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Symmetry Breaking Operators for Strongly
Spherical Reductive Pairs
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Jan FRAHM

Abstract

A real reductive pair (G, H) is called strongly spherical if the homogeneous space (G x
H)/diag(H) is real spherical. This geometric condition is equivalent to the representa-
tion-theoretic property that dim Homg (7| m, 7) < oo for all smooth admissible represen-
tations m of G and 7 of H. In this paper we explicitly construct for all strongly spherical
pairs (G, H) intertwining operators in Homg (7|#, 7) for m and 7 spherical principal se-
ries representations of G and H. These so-called symmetry breaking operators depend
holomorphically on the induction parameters and we further show that they generically
span the space Homg (7|m, 7). In the special case of multiplicity one pairs we extend our
construction to vector-valued principal series representations and obtain generic formulas
for the multiplicities between arbitrary principal series. As an application, we prove an
early version of the Gross—Prasad conjecture for complex orthogonal groups, and also
provide lower bounds for the dimension of the space of Shintani functions.
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Introduction

One major question in the representation theory of real reductive groups is how an
irreducible representation of a group G decomposes if restricted to a subgroup H.
In the context of infinite-dimensional representations of non-compact Lie groups
this leads to the study of the multiplicities

dim Hompg (7], 7) € NU {00},
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where 7 and 7 are irreducible representations of G and H, usually assumed to be
smooth admissible Fréchet representations of moderate growth. In general these
multiplicities might be infinite, so to find a good setting for studying them one
is interested in pairs (G, H) of real reductive groups where dim Hompg (7|g, 7) is
always finite. Elements of Hompy (7|g, 7) are also referred to as symmetry breaking
operators, a term coined by Kobayashi [19].

Following [16] we call a pair (G, H) consisting of a real reductive group G
and a reductive subgroup H strongly spherical provided the homogeneous space
(G x H)/diag(H) is real spherical, i.e. a minimal parabolic subgroup Pg x Py of
GG x H has an open orbit. We note that this is equivalent to the double coset space
Py \G/Pg being finite. The interest in strongly spherical pairs in the context of
representation theory is due to the following result by Kobayashi-Oshima [22]:

Fact I (See [22, Thm. C]). If (G, H) is strongly spherical then
dim Homgy (7], 7) < 00

for all smooth admissible representations w of G and 7 of H. If additionally G and
H are defined algebraically over R, then also the converse statement holds.

Among the strongly spherical pairs, Kobayashi-Oshima [22] also character-
ized those with uniformly bounded multiplicities. The corresponding pairs of Lie
algebras essentially form five families, and choosing the right Lie groups yields five
families of groups (G, H) whose multiplicities are uniformly bounded by one. This
multiplicity one property is due to Sun—Zhu [41]:

Fact ITI (See [41, Thm. B]). If (G, H) is one of the pairs
(GL(n+1,C),GL(n,C)), (GL(n+ 1,R),GL(n,R)),
(U(p,q+1),U(p,q)),

(SO(n +1,C),50(n,C)), (SO(p,q+1),50(p,q)),
then
dim Hompg (7], 7) <1
for all irreducible smooth admissible Fréchet representations © of G and T of H of

moderate growth.

Both Facts I and II lead to the natural problem of determining the multiplic-
ities dim Hom g (7| g, 7) for given irreducible representations 7 and 7 of G and H,
as advocated by Kobayashi [19] in his ABC program as Stages B and C. For the
multiplicity one pairs of general linear groups, this question is linked to the famous
Rankin—Selberg integrals, and for the pairs of orthogonal and unitary groups the
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Gross—Prasad and Gan-Gross—Prasad conjectures make predictions about when
the multiplicities are non-zero.

Since every irreducible smooth admissible Fréchet representation of moderate
growth is by the Casselman embedding theorem, a subrepresentation of a prin-
cipal series representation, it is reasonable to study this problem for principal
series representations 7 and 7. This has previously been done for special cases by
Kobayashi-Speh [23, 24] and Clerc [2, 3]. In this paper, we construct for all strongly
spherical reductive pairs (G, H) explicit families of symmetry breaking operators
between principal series representations that depend holomorphically on the prin-
cipal series parameters. Our key new ingredient is the systematic use of matrix
coefficients of finite-dimensional representations of G and H in the construction
of the corresponding distribution kernels, and it provides a conceptual way to
determine these kernels explicitly. This establishes lower bounds for the multiplic-
ities in question and provides a first step to the full classification. Together with
upper bounds (obtained using Bruhat’s theory of invariant distributions) we are
able to compute dim Hom g (7|p, 7), at least generically, for all strongly spherical
pairs (G, H) and spherical principal series representations, and for the multiplic-
ity one pairs also for non-spherical principal series representations. In the case
(G,H) = (SO(n+1,C),SO(n,C)) this proves the local Gross—Prasad conjecture
at the Archimedean place k = C as initially stated in [9].

Statement of the main results

Let G be a real reductive group in the Harish-Chandra class and H C G be a reduc-
tive subgroup such that the pair (G, H) is strongly spherical. Let g and b denote
the corresponding Lie algebras and assume that the pair (g, h) is indecomposable,
i.e. it cannot be written as the direct sum of two non-trivial pairs of reductive
Lie algebras. A classification of all such pairs (g,h) (under a slightly stronger
indecomposability assumption) was established by Kobayashi-Matsuki [21] and
Knop—Kro6tz—Pecher—Schlichtkrull [15, 16], and we summarize the result in Theo-
rem 1.6. We further assume that (g, ) is non-trivial, i.e. g # . (In fact, our results
do not hold in the case g = b since intertwining operators between principal series
of a real reductive group G can only exist if the induction parameters are related
by an element of the Weyl group.)

Let Po = MgAgNg C G and Py = My Ay Ny C H be minimal parabolic
subgroups and write ag and agy for the Lie algebras of Ag and Ag. For irreducible
finite-dimensional representations £ of Mg, 1 of My and A € af ¢, v € afy ¢ we
consider the principal series representations (smooth normalized parabolic induc-
tion)

Ten = Indgc E@er®l), 7, = IndgH (n®e’"®1).
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In the case that ¢ = 1 and = 1 are the trivial representations of Mg and My, we
abbreviate my = w1 » and 7, = 71 ,. Our first main result relates Homg (72| a, 70,)
to (Pu\G/Pg)open, the set of open double cosets in Py\G/Pg.

Theorem A (See Corollaries 3.4 and 4.4). Assume that (G,H) is a strongly
spherical reductive pair such that (g,%) is non-trivial and indecomposable. Then
for all (\,v) € a\(/;,c X a}YJ’C we have the lower multiplicity bound

dim Hompg (mx| &, 7)) > #(Pu\G/Pa)open,
and for generic (\,v) € af ¢ x af; ¢ (see (4.1) for the precise condition) we have
dim Hompg (7x| i, 7)) = #(Pu\G/Pa)open-

Let us briefly explain the method of proof. First of all, the generic upper
multiplicity bound < #(Pu\G/Pg)open is established by identifying intertwining
operators with their distribution kernels which are certain (Py x Pg)-invariant
distributions on G (see Section 4.2). To bound the dimension of the space of
invariant distributions we use Bruhat’s theory. Here, the non-open ( Py X Pg)-orbits
in G are particularly important, and we prove a new structural result about them
(see Theorem 1.3) which is the necessary technical ingredient in the proof of generic
upper bounds (see Theorem 4.1). The lower multiplicity bounds are established by
explicitly constructing a non-trivial holomorphic family Ay, € Hompy(m|m, 7))
of symmetry breaking operators for every open double coset in Py\G/Pg. The
construction of this family of operators is in terms of their distribution kernels,
which turn out to be products of complex powers of matrix coefficients belonging
to finite-dimensional spherical representations of G. The technical ingredients in
this part are the existence of enough such matrix coefficients (see Theorem 2.6) and
the meromorphic/holomorphic extension of the complex powers (see Theorem 3.3).
Then the lower bounds are established by regularizing the families Ay, in the
holomorphic parameters (A, v).

For the multiplicity one pairs in Fact II we also consider non-spherical prin-
cipal series representations and show the following result:

Theorem B (See Theorem 6.5). Assume that (G, H) is a multiplicity one pair.
Then for all (§,n) € Mg x Mg and (\,v) € af¢c X afc we have the lower

multiplicity bound

dim Homp (m¢ x| #r, ) > 1 whenever Homps (§|ar, n|ar) # {0},
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and for generic (A\,v) € al ¢ X aY; o we have

L for Homps (§|ar, mlar) # {0},

dim Homp (7 x|, o) =
K 0 for Homas(&|ar,mla) = {0}

Here, M C MgN My denotes the stabilizer of the unique open Py-orbit in G/ Pg.

The passage from spherical principal series 7 as treated in Theorem A to
general principal series ¢ » uses a variant of the Jantzen—Zuckerman translation
principle. Here, both 7y and 7, are tensored with certain finite-dimensional repre-
sentations of G and H, and we show the existence of such representations case by
case (see Theorem 6.4). We illustrate the construction of symmetry breaking oper-
ators for the multiplicity one pair (G, H) = (GL(n+ 1,R), GL(n,R)) by providing
explicit formulas for the distribution kernels (see Section 7).

We remark that Theorems A and B leave open the question of determining the
multiplicities dim Hom g (7¢ | a, 7;,,) for all parameters. In general, this question
is much more involved and has so far only been solved in special cases (see Clerc [2,
3] and Kobayashi-Speh [23]). In these cases, all operators in Hompg (m¢ x| #, 7,1)
arise from a holomorphic family of operators, so that our explicit construction
of meromorphic families provides a first major step for the full classification for
general strongly spherical reductive pairs. We hope to return to this point later.

Applications

Let us present two interesting applications of the main results. Combining Theo-
rem B with Fact II we immediately obtain the following corollary:

Corollary C (See Corollary 6.8). Assume that (G, H) is a multiplicity one pair,
where we additionally assume p = q or p = q+1 in the case of indefinite orthogonal
or unitary groups. Then, if both m¢ x and 7, are irreducible we have

dim Homp (m¢ A |f, 79 0) = 1.

For (G,H) = (SO(n+1,C),SO(n,C)) this proves the local Gross—Prasad con-
jecture [9, Conj. 11.5] at the Archimedean place k = C (see Conjecture 6.7). We
remark that the Gross—Prasad conjecture has been extended by several people to
the case of reducible principal series, for which we cannot make precise statements
in the generality discussed in this paper. We expect that our results also provide
some information towards the local Gross—Prasad conjecture at the Archimedean
place k = R, where one considers the pairs (G, H) = (SO(p,q + 1),SO(p, q)).
However, for real groups it will be necessary to also consider principal series
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representations induced from more general cuspidal parabolic subgroups. We hope
to return to this topic in a future work.

Another application concerns the study of Shintani functions for the pair
(G, H) which was recently taken up by Kobayashi [18]. For (\,v) € af ¢ X aj; ¢
we write Sh(\, v) for the space of Shintani functions for (G, H) of type (\,v) and
Shyned (A, v) for its subspace of Shintani functions of moderate growth (see Section 5
for the precise definitions). Kobayashi [18] showed that dim Sh(A,v) < oo for all
(A, V) € af ¢ x af ¢ if and only if (G, H) is strongly spherical. Combining results
from [18] with Theorem A shows the following corollary:

Corollary D (See Theorem 5.3). Assume that (G, H) is a strongly spherical re-
ductive pair such that (g, h) is non-trivial and indecomposable. Then for all (A\,v) €
ab.c X aj e we have

dim Sh(\, v) > dim Shuoa (A v) = #(Pir\G/Pa)opens
and for generic (\,v) € a\(’;’c X aY{,C we have
dim Shied(A, v) = #(Pu\G/Pc)open-
Relation to other work

Let us first mention previous works in which holomorphic families of intertwining
operators Ay, € Hompy (mx|g, 7,) appear. The construction of operators Ay, for
the pairs (g,h) = (so(1,n) + so(1,n),diagso(1,n)) can be found in the work of
Oksak [36] for n = 3 (the case of s0(1,3) ~ sl(2,C)), Bernstein—Reznikov [1] for
n = 2 (the case of s0(1,2) ~ sl(2,R)) and Clerc-Kobayashi-Orsted—Pevzner [4]
for arbitrary n > 2. Later, Clerc [2, 3] gave a complete description of the space
Homp (my|pg,7,) for all parameters (A, v). For (g,h) = (so(1,n + 1),50(1,n))
Kobayashi—Speh [23] obtained a full classification of all symmetry breaking op-
erators in terms of the holomorphic family Ay ,. In fact, some of the analytic
arguments we use can also be found in [23, 24] (see e.g. [23, Lem. 11.10] which
deduces lower multiplicity bounds from meromorphic families of intertwining oper-
ators). For some symmetric pairs of low rank, in particular for all symmetric pairs
(g,h) with g of rank one, the work of Mollers-@rsted—Oshima [29] yields holo-
morphic families of symmetry breaking operators. We also note that for (g,5) =
(gl(n + 1,R), gl(n,R)) the kernel functions given in Section 7 can be found in the
work of Murase—Sugano [34] in the context of p-adic groups, and in a slightly differ-
ent form also in the recent work of Neretin [35] in the context of finite-dimensional
representations. The conceptual construction via finite-dimensional matrix coeffi-
cients that we present in this paper seems to be new, and generalizes all previous
constructions to the setting of strongly spherical pairs.
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We remark that some of our statements can also be proven differently using
the recent work of Gourevitch—Sahi-Sayag [8] on the extension of invariant dis-
tributions. In fact, their work uses a similar idea, namely the extension of an
invariant distribution to a meromorphic family of distributions. However, their
meromorphic families only depend on one complex parameter, whereas our con-
structed families depend on (A, v) and hence contain more information. Moreover,
we provide a method to explicitly determine the meromorphic families in terms of
matrix coefficients, while in [8] the construction of the invariant distributions is
more indirect.

Although our holomorphic families of symmetry breaking operators gener-
ically span the space of all intertwining operators, it is much more difficult to

determine Homp (7¢ x| mr, 7;,) for singular parameters (A, v) € aé’c X CUY{,O The-
orems A and B provide lower bounds for the multiplicities, but it turns out that
for singular parameters the multiplicities can be larger. A systematic study of
multiplicities and symmetry breaking operators for (g, h) = (so(1,n+ 1),s0(1,n))
was initiated by Kobayashi, and we refer the reader to the relevant articles by
Kobayashi-Speh [23, 24] and Kobayashi-Kubo—Pevzner [20] (see also the work
of Fischmann—Juhl-Somberg [5]). We expect that our holomorphic families play
a major role in the full classification of symmetry breaking operators as is the
case for (g,h) = (so(1,n + 1),s0(1,n)) (see [23]), and therefore view our general
construction as a first step into this direction for the class of strongly spherical
reductive pairs.

Outlook

The principal series representations considered in this paper are all induced from
a minimal parabolic subgroup. However, by the Langlands classification, every
smooth admissible Fréchet representation of moderate growth is the unique irre-
ducible quotient of a generalized principal series representation, induced from an
arbitrary cuspidal parabolic subgroup. At least for the multiplicity one pairs, a
generalization of our construction to cuspidal parabolic subgroups is desirable.

Our holomorphic families of symmetry breaking operators also allow an in-
terpretation as invariant distribution vectors. More precisely, one can view the
distribution kernels as diag(H)-invariant distribution vectors on principal series
representations of G x H. As such, they are expected to contribute to the most con-
tinuous part of the Plancherel formula for the real spherical homogeneous spaces
(G x H)/diag(H). It would be interesting to investigate this topic further, espe-
cially in connection with the recent advances in harmonic analysis on real spherical
spaces (see e.g. [26] and references therein).
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Another possible application of symmetry breaking operators is the explicit
construction of branching laws for unitary representations. This was successfully
carried out for the pair (G, H) = (O(1,n+1),0(1,m+1) x O(n —m)) in the case
of unitary principal series and complementary series representations by Mollers—
Oshima [31]. For (G, H) = (GL(n+1,C), GL(n,C)), a similar suggestion was made
by Neretin [35, Sect. 5].

Let us also mention connections to boundary value problems [30] and auto-
morphic forms [1, 28] that were established for (G, H) = (O(1,n+1),0(1,n)) and
might be of interest also for more general strongly spherical pairs.

Structure of the paper

In Section 1 we recall some structure theory and the classification of strongly spher-
ical real reductive pairs. The main new result here is a characterization of the open
double cosets in Py\G/Pg (see Theorem 1.3). The construction of (Py x Pg)-
equivariant matrix coefficients on G is the content of Section 2, and Theorem 2.6
ensures the existence of enough such matrix coeflicients. Section 3 deals with the
explicit construction of symmetry breaking operators between spherical principal
series representations of strongly spherical pairs (see Theorem 3.3). This construc-
tion uses the results of Sections 1 and 2 in a crucial way, and implies the claimed
lower bounds for multiplicities. The upper bounds are established in Section 4 us-
ing Bruhat’s theory of invariant distributions (see Theorem 4.1). The application of
this technique depends heavily on the results of Section 1. In Section 5 the previous
results are applied to obtain bounds for the space of Shintani functions (see Theo-
rem 5.3), following Kobayashi’s recent approach via symmetry breaking operators.
The topic of Section 6 is the construction of symmetry breaking operators between
general principal series from symmetry breaking operators between spherical prin-
cipal series for multiplicity one pairs. To prove the main statement Theorem 6.5,
we employ a variant of the translation principle, which we apply case by case to all
multiplicity one pairs. Finally, Section 7 illustrates symmetry breaking operators
between principal series for the pair (G, H) = (GL(n+1,R), GL(n,R)) by explicit
formulas.

Notation

N=1{0,1,2,...,}, V¥ = Homg(V,C).

§1. The structure of strongly spherical reductive pairs

We discuss strongly spherical reductive pairs (G, H) and their structure theory
following [16, 21]. First, using results from [16], we reduce the study of general
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strongly spherical reductive pairs to that of strongly spherical symmetric pairs.
For the latter we recall some structure theory as developed in [21, Sect. 3]. This is
used to derive some new results about the double coset space Py\G/Pg for Po C G
and Py C H minimal parabolic subgroups (see Theorem 1.3). These results are
used both in Section 3 for the construction of symmetry breaking operators and
in Section 4 for their uniqueness.

We remark that for complex groups the double coset space Py\G/Ps was
studied in [10] with similar techniques.

§1.1. Strongly spherical reductive pairs

Consider a real reductive pair (g, ) of Lie algebras, i.e. g is a reductive Lie algebra
and b a reductive subalgebra of g. A pair of Lie groups (G, H) with H a closed
subgroup of G is called real reductive if the underlying pair (g, h) of Lie algebras
is real reductive. In this paper we will additionally assume that G is of Harish-
Chandra class (see e.g. [14, Chap. VIIL.2] for the precise definition).

Definition 1.1. A real reductive pair (g, ) of Lie algebras is called strongly spher-
ical if there exist minimal parabolic subalgebras pe C g and py C b such that

g="9pc +rm.

A real reductive pair (G, H) of Lie groups is called strongly spherical if the corre-
sponding pair (g, b) of Lie algebras is strongly spherical.

This property for a real reductive pair (G, H) was introduced by Kobayashi-
Oshima [22] as property (PP). In this paper we use the notion strongly spherical,
following [16]. In view of Fact I, strongly spherical reductive pairs are sometimes
also referred to as finite-multiplicity pairs (see e.g. [21, 22]). The following char-
acterization of strongly spherical pairs follows e.g. from [22, Lem. 5.3 (1)] and [25,
Thm. 1.1]:

Proposition 1.2. Let (G, H) be a real reductive pair of Lie groups and let P C G
and Py C H be minimal parabolic subalgebras. Then the following statements are
equivalent:

(1) (G, H) is strongly spherical.

(2) The homogeneous space (G x H)/diag(H) is real spherical.

(3) There exists an open double coset in Py\G/Pqg.

(1) #(Pu\G/P) < .

A reductive pair (g,b) is called non-trivial if g # b. We call (g,h) indecom-
posable if there does not exist a non-trivial decomposition g = g1 @ go with ideals
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gi C g such that h = (hNg1) ® (hNg2). Every reductive pair (g,h) of Lie algebras
can be written as a direct sum of indecomposable pairs, and we therefore assume
that (g, b) is indecomposable.

The main result of this section is a statement about non-open double cosets
in Py\G/Pg. Note that for PygPs € Py\G/Pg, the stabilizer of the Py-orbit
through gPg € G/Pg is given by Py N gPgg~'. Let P = MgAgNg and Py =
My Ag Ny be Langlands decompositions of Pg and Py and write mg, ag, ng and
my, ag, ng for the Lie algebras of Mg, Ag, Ng and My, Ay, Ng.

Theorem 1.3. Assume that (G, H) is a strongly spherical reductive pair such
that (g,h) is non-trivial and indecomposable. Then for a double coset PygPg €
Py \G/Pg the following are equivalent:

(1) PygPg is open in G.
(2) The projection of pg N Ad(g)pg to ap along mpg S ny is trivial.

We first show that Theorem 1.3 can be reduced to the case of semisimple g.
For this write

9= gn D Gel, h:bn®hel7

where g, resp. b, is the direct sum of all simple non-compact ideals and g resp.
hel the sum of all simple compact and all abelian ideals. Denote by p: g — g, the
projection map onto the g, along ge.

Lemma 1.4. Let (g,h) be an indecomposable reductive pair.

(1) kerply does not contain any non-compact abelian ideals of b.

(2) If (g,h) is strongly spherical then (gn,p(h)) is strongly spherical.

Proof. To show (1), let a C kerp|y be a non-compact abelian ideal; then a C g
and since a is non-compact it has to be an ideal in g. Write g = a @ g’ as sum of
ideals; then h = a @ (g’ N h) so that the indecomposability of (g,h) forces a = 0
or (g,h) = (a,a). Since (g, h) is assumed to be non-trivial, the latter case cannot
occur, so (1) is proven.

For (2) recall that pg + pg = g for some choice of minimal parabolic sub-
algebras pg C g and py C b. Since gy C pg we have pg = (pg N gn) B ger and
peNgn C gn is a minimal parabolic subalgebra. This implies p(pg)+(PaNgn) = G-
Clearly p(pg) is a minimal parabolic subalgebra of p(h) so the claim follows. [

By the previous lemma, plq, : ag — gy is injective, and using Ad(g)g, = gn it
is easy to see that Theorem 1.3 holds for (g, ) if and only if it holds for (gn,p(h)).
Hence, it suffices to show Theorem 1.3 in the case where g is semisimple.
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In this section we prove the implication (2) = (1) by showing that for every
non-open double coset Py gPg there exists Z = Zy + Z4 + Zn € puy NAd(9)pa
with Z4 # 0. The remaining implication (1) = (2) is proved in Section 2.3 (see
Corollary 2.8). Note that Theorem 1.3 is not used in Section 2.

§1.2. Classification of strongly spherical reductive pairs

To state an efficient classification of strongly spherical pairs, we need an additional
assumption to avoid exotic situations as in the following example:

Example 1.5. As observed in [16], there exist indecomposable strongly spheri-
cal pairs (g,h) such that g has arbitrarily many non-compact simple factors. For
instance, we have the indecomposable strongly spherical reductive pair

(8,b) = (sp(p,qg + 1) + - +5p(p, g+ 1),50(p, q) + - -- + sp(p, q) +sp(1)),

where each of the k factors sp(p, q) of b is embedded into the corresponding factor
sp(p,q+ 1) of g in the standard way, and sp(1) is embedded diagonally into g as
the centralizer of sp(p, q) in each factor sp(p,q + 1).

Following [16] we call a pair (g,b) strictly indecomposable if both (g, h) and
(gn, bn) are indecomposable. Note that b, C g, is automatic from the definition of
gn and hy,. This definition excludes exotic reductive pairs as in Example 1.5, but
still allows certain central extensions of g and h as for the multiplicity one pairs
(9.0) = (al(n + 1,F), gl(n, F)), F = R,C and (u(p,q + 1),u(p, q))-

By Lemma 1.4, the study of strictly indecomposable reductive pairs (g, h) can
be reduced to the case where g is semisimple. In this case, a classification was
obtained by Kobayashi-Matsuki [21] for symmetric pairs and by Knop—Krotz—
Pecher—Schlichtkrull [15, 16] for arbitrary reductive pairs:

Theorem 1.6 (See [15, 16, 21]). Let (g,h) be a strictly indecomposable reductive
pair with g semisimple. Then (g,b) is strongly spherical if and only if it is isomor-
phic to one of the following pairs:

(A) Trivial case: g =b.

(C) Compact case: g is the Lie algebra of a compact simple Lie group.

(D) Compact subgroup case: h = ¢ is the Lie algebra of a mazimal compact sub-
group K of a non-compact simple Lie group G with Lie algebra g, or (g,h) is
one of the following subpairs of (g,¥€):

o (s0(1,2n),s5u(n) +§) (n > 2) with f C u(l).
o (s0(1,4n),sp(n) +§) (n > 1) with § C sp(1).
e (s0(1,16),spin(9)).
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e (so(p,7),50(p) +02) (p=1,2).
* (s0(p,8),50(p) + spin(7)) (p=1,2,3).
e (su(1,2n),sp(n) +f) (n>1) with f C u(l).
o (sp(l,n),sp(n) +§) (n>1) with f C sp(1).
* (p,Q) u(p) +su(q)) (p,a>1,p#q)
o (50"(2n),su(n)) (n >3 odd).
b (96( 14)»50(10))

(E) Split rank one case (rankgg=1):

(E1) (so(1,p+q),s0(1,p)+s0(q)) (p,q > 1) or one of the following subpairs:

(so(1,p+2q),s0(1,p) +su(q) +1) (p>1,q>2) with § Cu(1).
(so(L,p+4q),s0(1,p) +sp(q) +) (p=1,q=2) with f C sp(1).
(so(1,p+7),s0(1,p) +g2) (p>0).

(so(1,p + 8),s0(1,p) + spin(7)) (p > 0).

(so(1,p + 16),s0(1,p) + spin(9)) (p > 0).

(E2) (EL;(L]) + q),5u(1,p) + su(q) + w(l)) (p,q > 1) or one of the following
subpairs:
e (su(l,p+q),su(l,p) +su(q) (p,g=1,p+q=3)
e (su(l,p+2q),su(l,p) +sp(q) +) (p,q = 1) with f S u(l).
(E3) (sp(l,p+q),sp(1,p)+sp(q)) (p,q > 1) or the following subpair:
e (sp(1,p+1),5p(1,p) (p=1).
(E4) (fa(—20),50(8,1)).
(F) Strong Gelfand pairs and their real forms:
(F1) (sl(n+1,C),gl(n,C)) (n >2).
(F2) (so(n+1,C),s0(n,C)) (n>2).
(F3) (si(n+ 1,R),gi(n, R)) (1> 1).
(F4)

F4) (su(p,q+ 1),su(p,q) +§) (p,q+1 > 1) with §f Cu(l) forp # q,q+1
and f =u(1) forp=q,q+1.

(¥5) (so(p,q+1),50(p,q)) (p+q=2)
(G) Group case: (g, (¢ + ¢, diagg’)

(G1) ¢ is the Lie algebra of a compact simple Lie group.
(G2) ¢’ =so(l,n) (n>2).

1),
)
)
h) =
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(H) Other cases:

(H1) (s0(2,2n),su(l,n) +f) (n >1) with f C u(1).

(H2) (su*(2n+2),s5u*(2n) + R +f) (n > 2) with f C su(2).
(H3) (s0*(2n+2),50"(2n) +f) (n > 1) with § C s0(2).

(H4) (sp(p,q+1),5p(p,q) +f) (p.q+12=1) with § C sp(1).
(H5) (eg(—26),50(9,1) +R).

The list and its enumeration is a copy of the list in [21, Thm. 1.3] to which
we added the non-symmetric cases obtained in [16, Table 9] and the cases with b
compact which are listed in [15]. This is the reason why (B) is missing, since it
was listed in [21] as the abelian case (g, h) = (R, 0), which we exclude by assuming
that g is semisimple.

It is immediate from the classification that every non-trivial strictly inde-
composable strongly spherical reductive pair (g, h) with g semisimple is contained
inside a non-trivial symmetric pair (g, g”) (see also [15, Lem. 1.4]). This statement
is still true if one replaces strictly indecomposable by indecomposable:

Corollary 1.7. Let (g,h) be a non-trivial indecomposable strongly spherical re-
ductive pair with g semisimple. Then there exists a non-trivial involution o of g
such that b C g%, by = (89)n and he and (g%)a only differ in compact factors.

Proof. Write (g,bn) = (91,01) @ --- @ (gp, bp) with each (g;,b;) indecomposable.
Let p;: g — g, denote the projection onto g; in the decomposition g = g, ®- - -®g,.
Then each pair (g;, h; ®p;(he)) is strongly spherical, strictly indecomposable and
non-trivial, so by the classification in Theorem 1.6 there exists an involution o
on g; such that h; C gjj C g, (hj)n = (g;j)n and pj(he) and (g}”)cl only differ
in compact factors. Define o on g =91 ® - ® gp by

O(Xi e Xy) = 1 (K)o F 0p(X,) (X € )

then clearly h C g7 C gand by = (h1)n®@- - ®(hp)n = (67 )@ (85" )n = (87 )n-
It remains to show that (§7)e1 = (67" )e1®- - - D (gp” )et and he only differ in compact
factors. Since for every j the subalgebras p;(he) and (gjj )e1 only differ in compact
factors, it suffices to show that a non-compact abelian ideal a C b is already
contained in one of the subalgebras g;-” . Let hey = a @ b.; with a a non-compact
abelian ideal and assume that p;(a) # {0} for some j. Since p;(a) is an ideal in
h; @ p;(her) and the pair (g;,h; & p;j(her)) is in the list in Theorem 1.6, it follows
from a case-by-case inspection that p;(a) is 1-dimensional and that (g;, h,;®p; (b))
is not strongly spherical. Assume now that py(a) # {0} for some k # j; then by
the same argument pg(a) is 1-dimensional and (gx, hx @ pr(hL;)) is not strongly
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spherical. This contradicts the fact that (g,h) is strongly spherical by a simple
dimension count. Hence, a C g;, and another look at the classification shows that
acC g?j. This finishes the proof. O

It is clear that in this case (g, g?) is a strongly spherical symmetric pair. This
observation will be used to reduce several statements to the case of symmetric
pairs.

§1.3. Structure of strongly spherical reductive pairs

We adapt the structure theory developed in [21] for strongly spherical symmetric
pairs to the case of strongly spherical reductive pairs. For the rest of this section
let (G, H) be a strongly spherical reductive pair with g semisimple such that (g, h)
is non-trivial and indecomposable. By Corollary 1.7 there exists an involution ¢ of
G such that h C g7, b, = (g7)n and b and (g7)e differ only in compact factors.
We first choose minimal parabolic subgroups Pg C G and Py C H in a compatible
way.

There exists a Cartan involution € of G which commutes with ¢ and leaves
H invariant, and hence

K=G°CcG and HNK=H’CH

are maximal compact subgroups of G and H. Fix a maximal abelian subspace
ag C h=% = g>~% and extend it to a maximal abelian subspace ag in g~¢. Then
ac is o-stable and ag = ag @ a5’ with ag = aZ,. We put

Ag =exp(ag), Ap =exp(am).
For a € al, and f8 € a; we write
g(ag;a) = {X €g: [H,X] = a(H)X VH € ag},
g(ag;B) ={X €g: [H,X|=B(H)XVH€ay}.

for the corresponding weight spaces. Let X(g,ag) and (g, ap) denote the re-
spective non-zero weights with non-trivial weight spaces; then both sets form
root systems. Denote by & = «l,,, the restriction of a root o € (g, ag) to am;
then @ € (g, ay) U {0}. We choose compatible positive systems X (g,as) and
Yt (g,apg) in the sense that

acXt(g,ag)U{0} VYaecXt(gac).

As usual, for a € X(g,ag) we write a > 0 if @ € X7 (g,ag) and a < 0 if —a €
X* (g, a6).



SYMMETRY BREAKING OPERATORS FOR STRONGLY SPHERICAL REDUCTIVE PAIRS 273

Further, define the nilpotent subalgebras

ng= P slacia), n= P glacio)= P olau:B).

aext(g,a6) aext(g,ac) Best (g,am)
a0

Then n is o-stable and therefore we have a direct sum decomposition

o

n=n’Gn°.
Put ng = n? and
Ng =exp(ng), N =exp(n), Ny =exp(ny).
Finally, we define
Mg =Zk(ag), L=Zglag), My =Zynx(ag).

Then Pg = MgAgN¢ is a minimal parabolic subgroup of G, Q = LN is another
parabolic subgroup of G, and Py = My Ay Ng is a minimal parabolic subgroup
of H such that

PeC Q2 Py.
§1.4. The double coset space Py\G/Pg

To study the Pg-orbits in G/Pg we use the Bruhat decomposition of G with
respect to the parabolic subgroups Pg and Q. Let W = W(ag) = Nk (Ag)/Ac
denote the Weyl group of X(g,ag) and pick a representative w € Nk (Ag) for
every w € W. Then, since G is of Harish-Chandra class, we have the Bruhat
decomposition (see e.g. [46, Prop. 1.2.1.10])

¢= | @ups,

UJEWQ\W

where
Wo=2w(A)={weW:weLNK}.
Since Py C @, every Py-orbit Py - gPg is contained in a Bruhat cell Q - wPg C
G/P. As homogeneous spaces we have
Q- wPs ~Q/(QNuwPgu),

whence we are led to study the Py-orbits in Q/(Q NwPgw~!) for w € W. The
following result is shown in [21, Lem. 3.5(2)] for strongly spherical symmetric
pairs, and we extend it to the context of strongly spherical reductive pairs:
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Lemma 1.8. The extension of ag to ag can be chosen such that
(Ne= ZB(CLH) =my+mg and LNK= ZK(CLH) = MygMeg.

Proof. Let Pge = Zgo(ag)An Ny, a minimal parabolic subgroup of G°. Since
(G, H) is strongly spherical, there exists g € G such that PygPs is open. Now
Py C Pgeo and hence Py gPg is contained in an open double coset in Pgo\G/Pg.
By [21, Lem. 3.7] such open double cosets have representatives in exp(n~7)wy so
that PygPg C Pgo exp(X)woPg for some X € n~?. Hence, g € pexp(X)woPg
with p € Pgo so that
Py gPg = Pypexp(X)woPg.
Now Pgp = Pym with m € Zgo(ag) and (m = Pgm)exp(X)woPg C G is open.
This implies
Ad(exp(=X)) Ad(m™")pw + po = 0,

where pg = Ad(wp)pe denotes the opposite parabolic subalgebra. Note that for
Z=Zy+Zs+Zy € Adim) 'myg +ag +ng = Ad(m™!)py we have

Ad(exp(fX))Z = Iy + Za
—_——
eAd(m—Y)my+agCl
T (1 Ad(exp(—X))) (Zas + Za) + Ad(exp(— X)) Zy,

en

and further,
pe = (INpe)® ng .
—_—— ~~
Ct Ca
From the decomposition g = i @ [ @ n it now follows that Ad(m~Ymg + (IN
pg) = I Intersecting with € we obtain Ad(m~Y)mg +mg = [N, or equivalently
my + Ad(m)mg = [N¢. Replacing ag by Ad(m)ag changes mg to Ad(m)mg and
hence we may assume my +mg = [N¢€. The identity LN K = My Mg then follows
since MgAg C L is the Levi factor of a minimal parabolic subgroup of L and
hence Mg meets every connected component of L. O

For the rest of this section we choose the extension ag of ag as in Lemma 1.8.
Then we obtain the following generalization of [21, Lem. 3.7] to not necessarily
symmetric (G, H):

Lemma 1.9. For every w € W we have

Q = MyNyexp(n™)(LNwPgw ).
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In particular, every Pg-orbit in Q/(Q N wPgw™') has a representative of the
form exp(X) for some X € n~9, or equivalently every Pg-orbit in G/Pg has a
representative of the form exp(X)w for some X e n™, w e W.

Proof. First note that wPgw ' is a minimal parabolic subgroup of G. Since L
is a reductive subgroup of G, the intersection L N wPgw ™' is parabolic in L. By
the Iwasawa decomposition for L we find that L = (L N K)(L NwPgw~!). Now,
LNK = MgMg by Lemma 1.8, whence

L=MyMg(LNwPgw ') = My(LNwPgw™').
Inserting this into the Langlands decomposition for @ we find
Q=NL=NMy(LNwPgw )= MyN(LNwPzw").
Finally, N = Ny exp(n~7) by [21, Lem. 3.6] and the proof is complete. O
§1.5. Pg-orbits in the open Bruhat cell

Let wy € W denote the longest Weyl group element. Then the Bruhat cell Qug P
is open and dense in G. Hence, Qug Py is the unique open Bruhat cell.

Now let us consider the double cosets Py gPg which are contained in the open
Bruhat cell QuwyPg. These can be identified with the orbits of the adjoint action
of (MG N MH)AH onn 7:

Lemma 1.10. The natural inclusion
n ZB N Q
induces a bijection
(1.1) n? /(Mg N My)Ag ~ Pp\Q/(Q NwoPewy ).

Proof. The proof of [21, Lem. 3.7] for the case of symmetric pairs translates liter-
ally to our situation. O

+o

Since ay preserves n=? we can write

(1.2) = B e (au;B),
BEA(nE)

where g*7(ax; 8) = g(ag; ) N g™ and

A(n®7) = {B € ST (g,an): glam; B) Nn*7 £ {0}}.

Clearly My preserves this decomposition. We can therefore endow n~

[ea

with an
Mp-invariant inner product such that the decomposition (1.2) is orthogonal. For
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each 8 € A(n~7), denote by Sz C g~ 7 (ag; () the unit sphere with respect to this
inner product. We then have the following version of [21, Prop. 3.11]:

Lemma 1.11. If the pair (G, H) is strongly spherical, then

(1) the orbits of (MaNMp) on[[gep -+ Sp are unions of connected components,
in particular open and compact;

(2) A(n79) is a basis of a};.

Proof. The proof of [21, Prop. 3.11] implies (1) and linear independence of A(n~%)
in (2). Assume that A(n~7) does not span a};; then there exists 0 # H € ay such
that 8(H) = 0 for all 5 € A(n~7), or equivalently ad(H)|,-- = 0. But this implies
H € pg N Ad(eXwo)pe = pr N Ad(eX)pg for all X € n=?. Since by Lemma 1.9
every open double coset in PygPg € Py\G/Pgs has a representative of the form
g = eXy, this shows that the projection of py N Ad(g)pg to ay is non-trivial,
which contradicts Theorem 1.3. O

§1.6. Proof of Theorem 1.3

Let Pr-gPg be a non-open Pg-orbit. By Lemma 1.9 there exists p € Py such that
pgPe = exp(X)wPg for some X € n=7 and w € W. Then the stabilizers of gPg
and exp(X)wPg are conjugate in Py via p. Since the projection of Ad(p)ay C py
to ag is equal to ap, we may without loss of generality assume that g = exp(X)w.
Write
S(X,w) = Py N (exp(X)WPgw ' exp(—X))
= {p € Py:pexp(X) € eXp(X)(ﬁpgﬁ_l)}
for the stabilizer of exp(X)wPg in Py and
s(X,w) = {Z € py: exp(RZ) exp(X) C exp(X)(wPgw ')}
={Zcpy:e ™72 cw pg}
for its Lie algebra. Note that the Lie algebra w - pg of wPgw ! is given by

w-pe =mgDag D @ g(ag; a).
a€X(g,ac)
w™la>0

In view of the decomposition (1.2) we can write
X= > Xz
BeEA(n=7)

with Xg € g% (ag; ).
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1.6.1. Reduction to generic X. Assume first that Xg = 0 for some 3 €
A(n=7). It follows from Lemma 1.11(2) that the intersection

n ker B C ay
B eA(n=7)\{B}
is non-trivial, so there exists Z4 € ag\{0} with 8'(Z4) = 0 for all 8’ # . Then
[Z4,X] = 0 since Xg = 0 and [Za, Xg| = 0 for B’ # B, and hence e'Z4eX =
eXetZa for all t € R. Since Z4 € ag C w - pa, this implies Z4 € s(X, w).
We may therefore assume X # 0 for all 5 € A(n~?) for the rest of the proof.
By Lemma 1.11 this guarantees that the (Mg N Mg )Ag-orbit of X in n~7 is open.

1.6.2. Double cosets in the open Bruhat cell. Now suppose that QuwPg =
Qo Pg, i.e. the double coset Py exp(X)wPg is contained in the open Bruhat cell
QuwoPg. Without loss of generality we may assume that w = wyp. If the double
coset Py exp(X)woPg is not open, then by Lemma 1.10 the (Mg N My)Ag-orbit
of X in n™7 is not open. By Lemma 1.11 this implies that one of the Xg must
vanish, the case we already treated in Section 1.6.1.

1.6.3. Double cosets in the non-open Bruhat cells. Now we assume that
QuPg # Quole.

Lemma 1.12. Letw € W. If QWPqg # Qg Pg; then there exists o € X (g, ag)N
wX T (g, ag) with & # 0.

Proof. Assume w™la < 0 for all @ > 0 with @ # 0. The double coset Qu P is the
orbit of @ under the action of @ x Pg on G given by (¢,p) - g = qgp~*. Then the
stabilizer of w in @ x Pg is given by

{(q,fﬁ_lq@): qgeQRN @P@J‘l}

and hence its Lie algebra is isomorphic to qNw - pg. Since ag C gNw - pg we can
decompose this Lie algebra into root spaces with respect to ag:

qRw-peg =mgDag D @ glagia) @ @ g(ag; )

a=0 a0
wta>0 a>0,w ta>0
=mgDag D @ g(ag; ).
a=0
wta>0
Now, if @ = 0 then either w™la > 0 or w™(—a) = —w~!a > 0, and therefore

dim(gNw - pg) = dimmg + dimag + Z dimg(ag; @) = dimpg — dimn.

a>0
a=0
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Hence,
dim(QuwPg) = dimq + dimpg — dim(qNw - pg) = dimq + dimn = dim g,

so that QwPg must be open, whence equal to the unique open Bruhat cell QugPg.
This contradicts the assumption QuwPg # QuwoPg and the proof is complete. [

Choose any root a > 0 with @ # 0 and w™'a > 0, then g(ag;a) C qNw - pg-
Let us fix Y € g(ag;a) for now; later we will specify an appropriate choice of Y.
Then €Y' € N and also eXe!¥ € N for all t € R. By [21, Lem. 3.6] we have
N = N9exp(n~—7) so that we can uniquely write

Xt

eXetV = nge

with n; € N9 and X; € n~7 depending differentiably on ¢ € R. Recall that we
may assume Xg # 0 for all § € A(n~7), so that X is contained in an open (Mg N
M) Apg-orbit in n=7. Then there exists an interval (—e,e) such that X; belongs
to the open orbit Ad((Mg N My)Am)X, so there exists mear € (Mg N Mp)Ag
such that Ad(mia;)X = X;. Clearly, msa; can be chosen to depend differentiably
on t with mg = ap = 1. Summarizing, we have

(1.3) eXetY = peldmea)X  p o (g g).

Denoting p; = ngaymy € Ny Ay (Mg N Mpy) C Pg N Py we have

peeX = eXeYmya, € eX (WPgw 1Y),

whence p; € S(X,w). Now put

Z = % Pt € s(X,w)
and write Z = Zy + Za + Zn € (mg Nmy) @ ag G ng. It remains to show
that Y € g(ag;a) can be chosen such that Z4 # 0. For this we use the following
identity, which follows by taking the left logarithmic derivative of (1.3):

(1L4) YV =e 07 —(Zy + Za) = (7 = 1)(Zas + Za) + =" 2.

N = Z Zn g

BEA(n7)

Now, write

with ZN,,B S g"(aH;ﬂ).

Lemma 1.13. If Y € g(ag;a) for a > 0 with 8 = & # 0 and w™la > 0, and
Z=Zy+Za+Zy € (mgNmy) ayg ®ny satisfies (1.4), then

Y = ad(Z]\/[ + ZA)Xg +Zng-
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Proof. We can enumerate the positive ag-roots as £ (g,ay) = {51,...,0p} so
that 8; £ B; whenever ¢ < j. Form the nilpotent subalgebras

p
n = @ olan; ) Cm;
k=1

then ny = n and [n,n;] C n;41. Since o > 0 with @ # 0, there exists 1 < ¢ < p with
@ = f3;. We first prove by induction that

ad(ZM—I-ZA)XBj =0= ZN,Bj V1<j<i.

For j = 1 < p, the fi-component of Y is trivial, and therefore, taking the ;-
component of (1.4) yields

0= ad(ZM +ZA)X51 + ZN,,31'

Since ad(Zy + Za)Xp, € 77 and Zy g, € n7, this implies ad(Zy + Z4) X, =
0 = Zn,p,. For the induction step assume that ad(Zy + Z4)Xp, =0 = Zn g, for
1<k<j—11If j <4 then the §j-component of Y is trivial, and we can again
take the 8;-component of (1.4) and find

0=ad(Zy + ZA)X,@,- + 2N,

The same argument as above shows ad(Zy +Z4)X g, =0=1272np,;. Finally, taking
the B;-component in (1.4) gives the desired identity. O

To choose Y € g(ag;a) such that Z4 # 0, we need to relate g(ag;a) and

g(am; ).

Lemma 1.14. Let a € X7 (g, ag) with & # 0. Then precisely one of the following

three statements holds:

(1) ca#a and g% (ag;a) ={Y —oY: Y € g(ag; o)} # {0}.

(2) ca=a and g~ (ag;a) = glag; o) Nn~7 £ {0}.

(3) ca=a and glag; @) Cny.

Proof. Assume first that oa # «; then o(g(ag; @) = g(ag; oa) and the map
glag;a) — g7 %(am;@), Y=Y —o(Y)

is non-trivial and (Mg N My )-equivariant. Since g~ (ag; @) is irreducible under
the action of Mg N My by Lemma 1.11(1), the map must be a linear isomorphism,
so (1) holds.
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Now assume oo = «; then g(ag;a) is o-stable and we have a decomposition
into eigenspaces

g(ag; o) = (g(ag; o) Nng) @ (glag;a) N~ 7).

If g(ag; @) Nn~7 #£ {0}, then this is a non-trivial (Mg N My )-invariant subspace of
g7 (am; @) and the latter is irreducible under the action of Mg N Mpy. This implies
(2). The remaining possibility is g(ag; @)n~? = {0}, which clearly implies (3). O

Before we can finish the proof we need to study case (3) in Lemma 1.14 in
more detail. For this, the following two results will be used:

Lemma 1.15 ([37, Lem. 2.9]). Let a1,aq € 3(g,ag) with (a1, a) < 0; then for
any X1 € glag; 1) and Xo € glag; as), X1, X2 # 0, we have [X1, Xo] # 0.

Lemma 1.16. Let w € W; then for any a € £ (g, ac) NwXt (g, ag) there exists
a sequence o = ay,...,ap € X1 (g,ag) NwXt(g,ag) such that (o, ai41) # 0 for
i=1,...,7 — 1 and o, is simple in X (g,aq).

This result and its proof were communicated to us by Yoshiki Oshima.

Proof. Let wwg = sg, - - s3, be areduced expression for wwg € W, i.e. B1,...,08,
are simple roots. It is known that

¥ (g,00) NwXT(g,a¢) = X7 (g,a6) N (—wweX™ (g, ac))
= {551 ..'Sﬂk—lﬁk): 1<k< n},

and we can write o = a = sg, ---8g,_, k. If a1 is not a simple root, there
exists 1 < ¢ < k such that sg,,, -+ sg,_, O is simple, but sg, - - - s5,_, B is not. In
particular, sg,,, -~ 8g,_, Bk # Sg, - - $8,_, B and hence (B;,s5,,, -+~ 53,_,Br) # 0,
which implies (sg, ---sg, ,Bi, S8, - S8, Bk) # 0. Put ag := s, --- 5, , f; then
(a1, an) # 0. Repeating this argument yields the desired sequence. O

The next lemma provides more information about case (3) in Lemma 1.14:

Lemma 1.17. Let w € W with QwPg # QuoPg. If for all « € YT (g,ag) N
wXt(g,ag) with @ # 0 we have g(ag; o) C ny, then for one of those o we must

have [g(ag; «),n 7] # {0}.

Proof. Let w € W with QwPgs # QuwoPs and assume that g(ag;a) C ny for
all @ € X% (g,a6) NwXT(g,ag) with @ # 0. We explicitly construct a root o €
Yt (g,a6) NwE (g, ag) with @ # 0 such that [g(ag; a),n7] # {0}.
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Step 1. If QWP; # QuoPg, then there exists a € X7 (g,ag) N wX™(g,aq)
with @ # 0 by Lemma 1.12. We claim that there exists a simple root « with
this property. In fact, by Lemma 1.16 there exists a sequence o = ay,...,q, €
¥t (g,aq) NwEt(g,ag) with (o, a;41) # 0 for i = 1,...,r — 1 and «, simple.
By our assumption, every 8 € Y% (g,ag) N wXt (g, ag) satisfies either 3 = 0 or
g(ag; B) C ny. By Lemma 1.14 this implies 8 = —§ or o8 = 5. These two types
of roots are obviously orthogonal to each other. Hence, cav = « implies oo; =
for all roots «; in the sequence. In particular, g(ag; o) C ng by Lemma 1.14, and
we can replace a by the simple root ..

Step 2. Next we claim that there exists a simple root o’ € (g, ag) with o/ # 0
and g(ag; o) € ng. Assume that such a simple root does not exist. Then for every
simple root o’ € ¥ (g,ag) we have either o/ = 0 or g(ag;a’) C ng. This implies
that either oo/ = —a/ or 0@’ = o/, so that the set of simple roots is the disjoint
union of the two mutually orthogonal subsets {a/ € ¥ (g, ag) simple, oo/ = +a'}.
First note that this cannot occur in the case (g,h) = (¢’ + ¢, diagg’), so that we
may assume g to be simple. Then the Dynkin diagram of ¥(g, a) is connected and
we must have oo/ = o for all simple roots, whence g(ag;a’) C ng for all simple
roots. This implies g(ag;a’) C ny for all positive roots and therefore ng = ngy
and also ng = ny. But ng and ng generate g, whence g = b, which contradicts
our assumption that (g, b) is non-trivial.

Step 3. By Step 1 we find a simple root a € X7 (g, ag) NwX ™ (g, ag) with a # 0
and hence g(ag; @) C ny. We claim that [g(ag; a),n™ 7] # {0}. To see this, we use
Step 2 to find another simple root o/ € ¥ (g, ag) with o/ # 0 and g(ag;a’) € ng.
Connecting a and o’ in the Dynkin diagram for ¥(g,ag), we obtain a sequence
of simple roots @ = a1, a9, ...,ap_1,0, = & such that (a;, ;) # 0 if and only
if | — j| < 1. By possibly replacing «, by one of the a; we may assume that for
all 1 <4 < p—1 we either have @; = 0 or g(ag;a;) C ny. We now construct
a root o’ = naas + -+ + nyay, n; > 1, such that o” # 0 and g(ag;a”) € ng,
then [g(ag; @), g(ag; )] # {0} by Lemma 1.15 since (o, ) = na(ag,az) < 0.
By Lemma 1.14 this implies [g(ag; o), n~7] # {0}.

We inductively construct a root Sr = nyag + - + npap (2 < k < p) with
Br # 0 and g(ag; Bx) € ng. Note that for i, of the above form we always have
B = npag + - + np0y, # 0 since &y is either = 0 or a positive root, and by
assumption oy, # 0. For k = p we can choose the simple root 3, = «,. Now assume
Bk+1 = Ng+1Qk+1 + - - - + npay, has been constructed with g(ag; Bry1) € ny. Then
by Lemma 1.14 there are four possibilities for ;41 and ay:
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(1) 0Bk+1 = Br+1 and & # 0. Then g(ag; Br+1)n~7 # {0} and g(ag; ax) C nay,
hence by Lemma 1.15,

{0} # [g(ac; ak), 9(ag; Br1) N~ 7] C glag; o + Br1) N7,

so that B = ay + Br+1 satisfies glag; Bk) € ny-

(2) 0Bk+1 = Pr+1 and @ = 0. Then g(ag; Br+1) Nn~ 7 # {0} and ooy = —ay.
Hence, we have for any X € g(ag; Bk+1) Nn~? and Y € gag; ax), X,Y # 0,
that 0 # [X,Y] € g(ag; i + Bk+1) by Lemma 1.15 and o[ X, Y] = —[X,0Y] €
g(ag; —ag + Br+1). Therefore, o[ X, Y] # [X, Y] and hence g(ag; ag + Br+1) €
ny, so that we can choose By = ag + Bir41-

(3) 0frt+1 # Br+1 and @ # 0. Then {X —0X: X € g(ag; Br+1)} € n~9 and
g(ag; ax) C ny. Hence, we have for any X € g(ag; Bk+1) and Y € g(ag; ax),
X, Y #0, that 0 # [X,Y] € g(ag; o + Brt1) by Lemma 1.15 and o[X,Y] =
[cX,Y] € g(ag;ar + 0Bk+1). Therefore, o[X,Y] # [X,Y] and hence g(ag;
ag + Pr+1) € ny, so that we can choose By = ag + Br+1-

(4) 0Bk+1 # Br+1 and & = 0. Then {X —0X: X € g(ag,ﬁk+1)}
oap = —ag. Let X € g(ag;Br+1) and YV € g(ag;ax), X, Y #
Lemma 1.15 we have [X,Y] # 0.

C n™ % and
0; then by

(a) If o[X,Y] # [X,Y] then we can choose 8y = ai + Br+1 as in (1), (2)
and (3).

(b) If 0[X,Y] = [X,Y] then o(ag + Br+1) = ar + Br+1 so that ofk11 =
20, + Pr+1- In this case we choose S = 08kr1 = 20 + Ngyr10k+1 +
-+ +npay,, which is clearly a positive root. Further, g(ag; 8x) € ng since

0Bk = Br+1 # Br-
Inductively, for k = 2 this produces the desired root o/’ = f3. O

We can finally finish the proof of Theorem 1.3 by choosing Y € g(ag;a)
according to the three cases in Lemma 1.14. Write g = a.

(1) If oo # o we can write Xg =Y — oY for some Y € g(ag; ). Using this Y in
the above construction, we have by Lemma 1.13,

Y = ad(ZM +ZA)X5 + Zn 3.

Both sides are contained in n = n? @ n~?, and taking n~?-components gives
2X3 = ad(Zy + Za)Xp = ad(Zym)Xp + B(Z4)Xp. Note that we assume
X3 # 0 by the reduction in Section 1.6.1. Then ad(Za)Xg = (2 — 8(Z4)) X3
so that Zj; acts by a scalar on Xg. Since Zj; € mg Nmy and Mg N My is
compact, this scalar has to be imaginary, so that 8(Z4) = 2. In particular,
Za #£0.
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(2) If oa = a and g~ %(ag;a) = g~ 7 (am; B) we take Y = Xg. Then Lemma 1.13
implies

Xg=Y = ad(ZM + ZA)XB = ad(ZM)Xg + ﬂ(ZA)Xg.

The same argument as in (1) shows 5(Z4) =1 and in particular Z4 # 0.

(3) If (1) and (2) do not hold for any such «, we have ca = o and g(ag; o) C ny for
all « > 0 with w=*a > 0, @ # 0. Then Lemma 1.17 implies that there exists an
o with [g(ag; o), n™7] # {0}. Let 0 # Y € g(ag; ) and 0 # B; € g7 (am; Bi)
(1 = 1,2) with p1,082 € A(n~7), such that [Y, B;] = Bs. By Lemma 1.11
there exists ma € (Mg N My)Ag such that Ad(ma)B; = £Xp, (i = 1,2).
Hence, [Ad(ma)Y, Xp,| = £X3,. Replacing Y by Ad(ma)Y € g(ag;a) we
may therefore assume that [Y, Xp,] = £X3,.

Note that

X _tY tYeAd(e*“’)

ete’ =e X € Ngexp(n™),

and Ad(e™)X = e *2d0) X € n=7 so that n; = ¥ and X; = Ad(mya;) X =
e t2dY) X Hence, Zy = Y and [Zy + Za, X] = —[Y, X]. Taking the S,-
component gives

(Zar, Xp,) + Bo(Z4) X5, = —[Y, Xp,] = FXg,.

By the same argument as in (1) and (2) we find (2(Z4) = F1, and hence
Za #0.

This finishes the proof of Theorem 1.3. O

§2. Spherical matrix coefficients

We study matrix coefficients of finite-dimensional representations of G which are
equivariant under the action of Py x Pg by left and right multiplication. Such
matrix coefficients correspond to finite-dimensional spherical representations of G
whose restriction to H contains a spherical representation, and we show that there
exist enough such representations (see Theorem 2.6). In Section 3 these matrix
coefficients are used to explicitly construct symmetry breaking operators.

§2.1. Reduction to complex connected groups

Since both G and H might be disconnected, their finite-dimensional representa-
tions are not easily described in terms of highest weights. To overcome this diffi-
culty we first reduce the construction of matrix coefficients to the case of complex
connected groups. Since G is of Harish-Chandra class, there exist
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e a complex connected linear reductive group G¢ with Lie algebra gc,

e an antiholomorphic involution 7: G¢ — G¢ such that the derived involution
T: gc — gc is the conjugation with respect to the real form g,

e a homomorphism p: G — G from G to the real form G = Gg of G¢ with finite
kernel and cokernel.

Note that the Lie algebra of G is equal to g. We denote by H¢ the complex con-
nected subgroup of G¢ with Lie algebra he and by H = pu(H)g = u(Hp) C He the
connected subgroup of H¢ with Lie algebra f). Then the finite-dimensional holomor-
phic representations of G¢ and Hg are classified in terms of their highest weights,
and via the homomorphism g they give rise to finite-dimensional representations
of G and Hj.

The image K = p(K) of the maximal compact subgroup of G under p is a
maximal compact subgroup of G, and the intersection HNK is maximal compact
in H. Further, let

Mg = u(Mg), Ag=u(Ag) and Ng = pu(Ng);
then Pg = pu(Pg) = MgAgNg is a minimal parabolic subgroup of G.

§2.2. The Cartan—Helgason theorem

We now recall the classification of irreducible finite-dimensional spherical repre-
sentations of G in terms of their highest weights, the so-called Cartan—Helgason
theorem. Recall that a representation of G is called spherical if it contains a non-
zero K-invariant vector.

We choose a maximal abelian subalgebra tg in mg; then jo = tg @ ag is a
Cartan subalgebra of g and jg ¢ is a Cartan subalgebra of gc. Roots in ¥(gc,ja.c)
are real on a¢ and imaginary on tg. Fix a positive system X% (gc,je,c) such that
the non-zero restrictions to ag are contained in Xt (g, ag). With respect to this
data, the irreducible finite-dimensional representations of G are classified by their
highest weights in j .

Recall the following theorem (see e.g. [14, Thm. 8.49]):

Theorem 2.1 (Cartan—Helgason). Let ¢ be an irreducible finite-dimensional rep-
resentation of G; then the following statements are equivalent:

(1) ¢ has a non-zero K-fized vector.

(2) Mg acts by the 1-dimensional trivial representation in the highest restricted
weight space of .
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(3) The highest weight of ¢ vanishes on tg, and its restriction to ag is contained
in the set

At (g,ac) = {A € af: N\ a)/|a> eNVae Xt (g, ac)}.

Let Af(g,ac) € A*(g,ai) denote the subset of all A for which there exists
an irreducible finite-dimensional G-representation (¢x,Vy) of highest weight A.
Then spang A (g, ag) = spang AT (g, ag) = af, and if G is simply connected even
Ad(g,a6) = At (g, ag). Theorem 2.1 immediately gives the action of P on the
highest weight space of V:

Corollary 2.2. For every \ € AE(Q, ag) the minimal parabolic subgroup Pg =
MgAgNg acts on the highest weight space of Vy by the character 1 ® e* @ 1.

Here, 1 denotes the trivial representation of Mg and N, respectively, and e
is the character of Ag = exp(ag) given by e*(eX) = eMX)| X € ag.

Now, for an irreducible finite-dimensional representation (¢, V') of G we denote
by (¢V, V") the contragredient representation on the dual space VV = Homc(V, C)
given by

(Y (9)p,v) = (¢, 0(g " )v), gEGveEV,pe VY.

The following statement is standard:

Lemma 2.3. (1) (¢,V) has a non-zero K-fized vector if and only if (¢¥, V") has
a non-zero K-fixed vector.
(2) For A € Al(g,ac) let AV € Af(g,ac) be defined by (Y, VYY) =~ (oxv,Vav);
then the map
Af(g,06) = Ad(g,ac), A=Y

is the restriction to Af(g,ac) of a linear map ay, — al.

§2.3. Matrix coefficients

As for G, we denote by Afi(h,ar) C a}; the set of all highest weights v of irre-
ducible finite-dimensional representations (1, W,) of H which have a 1-dimen-
sional Py-invariant subspace isomorphic to 1 ® ¢ ® 1. Here, Py = My AgNy is
the corresponding minimal parabolic subgroup of H.

Lemma 2.4. Let A € Af(g.a¢) and v € Af(h,an) and pick non-zero highest
weight vectors vg € Vy and ¢g € W,/. Then for every 0 # n € Homy(pa|m, ¥y) the
function

f:G—=C, f(g) = (do,n(pxr(g)v0))
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s non-zero, real-analytic and satisfies
f(m'a'n gman) = a*(@')~"" f(g)
for g € G, man € Pg and m’a’n’ € Py.

Proof. 1t is clear that f is real analytic as a matrix coefficient of a finite-dimen-
sional representation. Further, f is non-zero since (py, V3) is irreducible. By Corol-
lary 2.2 and Lemma 2.3 we have @y (man)vy = a*v and Y (m/a'n')¢o = (a')”” ¢o

and the claim follows. O

Note that since (¢x,V)) and (b, W,) extend to holomorphic representa-
tions of the complex connected groups G¢ and Hg, we have Homy (x|, ¥y) =
Homy, (¢x|p, ¥,). Abusing notation, we also write (px, Va) and (¢, W,) for the
Lie algebra representations of g and b for arbitrary (A, v) € AT (g,ag) and v €
AT (b, am).

To obtain matrix coefficients with the same properties as in Lemma 2.4, but
for the pair (G, H) instead of (G, H), we use the homomorphism pu: G — G.

Proposition 2.5. Assume that (G, H) is a strongly spherical reductive pair. Then
for each pair (\,v) € A*(g,ac) x AT(h,an) with Homy(pxly, 1) # {0} there
exists k > 1 and a non-zero real-analytic function F: G — R, F > 0, satisfying

(2.1) F(m'd'n’ gman) = a*(a') """ F(g)
for g € G, man € Pg and m’a'n’ € Py.
Proof. First note that there exists k > 1 such that kA € Af(g,ag) and kv €
Af (b, ap). Then also Homp(¢ply, ¥r) # {0} and by Lemma 2.4 there exists a
non-zero real-analytic function f: G — C with

f(m'a'n gman) = a*(a') ™" f(g)

for g € G, man € Pg and m'a’'n’ € Py. Replacing f by |f|*> we may further
assume that f: G — R and f > 0. We consider the non-zero real-analytic function
fou: G — R, which satisfies (2.1) at least for m’ € My C p='(Mpy) € Mpy.
Since the component group My /My o of My is finite, we can form the finite sum
Flg)= Y. f(ulmg)),
mMp,o0€EMpu/Mmu o
and this clearly defines a real-analytic function F': G — R, F > 0, with the
equivariance property (2.1). Finally, F is non-zero since fou > 0 and fou #0. O

The main result of this section asserts that for all strongly spherical reductive
pairs (G, H), there exist enough pairs (A, ) € af, x aj; with Homg (¢a|g, 1) # {0}:
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Theorem 2.6. Assume that (G, H) is a strongly spherical reductive pair such that
(g, ) is non-trivial and indecomposable. Then the set of pairs (\,v) € AT (g,ag) x
At (b, ap) such that Homg (x|, 1) # {0} spans als x a};.

Remark 2.7. One can use the local structure theorem for real spherical vari-
eties by Knop—Krotz—Schlichtkrull [17] to give a classification-free proof of Theo-
rem 2.6. In fact, let Z = (G x H)/diag(H); then using [17, Thm. 2.8] it is easy
to see that for X € n~7 contained in an open (Mg N Mpy)Ag-orbit, the mini-
mal parabolic subgroup P = e~X PgeX x Py is Z-adapted in the sense of [17,
Def. 2.7]. Further, the Levi subgroup L = e "X MgAgeX x MgAg of P satis-
fies L N diag(H) = diag(M), where M = (Mg N My)~ is the stabilizer of X.
This implies az = Ad(e”*)ag X ay in the notation of [17, Sect. 2.3] and there-
fore rank(Z) = dimaz = dimag + dimagy. By [17, Rem. 3.5] the statement of
Theorem 2.6 follows.

However, since the explicit form of the integral kernels of symmetry breaking
operators plays an important role in the classification of symmetry breaking oper-
ators (see e.g. [2, 3, 23]), we prove Theorem 2.6 using the classification of strongly
spherical reductive pairs. From this one can explicitly determine the matrix coeffi-
cients which serve as building blocks for the integral kernels of symmetry breaking
operators.

Before we come to the proof of this result, let us see how it can be used to
show the implication (1) = (2) in Theorem 1.3:

Corollary 2.8. If the double coset PygPg is open, then the projection of pg N
Ad(g)pe to ag is trivial.

Proof. Let PygPg be an open double coset and Z = Zy, + Z4 + Zny € pg N
Ad(g)pe. Put X = Ad(g)"'Z = Xpr+Xa+Xn € pg. Forany (A, v) € At (g, ag)x
AT (b, ay) with Homg(palp, 9) # {0} let F be as in Proposition 2.5. Since F is
non-zero and real-analytic, it is non-zero on the open set PygPg. In particular,
F(g) # 0 and for all ¢t € R we have

e PN P(g) = F(e?g) = F(ge!™) = XX F(g),

so that A(X4) + vV(Za) = 0. Since the pairs (\,v) € AT(g,ag) x A*(h,ax)
satisfying Homg (px|p, ¥0) # {0} span af, x a};, this implies X4 = 0 and Z4 =0
and the proof is complete. O

Note that the statement in Theorem 2.6 only depends on the pair of Lie
algebras (g, b). If we define

A(g,h) = {(\,v) € A" (g,ac) x AT (b, am): Homy(paly, ¥y) # {0}},
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then we have to show that A(g,h) spans af x a};. Note that A(g,h) is a sub-
semigroup of AT (g,ag) x At (h,ay). We first reduce Theorem 2.6 to the case of g
semisimple and (g, h) symmetric and then use the classification in Theorem 1.6 to
show the statement case by case.

Lemma 2.9. Assume that Theorem 2.6 holds for g semisimple; then it holds for
g reductive.

Proof. As in Section 1.2 we write g = gn @ ge1 and p: g — g, for the canonical
projection. Then ag = agn ® ag,el With agn = ag N gy and ag.a = ag N e,
and by Lemma 1.4(1) the restriction plq, : ag — agn is injective. Further, by
Lemma 1.4(2) the pair (gn,p(h)) is also strongly spherical, so by assumption
A(gn,p(h)) spans af,,, x p(ag)’. Now for every pair (Ao,20) € A(gn,p(h)) the
pair (A, v) € af x af; with Aag . = Ao, Alag.o =0 and v = vy o pla,, is contained
in A(g,b). Hence, the span of A(g,h) contains at least aén x ay;. Further, for
every A\ € aéel the representation ¢, is 1-dimensional and hence its restriction
is an b N E-spherical representation of h with highest weight vy, € a};, so that
(A1,v1) € A(g,b). This shows that A(g, ) indeed spans a; x a};. O

Lemma 2.10. Assume that Theorem 2.6 holds for (g,h) symmetric; then it holds
for (g,h) reductive.

Proof. By the previous lemma we may assume that g is semisimple. Then, thanks
to Corollary 1.7, there exists a non-trivial involution ¢ of g such that h C g7,
and h and g7 differ only in compact factors. Hence, AT (h,ay) = At (g7, ay) and
A(g,97) € Ag,b). H

§2.4. Finite-dimensional branching

We now prove Theorem 2.6 case by case for all symmetric pairs in the classification
in Section 1.2. For this we first fix some notation.

Let jg C h be a Cartan subalgebra of h and extend it to a Cartan subalgebra
i € jg C g of g. Note that we no longer assume that ag C jg and ag C jg.
Choose a system of positive roots X7 (gc,je.c) for g such that

St ine) = {aljue: @ € (g, iae) } NE(be, inc)

is a system of positive roots for . Denote by w1, ..., w the fundamental weights
for g with respect to X*(gc,jc,c) and by (1, ..., the fundamental weights for b
with respect to X1 (hc,jm,c). Then any dominant integral weight of g with respect
to X7 (gc,je,c) is of the form w = kywy + - - - + kyws, k1, ..., ks € N, and we write
F9(w) for the corresponding finite-dimensional representation of g. Analogous
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notation is used for b and ideals of . To simplify some statements, we further put
Co == 0 so that F"((p) is the trivial representation of .

We make use of the Satake diagrams for g and b (see e.g. [11, Chap. X, App. F]
for details). From the Satake diagram the highest weights belonging to spherical
representations can be read off. In fact, for every simple root a; whose vertex in
the Satake diagram is white and not linked to any other vertex by an arrow, the
representations F'%(2kw;) (k € N) are spherical. If the vertices of two simple roots
a; and «; are white and linked by an arrow, then 2k(w; + w,) (k € N) are highest
weights of spherical representations. Moreover, if F¥(w) and F'9(w’) are spherical,
then F%(ww + w’) is spherical. In many cases we compute the explicit branching
for F'9(w;) resp. F'9(w; + w;) and then use the semigroup property of A(g,h) to
conclude that the spherical representation F'9(2w;) resp. F'8(2(w; +w;)) contains
a certain spherical h-representation.

The following reduction from complex Lie algebras to split real forms allows
one to minimize the number of different cases:

Lemma 2.11. Let (g,h) be a reductive pair with g and b split. If the statement
in Theorem 2.6 holds for (g,h), then it also holds for (gc,bc) viewed as real Lie
algebras.

Proof. Since g and b are split, we can choose jg = ag and jg = ay. Let u = ¢4+ip C
gc; then u is maximally compact in gc with complement u* = i€ +p. Further, ag,c
is a (real) Cartan subalgebra of gc which splits into ag ¢ = iag +ag with sag C u
and ag C ut. By the Cartan-Helgason theorem, the highest weights of u-spherical
representations of g¢ vanish on iag and their restrictions to ag are contained in
At(gc,a6) = AT (g,ac). If (¢a, Vo) denotes a E-spherical representation of g with
highest weight A € A*(g, ag), then a u-spherical representation of gc with highest
weight 2\ is given by V) ® Vi, where gc acts by

Xvev)=(Xv)®v +ve (Xv'), X €ge, v,v € Vi.

Now let (A\,v) € At(g,ag) x AT(h,ag). Then for any A € Homy(Vy, W,) we
clearly have A ® A € Homy, (V) ® V), W, @ W,)). Hence, (\,v) € A(g,h) implies
(2X,2v) € A(ge, be) and the claim follows. O

Finally, we prove Theorem 2.6 case by case for all strongly spherical symmetric
pairs in the classification of Theorem 1.6:

(A) Trivial case. This case g = b is by assumption excluded.
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(C) Compact case. Let g be the Lie algebra of a compact simple Lie group;
then also b is the Lie algebra of a compact group and ag = ag = {0} so that
A(g,h) = al x af; = {0} x {0} holds trivially.

(D) Compact subgroup case. Let h = ¢ be the Lie algebra of a maximal
compact subgroup K of a non-compact simple Lie group G with Lie algebra g. Then
ag = {0} and the only spherical representation of § is the trivial representation
Wy = C. By definition, for every A € AT (g,ag) the representation V) contains
a t-fixed vector, hence also V' contains a ¢-fixed vector by Lemma 2.3. But ¢-
fixed vectors in VY = Home(V), C) are simply -equivariant homomorphisms from
Vy to the trivial representation Wy of €. Thus, A(g,h) = At (g,ac) x {0} spans
al x {0} = al x af;.

(E1) (g,8H) = (so(1,p+ q),s0(1,p) + so(qg)). The Satake diagrams of g and
s0(1,p) C b are

o Qo Qs—1 Qg
o . o———>e for +q = 2s,
o (s_1
g: o o9 Qs_2
. ¢ forp+q=2s—1,
N,
B B Bi—1 By
o ° o—>e for p = 2t,
® 31
so(1,p): B1 P ﬁtQ/
o ° forp =2t —1.
\ By

We realize the root system of g as {£e; £e;: 1 < i < j < s} and additionally
{£e;: 1 <i<s}if p+ qis even. Choose the simple roots a; = e; —e;41 (1 <@ <
s—1) and as = e, for p+ g even and as = es_1 + ¢, for p+ ¢ odd. We distinguish

two cases:

e Assume first that p + ¢ is even or p is odd; then j¢ = jy. If we choose the
simple roots for so(1,p) Chas 8; =a; (1 <i<t—1)and 8 = ¢ for p even
and B; = e;_1+e; for podd, then 5; = a; (t+1<i<s—1)and Bs = es_1+es
for ¢ even and s = e, for ¢ odd are the simple roots for so(q) C b.
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e Assume now that p + ¢ is odd and p is even; then we can choose jg C jg
such that el .
(1 <i<t—1)plus B = ei]jye, and the simple roots for so(q) C b are
Bi:aihH,C (t+1 Sigs_l)'

= 0 and the simple roots for so(1,p) C b are 3; = alj, ¢

Consider the fundamental weight w; = e;. Clearly e1];, . = (1 is also a
highest weight for so(1,p) C h and hence (2c1,2(1) € A(g, h). Further, from the
Satake diagram for the real form so(p + 1,q) of gc ~ so(p + ¢ + 1,C), it follows
that F'9(2c;) is h-spherical and hence also (2w1,0) € A(g, h). Clearly (2co1,2¢1)
and (21, 0) span af x af;, which is 2-dimensional.

(E2) (9,h) = (su(1,p+q),s(u(1,p) +u(q))). The Satake diagrams of g and
h are

Qi Q2 Qpt+q—1 Optgq
9: o’\—/'o )
B1 Ba Bp—l /Bp ﬂp+2 Bp-i-q
@ O [ 2 L ] .

S

We realize the root system of g as {£(e; —¢;): 1 <i<j<p+q+ 1} in the
vector space {x € RPT4T1: gy +.-. + 2,441 = 0} and choose the simple roots
a; =e; —eiq1 (1 <i<p+q). If we choose the simple roots 8; = a; (1 < i < p)
for su(1,p) C b, then B; = a; (p+2 < i < p+ q) are simple roots for su(q) C b
and the fundamental weight wy;1 describes a character of u(1) C b.

Consider the dominant integral weight @y + wp1q = €1 — epiq41. In the
Weyl group orbit of e; — epqq+1 the weight e; — epy1 = (1 + (p is a highest
weight for h and hence (2(wy + @piq),2(C1 + ¢p)) € A(g, ). Further, from the
Satake diagram for the real form su(p + 1,q) of gc ~ sl(p + ¢ + 1,C), it follows
that F'9(2(w1 + wpyq)) is h-spherical and hence also (2(w1 + @wp44),0) € A(g, h).
Clearly (2(w1 + @p+q),2(¢1 + (p)) and (2(ww1 + wp4q), 0) span al x ay,, which is
2-dimensional.

(E3) (g,9) = (sp(1,p+ q),s5p(1,p) + sp(q)). The Satake diagrams of g and
h are

Qi (o3 Qs Op+q Op+q+1
oi—0

B1 B2 B3 ﬁp ﬁp-l—l 6p+2 ﬁp-&-q ﬁp-&-q-i-l
ol——eo [ ] o<——eo .
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We realize the root system of g as {£e;£e;: 1 <i < j < p+g+1tU{£2e;: 1 <
i < p+4 g+ 1} and choose the simple roots a; = ¢; —e;41 (1 < i < p+q)
and apiq41 = 2€ptpqt1. If we choose the simple roots 8; = a; (1 < i < p) and
Bp+1 = 2ep41 for sp(1,p) C b, then 5; = o (p+2 < i < p+¢q+1) are simple roots
for sp(q) € b.

Consider the fundamental weight wy = e1 + e. Clearly e; + e3 = (5 is also a
highest weight for sp(1,p) C b and hence (2ws,2(2) € A(g,h). Further, from the
Satake diagram for the real form sp(p + 1,q) of gc ~ sp(p + ¢ + 1,C), it follows
that F'9(2w2) is h-spherical and hence also (2ws,0) € A(g, h). Clearly (2co2,2(2)
and (22, 0) span af x af;, which is 2-dimensional.

(E4) (9,h) = (fa(—20),50(8,1)). The Satake diagrams of g and b are

(05] (6%} Qs (6%}
g: . oe——e—— O

)

B B2 Bz P
h : o o eo——o .

By [27] we have
Fo(wa)ly = FP(¢1) ® F"(¢a) ® F(0)

and hence (2wwy4,2¢1), (24, 0) € A(g, h) span af, X ay;, which is 2-dimensional.
(F1) (g,b) = (sl(n+1,C), gl(n,C)). This follows from (F3) with Lemma 2.11.
(F2) (g,b) = (so(n+1,C),s0(n,C)). This follows from (F5) with Lemma 2.11.

(F3) (g,h) = (sl(n + 1,R), gl(n,R)). The Satake diagrams of g and b are

(051 o%) On—1  Qp
g: O O O O y
B B Br-1
h: o o) o .

We choose 8; = «; (1 < i < n —1) as simple roots for sl(n,R) C bh; then
(n = wp defines a non-trivial character of R C h. By Appendix A.1 the pairs
(204,2¢ +24¢,) (1 < i < n—1), (2,21 — 22=+1¢,) (2 < i < n) and
(2w1, —2(,), (20,,2¢,) are contained in A(g, h) and they clearly span al x ay;,
which is 2n-dimensional.
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(F4) (g,b) = (su(p, g + 1), u(p, q)). Set s = min(p,¢ + 1) and ¢ = min(p, g).
The Satake diagram of g for p # ¢+ 1 is

a1 Qs Qgpl Opt+g—s Aptg—s+1 Qp+q

and forp=¢q+1is

o Qs—1 Qg Qsyl Qpiq

T

and the Satake diagram of b for p # ¢ is

B1 5t ﬁt—s-l ﬂp+q—t—1 5p+q—s 5p+q—1

and for p = ¢ is

B Bi—1 Bt Bt+1 Bp-ﬁ-q—l

P

We choose the simple roots 8; = a; (1 <i < p+g—1) for su(p,q) C b; then
Cptq = Wptq Is trivial on su(p, ¢) and describes a character of u(1) C h. We use

Appendix A.1 in what follows:

e (p < ¢) In this case s = t = p and the pairs (2(w; + Wp+q—i+1)s 2(G + Cotrqg—i)),
(2(ws + Wptq—it1), 2(Gi—1 + Cprq—it1)) (1 < i < p) are contained in A(g, h)
and span a% x ay;, which is of dimension s + t = 2p.

e (p>¢g+1) Then s = ¢+ 1 and t = g, so that the pairs (2(w; + @p4q—it1),
2(Gi + Cprg—i))s (2(@i + Tpg—it1): 2(Gim1 + CGprg—it1)) (1 < @ < ¢) and
(2(twg41 + @p), 2(¢q + (p)) are contained in A(g,h) and span al, x a};, which
is of dimension s + ¢ = 2¢q + 1.
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(F5) (g,b) = (so(p, g+1),s0(p, q)). For p+q = 2meven and s = min(p, ¢+1),
t = min(p, q) the Satake diagrams of g and § are

a7 Qg Qg1 Om—1 Oy
g: o ° o——e
d Bm—l
61 Bt Bt+1 6m2/
o o ° \ fort <m — 2,
® Bm
S ﬂm—l

B1 577172/
h. O O
\ Bm

O Bm—l

B Bucs /
o \ for t = m,

° fm

fort=m—1,

We use Appendix A.2 in what follows:

(p+2<q) Then s =t =p < m — 2 and the pairs (2e0;,2¢;), (2w0;,2¢-1)
(1 <i < p) are contained in A(g,h) and span a% x a};, which is of dimension
s+t =2p.

(p+2=¢q) Again s =t = p, but now t = m — 1. Here, the pairs (2c;, 2(;),
(2w;,2¢—1) (1 <i < p—1) and (2w, 2(¢p+(p+1)), (2tp, 2(,—1) are contained
in A(g,b) and span al x ay;, which is of dimension s +t = 2p.

(p = q) Then s =t = m = p and the pairs (2w;, 2¢;), (200;,2¢;—1) (1 <i <

p—2) and (2wp-1,2Cp-2), (2wp—1,2((p—1 + () (200p, 2Gp), (20, 2¢p—1) are
contained in A(g, ) and span a} x aj;, which is of dimension s + ¢t = 2p.

(p =q+2) Here, s =g+ 1,t = g and t < s = m. In this case, the pairs
(23, 2Gi), (2w4,2Gi-1) (1 <@ < g —1) and (2w, 2¢4-1), (294, 2(¢q + (g+1)),
(4wg41,2(¢q + (g+1)) are contained in A(g,h) and span al; x ay;, which is of
dimension s +t = 2q + 1.

(p>q+2) Again s = ¢+ 1, t = g, but now ¢ < s < m. The pairs (2w;, 2(;),
(2w;,2¢-1) (1 < i < q) and (2wy41,2¢,) are contained in A(g,h) and span
al x afy, which is of dimension s + ¢ = 2¢ + 1.

The case p+ g = 2m — 1 odd is treated similarly.
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(G1) (g,bh) = (¢’ + ¢’,diag g’) with g’ simple compact. This is the same
situation as in (C).
(G2) (g,h) = (so(1,n) + so(1,n),diagso(1,n)). The Satake diagram of

s0(1,n) is, for n = 2s even,

651 (%) Qs—1 QO
so(l,n): o o ——

and for n = 2s + 1 odd,

® (g

(6751 (6% asfl/

so(l,n): o o o
\ Q41

The spherical representations of so(1,n) are of the form F*°(\™) (2kew, ), k € N,
and hence the spherical representations of g are of the form F°(1™)(2k;w) K
F5oD)(2kywy), ki, ke € N. The representation F*°(1")(zmy) is self-dual, and
hence the trivial representation F°(1™)(0) is contained in the tensor product
Fobn) () @ F50(0) (o)), Further, clearly

Fso(l,n) (wl) ® Fso(l,n) (0) ~ Fso(l,n)(o) ® Fso(l,n) (wl) ~ Fso(l,n) (wl)

Hence, ((2@1,0),2@1), ((072w1)a2w1)7 ((2w172w1)70) € A(g7h) Span a\C/,‘ X aé;
which is 3-dimensional.

(H1) (g,h) = (s0(2,2n),u(1,n)). The Satake diagrams of g and h are

B B2 Bn-1 B

b: o\_/O-

We realize the root system of g as {£e; £e;: 1 <i < j <n+ 1} with simple
roots a; = e; —e;41, 1 =1,...,n and apy1 = €, + e,4+1. Choose the simple roots
Bi =a; (i =1,...,n) for su(l,n) C b; then Coq1 = @Wni1 = gle1 + -+ + €ny1)
defines a non-trivial character of u(1) C h.




296 J. FRAHM

First consider the fundamental weight wy = e + eg; then the Weyl group
orbit of ws is equal to the set of roots {£e; £ e;: 1 <i < j <n+ 1}. Hence, the
weights e; + ea, —e, — epp1 and e — e,11 of F9(wy) are highest weights for b
so that the representations FY(e; + es), FY(—e, — en41) and FP(e; — e,41) are
contained in F'9(ws)|y. Note that e; — ep+1 = (1 + (. Using the Weyl dimension
formula we find

dim F¥(ws) = dim Fh(el +eo)+ dith(fen —ept1) +dim Fh(el —ent1) + 1.

Using the Kostant branching formula, it is further easy to see that the remain-
ing 1-dimensional representation in F'%(ws)|, is the trivial representation so that
(2’(22, Q(Cl + Cn))7 (277]27 O) € A(g, h)

Next consider the highest weight 201 = 2e; of g. Then similar considerations
to above show that F®(2cw1)|y contains F9((1 + () so that (4w1,2(¢1 + () €
A(g, D).

Together, the three pairs (41, 2(C1+¢n)), (2w2,2(¢1+C)), (22, 0) € A(g, b)
span af, X ay;, which is 3-dimensional.

(H2) (9,h) = (su*(2n + 2),su*(2n) + R + su(2)). The Satake diagrams of
g and b are

a1 2 Qs Qo O2nt1
g: ° o} ® le} ° R

B P2 B Ban—2 Ban—1

su*(2n): e o o o o

We realize the root system of g as {£(e; —e;): 1 < i < j < 2n + 2} in the
vector space V = {x € R?"*2: 1y + ...+ 9, 12 = 0}. To simplify notation, denote
by m(x) the orthogonal projection of # € R?"*2 to V. We choose the simple roots
a; = e; — e;41 for g and the simple roots 8; = a; (i = 1,...,2n — 1) for su*(2n).
Then (2, = wa, describes a character of R C h and g1 is the non-trivial
root for su(2) C b. Let (o541 = 302,41 denote the fundamental weight for su(2).
Then a general irreducible representation of h takes the form Fsw(2n) b1+ -+
lon—1Con—1) B FR(l9,,Con) B F542) Uy, 11 Copy1) with £y, ..., lon_1,02,41 € N and
Uy, € C.

Consider the fundamental weight @; = w(e; + -+ ¢;) = 2;;552 (e1+ -+
e;)— ﬁ(ei+1 +-+-+eant2) of g. In the Weyl group orbit of w; the three weights
mler+--4e), mler+--+e—1+emyr) and w(eg + -+ ej_o+ €ant1 + €2n42)
are highest weights for . Moreover,

wk:Ck+%C2n (1§k§2n—1), w2n:<2n
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and
m(er+ 4 eio1 + eant1) = Go1 — 255 Gn + Gt
m(er+ -+ ei—o + eyt +eanga) = Gio — 2"577?2(27“

so that the representations

Fow ) () R FR( ) R FO(0),
F O (Goy) BFR (=150 (o) B F) (G,
PO () RF™ (- 225526, ) R ) (0)

are contained in F'%(w;)|p. Using the Weyl dimension formula we find

F(wi)lp = (F*C0(G) B EFR (55 Con) RF3)(0))
@ (PO (Goy) B PR (=255 () B P (Con41))
fa (Fﬁu*(?n) (Ci—?) X F]R(_ 277,572;1»2 CQn) X Fsu(2) (0))

This implies that

(202,2C + 2(on), (22, —2(2n)

(225, 2C2; + Z(2n), (202, 2C2i—2 — w@n) 2<i<n—-1),

(2w2n7 2<2n)a (2w2n7 2<2n—2 - %C%L)
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are contained in A(g, ), and since af x ay; is 2n-dimensional, they form a basis.

(H3) (g,h) = (so*(2n +2),s0*(2n) + s0(2)). The Satake diagrams of g and

h are, for odd n,

°
o Qo (e %} Oln—/
g: ® O ®
O Op41,
Q Bn—l
Bi B2 B3 ﬂn72/
h: e o—e ¢

A
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and for even n,

o
(e%1 Qo (e %} Oén—l/
[} O @ L

Qp41,

d ﬂn—l
Br B2 B3 Bn72/
. o) ° o\

° Sy

We realize the root system of g as {£e; £ e;: 1 < i < j < n+ 1} with
simple roots a; = e; — e;41 (1 < i < n) and a1 = e, + ep41. Then we may
choose the simple roots for h as 5; = ;41 (1 < i < n). The fundamental weight
Cn+1 = w1 = e is trivial on s0*(2n) C b and hence defines a non-trivial character
of s0(2) C b.

Consider the fundamental weight w; = e; + -4+ ¢;, 1 = 1,...,n — 1. By
branching in stages, first from gc = so(2n + 2,C) to so(2n + 1,C), then from
s0(2n + 1,C) to so(2n,C) = s0*(2n)c, it follows that

Fg(wz)‘so (2m) ~ s (Qn)(Ci) @Fso*(Qn)(<i71)€B2 ® Fsg*(Qn)(CZ_72).

To find the action of the so(2)-factor we consider the weights of F'9(ww;) which are
given by
{xep, £ tep, 1<k <---<k,<2n+2, i—me 2N} U{0}.

Among these, clearly es +---+e;41 = (;, e +es+ - +e; = £(pq1 + -1 and
es+ -+ e;_1 = (;_o are highest weights for h and hence
F9(w;)[y = (F*° M (G) R F@(0)) @ (F* M (Go1) B F*P)(¢op1))
© (F2 O (Goy) RF®) (=) @ (F2 O (Gog) RF*)(0)).
Similarly, for the highest weight w,, + w,+1 = e1 + - - - + e, one obtains
FO(@n + @)l = (B D(2,_1) B F=O)(0))
@ (Fo0 B (2¢,) B F*°)(0))

& (F*° C (Guor + ) B (FP) (Cupr) © F P (—(op1)))
@ (Fso*(Qn)(C 2) X Fs0(2) (0))
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and for the highest weight 2w, 11 =e; + --- + e,41, accordingly,
FOQ2wp)ly = (F* % (26,) B F*°®)(Gop1))
@ (Foo G (26 1) B P (=(o1))
& (F (Gt + Go) B F=3)(0)).
Now, if n = 2s — 1 is odd, then
(221, 2C2i), (2w2i,2C2i—2) (1<i<s—1) and (4was,2(Cos—2 + C2s-1))

are contained in A(g, h) and span a}, x a};, which is of dimension s+ (s—1) = 2s—1.
If n = 2s is even, then

(20091, 2C2i), (2w2:,2¢2i—2) (1 <i<s—1),
and (2(w29 + w25+1); 4C2s)a (2(’@23 + 7323+1)7 2423—2)
are contained in A(g,h) and span al x a};, which is of dimension s + s = 2s.

(H4) (9,h) = (sp(p,q + 1),5p(p,q) + sp(1)). Let s = min(p,q + 1) and
t = min(p, q); then the Satake diagrams of g and sp(p, q) are

Qg Q2 as Qs (2541 Apt+q Qptg+1
g: ® O { J O @ o———o0 y
B B2 Bs Bt Patt1 Bp+a—1 Bp+q
sp(p,q): e o ° o . oi——e .

We realize the root system of g as {£e;£e;: 1 <i < j < p+g+1tU{£2e;: 1 <
i <p+q+1} and choose a; = ¢; —e;41 (1 < i <p+gq) and apygr1 = 2€pigt1
as simple roots. We further choose 3; = o; (1 <i<p+¢q—1) and Bp1q = 2€p+q
as simple roots for sp(p,q) C b; then Bpyg41 = Qptqr1 1S a simple root for sp(1)
and Cpyg+1 = Wptq+1 = €ptq+1 the corresponding fundamental weight. A general
irreducible representation of b takes the form FP®D(01¢) + -+ + £yyyCprq) K
FPW (0 gi1Cprgrr) With £1,... 0y i1 €N,

We consider the fundamental weight c; = e1+- - -+e;. Then by [45, Thm. 3.3]
we have

F(w;)]p =~ (Fsp(nq)(ci) X F5p(1)(0)) @ (Fsp(uq)(QA) X Fsp(l)(Cp+q+1))

@ (Fﬁp(p,q)(ci_Q) X Fsp(l)(o))

fori=1,...,p+¢q, and

F9(@wpiq1)|p = (FSp(p’Q)(Cm—q) X Fﬁp(l)((p-&-q—&-l))
@ (Fsp(p7Q)(Cp+q71) X Fsp(l)(o))-
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Hence, the following pairs in A(g, h) span a% x a);:
¢ (p < q) Then s =t = p, so that (224, 2(¢2;), (224, 2C2i—2) (1 < i < p) are
contained in A(g, h) and span a; x aj;.

e (p >q+1) Then s = ¢+ 1 and t = ¢, so that (2wa;,2(a;), (22, 2(2;—2)
(1 <i<gq) and (22442, 2(2,) are contained in A(g, h) and span al, X ay,.

(H5) (8,b) = (ee(—26)550(9,1)+R). The Satake diagrams of g and s0(9,1) C b
are

s
[ ]
g:
O ® ——O
aq as Qy Qs Qg
® B4
B1 P 53/
50(9,1): o S

\ 557

We choose the simple roots for g such that ay = (1, as = B4, az = fs,
oy = B3, a5 = Bs; then (g = wg defines a non-trivial character of R C . A general
irreducible representation of f is of the form F5°(9’1)(€1C1 o+ l5Cs) R EFR(CsCo)
for ¢1,...,¢5 € N and ¢ € C.

By writing w; as a linear combination of the simple roots a; (see e.g. [14,
App. C.2]) and writing ¢; as a linear combination of the simple roots /3;, we find
that

G =w1— 3w (2=ws—ws (3=ws— 26,
G=ws—3wg, (5 =ws— 2ws.
The spherical representations of g have highest weights 2k +2kowg, k1, ko € N,
and the spherical representations of h have highest weights 2¢1(; + ¢2(s, /1 € N
and ¢ € C.
By [27] we have

FO(@1)lso9,1) = @D (¢) @ F*OD (¢g) @ FOD(0).

To determine the action of the center of h on each summand we employ the weight
space decomposition (using e.g. LiE) and find that the weights of F®(w;) which
are highest weights for s0(9,1) are

w1 =450, w2—ws=C— 3¢ and —ws=—(g,
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so that

FO(w1)y =~ (FOD(G) R F¥(3¢)) ® (FOV (¢G) B F¥(—1))
@ (F*°OD(0) R F*(—()).

Taking contragredient representations further gives

FO ()| = (F***D(C1) RF(=3¢s)) @ (F*OV(G) B F*(5¢6))
® (F*0(0) ®F¥((o)).

Hence,

(201,21 + G6), (2w6,2C1 — G6), (201, —26), (2w6,2Cs) € A(g,h)

and they clearly generate a% x aj;, which is of dimension 4.

§3. Lower multiplicity bounds — Construction of
symmetry breaking operators

We use the results of Sections 1 and 2 to construct for every strongly spherical
reductive pair (G, H) intertwining operators between spherical principal series
representations of G and H in terms of their distribution kernels (see Theorem 3.3).

§3.1. Principal series representations and
symmetry breaking operators

For (¢,Ve) € ]\//.TG and \ € aéc we define the principal series representation
G
mea = Indg (@ et ®1),

realized as the left-regular representation on the space C*°(G/P, V¢ ») of smooth
sections of the vector bundle Ve y = G X p, Ve » = G/Pg associated to the repre-
sentation V¢ )\ = £ ® e’ ® 1. Here, pn, = % trada, € ay, the half sum of all
positive roots. Denote by V¢ = Vev _ the dual bundle of Ve ».

Similarly, we define for (n, W) € My and v € c%’(c principal series represen-
tations of H by

Tow = IndgH M®e’"®1)

and write W, , =n® e"tPru @ 1.

Consider the space

HOIHH(TF&)JH, 71,77,,)

of intertwining operators between principal series of G and H, also referred to as
symmetry breaking operators by Kobayashi [19]. By the Schwartz kernel theorem,

symmetry breaking operators can be studied in terms of their distribution kernels.
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Proposition 3.1 ([23, Prop. 3.2]). The natural map
Homp (me x| i, 70) = (D'(G/Pg, Viy) @ Wy)™, A KA,
which is characterized by Ap(h) = (K4, ¢o(h-)), is an isomorphism.

As in [23] we use generalized functions rather than distributions, so that
D'(G/Pq, V¢ ) can be identified with the dual space of C2°(G/Pg,Ve,x) and
Ll(G/Pg,VE’")\) — D'(G/Pg, V¢ ,)-

To be able to apply the theory of Bernstein—Sato identities, we first trans-
late line-bundle-valued distributions on G/ Pg to scalar-valued distributions on G.
Consider the surjective linear map

b: C(G) ® Ve — C%(G/Pa,Ven). bolg) = /P (€ ® A Pve © 1)(p)olgp) dp,

where dp denotes a left-invariant measure on Pg. Its transpose
bT: D'(G/Pa,Viy) = D'(G) @ V'
is injective and embeds (D'(G/Pg, V¢ ) @ W,,) into
D'(G)g ). )

= {u € D'(G) ® Home (Ve, Wy):
w(prgpe) = (M@ e i @ 1)(pg) o u(g) o ((® e e @ 1)(pa)}-

We show that this map is actually an isomorphism:
Lemma 3.2. The natural map

(D(G/Pe, Ve x) ® Wiw)™ = D'(G) g7, 01
s an isomorphism.

Proof. 1t suffices to show that the map is surjective, so let u € D'(G) e x),(n.0)-
Write g = kan € KAgNg = G for some maximal compact subgroup K C G by
the Iwasawa decomposition; then the distribution a_o‘_”G)u(g) is right AgNg-
invariant and therefore of the form v ® 1 ® 1 according to the decomposition
G ~ K x Ag x Ng with v € D'(K) ® Homc (Ve, W,)) = (D'(K) ® V') @ W,,. Define
w € D'(G/Pg, V¢ ) @ Wy, by

(w, ) = (v,0|k) Y€ C®(G/Pg,Ven);

then it is easy to show that w is Py-invariant and maps to u via the map b'. [
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Now let us first consider the case where both £ € ]TJ\G and n € M, g are the
trivial representation. We use the notation

T\ =T1,\, Ty =T1, and D/(G)/\,u = D/(G)(l,/\%(lw)'

For the statement of the main result of this section we denote by af, . and ay
the positive Weyl chambers corresponding to X% (g, ag) and X7 (b, ag).

Theorem 3.3. Assume that (G, H) is a strongly spherical reductive pair such that
(g,h) is non-trivial and indecomposable. Then for every open double coset Q) =
PugPs € Py\G/Pg there exists a family of distributions Ky, € D'(G), unique
up to scalar multiples and depending holomorphically on (A\,v) € aé’c X C%.,(D such
that

(1) Ky, € D'(G)r, and supp Ky, C Q for all (\,v) € abc X af ¢,
(2) Kxy € Ly (G) and supp K , = Q for Re(A—pns) € af . and Re(v+pn,,) €

\
O

By holomorphic dependence on the parameters (A, v) we mean that for every
¢ € C*°(G) the map (A, v) = (K, ) is a holomorphic function on ag, ¢ X aj ¢.
The proof of Theorem 3.3 is carried out in Section 3.3.

§3.2. Lower bounds for multiplicities

Before we come to the proof, let us observe that Theorem 3.3 implies lower bounds
for multiplicities of intertwining operators. For this denote by (Py\G/Pg)open C

Py \G/Pg the collection of open double cosets and by #(Puy\G/Pg)open its car-
dinality (which is finite by Proposition 1.2).

Corollary 3.4. Assume that (G, H) is a strongly spherical reductive pair such
that (g,b) is non-trivial and indecomposable. Then for all (A\,v) € aé’c X c%)(c we
have

dim Hompg (7x| i, 7,) > #(Pu\G/Pa)open-

Proof. We choose representatives z1,...,x, € G for the open double cosets in
Py \G/Pg. By Theorem 3.3 there exist holomorphic families of distributions K3 ,
1 < 4 < n, such that suppKﬁ\’V = Pyz;Pg for Re(A — png) € a , and Re(ul+
Pug) € —af . Let Ay € af | and vy € ay; ; then for fixed (Ao, 1) € af ¢ X ajy ¢
we have Re(Ao + 2A4) € af, , and Re(vy — zv4) € —aj;, for z € C, Re(z) > 0.
This implies that the holomorphic functions

fi: (C - D/(G)7 fz(z) = K§\0+Z>\+,V0—Zl/+
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satisfy supp fi(2) = Pgx;Pg whenever Re(z) > 0. Hence, fi(2),..., fn(2) are
generically linearly independent and the claim follows from the next lemma com-

bined with Proposition 3.1 and Lemma 3.2. O
Lemma 3.5. Let f1,...,fn: C = V be holomorphic functions with values in a
complete locally convex topological vector space V. If fi(2),..., fu(z) are generi-

cally linearly independent, then there exists A = (a;j) € GL(n,C) and mq,...,my,
> 0 such that the functions

6i(z) = D aiz ™ fi(2)
j=1

are holomorphic in z =0 and g1(0),...,g,(0) are linearly independent.

Proof. Rearrange fi,..., f, such that f1(0),..., f,(0) are linearly independent
and the remaining f,+1(0),..., f(0) are linear combinations of f1(0),..., f,(0).
We now show that f,4+1(%) can be replaced by a renormalized linear combination of
fi(2),..., fp+1(2) such that f1(0),..., fp+1(0) are linearly independent. Applying
this argument recursively to fy41,..., fn shows the statement.

So assume that

Fo1(0) =YX £:(0).
i=1

We form the new function f,,(z) = fpr1(2) — 20—y A) fi(2); then f),,(0) = 0
and renormalizing,

1
71 o p+1(2)
p+1(2) - P
gives a holomorphic function fgﬂ(z) such that f1(2),..., fp(2), fgﬂ(z) are still

generically linearly independent. If now f1(0),..., f,(0), f; +1(0) are linearly inde-
pendent, we are done; otherwise we have

p41(0) = XA fi(0).

As before, we form f2,,(2) = fyi1(2) — 20—y Al fi(2); then f2,,(0) = 0 and

renormalizing,

7 foy1(2)
§+1(Z) = ot
z
gives a holomorphic function f5+1(z) such that f1(2),..., fp(2), fgﬂ(z) are still

generically linearly independent. We repeat this procedure as long as possible. If
the procedure does not terminate, we obtain A2, A}, \?,... € C, 1 < i < p, and

VREAY IR RAY ]
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holomorphic functions fI’f ' 1(2) with
2t (2) = fpia (= Z M fi(2)

where we put f0 11 = fpt+1. Form the holomorphic functions (the convergence of
the sums follows by applying continuous linear functionals to the above identities)
oo
At C—=C, Ai(z) =) AFK
k=0
then

> A =SSN ) = 3 (R () — ()2
i=1 k=0

k=0 1=1
= ;?-1—1('3) = fp+1(z)

for all z € C. But this implies that f1(z),..., fp(2), fy+1(2) are linearly dependent
for all z € C, contradicting the assumption. Hence, the procedure has to terminate
at some stage, which implies that f1(0),..., f,(0), p+1(0) are linearly independent
for some k, proving our claim. O

§3.3. Bernstein—Sato identities and meromorphic extension

Write
r = rankg(G) + rankg(H) = dimag + dimay.
By Proposition 2.5 and Theorem 2.6 there exists a basis {(\;,v;)};=1,..» C

At (g,a) x AT(h,ag) of af x a}; and non-zero real-analytic functions F;: G — R,
F; >0, such that

(3.1) Fj(m'a'n' gman) = o (a') "7 F;(g)

for g € G, man € Pg and m’a'n’ € Py.
Now, for (s1,...,s,) € C" with Re(s1),...,Re(s;) > 0 we define

K, .s.(9)=Fi(g)™ - F(9)°, g€G.

Let Q € Py\G/Pg be an open double coset and write xo: G — {0,1} for its

characteristic function. Then it remains to show that xqKs, . s, defines a family

of distributions on G which extends meromorphically in (s1,...,s,) € C". For this
we use Bernstein—Sato identities.

By [38, 39] there exists a differential operator Dy, . on G depending poly-

.....

nomially on (s1,...,s,) € C" such that
(3.2) Dy, s, Ks . .5, =b(s1,...,8) K1, s.—1, Re(s1),...,Re(s;) >0,
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where .
b(s1,...,8) =c- H(ama +- a5+ b)
i=1
with (ai1,...,a:,) € C"\{0}, b; € C and ¢ # 0. This identity immediately shows
the meromorphic extension of the family K, . € D'(G). However, if we want to

meromorphically extend xoKs,
0 of Q.

we have to control K, . at the boundary

yeees S s

Lemma 3.6. For every double coset w C OS2 there exists 1 < j < r such that
Fj|, =0.

Proof. Let g € w; then by the equivariance property (3.1) it suffices to show that
F;(g) =0 for some 1 < j < r. Since w C 012, the double coset Py gPc is not open.
Using Theorem 1.3 we find an element Z = Zy + Z4 + Zn € pg with Z4 # 0
such that X = Ad(¢g71)Z = Xur + Xa + Xn € pg. This implies

e—t(slylv.t,_..--&-srl/;/)(ZA)KSl’W’Sr(g) _ Ksl, S’y.(etZg) _ Ksl,...,s,,(getX)

vey

_ 6t(slA1+~--+srAr)(XA>Ksl,__.,sr(9)

for all t € R. Now assume that Fj(g) # 0 for all 1 < j < r; then K,, 5. (9) #0
for all (s1,...,s,) € C" with Re(s1),...,Re(s,) > 0. Hence

(51A1 + -+ 8. 0)(Xn) = —(s10) + -+ 5,.1,)(Z2a),
or equivalently,
s1(AM(Xa) + 17 (Za)) + -+ 8- (M (Xa) + 1) (Za)) =0

for (s1,...,s,) € C" with Re(s1),...,Re(s,) > 0. This implies \;(Xa)+v)(Za) =
0 for all 1 < j < r. But since the pairs (\;,v;) form a basis of a} x aY,, the pairs
(A, I/J\»/ ) also form a basis and hence Z4 = 0 which gives a contradiction. O

By the previous lemma we have K, (9) = 0 whenever g € 9Q and
Re(s1),...,Re(s,) > 0. This implies a regularity statement for the functions
XQKsl,...,s,.:

Lemma 3.7. Let M be a smooth manifold, Q@ C M open and p € C>°(M) with
© >0, ¢laa = 0. Then xap* € C*(R) whenever Res > k.

The proof is an easy calculus exercise. We can now proceed to prove Theo-
rem 3.3.

Proof of Theorem 3.3. Let Q € Py\G/Pg be an open double coset. Lemma 3.6
shows that K, s .|aq = 0 for Re(s1),...,Re(s;) > 0. By Lemma 3.7 this implies
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yens

erator Dy, . is of finite order, say k > 0, this implies that D, s [xoKs,, s,
is a continuous function for Re(s1),...,Re(s,) > k. Replacing K, . in the

Bernstein-Sato identity (3.2) by xoKs, .. s, yields

Sr

(33) Dsl,.“,sr [XQKsl,..A,s,\] = b(317 ey ST)XQKsl—l,...,sr—la

which holds on Q by (3.2), and trivially also on K\ since both sides vanish. As
observed above, for Re(s1),...,Re(s,) > k both sides are continuous functions,
and hence (3.3) holds everywhere. This shows the meromorphic continuation of
xoKs, .5 € D'(G) to (s1,...,8,) € C", or more precisely the holomorphic con-
tinuation of

m
H F(ai,lsl + -+ Qg rSy + bl) . XQKsl,...,sr~
i=1

Finally, the change of variables

r \ \
C" — aG.c X fcs

(517“-’31") — ()\7’/) = 31(/\17_V¥) + “'+S7"(>\7‘7_V7Y) + (pnga_an)

constructs the desired family K ,. The equivariance property extends by analytic
continuation. O

8§4. Upper multiplicity bounds — Invariant distributions

We establish upper bounds for the multiplicities dim Hompy (m¢ x|, 7y,) using
Bruhat’s theory of invariant distributions. In particular, we obtain that for £ and
7 the trivial representations, the intertwining operators constructed in Section 3
form a basis of Homp (7x|m,7,) for generic (A, v) € af ¢ x af; c.

8§4.1. Upper bounds for multiplicities

Let M C Mg N My denote the stabilizer of a generic element X € n~?. More
precisely,

M= (MgnMy)* ={g€McnMy: Ad(9)X = X},

where X € n™7 with X =5, 54—y X, Xg € g77(an; 8)\{0}. Since for every
B8 € A(n79), the group Mg N My acts either transitively on the unit sphere
Sz C g 7(ag;B) or with possibly two orbits if dimg=7(ag;8) = 1, it follows
that for generic X,Y € n~=7 the stabilizers (Mg N M) and (Mg N Mpy)Y are
conjugate in Mg N M.
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The main statement of this section is the following theorem:

Theorem 4.1. Assume that (G, H) is a strongly spherical reductive pair such that
(g,h) is non-trivial and indecomposable. Then for (A\,v) € aé,c X a},vc satisfying
the generic condition

w(Re)‘ - pnc)'llH - (ReV - an)
(41) ¢ —w(N—span EJr(g’ aG))|aH Vw e W(GG),

we have

dimHOmH(TF&)JH,Tn,V) S #(PH\G/Pg)Open . dimHomM(§U~’°|M7n|M).

In particular, for & and n the trivial representations, we have generically

dim Hompyg (mx|a, 7)) < #(Pu\G/Pg)open-

Here, £9 denotes the representation of gMgg ™! given by £9(m) = £(g~tmyg).

Remark 4.2. If mg N my = {0} then condition (4.1) in Theorem 4.1 can be
replaced by the weaker condition

(42)  wA = pug)lay = (v = puyy) & —w(N-span* (g, ac))lay Yw € W(ag).
This follows from the proof in Section 4.2.2.

Remark 4.3. From [22, Cor. 2.7 and Lem. 5.2] one can deduce the following
estimate:

dim Hompg (7|, 70) = dimHomGXH(W,\ ® Ty, C°((G x H)/diag(H)))
< dimHom g, k6 x i) (T @ 7—, C((G x H)/ diag(H)))
< #W(ag ® an)

for A € a\é)(c and —v € aYLC satisfying a certain regularity and a positivity condi-
tion. Note that Theorem 4.1 only requires a regularity condition and no positivity
condition. Here, W (ag®apy) ~ W(ag)x W (ag) denotes the Weyl group of the pair
(g®bh,ac ® ag) and by [22, Cor. E] we have #W (ag @ ay) > #(Pu\G/P&)open-
Note that this inequality is not sharp. For instance, for the multiplicity one pairs
in Fact II we have #(Py\G/Pg)open = 1 (see Lemma 6.3), while the order of
the Weyl group W(ag @ ag) goes to infinity as the rank increases. Therefore, the
estimate in Theorem 4.1 is sharper than the one derived from [22] and holds for
an open dense subset of parameters (\,v) € aé’c X C%,@ whereas [22] requires the
parameters to be contained in some Weyl chamber.
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Before we prove the theorem, note that combined with Corollary 3.4 it implies
the following formula for the generic multiplicities:

Corollary 4.4. Assume that (G, H) is a strongly spherical reductive pair such that
(g,h) is non-trivial and indecomposable. Then for (A\,v) € aé,c X aY{,C satisfying
the generic condition (4.1) we have

dim HOIII}L](7T'A|H7 TV) = #(PH\G/P(;)OPQH.
The rest of this section is devoted to the proof of Theorem 4.1.

§4.2. Invariant distributions

Recall from Proposition 3.1 and Lemma 3.2 that
dim Hompg (me x|, 7,0) = Aim D' (G) (¢, 1), () -

Upper bounds for spaces of invariant distributions such as D'(G) ¢, x),(n,») are pro-
vided by Bruhat’s theory of invariant distributions (see e.g. [46, Chap. 5.2] for a
detailed account; see also [29, Sect. 3.4] for an application in a similar setting).
This method applies to our situation since the group Py x Pg that acts on G has

only finitely many orbits. In this case, Bruhat’s theory implies the following upper
bound:

dim D' (G) (¢, 0),(n.0)

< Z Z dim Homp,,ngp, g1 ((5 ® e Pre @ 1)9,

PH gPG m=0

€PH\G/Fo (n® o @ 1) @ SPudePeg !

6PHQQPG971

® " (V(9)),

where for a Lie group S we denote by dg(z) = |det Ad(z~1)|, = € S, its mod-
ular function, and V(g) = g/(Ad(g)pg + pr). Clearly dp,(man) = a=2’*¢ and
Spy (man) = a=2Pru . We estimate the contributions from open and non-open or-
bits separately.

4.2.1. Open orbits. If PygPg is an open orbit, we may choose g = eXw, with

X € n~7 generic. Then Py N gPgg™' = M and (£ @ e} Pre @ 1)9]y = €70y
Further, since M is compact, dp, = 0gpyg-1 = Op,ngpPsg—1 = 1 on M. Finally,
S™(V(g)) = {0} for m > 0, because V(g) = {0} in this case, and S°(V(g)) = C is
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the trivial representation. This implies that

oo
Z dimHOHlpngPGgfl ((§ ® 6)\_pnc ® 1)9’

=0
" 0Py OgPog~1

(1@ e+ ©1)® © 5" (V(9)))

OPygPeg~*

= dim HOIHM(&'EO |1\/[7 77|]\/[).
4.2.2. Non-open orbits. In this case it is more convenient to work with

((£ ® eA*PnG ® 1)V ® (’I’} ® 6V+PnH ® 1)9_1

0p.0,—1
(4.3) @ fe9Pug o S™(W(g))
6PG09’1PH9

)

)Pcﬂg“PHg

where W(g) = g/(pc + Ad(g~')pu). If PygPg is a non-open orbit, then by The-
orem 1.3 the stabilizer Py N gPgg~' of gPg in Py contains a one-parameter
subgroup exp(RZ), where Z = Zy + Za + Zn € (mg Nmyg) + ayg + nyg with
Z 4 # 0. Note that

X =Ad(g )2 = Xy + Xa+ Xy € paNAd(g Hpu
with Xar = Ad(@1)Zas € me and X4 = Ad(@)Z4 € ag, Xa # 0. Then
(€@ e @1)(e) = e X (),
(@ e’ tPu @ 1)9’1 (etX) — ottpn,)(Za) | n(etZIVI).
Further, p, (e!X) = e~ 2tPnc(X4) and 8g-1pPyg(eX) = e 2tony (Za)

Lemma 4.5. We have dp,n,-1p,4(e™) = exp(—t X nest(gaq) Naet(Xa)) for
some integers 0 < n, < dim g(ag; a).

Proof. We compute §p,ng-1p,4(e) for X = Xp + Xa + Xy € mg +ag + ng
using the formula

5Pcﬂg_1PHg(€X) = exp(— tr ad(X)|pGﬂAd(g_1)PH)’

Choose a basis (Y,)a U (Y3)s U (Y,), of pc NAd(g~!)pg with the following prop-
erties:

(1) Yo =Yoo mr+Yaa+Yan € mg+ag +ng such that (Y, ar)q is an orthogonal
basis of the projection of pg N Ad(g~!)py to mg.

(2) Ys =Y3.4 + Ys n € ag + ng such that (Y3 4)p is linearly independent.

(3) Y, =Y, N € ng such that (Y, n), is a basis of ng N Ad(g~)pp.
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Here, orthogonal bases are taken with respect to any mg-invariant inner product
on g. We now study the action of ad(X) on Y, Ys and Y,,. First,

ad(X)Ya = [XM, Ya,M} + [XN7Ya,M + Ya,A] + [X7 Yoc,N] € [XM7YQ,M] + ng.

Note that [Xar, Yo m] L Yo, ar since the inner product is mg-invariant. Hence, the
coefficient of Y,, in the expression of ad(X)Y,, as a linear combination of the basis
elements is zero. This implies that the contribution of the basis elements Y,, to the
trace is trivial. Next we have

ad(X)Yﬁ = [XN>Y[3,A] + [X, Yg’N] € ng

so that ad(X )Y} is a linear combination of the basis elements Y.,. Therefore, also
the basis elements Yz do not contribute to the trace and we have

trad(X)|ponad(g-—1)pn = trad(X)lngnadg—1)ps-

We now specify a basis (Y,), of ng N Ad(g~')py. For this we order the posi-

tive roots X*(g,ag) = {1, ..., an} such that [ng, g(ac; ;)] € B, 8(ag; ai).
Then we can choose the basis {Y, =Y;;: 1 <j<n, 1 <k <n;} such that

o Yin=320 ;Y €@ 0(agiai) forall 1< j<n, 1<k<ny,
. (ij 4 k=1,....n, are mutually orthogonal with respect to an mg-invariant inner

product on g(ag;a;).

We have

ad(X)Yjk = [Xar + X, Yiu] + [Xn, Vil € [Xar + Xa, Y]+ €D alacs; o).
i=j+1

Since [Xy,Y/,] L Y/, we obtain
ad(X)Y;cEaJ Xa)Y, k+@(CYg+ @ Clg,al

15k i=j+1

so that
trad(X)|ngnadg-1) ana] (Xa).

This shows the claim. O

Lemma 4.6. Let P € S™(W(g)), P # 0, with ad(X)P = AP for some X €
C; then we have Re )\ = _ZQEEJf(g}ag)maa(XA) for some integers my > 0. If
additionally Xar = 0 then A= =3 coi (g ag) Ma(Xa).
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Proof. First note that

W(g) =g/(pc + Ad(g) 'pr) = fg/(ig N (pe + Ad(g)'pr)).

We order the positive roots X7 (g, ag) = {1, ..., a,} such that [ng, g(ag; —a;)] C
@, 1 8(ag; —a;). Then we can choose a basis {Yj: 1 <j<n, 1 <k <mn;} of
fic N (pe + Ad(g) ~'py) such that

o Yjr= Z?:j Y;k € @?:j glag; —ay) forall 1 <j <n, 1 <k <ny,
) (Y]jk)k:ln7 C g(ag; —ay) are linearly independent for every 1 < j < n.

For every 1 < j < n we extend (Y]jk)kzlnj to a C-basis (Yf;k)k:l’._,nj U

(Zjk)k=1,..m; of g(ag;—aj)c; then the equivalence classes Z;. = Zj +
(fig N (pe + Ad(9) " 'pu)), 1 < j < n, 1 <k < m; form a basis of fig/(ig N
(pe + Ad(g)~'py)). Since X); € mg is contained in a maximal torus in mg, we
may assume that every Z; j is an eigenvector of ad(X /) with imaginary eigenvalue:
ad(Xar)Zjk = V/—1\; 1 Z; 1. Further, by definition ad(X4)Z; x = a;(Xa)Z;k, S0
that

ad(X)Zj,k € (Ozj(XA) + Vv _1/\j,k)Zj,k + @ g(ag; —ai)c.
i=j+1
Now assume P € S™(W(g)), P # 0, with ad(X)P = AP. Write P as a linear com-

bination of the basis elements Z;, j, - -+ Zj,. .. of S™(W(g)); then there exist 1 <
J1 <o <jgm <nand 1 < k; < ny, such that the coefficient of Zjl,kl "‘ij,km in
P is non-zero. Choose such (j1,k1),- .., (Jm, km) with the property that ji,..., jm
are minimal. Considering only the coefficient of Zj, x, -+ Z;,. k. in ad(X)P = AP

we obtain
A=, (Xa)+ -+, (Xa) + VTN py + - V=1N ks
which implies the claim. O

Now assume that ¢ € V¥ @ W,y ® S™(W (g)), ¢ # 0 is contained in the space
of invariants (4.3). Since X s resp. Zj; is contained in a maximal torus in mg resp.
myr, there exist bases (v;); of Ve’ and (w;); of W, such that &¥(Xar)v; = vV =1a;v;
and n(Zy)w; = v/—1bjw; with a;,b; € R. Write ¢ in terms of this basis as

¢=Zvi®wj®Pi7j

4,3
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with P, ; € S™(W(g)); then X - ¢ = 0 implies, using Lemma 4.5,
w007, = = (V7T = (3= o)) 4 B33/ 7T+ (4 )X

— anc (XA) — 2an (UJXA) =+ Z TLQOZ(XA))Pi,j.
a€Xt(g,a0)

At least one P ; is non-trivial and hence it follows from Lemma 4.6 that

WA = puc)(Za) = (V = puyy )(Za)
=— Y (ma+(dimg(ag;a) —na)) wa(Za) + (a; + b;)V—1.

a€Xt(g,ac)

>0

Hence, the space (4.3) of invariants must be trivial if (4.1) is satisfied. This com-
pletes the proof of Theorem 4.1.

8§5. Application to Shintani functions

In [18] Kobayashi established a connection between symmetry breaking operators
and Shintani functions of a pair (G, H) of real reductive groups. Combining his
results with Corollary 3.4 we prove lower bounds for the dimension of the space
of Shintani functions (see Theorem 5.3).

§5.1. Shintani functions for real reductive groups

Let t¢ € mg and ty € mpy be Cartan subalgebras of mg and mpg; then jg =
tc +ag Cgandjg = tg + ayg C b are maximally split Cartan subalgebras of
g and h. We identify j& ¢ =~ t§ ¢ ® af ¢ and ji; ¢ =~ t}; ¢ © afy ¢. Let us choose
positive systems ¥ (gc,jc.c) € X(gc,ja,c) and Xt (he,jmc) € E(be,jm,c) such
that the restriction of a positive root to ag resp. ay is either zero or contained
in ¥ (g,ag) resp. X (h,ay). Write pg resp. py for the half sum of all roots in
E+(g@ajG,(C) resp. E+(h@7jH,C)' Then Pg = Pmg + Pug with Pmg = Pg|tca and
similarly py = pmy + pny. Further, let W(jg.c) and W(jm c) denote the Weyl
groups of ¥(gc,jc,c) and X(hc,jmc)-
The Harish-Chandra isomorphism provides a natural identification

jé,C/W(jG,(C) ; Homcfalg(z(g(ﬁ)a(c)» A— XA

where Z(gc) denotes the center of the universal enveloping algebra U(gc) of gc.
We use the same notation xz € Homec_a1(Z(hc),C) for E € j}/{,o The left resp.
right action of U(gc) on C*°(G) will be denoted by L, resp. Ry, u € U(gc).



314 J. FRAHM

Definition 5.1 (See [18, Def. 1.1], [34]). A function f € C*°(G) is called a Shin-
tani function of type (A, Z) € j\é,c XjYLC if f satisfies the following three properties:

(1) f(K'gk)=f(g) forany ¥ e HNK, k € K.
(2) Ruf = xa(w)f for any u € Z(gc).
(3) Luf = x=(v)f for any v € Z(hc).

The space of Shintani functions of type (A, Z) is denoted by Sh(A,Z). We write
Shined (A, E) for the subspace of Shintani functions of moderate growth.

For the definition of moderate growth see e.g. [18, Def. 3.3]. The following
result is due to Kobayashi:

Fact 5.2 (See [18, Thm. 1.2 and 8.1]). Let (G, H) be a pair of real reductive al-
gebraic groups.

(1) dimSh(A,ZE) < oo for all (A,Z) €j¢ ¢ X i if and only if (G, H) is strongly
spherical.
(2) dimSh(A, E) # 0 implies A € W(ig,c)(pmg + 0&c) and E € Wiine)(pmy +

Y c)-
In view of this statement we abuse notation and write
Sh(A,v) = Sh(pme + A pmy +v), (A v) €age X ajre.
§5.2. Lower bounds for dim Sh(A, v)
The following statement gives more detailed information about dim Sh(A, v):

Theorem 5.3. Assume that (G, H) is a strongly spherical reductive pair such that
(,h) is non-trivial and indecomposable. Then for all (\,v) € af, ¢ X aj ¢ we have

dim Sh(A, v) > dim Shimea(A, v) > #(Pu\G/Pg)opens
and for generic (\,v) € af ¢ X af; ¢ we have
dim Shmod(/\a I/) = #(PH\G/PG)open-

Proof. Let Ay € W(ag)A and v_ € W(ag)(—v) such that Re(A,a) > 0 for all
a € ¥t (g,a¢) and Re(v_,8) < 0 for all 8 € X (h,ap). Then by [18, Thm. 8.2
and Rem. 8.3] there exists a natural embedding

HOIDH(W)\+|H,TV7) — Shmod(A, V)

which is an isomorphism for generic (A, v). Now the statement follows from Corol-
laries 3.4 and 4.4. O
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Remark 5.4. According to Kobayashi [18, Rem. 10.2(4)] it is plausible that
Shimed(A, v) = Sh(A,v) for all (N, ) € j& ¢ X i ¢ if the pair (G, H) is strongly
spherical. In this case, Theorem 5.3 would imply

dim Sh(\, v) = #(Pu\G/Pc)open
for generic (A, v).

Remark 5.5. For some strongly spherical pairs (G, H) of low rank, the space of
Shintani functions was studied in more detail, and in some cases its dimension was
computed for all parameters (\,v) € ag ¢ X af; ¢. The pairs (GL(2,F), GL(1, F) x
GL(1,F)), F = R, C, were studied by Hirano [12, 13], the pairs (O(1,n+1),0(1,n))
by Kobayashi [18], the pairs (U(1,n+1), U(1,n)xU(1)) by Tsuzuki [42, 43, 44], the
pairs (Sp(2,R), Sp(1,R) x Sp(1,R)) and (Sp(2,R), SL(2,C)) by Moriyama [32, 33]
and the pair (SL(3,R), GL(2,R)) by Sono [40].

§6. Multiplicity one pairs
For the pairs
(GL(n+1,C),GL(n,C)), (GL(n+ 1,R),GL(n,R)),

(6.1) (U(p,q+1),U(p,q)),
(SO(n +1,C),80(n,C)), (SO(p,q+1),S0(p,q)),

it was proven by Sun-Zhu [41] that dimHomp (7|g,7) < 1 for all irreducible
smooth admissible Fréchet representations 7 of G and 7 of H of moderate growth.
In this section we determine for which principal series representations m = m¢ »
and 7 = 7,, the multiplicities are = 1, at least for generic (\,v) € af ¢ X ajj c.
The main tool to pass from spherical principal series 7y and 7, to general vector-
valued principal series ¢  and 7, is a variant of the Jantzen—Zuckerman transla-
tion principle. This method was previously used in the construction of symmetry
breaking operators in [6] and we briefly recall the main steps, adapted to our
setting.

§6.1. The translation principle
Let (¢, E) be an irreducible finite-dimensional representation of G; then the space
E'=E%={veE:p(X)v=0YX €ig}

of fig-fixed vectors is an irreducible representation of Mg A, and we obtain a Pg-
equivariant embedding E’ < F. Similarly, we let (¢, F) be an irreducible finite-
dimensional representation of H and consider the irreducible Mg A g-representa-
tion F/ = F™ . Then the projection ' —» F’ onto the highest restricted weight
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space is Pg-equivariant, where we let Ny act trivially on F’. We assume that
HOIDH(E'|H7 F) 7é {O}

Now suppose we are given an H-intertwining operator
A: Ind§_(V) — Indf_(W)

for V- and W finite-dimensional representations of Pg and Pp. Tensoring with a
non-trivial H-intertwiner n: E' — F' gives an intertwiner

(6.2) A®n: IndIGgG V)®E — IndgH (W) ®F,

from which we want to construct an intertwiner between certain vector-valued
principal series.

For this, we first consider the representation Indgc (V)®E. Since Wy Pgg * =
Pg, the map f — f(- zﬂal) defines an isomorphism

Ind§_ (V™) — Ind_ (V).
Next, we make use of the isomorphism
v Indf (V™ ® Elp,) = IndG (V™) ® B, 1f(g) = (idv @¢(9))f(9),

where we view both sides as (V ® E)-valued smooth functions on G. Now, the
Pg-equivariant embedding E' < E induces an embedding

Ind§_(V™ @ E') — Ind§_(V™ & E|p,),
which we compose with the isomorphism
Ind% (V@ (E)% ) - Ind§_(V™ @ E'),  f > f(- )
to obtain an embedding
(6.3) nd$_ (V @ (E)% ) < Ind$_(V) @ E.
Similarly, without having to invoke wg, we have a surjection
(6.4) Indp, (W)® F = Indp (W ® Flp,) —» Indj (W & F'),

where the second map is induced by the Pg-equivariant projection F' — F”.
Finally, composing (6.2) with the embedding (6.3) and the surjection (6.4)
defines an H-intertwining operator

®(A): Ind§, (V@ (E)% ) - ndl (W F').
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Nowlet V=1®e*®1and W = 1®e” ®1, and write (E’)ﬁg1 ~EReM®1
and F/ =n®e” ®1for £ € Mg, n € My and (Ao, 1p) € af x ay;. Then A — ®(A)
defines a map

®: Homp (malm, ) = Homp (me, 30 |1, Tovtwg)-

Recall that by Proposition 3.1 every intertwining operator A € Homp (m¢ x| #, 7,)
is given by a distribution kernel K4 € (D'(G/Pg, V¢ ,) @ Wy,)". To describe
how the distribution kernel of ®(A) arises from the distribution kernel of A, we
denote by i: E' — E the Pg-equivariant embedding and by p: F — F’ the Py-
equivariant quotient. Further let & = G Xp, (E')®  and denote by (£/) =
G X p, ((E')™ ")V the contragredient bundle.

Theorem 6.1 ([6, Sect. 2]). The map
®: Hompg (mx|m, 7)) = Homp (me x| 8> Tnvtvo)
has the property that the distribution kernel
Kya) € (D'(G/Pa, Vi yiny) © W)

is given in terms of the distribution kernel K 4 € (D'(G/Pg,V5) ® W,)FH as
Koy =0® Ka,

where 0 € (C*(G/Pg,(E")Y) @ F')H is given by

o(g) =ponop(gig)oi € Home(E', F') ~ (E")Y @ F', geG.

Note that in the statement we identify V{ @ (€)Y ~V{,\ and W, ®@ F' ~
WU,VJrVo-

Corollary 6.2. Let £ € M\G and n € ]\/I\H and assume that there exist irreducible
finite-dimensional representations E of G and F of H such that £70 ~ E"S g,
n o~ F" |y, and Hompy (E|g, F) # {0}. Then there exist (Ao, v0) € af, X af; and
a linear map

®: Homp (ma|m, 1) = Homp (Te x| H> Tnvt)s

which is on the level of distribution kernels given by tensoring with a fized non-
trivial real-analytic section. In particular, we have supp(Kqe(ay) = G/Pg whenever
supp K4 = G/ Pg.

Proof. Replacing E and F' by their twists with the Cartan involution 6 of G we
may assume that £7° ~ E"G |y .. n ~ F* |y and Homy(E|g, F) # {0}. Then
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E' = E% and F/ = F™" satisfy (E')% |y, ~ & and F'|5y, ~ 7, so that the
statement follows from Theorem 6.1. It remains to show that ¢ is a non-trivial
real-analytic section. That ¢ is non-trivial is a consequence of the irreducibility
of E. Further, as a matrix coefficient of a finite-dimensional representation it is
clearly real analytic. O

§6.2. Iwasawa decompositions

To construct finite-dimensional representations E of G and F of H for the trans-
lation principle, we first give the explicit Iwasawa decompositions for all pairs
(G,H) in (6.1) (following the notation of Section 1.3), compute the generic sta-
bilizer M C Mg N My of an element of n~? defined in Section 4.1, and prove in
particular the following statement:

Lemma 6.3. Let (G, H) be one of the pairs in (6.1); then #(Pu\G/Pc)open = 1.

Note that Lemma 6.3 also follows from Corollary 4.4 combined with Fact II.
However, since we need the relevant structure theory of the pairs (G, H) in Sec-
tion 6.3, we include an independent proof here.

6.2.1. (G,H) = (GL(n+1,C),GL(n,C)). Let G =GL(n+1,C), n > 2, and
define a Cartan involution on G by 6(g) = (¢*)~%; then K = G = U(n + 1). We
embed H = GL(n,C) in the upper-left corner of G; then 6 leaves H invariant and
HNK = H? =U(n). We choose the maximal abelian subalgebra

ag = {diag(t1,...,t,,0): t; € R}
of h=% and extend it to the maximal abelian subalgebra
ac = {diag(t1,... tn, tnt1): t; € R}
of g=?. Then

Mg = Zg(ag) = {diag(z1, ..., 2n, 2n41): 25| = 1} = U(1)"
My = Zpak (ag) = {diag(z1, ..., 20, 1)1 |z = 1} = U(1)™.

o {(53) o)

[ea

Further,

and such an element of n=7 is contained in an open (Mg N My )Ag-orbit if and
only if z1,..., 2, # 0. Hence M = {1} is trivial.
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6.2.2. (G,H) = (GL(n+1,R),GL(n,R)). Let G = GL(n+1,R),n > 2, and
define a Cartan involution on G by 6(g) = (¢7)~'; then K = G = O(n + 1). We
embed H = GL(n,R) in the upper-left corner of H; then 6 leaves H invariant and
HNK = H?=0(n). We choose the maximal abelian subalgebra

ag = {diag(t1,...,t,,0): t; € R}
of h~% and extend it to the maximal abelian subalgebra
ac = {diag(t1,...,tn, tnt1): t; € R}
of g=?. Then

Mg = ZK(aG) = {diag(xla v 7mnvxn+1): Ty = :l:]-} = O(l)n+17
MH = ZHﬂK(aH) = {diag(xl, R ) 1): xTr; = :|:1} ~ O(l)n

{5 )

and such an element of n=7 is contained in an open (Mg N My )Ag-orbit if and
only if z1,...,2, # 0. Hence M = {1} is trivial.

Further,

6.2.3. (G, H) = (U(p,q+1),U(p,q)). Let G = U(p,q+1),p,q > 1, and define
a Cartan involution on G by 6(g) = (¢*)~!; then K = G? = U(p) x U(g + 1). We
embed H = U(p,q) in the upper-left corner of G; then 6 leaves H invariant and
HNK = H? = U(p) x U(q). Assume that p > ¢ + 1; the case p < q is handled
similarly (see Section 6.2.5 for a related computation). We choose the maximal
abelian subalgebra

0411 D
ag = Op—q—l :D:diag(tl,...,tq+1),t1,...,tq+1 eR
D 01

of g% then ay = agNh is maximal abelian in h=9. Write e; € a}; for the functional
mapping a matrix of the above form to ¢;. Then

{ieiiej:1§i<jSQ+1}
U{:I:2ei:1§i§q+1} forp=q+1,

{te;+e:1<i<j<qg+1}
U{:I:ei,:lz2ei:1§iﬁq+1} forp>q+1,

E(ga CLG) =
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with root spaces given by

g(ac; £(ei + ¢;)) = {2(Eij F Eip+j £ Epvij — Eptip+s)
— 2(Eji F Ejpti & Epji — Epyjpsi): 2 € Cl,
gac; £(ei — €5)) = {2(Eij £ Eiptj + Eptij + Eprip+s)
—2(Eji F Ejpti F Eptji + Epyjpti): 2 € C},
g(ag; +2¢;) = RV—1(E;; F Eipri = Eptii — Eptipti),
and if p > ¢ + 1, additionally,

—g—1
glags £ei) = {32021 (2r(Bigairt £ Eprigrirt)
— Zi(Bqthi1i T Eqyrg1,p1i)): 21 € C.

We choose the positive system
{e;tej:1<i<j<q+1}

U{Qeizlgigq—kl} forp=q+1,
{ei:I:ej: 1§i<j§q+1}

U{ei,Qeizlgigq—i—l} for p > g+ 1;

Yt (g, 0¢) =

then

Mg = {diag(z1,...,2¢41, k. 21, .-, 2q+1): 2| =1, k€ U(p—q—1)}
~ U™ x U(p — ¢ —1),

My = {diag(zl,...,zq,k,zl,...,zq,l): |zil =1, k € U(p—q)}
~UM)? xU(p—q)

and

7= {X(z) = Zgzl(zi(Ei,eranl + Eptiprqt1)

+ Zi(Eptqr1i — Bprqr1pri)): zi € Ch

The action of MgNMpy ~ U(1)2xU(p—g—1) is given by the natural action of U(1)?
on z € CY, and the second factor U(p — ¢ — 1) acts trivially. Hence, the element
X (t) is contained in an open (Mg N My)Ag-orbit if and only if ¢1,...,¢, # 0
and then M = U(p — ¢ — 1). Further, U(1)? C Mg N My acts transitively on the
product (S1)? C C7 of the unit spheres S' C C and therefore there is a unique
open orbit.

6.2.4. (G,H) = (SO(n+1,C),SO(n,C)). Let G =SO(n+1,C), n > 2, and
define a Cartan involution on G by 6(g) = (¢*)~! = g; then K = G% = SO(n+1).
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We embed H = SO(n,C) in the upper-left corner of G; then 0 leaves H invariant
and HNK = H? = SO(n). Write n = 2m if n is even and n = 2m — 1 if it is odd.
We choose the maximal abelian subalgebra
{diag(D(v/=1t1), ..., D(V=1tp)): t1,...,tm € R} for n odd,
ag =
{diag(D(v/=1t1), ..., D(vV=1ty,),0): t1,...,t;m € R} for n even,

, where
0t
D(t) = .
o= (")

Then ag = ag N h is maximal abelian in h=%. Write e; € al for the functional

of g~

mapping a matrix of the above form to t;. Then

{:teij:ejzlgi<j§m} for n odd,
{feite;:1<i<j<m}U{fe;: 1<i<m} forn even,

E(gv aG) = {

with root spaces given by
g(ag;t(e; +¢j)) = C(Egi—1,2j—1 £ V—1E2,_12; F V—1FE9 2j_1 + E2; 2;
— Eaj_12i-1 FV—1Esj2i-1 £V —1Esj_12; — Eaj2)
(1<i<j<m),
glag;£(e; —ej)) = C(Eai—1,2j—1 FV—1E2_12; FV—1E2 2j_1 — E9; 2;
— Esj_12i-1 £V —1E3j 211 £V —1FE_1,9; + F2j2)
(1<i<j<m),

and if n is even, additionally,

g(ag;xe;) = C(EBoi—1nt1 FV—1E2% ny1 — Ent12i-1 £V —1Ep119;)

(1<i<m).
We choose the positive system
EJr(g,ag): {eiiej:1§i<j§m} for n odd,
{eiiej: 1§i<j§m}u{ei: 1§i§m} for n even;
then
Mo — {exp(diag(D(t1),...,D(tm))): t; € R} ~SO(2)™ for n odd,
“ 7 exp(diag(D(t1), ..., D(tm),0)): t; € R} ~ SO(2)™ for n even,
Mor — {exp(diag(D(t1), ..., D(tm-1),0)): t; € R} ~SO(2)™"* for n odd,
& {exp(diag(D(t1),...,D(tm))): t; € R} ~ SO(2)™ for n even,
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and

{x(@) = Z:r;l ti(Eoi—1,n+1 — V—1E2 ny1
— Ept12i-1 + V—1Ep41,2)) 1 t; € C}  for n odd,
{X(t) =" ti(Baic1nt1 — V—1E2; n41
—FEnt12ic1+V—1Ep4192:i) i t; € (C} for n even.
The action of
SO(2)™~ ! for n odd,
MG N MH >~
SO(2)™ for n even,

is given by the natural action of SO(2) ~ U(1) on ¢; € C by rotation. Hence,
the element X (¢) is contained in an open (Mg N Mpy)Ag-orbit if and only if
t1,. . tm_1 # 0 resp. t1,...,tm # 0 and then M = {1}. Further, SO(2) acts
transitively on the unit sphere in C and hence Mg N My acts transitively on the

[ea

product of the unit spheres in n~?, so there is a unique open orbit.

6.2.5. (G, H) = (SO(p,q+1),S0(p,q)). Let G =SO(p,q+1), p,qg > 1, and
define a Cartan involution on G by 0(g) = (¢7)™'; then K = G’ = S(O(p) x
O(q +1)). We embed H = SO(p, q) in the upper-left corner of G; then 6 leaves
H invariant and H N K = H? = S(O(p) x O(q)). Assume that p < ¢; the case
p > g+ 1 is handled similarly (see Section 6.2.3 for a related computation). We
choose the maximal abelian subalgebra

0, D

g = ag = DOP :D:diag(tl,...,tp),tl,...,tpER
0q—p+1

0

of g=? and h=?. Write ¢; € al, for the functional mapping a matrix of the above
form to ¢;. Then

E(g,ag):{:l:ei:tej: 1 §i<j§p}u{:|:ei: lgigp}
with root spaces given by
glag; £(e; +¢;)) =R(Eij — Eji F Eijjop £ Ejivp
+ Ei-i-pJ + Ej+p7i + Ei+p,j+p + Ej+p7i+p)
(I<i<j<p),
g(ag; +(ei —¢;)) =R(Eij — Eji + Eijip + Ejiyp
+ Ei+:v,j + Ej+p,i + Ei+p,j+p + Ej+p7i+p)
(1<i<j<p),
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q—p+1
g(ag; te;) = @ R(E; opt+k £ Eigp op+k + Eopri,i F Eoptk,itp)
=t (1<i<p).

We choose the positive system

SHgag) ={eite;: 1<i<j<puU{e:1<i<pl;

then
Mg = {diag(xl,...,xp,xl,...,xp,k): x; ==x1, ke SO(qg—p+ 1)}
~ O(1)? x SO(g —p+1),
My = {diag(xl,...,xp,:zrl,...,xp,k,l): r;==1, k€ SO(q—p)}
~ O(1)? x 50(q — p),
and

7 ={X(t) =3 ti(Biprgrr + EBippiart + Eprarii — Epyqrvitp): ti € R}

The action of MgN My ~ O(1)? x SO(g—p) is given by the natural action of O(1)?
on t € RP by sign changes of the coordinates, and the second factor SO(g — p) acts
trivially. Hence, the element X () is contained in an open (Mg N M) Ag-orbit if
and only if ¢1,...,t, # 0 and then M = SO(gq — p). Further, O(1)?» C Mg N Mg
acts transitively on the product {£1}? C RP of the unit spheres {+1} C R and
therefore there is a unique open orbit.

§6.3. Finite-dimensional branching
Using case-by-case arguments, we prove in this subsection the following statement:

Proposition 6.4. Let (G, H) be one of the pairs in (6.1) and (§,n) € ]/\4\@ X Z\/ZH.
Then

(1) dim Homas (67 |ar,nlar) = dim Homar (&]ar, nlar) < 1,

(2) whenever Homps (&|ar,m|ar) # {0}, there exist finite-dimensional represen-
tations E of G and F of H such that § ~ E"S|y., n ~ F"|y, and
Hompy (E|m, F) # {0}.

In all five cases, G and H have connected complexifications G¢ and H¢, and
we can parametrize irreducible finite-dimensional representations of G¢ and Hc
by their highest weights A\ € jé’c and v € jﬁc for jo C g and jg C h Cartan
subalgebras. Denote the restrictions of the corresponding representations to G
and H by FY()\) and FH (v).

In each case, we use the notation introduced in Section 6.2.
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6.3.1. (G,H) = (GL(n+1,C),GL(n,C)). We extend ag to the Cartan sub-
algebra jg = tg @ ag with

tc=mg=v—-lag = {\/ ldiag(ty, ..., tny1): & ER}.

Let fi € tf, ¢ (1 <4 <n+1) be the linear functionals mapping a diagonal matrix
as above to v/—1t;. Then the root system X(gc,jg,c) is of the form

{Hlei—e)) £ (fi—fi):1<i<j<n+1}

and putting

g=ei+fi and & =e¢ — f;
we have X(gc,jc,c) = {£(e; — €}), (e —€}): 1 <i < j <n+ 1} Further, the
positive system X7 (gc,jo,c) = {&f — €}, ef —€f: 1 <i < j<n+1} is compatible
with the positive system ¥ 7 (g, ag).

We choose the complexification G¢ = GL(n + 1,C) x GL(n + 1,C) with
embedding G < G¢ given by g — (g,9); then jg ¢ is a Cartan subalgebra of
gc = gl(n+1,C)+gl(n+1,C) and the irreducible finite-dimensional representations
of G¢ are parametrized by their highest weights A= N+ N e FAe +

A e AL > 2N A > > AT AL A € Z. Clearly, an element
g= exp(\/idlabg(tl7 ..oytny1)) € Mg acts on the highest weight space of F&()\)
by eV=IN =Xt . V=T~

In the same way we parametrize irreducible finite-dimensional representations
of Hc = GL(n,C) x GL(n,C) by highest weight v = vie} +--- + vl el + viel +

vl vy > e >l v > - > vl vl vl € Z. On its highest weight
space an element of the form h = exp(rdlag(tl, .oy ty,0)) € My acts by
eV=Iwi—v{)t1 ... V=1 =)t

Now, Mg = U(1)"*!, Mgz = U(1)" and M = {1}. Hence, irreducible rep-
resentations of Mg and My are 1- dlmensmnal and dim HomM(S“’O\M,mM) =
dim Hom s (§ar,m|ar) = 1 for all (€,n) € MG X MH Every £ € MG has the form

§(exp(VTdiag(ts, .. tar))) = VI o oV TTonsit
with &1,...,&+1 € Z. Similarly, every n € ]\/ZH has the form

n(exp(v=Tdiag(ts, ... t,0))) =¥ Imh ... eV =Tnate

with 71,...,m, € Z. By the above observations, £ ~ F%(\)"¢ |y, if and only if
No— N =¢ (1 <i<n+1). Further, n ~ FH(v)" |, if and only if v} — v/ = n;
(1 < i < n). Moreover, we have Homy (FY()\), F (1)) # {0} if and only if

!/ / ! / !/
A > >0 > >N > >)\n+1

and A/ >V >N > >N >0l >N
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We first choose ()\’HH,/\;{H) € Z x Z with X 1 — A\l = &1 Next we
choose (v,,v)]) € Nx N with v}, > X/ ., v;] > A, | and v}, — v)] = n,. Iterating
this procedure constructs (not necessarily unique) highest weights A and v with

the desired properties.

6.3.2. (G,H) = (GL(n + 1,R), GL(n,R)). We choose the natural complexi-
fication G¢ = GL(n + 1, C); then ag ¢ is a maximal torus in gc = gl(n+1,C) and
the irreducible finite-dimensional representations of G¢ are parametrized by their
highest weights A = Aje; + -+ + Apq1€nt1, A1 = -+ 2> Apt1, Ay € Z. For H we
use similar notation: v = vie; + -+ + vpep, V1 > -+ Uy, V; € Z.

Note that an element g = diag((—1)*,...,(=1)k+1) € Mg acts on the
highest weight space F&(\)"¢ by (—1)FAitFkniirnti  Gimilarly, an element
h = diag((—1)",...,(=1)*,1) € Mg acts on FH(v)"# by (—1)arnt+lvn By
the classical branching laws, the restriction of F&()\) to H contains all represen-
tations F'* (v) with

(6.5) M2 2 X2 2> A 2 Vp 2> Ay

Now, Mg = O(1)"*Y, Mg = O(1)" and M = {1}. Hence, irreducible rep-
resentations of Mg and My are 1- dlmensmnal and dim HomM(§w°|M,n|M) =
dimHoms(§|ar,n|ar) = 1 for all (§,n) € Mg x My. Every £ € Mg has the
form &(diag((—1)k1, ..., (=1)kn+1)) = (=1)kr&tFhnirlnnr with ¢ € Z/2Z. Simi-
larly, every representation n € My has the form n(diag((=1)4, ..., (=1)" 1)) =
(—1)famt+ban with g, € Z/27. By the above observations, £ ~ F&(\)"¢ |y, if
and only if & = \; + 27Z. Further, n ~ FH(v)*# |y, if and only if n; = v; + 27Z.
It is clear that for fixed &1,...,&n+1,M1,-- s € Z/27Z there always exist in-
tegers A1, ..., Anq1 and vq,..., v, satisfying the interlacing condition (6.5) and

6.3.3. (G, H) = (U(p,qg+1),U(p,q)). Assume that p > g+ 1; the case p < ¢
is handled similarly. We extend ag to the Cartan subalgebra jg = tg ® ag with

{\/ dlag t1,.. q+1781, .. .,Sp,qfl,tl, . 7tq+1)2 Si,ti € R} Cmg.

Let f; € té’c (1 <i<g+1) be the linear functionals mapping a diagonal matrix
as above to v/—1t;, and g; € t, ¢ (1 <4 <p—q—1) the ones mapping to v/—1s;.
Then the root system X(gc,jg,c) is of the form
{xeite; £ (fi—fi):1<i<j<q+1}U{+2e:1<i<qg+1}
U{teit(fi—gj):1<i<qg+1, 1<j<p—qg—1}
U{£(gi—gy):1<i<j<p—q-1}
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and putting

(517 e 75p+q+1) = (f1+€1, .- '7fq+1+eq+1aglu e 7gpfq717fq+1_eq+1a .. '7f1_€1)

we have X(gc,jc,c) = {£(e; —¢;): 1 < i < j < p+ ¢+ 1}. Further, the positive
system Xt (gc,jec) = {ei —¢€;: 1 <i < j < p+q+ 1} is compatible with the
positive system X1 (g, ag).

We choose the complexification G¢ = GL(p + ¢+ 1, C); then jg ¢ is a Cartan
subalgebra of gc = gl(p + ¢ + 1,C) and the irreducible finite-dimensional rep-
resentations of G¢ are parametrized by their highest weights A = Ajeq + -+ +
Aptq1Eptqls AL 2> 0 2 Aptga1s Ni € Z.

An element g = diag(z1,...,2¢+1, lp—q—1,21,.-.,2¢+1) € Mg acts on the
highest restricted weight space of F%()) by zfﬁ’\”*‘”l ~~z§‘jﬁl+’\p“. Further,

U(p—qg—1) C Mg has roots +(¢; —¢;) (¢+2 < i < j < p) and therefore its action
on the highest restricted weight space is given by FU(®P—a-1) (Ag2eqrat- -+ Apep).

In the same way we parametrize irreducible finite-dimensional representa-
tions of He = GL(p + ¢,C) by their highest weights v = vie1 + -+ + Vpyq€piq-
An element of the form h = diag(z1,...,2q, 1p—q,21,...,%2¢) € Mg acts on the
highest restricted weight space by zlyl+yp+" ~~~z;"’+u”“ and U(p — q) € My acts
by FU(p7Q)(Vq+15q+1 + o+ Vpsp)'

Now, Mg = U(1)"! x U(p —q¢—1), My = U(1)? x U(p — q) and M =
U(p—q—1). An irreducible representation £ € Mg is of the form & = £ K" with
(i _ L& €441
§'(diag(21, -+, 2g+1, Lp—gq1, 215 -+, 2g41)) = 27" -+ 2547,

& 811 €2, andff\” = FUp—a=D (e o+ - &y g1p), §1 > >
Similarly, every n € Mg has the form n =’ X 7" with
0 (diag(z1, ., 2g, Lp_qr 215+ -5 2)) = 200 -+ 24",
Mooy € Zyand i = FYO=D (e, oy -4 pep), i > - > ).
This implies that we have to put

(Agi2s - M) = (&1, 1) and (Vgg1,eo 1) = (01, s g)-
Since wy = diag(1,, —1,41) commutes with Mg, we have £ = ¢. This implies
Hom s (€99 ar,m|ar) = Homas(€]ar, n|ar), and the condition Homys (€] ar, n|ar) #
{0} is equivalent to the condition Homy,—q—1)(&", 7" |u(p—q—1)) # {0} which is in
turn equivalent to

> =y > >8>
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Therefore, the already chosen A;’s and v;’s satisfy the necessary interlacing con-
dition for Hompg (FY(\), FH (1)) # {0}. It remains to show that one can choose
the remaining A;’s and v;’s such that the interlacing condition still holds and
additionally A; + Aptq—it2 = & and vj +vp14—j41 = 1, which is an easy exercise.
6.3.4. (G,H) = (SO(n 4+ 1,C),SO(n,C)). Assume that n = 2m is even;
the case of odd n is treated similarly. We extend ag to the Cartan subalgebra
ja = tag ® ag with

tec =mg = V—lag = {V—1Ldiag(D(t1),...,D(tn)): t; € R}.

Let fi € t& ¢ (1 <i < m) be the linear functionals mapping a diagonal matrix as
above to v/—1t;. Then the root system X(gc,jg,c) is of the form

{£les+ fi)E(ej+fi):1<i<j<mpu{zx(e+ fi):1<i<m}
U{t(e; —fi) £ (e — fi):1<i<j<m}U{£(e;— fi): 1 <i<m}
and putting
gi=e+f; and & =e¢ —f;

(2

we have X(gc,jq.c) = {£e} ia’ +el! is”' 1<i<j<m}uU{gel,+e!:1<i<
m}. Further, the positive system E+(gC,JG c) ={eTehel £t 1<i<j<

m}U{el, e/ 1 <i<m} is compatible with the positive system E+(g, ac).

We choose the complexification G¢ = SO(n+1,C) x SO(n+1, C) with embed-
ding G < G¢ given by g — (g, §); then jg ¢ is a Cartan subalgebra of gc = so(n+
1,C)+s0(n+1,C) and the irreducible finite-dimensional representations of G¢ are
parametrized by their highest weights A = el +- -+ X, el + X/l +-- -+ Al el |
A > 2N > NN > >N > |)\ |, AXl,\/ € Z. An element

g = exp(y/—1diag(D(t1), ..., D(tm))) € Mg acts on the highest weight space of
FE(A) by eV~ It L oV =T = A )t

In the same way, we parametrize irreducible finite-dimensional representations

of Hc = SO(n C) xSO(n,C) by their highest Weights v=uviel+ v, 11t

= vi,v! € Z. On its

" / " "
V151+ +Vm 1€m 1 Z > Vm 1 V1 Z > Vim—15 Vis V5

highest Welght space, an element h = exp(y/— diag( (t1)y...,D(tm-1),0)) € My
acts by e\/jl(yifl’il)tl e e\/jl(l’v/n—lfl’;v/l—l)tmfl.

Now, Mg = SO(2)™, My = SO(2)™ ! and M = {1}. Hence, irreducible
representations of Mg and My are 1-dimensional and dim Hom s (€70 |az, n|as) =
dim Homps (§|ar,n|ar) = 1 for all (€,n) € Mg x My. Every € € Mg has the form

E(exp(v—1diag(D(t1),...,D(tm)))) = eVt oV TEmtm
with &1,...,&, € Z. Similarly, every n € M\H has the form
n(exp(v=Tdiag(D(t1), ..., D(tm-1),0))) = ¥~ ... eV =Tt
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with 71,...,7m_1 € Z. By the above observations, £ ~ F%(\)"¢ |,y if and only if
No—= N/ =¢& (1 <i <m). Further, n ~ FH(v)" |, if and only if v/ — v/ = n;
(1 <i <m —1). Moreover, we have Homp (F%(\), FH (v)) # {0} if and only if

S S A A P
and X[ 2 2N 22 Ny 2l > VL

We first choose (A,,,A\l) € Z x Z with X, — X! = &,,. Next we choose
(V-1 Vin—1) € NN with v,y > (AL ] v 2 A and vy, oy — vy = 1

Iterating this procedure shows the claim.

6.3.5. (G, H) = (SO(p,q + 1),SO(p, q)). Assume that p < ¢; the case p >
q + 1 is handled similarly. We further assume that ¢ — p = 2m is even, leaving the
odd case to the reader. We extend ag to the Cartan subalgebra jg = tg ® ag with

tg = {diag(ng,D(tl), .. ,D(tm),O) t; € R} Cmg.

Let ep4i € %,c (1 < i < m) be the linear functional mapping a matrix as above
to v/—1t;. Then the root system X(gc,j¢,c) is of the form

{:I:ei:i:ej: 1§i<j§p+m}u{:|:ei: 1§i§p+m}
and the positive system
SHgesjac) =f{eite 1<i<j<p+mpU{e;:1<i<p+m}

is compatible with the positive system %7 (g, ag).

We choose the complexification G¢ = SO(p + ¢ + 1, C); then jg ¢ is a Cartan
subalgebra of gc = so(p+¢+1,C) and the irreducible finite-dimensional represen-
tations of G¢ are parametrized by their highest weights A = Aje1+- - -+ X1 meptm,
where \; > -+ > Ay, >0, A; € Z. An element

9= dia’g((_l)klv SRR (_l)kp7 (_l)kla ) (_1)kpa 1q—p—1) € Mg

acts on the highest restricted weight space of F¢()\) by (—1)FM++keds  Fyp-
ther, SO(¢ — p + 1) C Mg acts on the highest restricted weight space by the
representation FSOWPHD (N e q 4+ 4 Aprmepim)-

In the same way we parametrize irreducible finite-dimensional representations
of Hc = SO(p + ¢,C) by their highest weights v = vie1 + -+ + Vpymeptrm. An
element h = diag(z1,...,2p,T1,. ., Tp, Ly—p+1) € My acts by x4 ---z,7 and
SO(q — p) € My acts by FSOU=P) (v, yep 1 + -+ + VprmEprm)-

Now, Mg = O(1)?xSO(¢—p+1), Mg = O(1)?xSO(g—p) and M = SO(¢—p).

L

An irreducible representation £ € M is of the form & = &' K¢ with

!
’ _ & 3
E (@1, Tps Ty, Tpy Ly p1) = T30 - 257,
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€& € 2)22, and & = FSOU Pt (eley iy 4+ epym), & 2 - 2 € >
0. Similarly, every n € My has the form n =’ K7’ with

n/(diag(xh sy Lpy XLy -5 T,y 1q—[)+1)) = z;h e IZP7
Mooty € Z/2L, and 1" = FSOUP (pfep 4+ tnepim), ni > - 21004

[
This implies that we have to put

Y

Apt1s- s Aptm) = (615, 60) and - (Vpgas s Vpm) = (0o mf).

Since wy = diag(—1p,144+1) commutes with Mg, we have &9 = ¢, This implies
Homps (€| pr,m|ar) = Homas (€] ar,mlar), and the condition Homps (€], n|ar) #
{0} is equivalent to the condition Homgo(g—p)(§” |so(q—p)» ") # {0} which is in
turn equivalent to

" " 17 " " 1
1 Z"71 252 Zznmflzgmzhlm

Therefore, the already chosen A;’s and v;’s satisfy the necessary interlacing condi-
tion for Homg (FE()\), F¥(v)) # {0}. It remains to show that one can choose the
remaining \;’s and v;’s such that the interlacing condition holds and additionally
£l = A\i +2Z and n; = v; + 27, which is an easy exercise.

§6.4. Generic multiplicities

Using the intertwining operators between spherical principal series constructed in
Section 3 and the upper multiplicity bounds obtained in Section 4, we prove the
following generic multiplicity formula for general principal series representations
of multiplicity one pairs:

Theorem 6.5. Assume that (G, H) is one of the multiplicity one pairs in (6.1).
Then for all (§,n) € Mg x Mg and (\,v) € af¢ X af;c we have the lower
multiplicity bound

dimHomp (m¢ x |1, Tyw) = 1 whenever Hompay (€] ar, n|ar) # {0},
and for (\,v) € af, ¢ X aj ¢ satisfying the generic condition (4.1) we have
1 for Homps (&|ar, n|ar) # {0},

0 for Homps (&|ar, nlar) = {0}.

Proof. By Lemma 6.3 we have #(Py\G/Pg)open = 1. Hence, it follows from
Theorem 4.1 and Proposition 6.4(1) that

dim Homp (7 x|, o) = {

dim Hompy (¢, |11, 7y,) < dim Homaz (€70 |ar, n]ar) = dim Hompy (€]ar,mar) < 1
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for (\,v) € af¢ x ajjc satisfying (4.1). Tt therefore suffices to show that for
Hom s (€| ar, nlar) # {0} we have dim Hompy (mg x| #r, 7,,) > 1for all (A, v) € af, o x
af o

By Proposition 6.4(2) and Corollary 6.2 there exist (Ao, 1p) € a% X af; and a
linear map

D HOmH(Tr)\|H,Ty) — HOmH(Wg,)\+,\O|H,Tn7,,+,,O),

which is on the level of distribution kernels given by tensoring with a fixed non-
trivial real-analytic section. We apply this map to the holomorphic family of in-
tertwining operators obtained in Theorem 3.3. More precisely, by Theorem 3.3
there exists a family K , of distribution kernels of intertwining operators Ay, €
Homp (m|#,7y), depending holomorphically on (A,v) € af ¢ x aj ¢, such that
generically supp K, = G/Pg. Then the distribution kernels of ®(Ay,) de-
pend holomorphically on (A, v) € aé,@ X aﬁc since they are given by tensor-
ing the holomorphic family K, with a fixed smooth section. Further, by Corol-
lary 6.2 they are generically supported on G/ Pg and hence the holomorphic family
O(Ax,) € Homp (e aqxo|Hs Tnutvy) 1S non-trivial. Now the desired lower multi-
plicity bound follows from Lemma 3.5. O

Combining Theorem 6.5 with the multiplicity one statement in Fact IT we
immediately obtain the following corollary:

Corollary 6.6. Let (G, H) be one of the pairs in (6.1) and assume that m¢ x and
Tp,w are irreducible. Then, if Homas (§]ar,m|ar) # {0}, we have

dimHOmH(W&,\|H,Tn7V) =1.
§6.5. The Gross—Prasad conjecture for complex orthogonal groups

In 1992 Gross and Prasad [9] formulated a conjecture about the multiplicities
dimg (7|g, 7) for the reductive pair (G, H) = (SO(n + 1),SO(n)) over local and
global fields. For the field k = C the local conjecture takes the following form:

Conjecture 6.7 ([9, Conj. 11.5]). Let (G,H) = (SO(n+1,C),SO(n,C)) and as-
sume that me x and T,, are irreducible; then dim Hompy (me x| g, Th) = 1.

Using our results from the previous section we can prove this conjecture. It
follows from the following more general statement:

Corollary 6.8. Let (G,H) be one of the pairs in (6.1) and assume that p = q
orp = q+ 1 in the case of indefinite unitary or orthogonal groups. Then, if the
representations e x and Ty, are irreducible, we have

dimHomH(Wg,A|H77'n,V) =1L
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Proof. In all cases we have M = {1}, so that Homps(&|ar,m|ar) # {0} for all
& € Mg and n € Mp. Then the statement follows from Corollary 6.6. O

§7. An example: (G, H) = (GL(n + 1,R), GL(n,R))

For the multiplicity one pair (G, H) = (GL(n + 1,R), GL(n,R)), we describe the
meromorphic families of intertwining operators between principal series as con-
structed in Section 6 explicitly. Over p-adic fields such operators were previously
constructed by Murase-Sugano [34] (see also the recent work by Neretin [35] in the
context of finite-dimensional representations) and the formulas for the distribution
kernels turn out to be formally the same in the real case.

§7.1. Distribution kernels

For 1 <p<n-+1and1<gqg<n, we define the following polynomial functions on
M((n+1)x (n+1),R):

®p(2) = det((zijhi<ij<p),  Vqlr) = det((2ij)a<i<qr11<i<q)-
With the representative
Wo = .
1
for the longest Weyl group element wy € W(ag), we then consider the functions

g — Pr(wWog), Vi (Wog) on G. For d = diag(dy,...,dn11) € MgAg and n € Ng
we have

‘I)k(’wogdn) = d1 e dk‘bk(’lﬂog), \I/k(@ogdn) = dl tee dk\l’k(@og),
and for d = diag(dy,...,dn,1) € Mg Ay and n € Ng, additionally,
Oy (wodng) = dp_py2- - dn®@r(Wog), VYi(wodng) = dp_py1---dnVi(Wog).

We identify Mg ~ (Z/2Z)"*+1 by mapping € = (&1, .., &) € (Z/2Z)" ! to
the character

Mg — {1}, diag(w1,...,&n11) — sgn(z)® - -sgn(zngr)m.
Similarly My ~ (Z /2Z)". Further, we identify

abc C"™ by A (ME11), - s M Ent1ns1)),
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and similarly aY, o ~ C". Then for £ = (€1,...,&u41) € (Z/22)"' ~ Mg, 1 =
(M, ... 0n) € (Z)2Z)" ~ My and A € C"+! ~ al e, v € C" =~ ay; o we put

K¢ 3),(n)(9) = @1(@og)* % -+ @y (Wog) 0+
X Wy (wog) et -+ Wy, (wog) ™™, g €G,

where

1 .
$i =N —VUn—it1— 3 (1<i<n), Spy1=Ay1+ 75,

1
_ 1 -
tj=Vnjy1—Ajr1—5 (1<j<n)
and

0i = & — Mn—it1 (1<i<n), Ony1="Ent1,

€ =Mn—j+1 — & (1<) <n)
Here we have used the notation

z>° =sgn(z)®|z|®, zeR*, seC, € Z/2L.
Then K¢ x),(,.) satisfies

K¢ ), (nv)(m'a'n’ gman) = E(m)a* = me - n(m') (@) Hom Ke )y, (9)

for g € G, man € Pg, m'a'n’ € Py. Hence, the functions K¢ x) () define a
meromorphic family of intertwining operators A xy, ) : Te|H = Ty by

A n) (g f(R) = /I(K(g,x),(n,u)(h_lk)f(k) dk, heH.

Remark 7.1. It is easy to see that the functions g — Px(g), ¥x(g) are matrix
coefficients for the irreducible finite-dimensional representation of GL(n+ 1,R) on
/\k R+

Appendix A. Finite-dimensional branching rules
for strong Gelfand pairs

We list the explicit branching rules for some small representations of the strong
Gelfand pairs (sl(n+1, C), gl(n,C)) and (so(n+1, C),so(n, C)). The classical bran-
ching rules for these pairs can be found e.g. in [7, Chap. 8].
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Appendix A.1. (sl(n + 1,C), gl(n,C))
We label the Dynkin diagrams of sl(n + 1, C) and sl(n,C) as usual:

Qi "
si(n+1,C): & t %
sl(n,C): 601 & Bno_l.

Realize the root system of sl(n + 1,C) as {£(e; —e;): 1 <i < j<n+1}
in the vector space V = {z € R"*!: 2y +--- + x,,; = 0}. To simplify notation,
denote by 7(x) the orthogonal projection of z € R™*! to V. We choose the simple
roots a; = e; —e;41 (1 < i < n) for sl(n + 1,C) and the simple roots 5; = «;
(i=1,...,n=1) for sl(n,C). Denote by w1, .. ., @, the corresponding fundamental
weights for sl(n 4+ 1,C) and by (1, ...,(,—1 the fundamental weights for sl(n, C).
Further put (, := w,; then (, describes a character of 3(gl(n,C)) ~ C.

Consider the fundamental weight w; = w(e; + --- + ¢;). From the classical
branching laws we know that F'®(w;)|, decomposes into the direct sum of the two
h-representations with highest weights 7(e;+---+e¢;) and w(e1+- - -+e;—1+€n11)-
Using

@i =G+ L, 1<i<n—1,
it follows that, for i = 1,

Fs[(nJrl,(C)(wZ_)‘g[(n’C) ~ (Fsl(mC)(Cl) K FC(1¢,) @ (Fsl(n,(C)(O) 5 FC(—C,)),
for2<i<n-—1,
0 (@) gin,0) = (FHO(G) R FE(4¢))
& (PO (Gir) B FE(-25841G,)
and for i = n,
F O (@) g,y = (FHO0) RFC(Ga)) & (B9 (Guon) BFE(—160)).

Now consider the fundamental weight w; + wy,—i4+1 = (e1 + -+ 4+ ¢€;) —
(én—iya+---+eny1) (1 <i < 5). From the classical branching laws we know that
F8(w; + wn—_it1)]p decomposes into the direct sum of the four h-representations
with highest weights

er 4 te) = (en_iz1+ - +en)
er+-+e)—(en—iya+ -+ ent1),

e1+ - tei1)— (en—it1 + +en) Fens,
e1+ - +ei—1)— (en—itat - +en)
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so that
FS[(n+1’(C) (wi + wn_H-l)‘g[(n,C)
N (F5‘(”’(C)(Ci G R FC(O)) &) (Fsl(n,C)(Ci + Cn—it+1) & FC(nTHCn))
& (PO Gy 4 o) BFS(-22LG,))
@ (Fsl(n,c) (Ci*l + C’n*i+1) X FC(()))

Note that for i = 5 with n = 2m even, the formula still holds and we have

G + Cn—i = 2(. Similarly one obtains for i = ”74'1 with n = 2m — 1 odd,

FHH0 (2w, | gin.c) = (F20 (260) R FE(ELC,))
b (FS[(m(C)(sz—l) X FC(_nTHCn))
& (F'O) (Gt + Gn) B FE(0)).

Appendix A.2. (so(n + 1,C),s0(n,C))
We label the Dynkin diagrams of so(n 4 1,C) and so(n,C) as usual; for n = 2m,

a1 Am—1  Qp
so(n+1,C): o o o—=0 ,
°Bm—1
s0(n, C): ﬂo1 B2 5m2/
M

and for n =2m — 1,

o00m—1

o1 (D) am—2o/
\am,

6777,72 Bmfl
O——>0 .

B
so(n,C): o
From the classical branching rules it follows that, for n = 2m even,
P10 () ) = FROO () @ F20O(Gy) (1<i<m—2),
Fo0t 0 (m Dlson.cy = F O (Gnt + Gn) @ FO (Ga),
P00 (@) son,c) = F0 (Gn) @ FO) (Gna),
Foo0 0 (2, |so(n.c) = FOUO(200) @ F*0U ) (26 1)
® F0O (G + (),

O
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and for n = 2m — 1 odd,

FUt O ()| o n,0) 2 FPO(G) @ FOMO () (1<i<m—2),

Fso(n+1,<(:)(wm_1)|50(n’c) ~ Fso(n+1,<[3)(wm)|50(n’(c) ~ Fﬁa(n,@)(cm_l)’

FeOt L0 (1 4 @) so(n,c) = F2O (2¢m-1) ® F*"O (G_2).
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