; @ ")
= (pa(fo))(m @ s;0")
= (pa(fo))m @) =my; 1 @v.

Since v has distinct components, Proposition 14.1 implies that m-y; 11 = m-s;y;5;
for allm € M.
This completes the proof that W ~ F(M) as a U, (sl(m|n,II, p))-module. O

To show that F is an equivalence we still need to show that it is bijective
on sets of morphisms. Injectivity of F follows from that of S. For surjectiv-
ity, let F: F(M) — F(M') be a homomorphism of ilg(;l(mm,ﬂ,p))—modules.
By Proposition 14.1, F' = S(f) for some homomorphism f: M — M’ of C[S,]-
modules. Since F' commutes with the action of p(fy) we have (p(fo)F)(m ® v) =

(Fp(fo))(m @), ie.,

N fm) -y @2l P = 3 fmyy) @ p2l
1<j<d 1<j<d

for allm € M and v € E®?. Choosing v suitably we deduce that f(my;) = f(m)y,
for all j (1 < j < d). This completes the proof of Theorem 10.1.

§15. Parabolic induction

Let Sy, be the symmetric group on d; letters, ¢ = 1, 2. There is a natural embedding
of Sgq, X Sg, in Sq,+4,, given by viewing Sg,+4, as the group of permutations
of the letters t1,...,tq,+d,, Sq, as the symmetric group of ¢1,...,tq4,, and Sg,
of tg,+1,.-.,td,+d,- This naturally extends to an embedding of group algebras,
C[S4,]®C[S4,] = C[S4,+d,], and also to an embedding of affine symmetric groups
bdydy: Sg, XSG, = 8§, 44,, and their group algebras ¢q, 4,: C[SG | ® C[SG,] —
C[SS, 1q,)- Here S§ = Z% x Sy, Sq acts on Z% by permutations, Sq is generated
by s; = (i,i+1) (1 <i < d),Zby y; = (0,...,0,1,0,...,0) (1 at the jth
place); the embedding maps s; € Sq, (or s; ® 1) to s;, and y; € S (or y; ® 1 in
C[S3 1® C[S7,]) to y;, and s; € Sy, (= 1®s; € 1 @ C[SG,]) to 54,44, y; € SG, to
Ydy+j-
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Let M; be a finite-dimensional right C[S§ ]-module. Their outer tensor prod-
uct, My ®c Ma, is a C[S] | ®@c C[Sg,]-module. The induced C[SF ., ]-module
M1 X Mo is defined by

~ .. .CISq ] a
Myx My = mdc[sgjégﬁ?c[sgz](Ml ® My) = (M1 ® My) ®clsg, 19C(sg,] Cl5d, +4,)-

This induction is associative up to a canonical isomorphism.
For finite-dimensional C[Sg,]-modules M; we define M; x M, analogously for
the finite groups Sy, and their group algebras, with the superscript a removed.
If M is a C[S3]-module, by M|C[Sq] we mean M regarded as a C[Sy]-module
by restriction.

Proposition 15.1. Let M; be a finite-dimensional C[S§ ]-module, i = 1,2. Then
there is a natural isomorphism Myx Ms|C[Sg, 14,] =~ M1|C[Sa,] x M2|C[Sa,].

Proof. The natural map from the left to the right sides,
(m1 ®ma) @h— (my @ma) @k (m; € M, h € C[Sq,+4,)),

is a well-defined surjective homomorphism of C[Sg,1q4,]-modules. Note that
C[S4] = C[S4] and C[S4] @c Clyi?,...,y7"] — C[SY] is an isomorphism of C-
vector spaces. Hence the rank of C[SF ;] as a C[S§ | ® C[SF, ]-module is equal to
the rank of C[Sq, 14,] as a C[Sg,| ® C[Sg,]-module. It follows that dim¢ My XMy =
dime M, x M. 0

Let a = (a1, ...,aq) € C*¢ and define the evaluation map e,: C[Sy x Z%] —
C[Sq) by 05— 0; (1 <i<d),y;j — a; (1 <j<d). Let I be the ideal generated
by y; —a; (1 < j < d) in the algebra C[Sy x Z%], and M, the quotient of C[Sy x Z9]
by I.. Then M, is a finite-dimensional C[S; x Z]-module. As a C[Sg]-module it
is isomorphic to the right regular representation. Thus M, is the pullback of the
right regular representation C[S,] via the evaluation map e,.

Some representations of C[S§] can be lifted from those of C[Sy].

Proposition 15.2. For each z € C* there is a unique homomorphism ev: C[SY]
— C[Sq] that is the identity on C[Sq] — C[S4]|, and it maps y1 to z. Hence
evy(y;) =z forallj, 1 <j<d.

§16. Relating representations of C[S5] and 8, (sl(m|n))

The functor F is a functor of C-linear categories. It commutes with induction.
Recall that we write U, (sl(m|n, IL, p)) for Ua1(€, 11, p) for simplicity.
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Proposition 16.1. Let M; be a finite-dimensional C[S§ |-module (i = 1,2). Then
there is a natural isomorphism F(M;x My) ~ F(My)@F (Ms) of Uy (S1(m|n, I1, p))-

modules.

Proof. Let ¢: B — A be a homomorphism of associative algebras with a unit
over a field, M a right B-module, W a left A-module, and W|B is W regarded
as a left B-module via ¢. Then there is a natural isomorphism of vector spaces:
indg(M) ® W ~ M ®p W|B. This form of Frobenius reciprocity is given by
MmMea)@w—maw (me M,ac A weW).

Take A = C[Sq,+d,), B = C[S4,] ® C[Sg,], ® = &(d1,d2), M = M; ® M>,
W = E®(di+d2) where E = C™" = B @ E; = C™ @ C" (of dimension m|n) being
the natural representation of 8, (sl(m|n, II, p)). Note that W ~ E®% @ E®% as an
C[S4,] ® C[Sg,]-module. We get a natural isomorphism of vector spaces

F(MyxMy) = (My ® Ma) Qcs,, jocs,,) (B @ E¥%).

The right-hand side is isomorphic to F(M;)® F(Ms) as a vector space. It remains
to check that the resulting isomorphism F(M;xM,) — F(M;) ® F(Ms) of C-
vector spaces commutes with the action of U, (sl(m|n,IL, p)). O

Consider the fundamental i, (sl(m|n, I, p))-module E. For a € C* we view
E as an E(;\l(m|n,l_[,p))—module E(a), on which ¢ acts as multiplication by a. In
other words, E(a) is the l, (sl(m/|n, IT, p))-module which is E as a tl, (sl(m/|n, IL, p))-
module, the central element ¢ and the derivation d act as 0, and ¢ acts as multi-
plication by a.

Using the equivalence F we now relate the universal C[S$]-module M, (a €
C*4) and the 4, (sl(m|n, 11, p))-modules E(a;), a; € C*.

Proposition 16.2. Let a = (a1,...,aq) € C*¢, d > 1, m, n > 2. Then there
exists a natural isomorphism F(My) ~E(a1) ® --- @ E(aq)-

Proof. As a C[S4]-module, M, is the right regular representation. Hence the map
E®? — S(M,), v+ 1 ® v is an isomorphism of i, (sl(m/|n, IT, p))-modules,

(paleo))(1®v) = 3 1-y; @ p®U(YD) U—1®( 3 4y @Y ))> .
1<j<d 1<5<d
AISO pd(eo) = Zlf]ﬁd p(JP(ao))@(j*l) ®p(60) ®I®(d*.7) acts on E(al) X ®]E(ad)
as
> p(e?)2UY @ a;p(e) @ 190477 _P®d( > a4y, d)).

1<j<d 1<j<d

The map E¥¢ — S(M,) commutes with the action of p(fy), p(e)- O
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§17. Applications: Irreducible representations of i, (sAl(m|n))

The irreducible representations of Sy x Z% can be described by Mackey theory; see
e.g., [Sr77, Sect. 8.2], as follows.

Let G = H x A be a group, where A is a normal commutative subgroup and
H a finite subgroup, acting on A. Let x: A — C* be a character (multiplicative
function). Denote the stabilizer of x in G by A, = {g € G; x(gag™') = x(a)
for all @ € A}. This stabilizer is a subgroup of G = H x A, and it contains A,
hence it is of the form A, = H’ x A for some subgroup H’ of H. Then x extends
to x': H x A — C* by x'(ha) = x(a). Let p be an irreducible representation
of H'. Define p’ to be the composition of p followed by the natural projection
H' x A — H'. Mackey theory asserts the following.

Proposition 17.1. The induced representation Ind(x’ ® p'; H' x A, G) is irre-
ducible. It uniquely determines the datum (H',x,p). Each irreducible representa-
tion of G has this form.

We use this with A = Z?, H = Sy. A character x of Z% is a d-tuple a =
(pii17...,pzk) € C*?, where pf’i = (ps,...,p;) € C*%. The stabilizer has the form
H' x 74 with H' = Sz, x - -+ x S, . So an irreducible representation of C[Sy x Z%
is determined by (di,...,dg), d; > 1, d1 + -+ + dx = d, distinct a; € C*, and
irreducible representations p; of S4,, 1 <7 < k.

Let us express this using evaluation maps. Define the group algebra homo-
morphism eq.,: C[S5] — C[Sq] that maps each o € Sy to itself, and y; to a for
all j, 1 < j < d. Then g4, = 4 with a = (a,...,a) € C*4. If M is an irre-
ducible C[Sq]-module, pulling M back by €4, gives an irreducible C[S§]-module
My = Mg, :=¢;,M. When a = (pd, ... ,pzk), pgi = (pi,...,p;) € C*% and M;
are C[Sg,]-modules, we write

(My X -+ X My)a =ena(My X -+ x My)

* ° T _x
Edy py Max -+ X eg, o Mg

= M d,.p, X ;Mhdk{lm'
In summary we deduce the following from Mackey theory.

Proposition 17.2. Every finite-dimensional irreducible C[SS]-module is isomor-
phic to a product My g, p, X -+ XMy d, p. 0f Mg, p,, d =dy + -+~ +dy, distinct p;.

The theorem permits translating this result to the context of ﬂa(é\l(m|n)), as
follows.
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As above, for each a € C* there is a Lie algebra homomorphism
eva: Uy (sl(mn)) = Uy (sl(m|n)),

defined by ev,(P(t) ® ) = P(a) ® x. If W is an irreducible i, (sl(m|n))-module,
its pullback by ev, is an irreducible 8, (sl(m|n))-module W,.
Applying the functor F, for a € C* and a C[S4]-module M we obtain
F(Maa) = Flega M) = (€50 M) Xcis, E¥
= evi (M ®c¢ys,) E®?)
= evy(S(M)) = S(M),.

In general,

}—(Mlv‘inl; T ;Mkvdlvpk) = ]:((Ml X X Mk)a)
a(My x -+ x My) ®cis,) B®?
= evy, (M ®cis,,) E¥™) @ -

® ev;‘,k (Mk ®C[Sdk] ]E®dk)
—evi (S(M) @ - @ ev’, (S(My)).

Il
™

From Theorem 10.1 we then conclude the following corollary.

Corollary 17.3. Every finite-dimensional irreducible E®¢-compatible represen-
tation of the universal enveloping algebra of the affine superalgebra ﬂg(gl(m|n))
is a tensor product of evaluation representations W, at distinct points p;. Here
Wy, = evy, (S(M;)), where M; is an irreducible C[Sq,]-module, d = dy + - -+ + dy.

Recall that by an E®%-compatible finite-dimensional irreducible representation
of the affine superalgebra we mean that the subquotients of its restriction to the
superalgebra are subrepresentations of E®¢, E = C™I".

Corollary 17.4.

(a) Ewvery finite-dimensional irreducible C[S3]-module is isomorphic to a quotient

of some My, a = (aj,...,aq) € CX9.
(b) For all a € C*¢, M, is isomorphic as a C[Sy]-module to the right regular
representation.

(¢) Ma is reducible as a C[SG]-module iff a; = ay, for some j # k.
Corollary 17.5. Let 1 <d < m+n.

(a) Fwvery finite-dimensional U, (sAl(m|n, I1, p))-module that occurs as a subgquotient
of E®4 as a U, (sl(m|n, 11, p))-module is isomorphic to a quotient of E(b) ®
- @E(by) for some by, ..., bg € C*.
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(b) Letby,...,bg € C*. ThenE(b1)®- - -®E(bg) is reducible as ailc,(s/,\l(m|n, IL, p))-
module iff b; = by, for some j, k with j # k.

Proof. This follows from the preceding proposition, for the group algebra C[S7] of
the affine symmetric group and the fact that F is an equivalence of categories. [J

Acknowledgements

This work was partially carried out at MPIM, Bonn; YMSC, Tsinghua Univer-
sity, Beijing; and the Hebrew University, Jerusalem. Partially supported by Israel
Absorption Ministry Kamea B Science grant.

References

[BR87] A. Berele and A. Regev, Hook Young diagrams with applications to combinatorics and
to representations of Lie superalgebras, Adv. Math. 64 (1987), 118-175. Zbl 0617.17002
MR 884183

[CP96] V. Chari and A. Pressley, Quantum affine algebras and affine Hecke algebras, Pacific J.
Math. 174 (1996), 295-326. Zbl 0881.17011 MR 1405590

[CW12] S.-J. Cheng and W. Wang, Dualities and representations of Lie superalgebras, Graduate
Studies in Mathematics 144, American Mathematical Society, Providence, RI, 2012.
Zbl 1271.17001 MR 3012224

[D85] V. G. Drinfel’d, Hopf algebras and the quantum Yang-Baxter equation, Dokl. Akad.
Nauk SSSR 283 (1985), 1060-1064. Zbl 0588.17015 MR 802128

[E11] P. Etingof, O. Golberg, S. Hensel, T. Liu, A. Schwendner, D. Vaintrob, and E. Yudov-
ina, Introduction to representation theory, Student Mathematical Library 59, American
Mathematical Society, Providence, RI, 2011. Zbl 1242.20001 MR 2808160

[F11] Y. Z. Flicker, The tame algebra, J. Lie Theory 21 (2011), 469-489. Zbl 1268.22016
MR 2828726

[F20] Y. Z. Flicker, Affine quantum super Schur-Weyl duality, Algebr. Represent. Theory 23
(2020), 135-167. Zbl 1432.14018 MR 4058428

[F21] Y. Z. Flicker, Affine Schur duality, J. Lie Theory 31 (2021), 681-718. Zbl 1482.17054
MR 4257166

[FH91] W. Fulton and J. Harris, Representation theory, Graduate Texts in Mathematics 129,
Springer, New York, 1991. Zbl 0744.22001 MR 1153249

[Ja78] G. D. James, The representation theory of the symmetric groups, Lecture Notes in
Mathematics 682, Springer, Berlin, 1978. Zbl 0393.20009 MR 513828

[J86] M. Jimbo, A g-analogue of U(gl(N + 1)), Hecke algebra, and the Yang-Baxter equation,
Lett. Math. Phys. 11 (1986), 247-252. Zbl 0602.17005 MR 841713

[K77] V. G. Kac, Lie superalgebras. Adv. Math. 26 (1977), 8-96. Zbl 0366.17012
MR 486011

[K90]  V.G. Kac, Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, Cam-
bridge, 1990. Zbl 0716.17022 MR 1104219

[Mi06] H. Mitsuhashi, Schur-Weyl reciprocity between the quantum superalgebra and the

Iwahori-Hecke algebra, Algebr. Represent. Theory 9 (2006), 309-322. Zbl 1155.17006
MR 2251378


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0617.17002&format=complete
http://www.ams.org/mathscinet-getitem?mr=884183
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0881.17011&format=complete
http://www.ams.org/mathscinet-getitem?mr=1405590
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1271.17001&format=complete
http://www.ams.org/mathscinet-getitem?mr=3012224
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0588.17015&format=complete
http://www.ams.org/mathscinet-getitem?mr=802128
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1242.20001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2808160
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1268.22016&format=complete
http://www.ams.org/mathscinet-getitem?mr=2828726
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1432.14018&format=complete
http://www.ams.org/mathscinet-getitem?mr=4058428
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1482.17054&format=complete
http://www.ams.org/mathscinet-getitem?mr=4257166
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0744.22001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1153249
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0393.20009&format=complete
http://www.ams.org/mathscinet-getitem?mr=513828
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0602.17005&format=complete
http://www.ams.org/mathscinet-getitem?mr=841713
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0366.17012&format=complete
http://www.ams.org/mathscinet-getitem?mr=486011
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0716.17022&format=complete
http://www.ams.org/mathscinet-getitem?mr=1104219
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1155.17006&format=complete
http://www.ams.org/mathscinet-getitem?mr=2251378

202

[Mo03]

[SchO01]

[Sch27]

[S85]

[Sr77]
[W53]

[Y99]

Y. Z. FLICKER

D. Moon, Highest weight vectors of irreducible representations of the quantum su-
peralgebra ig(gl(m,n)), J. Korean Math. Soc. 40 (2003), 1-28.  Zbl 1034.17011
MR 1945710

I. Schur, Uber eine Klasse von Matrizen, die sich einer gegebenen Matrix zuordnen
lassen, PhD thesis, 1901, reprinted in Gesamelte Abhandlungen I, Springer, Berlin,
1973, 1-70. JFM 32.0165.04

I. Schur, Uber die rationalen Darstellungen der allgemeinen linearen Gruppe, Preuss.
Akad. Wiss. Sitz. (1927), 58-75; reprinted in Gesamelte Abhandlungen III, 68-85.
Springer, Berlin, 1973. Zbl 53.0108.05

A. N. Sergeev, The tensor algebra of the identity representation as a module over the Lie
superalgebras &l(n, m) and Q(n), Math.USSR Sb. 51 (1985), 419-427. Zbl 0573.17002
MR 735715

J.-P. Serre, Linear representations of finite groups, Graduate Texts in Mathematics 42,
Springer, New York-Heidelberg, 1977. Zbl 0355.20006 MR 0450380

H. Weyl, The classical groups, 2nd ed., Princeton Mathematics Series 1, Princeton
University Press, Princeton, NJ, 1953. Zbl 1024.20502 MR 1488158

H. Yamane, On defining relations of affine Lie superalgebras and affine quantized univer-
sal enveloping superalgebras”, Publ. Res. Inst. Math. Sci. 35 (1999), 321-390. Errata:
37 (2001), 615-619. Zbl 0987.17007 MR 1865406 MR 1710748


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1034.17011&format=complete
http://www.ams.org/mathscinet-getitem?mr=1945710
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:32.0165.04&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:53.0108.05&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0573.17002&format=complete
http://www.ams.org/mathscinet-getitem?mr=735715
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0355.20006&format=complete
http://www.ams.org/mathscinet-getitem?mr=0450380
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1024.20502&format=complete
http://www.ams.org/mathscinet-getitem?mr=1488158
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0987.17007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1865406
http://www.ams.org/mathscinet-getitem?mr=1710748

	Introduction
	Superalgebras
	Root systems
	Dynkin diagrams
	Theory of highest weight
	Hook partitions
	Affine superalgebras
	Generators and relations
	Fundamental representation
	Affine super Schur duality
	Operators are well defined
	The relation (S4)(2)

	The relations (S4)(3)
	The relations (S4)(4)
	The functor calF is an equivalence
	Parabolic induction
	Relating representations of C[S_d^a] and frakU_sigma(hat{sl}(m|n))
	Applications: Irreducible representations of frakU_sigma(hat{sl}(m|n))
	References

