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Fractional Kolmogorov Operator and
Desingularizing Weights

by

Damir KINZEBULATOV and Yuliy A. SEMENOV

Abstract

We establish sharp upper and lower bounds on the heat kernel of the fractional Laplace
operator perturbed by Hardy-type drift by transferring it to an appropriate weighted
space with singular weight.
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§1. Introduction

The fractional Kolmogorov operator (—A)% +f -V, 1 < a < 2 with a (locally
unbounded) vector field f: RY — R? plays an important role in probability theory,
where it arises as the generator of a symmetric a-stable process with a drift (in
contrast to diffusion processes, an a-stable process has long-range interactions). It
has been the subject of intensive study over the past two decades. There is now a
well-developed theory of this operator, with f belonging to the corresponding Kato
class. This class contains, in particular, the vector fields f, with |f| € LP, p > %,
and is responsible for the existence of the standard (local-in-time) two-sided bound
on the heat kernel e **(z,y), A = (~A)% +f -V, in terms of e H-2)% (z,y); see
[BJ].

The authors in [KSS] studied in R?, d > 3 the fractional Kolmogorov operator

A= (=A% +b-V, blx)=rlz| %, 0<k< -Hg,

where kg is the borderline constant for existence of e~**(x,y) > 0. The model
vector field b lies outside the scope of the Kato class, and exhibits critical behaviour
A (x,y)
S T,y) =
e M2 2 (2 9) 0 (y) (y # 0) hold for an appropriate weight o, > % unbounded at
y =0 [KSS, Thm. 3].

The present paper continues [KSS|. Throughout this paper, d > 3 and 1 <

both at x = 0 and at infinity, making the standard upper bound on e~

in terms of e‘t(_A)%(x,y) invalid. Instead, the two-sided bounds e *(

a < 2. We study the heat kernel e~**(z, 1) of the fractional Kolmogorov operator
with the drift of opposite sign (“repulsion case”),

A=(-A)5 —b.V,

(1.1)
b(x) = klz| %2, 0< kK < 0.

—t(-a)% (x,y) holds true

Although the standard (global) upper bound in terms of e
for e7**(x,7) (Theorem 3.2 below), the singularity of b at z = 0 makes it off the
mark. Namely, in Theorems 3.3 and 3.4 below we establish sharp upper and lower

bounds
(ULB,,) e*tA(:r,y) ~ e’t(fm% (z,9)Ue(y), z,y€ Rd, t >0,

where the continuous weight 0 < 9/;(y) < 2 vanishes at y = 0 as |[y|®, 3 > 0
(Theorem 3.1). (Here, the notation a(z) ~ b(z) means that ¢=1b(2) < a(z) < cb(z)
for some constant ¢ > 1 and all admissible z.) The order of vanishing 8 (< «)
depends explicitly on £ > 0 and tends to a as k T oo.
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The key step in proving the upper and lower bound (ULB,,) is the weighted
Nash initial estimate

(NIE,) 0<e (x,y) < C’tfgwt(y), z,y €RY > 0.

The proof of (NIE,,) uses the method of desingularizing weights [MS0, MS1, MS2]
based on ideas set forth by Nash [N]: it depends on the “desingularizing” (L', L')
bound on the weighted semigroup e~ A1, 1

Operator (1.1) in the local case a = 2 has been studied in [MeSS, MeNS]| by
considering it in the space L?(RY,|z|"dx) for appropriate v, where the operator
becomes symmetric. This approach, however, does not work for a < 2.

Recently, the authors in [CKSV, JW] considered the fractional Schrodinger
operator

Hi=(-A)®+V, V(z)=rlz|™ 0<a<2 k>0,
and established, using different methods, sharp two-sided bounds

e (z,y) m e DT (@ gy (@) (y)

for appropriate weights 1;(z) vanishing at © = 0. We apply some ideas from [JW]
(the “method of self-improving estimates”, in the proof of Theorem 3.3).

In contrast to the cited papers, this work deals with a purely non-local and
non-symmetric situation. This leads to new difficulties, and requil;es new ideas.
Even the proof of the standard upper bound e~**(z,y) < Ce~*=2)? (z,y) (Theo-
rem 3.2), as well as the construction of semigroups e~ **, e=**" (Sections 8 and 9),
become non-trivial. The same applies to the Sobolev regularity of e *A f, f € C°
established in Section 8.2. We consider these results, along with Theorems 3.3
and 3.4, to be the main results of this article.

Below we apply the scheme of the proof of the upper and lower bounds in
[KSS], although with comprehensive modifications in the method, both at the
level of the abstract desingularization theorem (Theorem 2.1) and in the proofs of
(NIE,), (ULB,,) and of the standard upper bound.

We note that the heat kernel of the operator (—A)2 +f-V with div f = 0 was
studied in [MM2, MM1]. Concerning the case divf =0 and « = 2, see [Z, Z2].

For properties of the Feller process determined by (1.1), see [KM].

Let us mention that the vector field b(xz) = x|z|~*ax exhibits critical behaviour
even if we remove the singularity of b at the origin. Namely, if we consider A with
b bounded in B(0, 1) but having slower decay at infinity, b(z) = k|z|~* ¢z, e > 0
for |z| > 1, then the global-in-time upper bound e~*(z,y) < Cet(=)% (z,y) of
Theorem 3.2 would no longer be valid.
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§1.1. Notation

e We denote by B(X,Y) the space of bounded linear operators between Banach
spaces X — Y, endowed with the operator norm | - || x—vy. Set B(X) =
B(X,X).

e We write T' = s-X-lim,, T, for T, T,, € B(X) if Tf = lim,, T, f in X for every
f e X. We also write T}, > T if X = L?.

e Denote || - |lp—qg ==l - lLr—=ra-

o I ={fel?l|f>0ae}

e S denotes the L. Schwartz space of test functions.

e C, ={f € C(RY) | f are uniformly continuous and bounded} (with the sup-
norm).

e We write ¢ # c(g) to emphasize that ¢ is independent of .
e sprt f denotes the support of function f.
e ]a,b[ denotes an open interval.

e Given operators A, B, we write B D A if B is an extension of A.

§2. Desingularization in abstract setting

We first prove a general desingularization theorem in the abstract setting. We will
apply it in the next section to the fractional Kolmogorov operator.

Let X be a locally compact topological space, and p a o-finite Borel measure
on X. Set LP = LP(X,pu), p € [1,00], a (complex) Banach space. We use the
notation

() = (w0 = [ wvdi, |- Doy = |- oo

Let —A be the generator of a contraction Cy semigroup e **, ¢ > 0, in L.
Assume that, for some constants M > 1, ¢cg > 0,7 > 1, ¢ > 0,

(Bu1) le™*fll < MIIf]lx, t=0, feL'nL®
(Bi2) Sobolev embedding property: Re(Au,u) > cS||uH%j, u € D(A).
(Bis) e oo < ct™%, >0, j' = jjj

Assume also that there exists a family of real-valued weights 1) = {1 }ss0 on
X such that, for all s > 0,

(B21) 0 <, b7t € L (X — N,p), where N is a closed null set,
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and there exist constants 0 € |0, 1], 8 # 0(s), ¢; # ¢i(s) (i = 2,3) and a measurable
set €2° C X such that

(Ba2) Ys(z)7? < ¢y for all z € X — QF,

2

1—9

Theorem 2.1. In addition to (B11)—(Bas), assume that there exists a constant
c1 # c1(s) such that, for any s >0 and all § <t <s,

(Bs) [bse™ M b < el flh,  f e Lt
Then there is a constant C' such that, for allt >0 and p a.e. x,y € X,

e (2, y)| < Ct Yu(y).

Remark 2.2. In application of Theorem 2.1 to concrete operators, the main dif-

(323) ”1/} ”Lq (Q°) < C3SJ " s where q

ficulty is in the verification of assumption (Bs).

Proof of Theorem 2.1. Set 1) = 1, and put Lfb = L?(X,%?du). In what follows,
Il
|| - ll2.4—2. denotes the operator norm in B(L3,).

Define a unitary map W: L7, — L? by Wf = ¢ f. Set Ay, = W~ 'AW¥ of domain
D(Ay) = U=1D(A). Then

(-, )y denote the norm and the inner product in L2, respectively, and

e M =0 em M e My sy = lem a2, E>0.

Here and below the subscript v indicates that the corresponding quantities are
related to the measure 12 dy.

Setu; = e e f, f e L%mezlb' Applying (Bj2), and then the Holder inequality,
we have

;jtwt’ ut)y = Re(Ayus, us)y  (see Remark 2.3 for the proof, if needed)
= Re(AYuy, huy)
= CSHT/JUt”gj
R CTL0
Tl
Whereqzﬁ (<2) andr:%

Noticing that (By;) + (Biz2) implies the bound |[e 7|1 o < ét~ (for details,
if needed, see Remark 2.4 below), we have by the interpolation inequality

.
e Mg < et o = T, e = MR
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Also, by (B1;) and the contractivity of e™** in L2,

- _ _ 2_
le™ g < lle™ M S lle™ M I5 o < Mo

(fora=2-— E) Therefore,

el = e flly = lle™ vl =l £,
(we are applying (Baz), (Bas))

—tA —tA —0
< cafle™ ||q—>q||f||qw+”6 Mlasall 1617l por

2
< (M5 + esea(s/t) 7 )||f||qw
Thus, setting w = (ug, Ut )y, we obtain

d
at"

Integrating this differential inequality yields

W' > 2(r — 1es (M- +Cgc4(s/t)L’) Ar=D) ||f||—2(7" 0}

<Ot 7G| fllgw., s/2<t<s.

The last inequality and (Bs) rewritten in the form |ul1,¢ < el fll1,0 yield,

according to the Coulhon-Raynaud extrapolation theorem (Theorem B.1),

w. SCot™%|f

1hss 5/2§t§57

or
21) e hls < Cot~F|Ihll g, heELPNLl, s/2<t<s,

where L}/TT = LY X, v, dp).
Since [le” 22 hloo < [le7 25 00lle T h]|2, We have, employing (Bi3),

le ™2 oo < Cot™7[|ly, s
and so the assertion of Theorem 2.1 follows. O

Remark 2.3. Above we evaluated

d (Ui grs Utr )y — (Ut Ut)y
g\t uehe =l T ’
where
(Uppr s Uipr ) — (U, Ug)op _ Re<u’ Ut+r> + Re<u,ut>
T T Y T 4

— —2Re(Ayut, us)y (7 —0)

(using the strong continuity of e_tA'd’).
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Remark 2.4. A standard argument yields (By1) + (Bya) = [le |12 < &t 7,
t > 0. Indeed, setting u; = et f, f € L? N L', we have, applying (Bi2), Holder’s
inequality and (Bj1),

5wl = Re(Au, )
> eslludl,
> esludls udlly
> es Ml 117
Thus, w = ||u||3 satisfies
_ 2
U e’ o=

so integrating this inequality we obtain ||e™*(|; 2 < CFt %,
It is now seen that (B;) = (B11)+(B12)+(B13) implies the bound e~ (z, y) <
a7

§3. Heat kernel e *A(z,y) for A = (—=A)% — k|z| %z -V,

1<a<2,k>0

We now state in detail our main result concerning the fractional Kolmogorov
operator (—A)% — klz| ™2 -V, 1< a <2, k> 0.

(1) Let us outline the construction of an appropriate operator realization A, of
(—=A)S —k|z|™@2-Vin L", 1 <7 < 0o. Set

be(z) = kl|z|; %, |z|c =+/|2|2+¢, >0,
define the approximating operators in L"
A= AS = (A)E — b oV, D(AS) =W = (14 (~A)H) L7, 1 <7 < o,

and in C, (the space of uniformly continuous bounded functions with standard
sup-norm),

).

The operator —A® is the generator of a holomorphic semigroup in L" and in C,.

Qule

A= AL = (-A)% —b.-V, D(AL) = D((-A)

u

Moreover, the corresponding semigroups are positivity preserving:

NI Lt and e MO cof
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where L' :={feL"| f>0},C ={feC,|f>0}. Also,
le™™ flloo < Ifllo, fEL NL>®, or fe€C,.

For details, if needed, see Section 8 below.
In Proposition 8.5 below we show that, for every r € [1, 00[, the limit

s-L"- hfol e (loc. uniformly in ¢t > 0)
€.

exists and determines a positivity-preserving, contraction Cy semigroup in L",
say e~ the (minus) generator A, is an appropriate operator realization of the
fractional Kolmogorov operator (—A)2% —k|z|~%z-V in L"; there exists a constant
¢ such that

e g S et~ & G73) ) t>0,

tA

for all 1 <r < g < o0; by construction, the semigroups e™**r are consistent:

e TN =e e | LT N LP.
Using Proposition 8.5 we obtain
(Apu, hY = (u, (=A)2R) + (u,b- Vh) + (u, (divd)h), u€ D(A,), h € C®
(cf. [KSS, Prop. 9]).
(2) We now introduce the desingularizing weights for e=**. Define 3 by

gdth-29d+p-2)
d+B-ayd+p-a)

where .
2%72T(%)
(@) = g
NG

Direct calculations show that 3 € |0, of exists (see Figure 1), and that |z|? is a Lya-
punov function of the formal adjoint operator A* = (—A)2 +V-b,i.e. A*|z|? = 0.
Set
(@) = dule) = n(sal),

where 7 is given by

8, 0<t<l,
n(t)=qpt2-5+1-38, 1<t<2,
1+ 5, t>2.

In the proofs, we will be also using function

B(x) = P(a) = s~ x|,
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1.4+

1.24

0.8
0.6] :
0.4

0.2

Figure 1. The function x +— ( for d = 3 and a = %

Applying Theorem 2.1 to the operator A, and the weights 15, we obtain the
following theorem:

Theorem 3.1. We have that e " is an integral operator for each t > 0 with
integral kernel e t(

7tA(

x,y) > 0. There exists a constant cy ., such that, up to a

change of e x,y) on a measure zero set, the weighted Nash initial estimate

(NIE,) e May) < enut ()
is valid for all x,y € R? and t > 0.

The next step is to deduce the following global-in-time “standard” upper
bound on e~ (7).

Theorem 3.2. (i) There is a constant Cy such that, up to a change of e **(x, y)

on a measure zero set, for allt > 0, z,y € R?,
e Mz, y) < C’le_t(_A)% (z,y).
(ii) Moreover, for a given 6 € |0,1[, there is a constant D = Ds > 0 such that
e May) < (1+ (5)67t(7A)% (z,y), |z|> Dt=, yeR%

Theorems 3.1 and 3.2 are the key tools which allow us to establish the upper

bound on e~ (x,%):
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Theorem 3.3. There is a constant C such that, up to a change of e **(x,y) on

a measure zero set, for allt > 0, x,y € R?,

o
2

(UBw) e Ma,y) < Ce TR (@, ) (y).
Using Theorem 3.3, we prove the lower bound on e~ (z, y):
Theorem 3.4. There is a constant C > 0 such that, up to a change of e~ (x,y)

on a measure zero set, for allt >0, x,y € R?,

vR

(LBw) e Ma,y) > Ce O (2, )i (y).

§4. Proof of Theorem 3.1: The weighted Nash initial estimate

The proof follows by applying Theorem 2.1 to e~ .

Conditions (Bi1) and (By3) (with j/ = £) are satisfied by Proposition 8.5.
Let us prove (Bjz). By Proposition 8.1 (A® = Aj),

Re(A*(1+A%)71g, (L+A%) 1) > esll(1+A%) gl g€ L7
where j = £7 cs # cs(e), ie.
Re(g — (1+A%)"1g, (1+A%)"g) > cs|(1+ A% "Hgll3;-

Using the convergence (1 + A°)~! % (1 4+ A)~! in L? as ¢ | 0 (Proposition 8.5)
in the LHS of the last inequality, and a weak compactness argument in L%/ in its
RHS, we obtain Re(A(1 +A)~'g, (1+A)"'g) > cs[(1 4+ A)~'g|3; for all g € L?,
and so (Bj2) is proved.

Condition (Ba;) is evident from the definition of the weights 1. It is easily
seen that (Bss), (Bas) hold with Q° = B(0,s=) and § = %. It remains to
prove the desingularizing (L', L') bound (Bs), which presents the main difficulty.

The rest of this section is devoted to the verification of (Bs).

To verify (Bs), we modify the proof of the analogous (L', L') bound in [KSS]
(see also Remark 4.8 below). We will appeal to the Lumer—Phillips theorem applied
to specially constructed Cy semigroups in L', corresponding to operators with
smooth coefficients and smooth weights, which approximate ¢ze 1)L,

Recall that b.(z) == k|z|7 %, |z|. = /|z]? +€, >0,

a

A= (=A)2 —b. -V, DA®) =W =14 (-A)2)" 1L,
(A°)* = (=A)E + Vb, D((A%)") =Wl
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By the Hille perturbation theorem, for each € > 0, both e *A" and e *A")" can be
viewed as Cp semigroups in L' and C, (see Sections 8 and 9).
Define approximating weights

(aeH*

¢n,e =n"l+4e @ Y, P =1

Remark 4.1. This choice of regularization of ¢ is dictated by the method: e~ o

will be needed below to control the auxiliary potential U,.. See also Remark 4.7
below.

In L! define operators
Q= ¢neA0,L D(Q) = dnD(A),
where ¢, cD(A®) = {¢n cu | u € D(A%)},
Fl,=¢nee oL

Since (bn,g,(ﬁ;’la € L°°, these operators are well defined. In particular, Fatn are
—tG

bounded Cy semigroups in L', say F!, =e
Set
M= ¢, .1+ (-A)2) L' NC,]
= ne(A +A)TILI NG, 0< A € p(—A%).

Clearly, M is a dense subspace of L', M C D(Q) and M C D(G). Moreover,
Q ' M C G. Indeed, for f = ¢, .uec M,

Gf = S—Ll—ltiﬁ)l 71— e ) f = ¢n,es—L1—1}ﬁ)1t*1(1 — e MYy = ¢ AU = QF.

Thus Q [ M is closable and é =(Q M)Clos ca.
Proposition 4.2. The range R(\; + @) is dense in L.

Proof. If (A + Q)h,v) = 0 for all h € D(Q) and some v € L™, ||v]|so = 1, then
taking h € M we would have ((A: + Q)¢n.c(A\e +A°)"tg,v) =0, g€ L' NC,, or
(¢ncg,v) = 0. Choosing g = e%(xmv), where x,, € C with x,,(z) = 1 when
z € B(0,m), we would have limgto (9n,c9, V) = (Pn.cXm, [v]*) = 0, and so v = 0.
Thus, R(\: + Q) is dense in L. O

Proposition 4.3. There are constants ¢ > 0 and €, > 0 such that, for every n
and all 0 < e < ey,

A+ @ is accretive whenever X > és~t +n"t,

where s > 0 is from the definition of the weight ¢y, ..
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Proof. Recall that both e~ *A" and e~ **")" are holomorphic in L' and C, due to
Hille’s perturbation theorem. We have

Y =) +Yuy, 0<da) € D((-A)F), 0< ) € D(—A)Z

For instance,

).

u

B
=14 =

, Yoy =Y —1- g (so sprt () C B(O,QS%)),

In B(0,s=), the weight 1 coincides with ¥(z) = () = s‘§|x|5 s0 Y1) €
D((=A)1). Thus, ¢q) € D((— A) 2 ) (see e.g. [Ka, Chap. V, Sect. 3.11]). Therefore,

(A% (= (AT L) + (M%), Yw)
is well defined and belongs to L' + C,, = {w +v | w € L*,v € C,}.

We verify that Re((A + Q) /, |f‘> >0 for all f € D(Q). For f = ¢pcu € M,
we have
/ e T ECNE |
<Qf7 ‘f|> <¢nsA |f|>71tlj€t 1<¢n,s(176 ¢ )uvm>,
f o —A®
Re<Qf7m> thlﬁ’)lt 1<(1_€ ! )|u|7¢n,8>

— lmt (1 — e tAT -1 limt—1{(1 — e tA° —as
i ¢1(1 = ¢~ ul,n ™) (- e e ful, )

L VI ., _ac e
=t e, (1 e O ) it e ul, (1 Oy
= (Jul, (A7) n~") + (e ul, (A7) 4,
where the first term is positive since
(AS)*n~t =n"tdivh, = n  (d|2|0% — alz|Z*72|2z]?) > n 7 (d — a)|z|Z* > 0.

Thus,
(4.1) Re(Qf. f|> (e Jul, (A%)"),

o0 it remains to bound J = (e_%|u\, (A®)*¢) from below. For that, we estimate
from below

(M%) = (—A) 3¢ + div(ber)).
Claim 4.4. We have

O B L e
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Proof. All identities are in the sense of distributions:
(—28)%y = oAy
= Lo AY — I o AW — ),
where I, = (—A)~2 is the Riesz potential, and we evaluate the first term
L oA = —5" 5 B(d+ B — 2) oo |z|? 2

’Y(d+ﬁ — 2) |$|57&
Vd+ 8- a) ’

while the second term is positive and can be omitted:
_I2704A(w - 1;) Z 0

(see Remark 4.6 below for detailed calculation). The proof of Claim 4.4 is com-
pleted. O

=—s"=B(d+B-2)

Claim 4.5. We have
div(betp) > div(by) — Ueth — és~ ¢
for a constant & # ¢(e,n), where U.(x) = r(d+ B — a)(|z|~* — |z|7%) > 0.
Proof. We represent
div(betp) = div(bh) + div(betp) — div(bi)
and estimate the difference div(b.1)) — div(bi):
div(beyp) — div(by) = div[b(y — )] + div[(be — b)¥]
= hy + div[(be — b)¥],

where h; € Cs (continuous functions vanishing at infinity), hy = 0 in B(0, s#).
In turn,

div[(b: — b)y)] = (b — b) - Vi) + (divb. — divb)y
= k(|22 = 2| ") - Vi + hy + slde|-* — alz|Z* | — (d— )|z )¢
(where hy = k(|z|-% — |2|~*)z - V(1) — §) € Coo, hy = 0 in B(0, s ))

div(betp) > div(bY) + k(d + B — o) (|z|7% — |2| =) + hy + ha + hs,
where hg = k(d — a)(|z|7% = |2]~*) (1) — 1) € Coo, h3 = 0 in B(0,sa).
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A straightforward calculation shows that h; > —c;1s™! with ¢; # c¢i(e,n),
i = 1,2,3 (we have used that h; = 0 in B(0,s=)). The assertion of Claim 4.5
follows. O

Now we combine Claims 4.4 and 4.5: in view of the choice of 3,

y(d+ B —2)
Y(d+ B~ a)

(that is, formally, A*1) = 0), and so

—B(d+ 5~ 2) ] =4 + div (b)) = 0

(A)" > —U — 524,
It follows that

J = (e [ul, (A%)*) > —és™ e ul, v) — (e |u], UotD)

= —es™ (Jul, e T ) — (e ¥ [ul, U.0)
> —es (lul,n "+ e UTg) — (e Jul, ULd)

(recall that [u] = ¢7L[f] and . =n~! + e~ "7 y)
— —es VSl — (ul, e 7 (UL))

Now, for every n > 1, we have

I e B e N
le™ " (Ue)lloo < lle™ 7 (Lpeo,myUst)llos + lle™ 7+ (1p0,m) Ut oo
7t(A€)*

(we are using that e is a L™ contraction

and ultracontraction; see Proposition 9.1)
- 4 -
< 1 geo,r)Uc¥llo + enne||1p0,ryUs¥1
(we fix R = R,, such that ||1,3»c(071:5)U51/~)||00 <2 ip2
and choose €, > 0 such that, for all ¢ < ¢,,,
- 1 - d_
1150, Us¥llr <27 'n 2 (cnn=)™")
< n=2.

1

Therefore, since ¢,, . > n~", we have for every n and all € < ¢,

(5H*
n

Uet)||loo <t

Il te™

(a5H*

and so (|ul,e” "7 (Ucp)) < n~Y|f||1. Thus,

J > —(esT S
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Returning to (4.1), one can easily see that the latter yields the assertion of Propo-
sition 4.3. O

Remark 4.6. Let us show that —A (¥ 71/3) > 0. Without loss of generality, s = 1.
The inequality is evidently true on {0 < |z| < 1} U{]z| > 2}. Now, let 1 < |z| < 2.
Then
A =) = B(d+ B = 2)|z|"* =" (|z]) = 0 (|2])(d = 1)|z| "
= B(d+ 8 —2)«|"* + 8 - B2 [|)(d - 1)]|~*
— Blal"2((d+ B - 2)[al® +[af? — (d— 1)(2 — |al)lal)
> Bla] 2 ((d+B—-2)+1—(d—1)) >0.
The fact that @ is closed, together with Propositions 4.2 and 4.3, implies that
the range R(\. + Q) = L' (Appendix C). Then, by the Lumer—Phillips theorem,

A+ @ is the (minus) generator of a contraction semigroup, and @ = @G due to
Q@ C G. Thus, it follows that, for all n and all € < &,

(%) e %11 = [|pnece D bt ot < e, w=ésT'+nt

To obtain (Bj), it remains to pass to the limit in (*): first in € | 0 and then
in n — oco. It suffices to prove (Bs) on positive functions. By (x),

[énce™ gnlfll < el flh, 0<felLl,
or taking f = ¢, ch, 0 <h e L',
|én.ce M Rl < €[l dn,hll1.
Using Proposition 8.5 we have
[én.ce™ Rlly = (n71e N h) 4 (.7 CHON R
— (n" e ™Mh) 4 (e TR ase |0
and
| 6n,chlly =n~ k) + (™5 h) = n7H(R) + (,e” T as e L0,

Thus,
(N re MR + (i, e FFRIARY < e (n 1 (h) + (1h, e W h)).
Taking n — 0o, we obtain (e ) < e 't(yh). Condition (Bs) now follows.

The proof of Theorem 3.1 is completed. O
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Remark 4.7 (On the choice of the regularization ¢, . of the weight ). In [KSS]
we construct the regularization of the weight in the same way as above, although
there the factor e~ =A%) serves a different purpose (in [KSS] the drift term b - V
has the opposite sign, and so the corresponding weight is unbounded). (As a by-
product, this allows us to consider (—A)2 perturbed by two drift terms, as in the
present paper and as in [KSS], possibly having singularities at different points.)

Remark 4.8. In the proof of the analogous (L', L!) bound in [KSS, proof of
Thm. 2], where we consider the vector field b of the opposite sign, we first pass
to the limit in n — oo, and then in £ | 0. In the proof of Theorem 3.1 above this
order is naturally reversed.

As a consequence of the (L', L') bound (B3), we obtain, up to change of

—tA(

e x,y) on a measure zero set, the following corollary:

Corollary 4.9. We have
(e M2 () < erthi(x)
forallz € RY, 2 #0, t > 0.

Proof. By (Bs3),
(e ) < cr(yih), 0<heCE,
i.e.
(R(2)e™ (2 ())= < er(Weh).
The required result now follows upon selecting h — d,,  # 0 and applying the
Lebesgue differentiation theorem in the LHS. O

As a consequence of Corollary 4.9 and (NIE,, ), we obtain the following corol-
lary:

Corollary 4.10. We have
(e (@) = (e (2, ) < Cothu()
forallz € RY, 2 #£0, ¢t > 0.
Proof. We have
(e () < (10 10 O™ (@) + (1, 0 a O™ (@, )6)
=1 + L.

By (NIE,), I < (), and by Corollary 4.9, I < ¢’"4(x), for appropriate
constants ¢/, ¢’/ < co. Set Cy = + . O
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§5. Proof of Theorem 3.2: The standard upper bounds
Proof of assertion (i). For brevity, put 4 := (—A)2. Recall that
ko tt(lz —y|~9 2 A t_UHTa) < e M(z,y) < kot(lz —y|" A t_dJrTa)

for all z,y € R%, 2 # y, t > 0, for a constant kg = ko(d,a) > 1.
In view of Proposition 8.5, it suffices to prove the a priori bound

e (z,y) < Cre ™ A(x,y), zyeRL >0, Cp £ Cy(e).
By duality, it suffices to prove
e A () < Cre M (x,y), xyeRY >0, Cy # Ci(e).
Step 1. For every D > 1 and all ¢ > 0, |z| < Dtw, |y| < Dt= the bound
et (2, y) < koen (2D) e (1, )

is valid.
In fact, we will prove the following lemma:

Lemma 5.1. Lett >0 and D > 1. Then

(i) e (2,y) < koen (2D)H e A (2,y),  |z| < Dtw, Jy| < Dt

(i) e ™ (2,y) < koenw(l + D) oe (@, y)iy(x),  |a| <t [y| < Dt=.
Proof. (i) Note that (|z| < Dt=,|y| < Dt=) = t—& < (2D)4¢|z — y|~%~*. The
latter means that ¢~ & < ko(2D)4T@e~t4(z,y). In Proposition 9.2, the Nash initial
estimate

(NIE) e_t(AE)*(x,y) < cNt_g, r,yeRY t>0
is proved. Therefore,
e A (2,y) < entTE < koen (2D) et (1, 1),

(i) Clearly, (|z| < t&,|y| < Dtw) = t=& < (1+ D)tz — y|~4=, and so
the inequality t~& < ko(1 + D)4t®e~t4(z,y) is valid. By (NIE,,) (Theorem 3.1),
e N (z,y) < cN7wt_5¢t(x) for all t > 0, x,y € R%. Therefore,

67“&* (IIZ, y) S kOCN,w(l + D)d+aeitA (ZL’, y)wt (ZL’) D

In what follows, we will need the following estimates: Set

d+a+1

E'(a,y) = t(le — y| 40 A e

and

E'f(z) = (E"(z,))f()), t>0.
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Lemma 5.2. There exist constants k; (i =1,2,3) such that for all 0 < t < oo, x,
y €RY,

(i) |Vee (2, y)| < k1B (2,y);
) [ (e DA BT dr < bt e ),
0

(i) [ (B @ BT ) dr < et T B e,

Proof. For the proofs of (i), (ii), see e.g. [BJ]. Essentially the same argument yields
(iil); see e.g. [KSS, Sect. 5] for details. O

Step 2. Fix § € ]0,27[. Set C, = rk1(2ks + k3), R = (095_1)ﬁ and m =
1+ 2kgks.
If D > Rm, then the bound

(5.1) e A (2,9) < (14 8)e a,y), z€RL |y > Dta, t>0

s valid.
We use the Duhamel formula

t
e A" = otA +/ e_T(AE)*(B;R + szﬁ{)e—(t—T)A dr
0

(5.2) = e ML KL+ KBS, Ri= (0671 =
where
Blp=1, 1 B Bl=1, 1 B Be=—b.-V-W,
and
We(z) = r(dla|7® = alz|707?|2?) (= divbe),  [be(2)] = sla]Z*|a].
Set

t
M) = (=) [0 @1,y O e Ay dr
Claim 5.3. For every D > Rm and all |y| > Dtw, z € RY, we have

1
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Proof. Using Lemma 5.2(i), we obtain
t £\ *
Kilo) = [ (e (@) B gl DA ) dr
0
t AS)*
<t [T @y o OB () dr
¢
_ —7(A%)* . . No—(t—T)A/. .
L @t W DA ) dr =+ B
Using E~7(2,5) < koe~*=74(2,y)|z — y|~!, we obtain
t
B <ok [T @1 OOl A )] =l dr
(e are using 1, (el — ™ < 1,0 10 ORD - Rl [2)

t
< Rk RD = ) [0 @1y O e ) dr

= kok1 R(D — R)™*(d — o) ' Mk (z,y).

We now compare the RHS of the last estimate with I. Since W,(+) > k(d—a)|-|7 %,
we have

Kg(z,y) < (kok1R(D — R)™!(d — a) ™" — 1) Mp(,y).

Since kok1 R(D — R)~! < :jffll < % and d — a > 1 by our assumptions, we end the

proof of Claim 5.3. O
Claim 5.4. For every D > Rm and all |y| > Dt=, z € RY, we have
K5 (x,y) < 6(Mp(x,y) + e~ (z,y)).

Proof. Recall that

t
K}t.-éc(%y)z/o (e T (@, ) BLg (e (L y)) dr,

where Bé’% = 1Bc(o,Rti)(_b€ -V — W.). Thus, discarding in K% the term con-

taining —W, and using Lemma 5.2(i), we obtain
a—1 t £y *
(+) Kg'(z,y) < kiwR' ™t "% / (€T (@, ) BT () dr
0

We will have to estimate the integral in the RHS of (x).
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Put
(™0 B @) = (A (2, ) B (),
(e BB () = (e (2, ) B (VBT (),

and analogously for B. replaced by similar operators.
By the Duhamel formula,

t
/ (e TV BT (@, y) dr
0
t
- / (e A" (2, y) dr
0
t T
+ / / (e7" A Y(BL g+ BEG)e T A dr BT (2, y) dr
0 0
t
= / (BT (@, y) dr + Jn(e.y) + Ta(a,y),

0

where, by Lemma 5.2(ii),

/O (e, VB () () dr < kot “F e~ A(, ).

Let us estimate Jg(z,y) and J§(z, y).
In Jr(z,y), discarding the term containing —W, and applying Lemma 5.2(i),
we obtain

t T
Jr(z,y) < kl/ / (e 7 (A%) 1B(O Rté)|b8|E7_T dr'E'"7) (z,y) dr
o Jo ’

(we are changing the order of integration and applying Lemma 5.2(iii))

t
! £ * a—1 —;
iy [T O el =) ) )

t
a;l 77”(/\5)* t—1! ’
< kikst /0 (e lB(O,Rt§)|bE‘E )(z,y) dr'.
Now, repeating the corresponding argument in the proof of Claim 5.3, we obtain

Jr(z,y) < cgt“T"M,g(x,y), Cy = kok1ksR(D — R) ™' (d — )™ ' < %

(Cy < lbika(d — )~ < Ba(d—a)™! < )
In turn, Ji = fot(chz)TEt*T dr, where

(J5)" ::/ e_T/(AE)*B;Re_(T_T,)AdT'.
0
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Again, discarding the —W; term in Bf  and applying Lemma 5.2(i), we obtain
R )] < w5 [ e O B
0

Due to Lemma 5.2(iii),

[T, y)] < rhiks RS / T (- ) B )

0
< kkiksR' = /t<e‘f’<“5)*(a:, VBT () dr.
0
Thus, due to kkiks R\~ < § < 1,

/O (€AY (@, VBT (L)) dr

ac ks o 1t ey
< kot T e May) + FH°T Mp(e,y) + / (T (@, )BT (y)) dr
0

Thus, we obtain
t
/ (e (@, ) BT () dr < 2kat™S e () + kst e Mp(x,y).
0
Substituting the latter in (x), we obtain Claim 5.4. O
Now, applying Claims 5.3 and 5.4 in (5.2), we have
A _ 1 _
N (@,y) < e (ayy) — GMp(e,y) + 6(Mp () + e (w,y)
< (14 8)e (),

thus ending the proof of Step 2.

Step 3. Set R=1V (2,%14;3)ﬁ and let D > 2R. Then there is a constant C =
C(d,a, k, R) such that the bound

etV (3,y) < CeA(n,y), || > 2Dt5, |y < DEF, £> 0

is valid.
(See the proof below for the explicit formula for C(d, o, &, R).)
Using the Duhamel formula and applying Lemma 5.2(i), we have

t
A (2,y) < Az, y) + By / (E7[bele™ 0 (@, y) dr
0

(5.3) <e Mz, y) + kL p(r,y) + ki LG (2, y),
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where

t
Lo = [ (B 0 el ) dr

t
LEle) = [ (BT, bl oy
d+a+1
)

Let us estimate L. p(z,y). Recalling that E*(z, z) = t(|e—z|"*~*"IAt~
and taking into account that |z| > 2Dt |z| < Rta, we obtain

E™(z,2) < tlo — 2|~ <tz — 2|~ *(3R) M=,
Therefore,
L pla,y) < (BR) 7= / e - 17N ey OOl T ) dr
(we are using that |z| > 2Dt [-] < Rté)
< Rl (L OOl DT (g dr
(we are using that |y| < Dt, D > 2R and setting c=3"1(16/9)%t®)

t
< R tfe -y o / (o g OOl DAY () dr

1
B(0,Rtw

(we are using t|lz —y| "¢ =t(|lx —y| "I A t_dtTa)
since |z —y|77? < (2R)_d_°‘t_d+Ta <t

and are re-denoting t — 7 by 7)

t
< koeR=M 3 e~ A, y) / e ™1 bl dr
0 B(0,Rta)! 1110

(we are applying Proposition 8.1)

t a4 d
< koeR~ e Ao [ e arn, L bl (r= ).

Since fot 7% dr = 2at3% and |1 = kRt ¢, ¢ = &(d) < oo, we

have

B(O,Rté)|b‘ Hp

LL p(z,y) < C'R™7e " (z,y), C'=2kakoceyé
or, for convenience,
(5.4) Lt p(z,y) < C'e™"(x,y).

In turn, clearly,

t
Liﬁ%(l‘,y) < KRS / ETe =A% g7
0
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Let us estimate the integral in the RHS. Using the Duhamel formula, we obtain
t

| e e g e
0

t t t—T7
S/ (ETC_(t_T)A)(x,y)dT—i—/ (E-r/ Et—7—s|b€|e—s(A€)* ds)(;my)dT
0

0 0
(we are applying Lemma 5.2(ii) and changing the order of integration)

t t—s
< kot "5 e () + / / (E™ B |be|e "M ) (2, y) dr ds
0 Jo
(we are applying Lemma 5.2(iii))

a—1

t
< kot“a e (2, y) +k3/ (t—s)"" (B |b]e M) (2, y) ds
0

t
a1 _ a—1 s _s(AS)*
<kot™e e (a,y) + kst /0 (E' 1B(0,Rt%)‘b5|e O )w,y) ds

t
—”;1 t—s —s(A®)*
+ kst /0 (E ch(Othé)|b|e )z, y)ds

t

< kgtaTle_tA(x, y) + fegt "o L p(z,y) + k’gﬁlRl_a/ (B5e™A) ) (2, y) ds
0

(we are applying (5.4) to the second term, and noting that ksxR'~* < %)

as 1 [t oy
< (ks + ksCHET e~ (2, y) + 7/ (B e (2, y) ds.
0

2
Therefore,
/Ot E™ (e (2 ) dr < 2(ks + ksC)t "5 e 4 (z, ),
and so
(5.5) Lg’j%(x, y) < 2k(ky 4 ksC" )R et (z, y).

Applying (5.4) and (5.5) in (5.3), we obtain the desired bound
e N (2,y) < Ce™(xy), |z > 2Dt%, |y| < Dt

for all R > 1 such that ksxR!'~® < %, D > 2R, where C := 1+ k1 C' + k12k(ka +
k3C")R'~. The assertion of Step 3 follows.

We are in position to complete the proof of Theorem 3.2(i), i.e. to prove the
bound

(5.6) et (1 y) < Crema,y), zyeRL >0,

for an appropriate constant Cy = C4(d, a, k).
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To prove (5.6), we combine Steps 1-3 as follows. Fiz D large enough so that
the assertions of both Steps 2 and 3 hold.

Without loss of generality, the assertion of Step 3 holds for all |z| > Dté,
ly| < Dt= (indeed, by Step 1, (5.6) is true for all |z| < 2Dt=, |y| < 2Dta (with
Cy = C)(4D)4) and so, in particular, for all Dt < |z| < 2Dt=, |y| < Dt=; the
rest follows from the assertion of Step 3 as stated). Thus, the desired bound (5.6)
is true for all |x| > Dt ly| < Dt and, by Step 2, for all z € R?, |y| > Dta.

It remains to prove (5.6) in the case || < Dta, |y| < Dt=. But this is the
assertion of Step 1.

Thus, (5.6) is true, with constant C; equal to the maximum of the constants
in Step 1 (with 2D in place of D) and in Steps 2, 3.

Proof of assertion (ii). The result follows immediately from Step 2 in the proof
of (i) upon taking ¢ | 0 (cf. Proposition 9.2).

The proof of Theorem 3.2 is completed. O

8§6. Proof of Theorem 3.3: The weighted upper bound

Recall A = (~A)%. The estimates below are after a modification of e~ **(z,y),

et (z,y) on a measure zero set, if necessary. We are going to prove that there

is a constant C' < oo such that
(6.1) e Mz y) < Ce M (z,y)U(y), t>0, z,y € RL
Clearly, Theorems 3.1 and 3.2(i) combined yield
(62) e (a,y) < Crenwwl(e M@ y) A (7 5%(y))), t>0, 2,y € RE
(1) If ly| > t&, then 1 (y) > 1. Then, by (6.2),
e Mz, y) < Crenwe ™ (x,y) < Crenwe™ (2, y)¢i(y),

i.e. (6.1) holds.
(2) If || < Dta, |y| < t= for some constant D > 1, then by (6.2) (cf. Lemma

5.1(1))
e (2,y) < Crenuwt™ = i(y) < Crenwky (D + D)™ (2, )y, (y),

i.e. (6.1) holds.

(3) It remains therefore to consider the case |z| > Dtw, |y| < t=.
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By duality (cf. Proposition 9.2), it suffices to prove the estimate
(6.3) e " (2,y) < Ce™ M (a, )i (x)

for all |z| < ta, |y| > Dta, t > 0, for some D > 1.
We will use Corollary 4.10,

(e (2,2)) < Coty(z) for all z € R, t > 0,
the “standard” upper bound (Theorem 3.2(i))
e*tA*(x, y) < Cre (z,y) forall z,y € RY t >0,

and its partial improvement (Theorem 3.2(ii)): for every § > 0 there exists a
sufficiently large D such that for all |z < t=, |y| > Dt=, and all z € B(y, @),

(6.4) e N (x,2) < Cse M (z,2), e (2,y) < Cse M (z,y), Cs:=1+06.
We will need the following inequality (this is [JW, Lem. 3.3]):
(6.5) 215, =) (Je A (@, e 2 (L y)) < e, y).
Bly,=%%)
Indeed, by symmetry, the LHS of (6.5) coincides with
<1B(y7m-2;m)(-)e_%“‘(fc, De T AL y)) + <1B(z,\%m)(')€_é“(% JeEA( y))
< (e ¥ @, )e () = e ay),
i.e. (6.5) follows.

Proposition 6.1. (i) There exists a constant c¢5 such that
A e e -
N (@,9) < (L em) (Ve 8N (@68 () + ese A (0, )t (2).

(ii) If |z| < t=, |y| > Dt with D > 1 sufficiently large, then

2
e (z,y) < (% + cSz/Jt(x))e_tA(x,y).

Proof. We have

7tA*(

e M (@,y) = (L ey (e 5 (@, )72V (Ly))

t

(L, iz #4 (2 )e 75 ()
= J1 + Js.
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(i) For = € Be(y, *3%),
eV (2,y) < Cre7 34 (z,y) < ke (a,y).
Thus,
Jo € ke A @ ) (L sty (e (@)
(we are applying Corollary 4.10)
< kCoe™ " (a,y)oy () < ese™ (2, y)ihe(2),
and so (i) follows.

(ii) Using (i), it remains to estimate J;. Applying (6.4), we have
J1 < C§<1B(va)(')eiéA(1‘7 ')eiéA('a y)>

Finally, we use (6.5). O

Let us complete the proof of Theorem 3.3.
By Proposition 6.1(ii),

e C? _
e (@) < (S + estul@) ) e @, y).
Set v = %22. Fix 6 €]0,(v2—1) A (275 —1)[. Then %‘? < 1 and v < 1. Now,
suppose that, forn =2,3,...,
. n+1
(6.6) e N (z,y) < ( ;" +es(1+v+-+ u”’l)wt(:r)>e*“‘(x,y).

Then, using Proposition 6.1(i), we have

e ™ (@y) < (L, (e 2N (2,)Cse 24 (L)) + ese (2, y)n ()
n+1
< (L i) 06T sl 407y ()

x e 8@, e HA () ) + cse A w, y)ia ()

(we are applying (6.5) and inequality ¢+ (z) < 25 ()

n+2

< ( 2i+1 tes(v+rvP 4+ V”)%/Jt(x))fi*m(l", y) +cse” A (@, y)hi ()
Cn+2
_ ( oo Hes(L vt V”)wt(x))e_m(xay)-

Thus by induction, (6.6) holds for n + 1. Sending n — oo there, we obtain

e (,y) S es(1—v) e A (2, y)i (),

as needed. The proof of (6.3) is completed. The proof of Theorem 3.3 is completed.



FRrRACTIONAL KOLMOGOROV OPERATOR 365

Remark 6.2. Let us prove that ¢ (z) < 2g1/)t(x). This is equivalent to 2% n(t) >
n(2=t) () was defined in Section 3). For 0 < t < 2~ =, the latter is an equality and
is obvious. For ¢ > 1 and all 0 < 8 < «, the required inequality is almost evident:
clearly, for r =1 — ¢,

22 s (14n)is148, B
(0% «

o™

(1-2)>

ifa<2(1—¢).
Thus, it remains to consider the case 27a <t<land0< B < a. We have
to prove, for 7 = 2% ¢, that

T525<27%)T+1*gﬂ (1<7<2%).

If 7 = 1, this inequality is satisfied. Now, set f(7) = 7% + B(3 — 2)7 + 28 — 1.
Then f'(7) = B(P 1 +7-2)>0dueto >0, 7> 1, and 7P~ L + 7> 27% > 2.
Thus f(7) > 0 whenever 1 < 7 < 2. O

§7. Proof of Theorem 3.4: The weighted lower bound

Recall that

dto dto

(7.1)  ky't(lz—y|~ At ) < e a,y) < kot(jlz —y| T AL
for all 7,y € RY, o # 5y, t > 0, for a constant kg = ko(d, o) > 1.

(1) First, we prove the “standard” lower bound away from the origin. The esti-

mates below are after a modification of e~**(x,y), e *"(2,%) on a measure zero

set, if necessary.
Lemma 7.1. There exists a generic constant 0 < v < % such that, for all v > 2
andt >0,

* 1
e (2,y) > SeT ()
whenever |z| > rtw, |y| > rt=.

Proof. In view of Proposition 8.5 it suffices to prove the inequality e #(A7)" (z,y) >
1e A (z,y).
By the Duhamel formula,
e A (@,y) > e, y) — [My(,y)],

where .
Mi(z,y) = / (e~ t=IAY b0 Y (g y) dr.
0



366 D. KINZEBULATOV AND YU. A. SEMENOV

Using Lemma 5.2(i), we have

[Mi(x,y)| < klfﬂ/ot(Et_T(%'N Tt e T (L y)) dr
(we are using Theorem 3.2(i) — the standard upper bound)
< kiwCh /Ot<Et_T(% )Tt y)) dr
Set

t
ey . t—T1 N L |matl —TAl,
Tyt 170 = [yt OB @] e ) dr

t
1oy . t—T1 AL |—at+l —TA/
T gty 17 5= [ OB @] e )

where 0 < v < 271,
Note that if |z| > rt«, then for every z € B(0,yrt®),
EYT(2,2) < Cse” DAz, 2)|lz — 2|71 < O52T71t7é67(t7T)A(217,2).
Thus, using the inequality
(7.2) e (a,2)e A (z,y) < Kem 9@, y) (e (2, 2) + e (2, ),

which holds for a constant K = K (d, ), all z,z,y € R? and t, s > 0 (see e.g. [BJ]),
we have

Ja

11—«
B(O,'yrté)| ' | )
t
—-1,-1 — —a(,—(t—T7
<O AR ) [0 O 1)
+e (L y)) dr.
Next, for all 0 < 7 < ¢, |z| > rt=, [y| > rt=,
o —d _goa -
L omky (D€ (y) S Cot ™5™ i (L= q)r > 1,

oty e ) < G R i (=,

and so

t
11—« —dtl _g—a—1_—tA -
T ety ) S Gt ‘ (x’y)/o om0 07

< CgT72a’)/d7a+167tA(x, y)

< Cg22onyd=atle=tA(p 4y ifr > (1 — )7L
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Therefore,
1
YTt

(6) T, 79 < Croy™ e a,y) ifr>(1-9)7 0<y <27,

In turn,

—a aC 11,11 _
179 < S Colyrt ) =t w e A )

= Crui(yr) e (2, y)

(1BC(0,fyrté

as follows immediately from Lemma 5.2(ii):

t
/0 (e~ A (2, )E (-, y)) dr < Cot' " we A (z, ).
Thus, if 7 > v~2, then

ey < Oy te M (2L y).

(**) J(lBC(O,'y'rt%)

Finally, selecting v > 0 sufficiently small, k;xC(C1o V C11)y*~ ! < i, and using
(%), (xx), we have

1 _
|Mt('r’y)| < 56 tA(xvy)a

which ends the proof. O
Corollary 7.2. For every r > 0, there is a constant c(r) > 0 such that

eftA* (

7tA(

z,y) = c(r)e”" " (z,y)

whenever x| > rtw, [y| > rt=, t > 0.
Proof. In Lemma, 7.1, fix some 7 > v~ 2, so that

(7.3) e N (2,y) > 27 e M (@, y), o] >t |y > rte,
1

* t t\ = t\ o
(T4) e @y z2 e ), Jal2e(5)" Wiz (5)"

We now extend (7.3), by proving existence of a constant 0 < ¢; < 27! such that

e _ ty & t\ &
(73) Ny zac ey, ol =e(3)" wzr(3)"
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Q=

)

N[+

Clearly, we need to consider only the case rta > |z| > r(%)i, r >yl > r(
By the reproduction property,

—tA* —LtA* Py
€ (ilf,y) Z <€ 2 (‘Tﬂ .)lB“(O,T(%)%)(.)e 2 (7y)>

(we are applying (7.4))

1

—2/ —itA —1tA
22 <€ 2 (ma')ch(OJ,(%)%)(')e 2 (7y)>

2—2 1A )1 .
> 2 b0 b )- s )
(we are using the lower bound in (7.1))
>27% %« (é=¢(r) > 0)
(we are using the upper bound in (7.1))
tA(

> cre " (x,y) for appropriate 0 < ¢; = ¢1(r) < 271,

i.e. we have proved (7.3).
The same argument yields

Q=

) t\= t
(7.4') N (@) Z e ), ol = r(5)" W= (5)

Thus, we can repeat the above procedure m — 1 times obtaining

. t\a t\a
e_tA ('Tay) > cme—tA(xvy)7 |$| > T(27m) ’ |y| > T(27m)
for appropriate ¢,,, > 0, from which the assertion of Corollary 7.2 follows. O

(2) Next, in Proposition 7.4 we will prove an “integral lower bound”. We need
the following lemma:

Lemma 7.3. For every0<he L', t>0,
t
e [ bl dr < Cluitl
0

for a constant C = C(a, B).
Proof. Define 14(y) = no(t~=|y|), where
(u) uf, 0<u<l,
No\u) =
0 1, wu>1

Since =19, <boy < iy, ¢ > 1, it suffices to prove Lemma 7.3 for weight g ;.
For brevity, write ¢, = 1. We have
— x| )8
behlly = (1,0 1 (T F1-DPR) + (1

h
0% Be(0,r %) ):
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and so
t t s t
S (A D ()
If |z| < t&, then
t -£ tos Lo e B+
/0 113(0,7%)(33)7 O‘dT:/| T “dT:ﬁ(t « ‘$| )

and

If || > t=, then

t t
_B
/013(0,7%)(:0% adr =0, /0130(0,75)(m)d7—:t'

Thus,

t
o B fte
Lt = (1, ) S S )

B(O»t“)a—ﬁ

+ <]'B(07t%)‘ ’ |ah> +t<ch(07té)h>
=t b i By 4 (1 h
- a—6< B(0,ta) wt ) - a—ﬁ< B(o,t%)|'| )+ Bc(o,ti)ﬂjt )
2c
<t ;Wit ). O

Proposition 7.4. Define go = ¢Y:h, 0 < h € § — the L. Schwartz space of test
functions. Then there exists a generic constant v > 0 such that, for all t > 0,

(e ) > v{gy).

Proof. Recall that both e~ *A" and e~ **")" are holomorphic in L' and C, due to
Hille’s perturbation theorem. We have ¢ = 1) + 9., where

Yoy € D((-A)7) (= D((A%)7) = D(A])),

Yy € D((-A)¢g,) (= D((A%)E,) = D(AG,))
(see the proof of Proposition 4.3 for details), so (A®)*¢) = (A%)}19q) + (A%) G, V)
belongs to L' + C,,.

Qule e

u
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Now, set gs.n = Gsnhs dsn(@) = (e~ 5 1) (x). We have, for s > ¢ > 0,

t €
<gs,n> - <¢s,n€7tAEh> = / <¢S7A667TAE€7AT}L> dr
0

t €
= limr~* / (s, (1 — e_’“AE)e_TAEe_ATh) dr
rl0 0

t €
= limr~! / (1 — e ™A g, 67TAE€7A7}L> dr
TJ,O 0

t €
:/ (M%) 4pg, e~ ™ e ) dr.
0
Arguing as in the proof of Proposition 4.3, we represent
(As)*¢s = 1B(0,sé)WE¢S =+ Ve,

where
We(z) = w(lz|-® = |2[~*)B + r[d|z]|-* — afz| 72|z — (d - a)|2| ]

and 0 < ve € L, [Jve|loo < %/, ¢ # d(g) (see Remark 7.5 below for a detailed
calculation).
Then

(gsn) — <¢s,n6_m€h>
¢ —(T4+L1)A® ¢ —T

or, sending n — oo,

€

ef%h> dr

t ¢
(gs) — (1hee ™R < / (1B(0 s%)WEdJs,e*TAEM dr —|—/ (e, e ™ hydr
0 ' 0
t ¢
< [ @ 1 Wepe,e ™ R)dr +s7H [ |lem ™ b))y dr
0 B(0,s«) 0
Next, we pass to the limit € | 0:
t
() (90) = (e M) <5 [ e bl ar,
0
We estimate the RHS of (%) using the upper bound (Theorem 3.3):

t t t
c'sfl/ e~ Ry dr < c'sflc/ He*TAszh||1drgc’s*10/ By dr
0 0 0
(we are applying Lemma 7.3)
~1
< ClCC;\WJthHL
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. B .
Therefore, using s > (%) «1);, we obtain

¢ ot B
st / le=™ |y dr < C'C'Cf(f) lgs|l1-

Thus, by (%), (1 —c’C@(é) =
a—8 1
2

such that c’Ca(ﬁ)T =

){gs) < (hse ™ h). Since 8 < a, we can select s > t
, which yields the bound

(e g) > 5190)

Finally, using ¢; > 1, > (%)gwt and setting 2v = (g)g = (20’05)_ﬂ’%ﬁ, we

have

Q[

(é) (ge) =v(gt)-

O

<"/’t€_m¢;19t> = <"/Jte_tA¢s_195> > <¢se_tA1/)s_198> > <95> >

N
N =

Remark 7.5. In the proof of Proposition 7.4, we calculate (A®)*1), arguing as in
the proof of Proposition 4.3:

(A)*1h = (=A) 2 + div(btp), ¥ = b,

where

CAVE ., —S_g o ’Y(d+ﬁ_2)
( A) w 5(d+ﬁ 2)7(d+67a)

for ho = —Io_o A — ) € L, ||holleo < cos™'. In turn,

‘$|6_a + hg

div (b)) = div(bY)) + We + hy + ho + ha,

where ||h;]|oo < c;s71, i = 1,2, 3. Since, by the choice of 3,

yd+B8-2), _.~ .
—B(d+ 8 —2)———F— x| "% + div(by) = 0,
( e (v9)
we have
(AE)*qp:lB(Osé)Wngvs, UE::lBC(Os%)WE+hO+h1+h2+h37

1

where, it is easily seen, ||ve]|oo < ¢’s71, as claimed.

Proposition 7.6. For every Ry > 0 there exist constants 0 < r < Ry < R such
that for allt > 0,
%wt(x) < e_tA*wthtyn () forallz € B(0,Roy), v #0,

where ry == rté, Ry = Rot%, R; = Rté, 1R, = 1B(0,R,) — 1B(0,r)-
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Proof. It suffices to prove that, for all g := ¢;h, 0 < h € S with sprt h C B(0, Ry ),

5(9) < (rontne™ ).

By the upper bound (Theorem 3.3),

(protie ™7 g) < Clpo,m)te. e “g)
< CCit™ % [1pr ¥t gl
= CC|1pmn¥ililgll,  [1pom¥ili — 0asr 0.
(Lpeo,r¥ee 07 g) < C(1pe(o raytbr, e g)
< Cle " 1pe0,r) 91B(0,Ro.))

<2C sup e_tAch(o,Rt)(x)ngl
z€B(0,Ro,t)

SC(R(),R)Hth C(RQ,R)%OaSR—RoTOO,

where at the last step we have used, for x € B(0,Ro+), y € B°(0,R;) and T =
Ry't~wxz e B(0,1), § = Rt~ ay e B(0,1),

™ (x,y) < kotlw —y| "
< kot|Rot= & — Rt=g| %
< Qkot_%(R - Ro)_d_aklﬂ_d_a.
It remains to apply Proposition 7.4 to obtain &(g) < (AR, r e b g). O
Proposition 7.7. We have (h) = (e """ h) for every h € L*, t > 0.
Proof. Proposition 7.7 follows from (k) = (e~*(*")"h) and Proposition 8.5. O

Proposition 7.8. For every Ry > 0 there exist constants 0 < r < Ry < R such
that for all t > 0,

<e Mg, ., (2) for allz € B(0,Roy),

N =

1 1 1
'LUheTE Tt ‘= T’t&, R07t = Rota 5 Rt = Rt&, 1Rt,,’f't, = ]-B(O,Rt) — ]‘B(Oﬂ‘t)'

Proof. We essentially repeat the proof of Proposition 7.6. It suffices to prove that,
for all 0 < h € S with sprth C B(0, Ro+),

1 o
§<h> < <1Rt,Tt€ A h>
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By the upper bound (Theorem 3.3),

(Lpo.re ™™ h) < C(Lp(o ¥, e h)
< CO1t™% |1 0.0y el 1210
=o(r)||h]|1, o(r) —0asr]O0;
(1peo,rne” ™ h) < C1peo ry e h)
< Cle”"Mpe(o,r,), M1B(0,R0.))

<C sup e_tAch(o,Rt)(x)Hh”l
x€B(0,Ro,t)

:C(RO;R)HhHh C(RmR)—)OaSR—RoTOO.
The last two estimates and Proposition 7.7 yield (k) < (1g, e " h). O

(3) We are in position to complete the proof of the lower bound using the so-

called 3¢ argument.
Set qi(w,y) = vy (x)e” " (2,y), z £ 0.

(a) Let z,y € B“’(O,té), x # y. Then, using that 1/);;1 > ﬁ, we have by
Corollary 7.2,

—3tA* ( —3tA (

z,y) > ce z,y).

a3t(w,y) > 1+ﬂ/26

Let r, = rti, R; = Rt% be as in Propositions 7.6 and 7.8, where we fix
Ry =1 (hence r < 1).
(b) Let 2 € B(0,t=), |y| > rté, x # y. By the reproduction property,
QoY) > i (@) (™™ (@, )0 (e ™™ (L y)Lrer ()
> 5t @)y (R (e (@, )i (De™™ (L 9) 1R, (1))

> 03 @07 (R Uilp)(@) | nf e ()

(we are applying Corollary 7.2, Proposition 7.6,
and using U H(Ry) = %ﬁ/?)

g (@)(@)e(r)  inf emM(z,y)

r<|z|<R¢

v
T 21+ 5/2
(we are using ¥y > o)
> Cre 24 (z,y).
(b') Let © € B(0,t=),|y| > ta, z # y. Arguing as in (b), we obtain

gz, y) > Coe ™ (z,y).
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(c) Let |z| > rt=, y € B(0,t%), z # y. We have

goe(,y) 2 Wy (@) (™™ (2, )e ™™ (L)L, ()

= w;tl ($)<e—t/\* ({E7 ')e_tA(yv ')lRt,Tt (>>

(we are using ;" > T}N? and applying Corollary 7.2)
1 _ _
> C(T)1+ﬁ/2 <6 tA(xa')e tA(yv')lRt,m('»

(we are applying (7.1))
> Ca(r)t(RE™ + )™ (e () Lror ()
(we are applying Proposition 7.8)
> C3(r)27't(Rt= + |z]) 747 > Cu(r)e 2 (z,y).

(¢/) Let |z| > ta, y € B(0,t=), z # y. Arguing as in (c), we obtain
Q3t($ay) 2 05(T)e_3tA(x7y)'

(d) Let z,y € B(0, té), x # y. By the reproduction property,

gae(w,y) = Y3t (@)(e™™ (@, )e >N (L) Lr,r, ()

(we are using (c))
> Cy(r)vg (@) (e ™™ (2, Yo (Ve > (,y)1r, ()
(we are using o > 2§@Dt and e~ 24 (z2,y) > c(r, R)fg >0
for ry < |z] < Ry, ly| < té)
> e(r, R)Ci25 0 (@)t (7 (2, )1 (Y1)
(we are applying Proposition 7.6 and using ¥; > s;)
> e(r, R)C42§gt_%
(we are applying (7.1))
> Cs(r, R)e > (z,y).

By (a), (b), (¢/), (d), gs¢(z,y) > Ce 34 (x,y) for all z,y € RY, & £y, © # 0,
and so

S (@,y) > Ce—stA($7y)¢3t(x), t > 0.

The lower bound is proved.
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§8. Construction of the semigroup e *A+, A, = (=A)Z —b-V in L",
1<r<oo

Set bs(l‘) = R|$|ga$, K> 07 ‘x|6 = \/mv € > 07
AS = (=A)% —b. -V, D(AS) =W = (14 (—A)3) L.

To prove that —A® = —A¢ is the generator of a holomorphic semigroup in L",
1 <r < oo, we appeal to the Hille perturbation theorem [Ka, Chap. IX, Sect. 2.2].
To verify its assumptions, we use a well-known estimate (4 = (—A)?)
V(C+A) @,y) < CReC+A) T (2,y), Re( >0, C=0(d.a)
(for the proof see e.g. [KM, App. A]). Then for Y = L",
_ _a-1 _a-1
162 - V(¢ + A) " Hlysy < Cllbellosl|(Re ¢+ A) 775 lyoy < Oflbeflo(Re Q)™

and so ||b.-V(¢+A)"Y|y_y, Re( > c., can be made arbitrarily small by selecting
c. sufficiently large. It follows that the Neumann series for

C+A) T =(C+ATTA+T), T:=—b-V((+A)"

converges in LP and C, and satisfies ||(¢ + A°)"Yyoy < C:|¢|7Y, Re¢ > c,
i.e. —AFf is the generator of a holomorphic semigroup.

The same argument (with Y = C,) shows that A® := (—=A)% — b - V, with
D(A®) = D((—A)a), generates a holomorphic semigroup in C,,.

To prove that these semigroups are positivity preserving, it suffices to consider
Y = L2. It is not difficult to verify that e~*A" are contractions in L? (see Propo-
sition 8.1 below). Thus, the required result will follow from the Phillips criterion:
e "N ReL? C Re L? (clear) and

(Au,uy) >0, ue€ D(A®) =W

t

where u, = u V 0. Indeed, since e~*4 is positivity preserving, (Au,u,) > 0. On

the other hand, taking into account that o > 1 and integrating by parts, we find

1
(=be - Vu,uy) = (b - Vuy,uy) = 5<011vb5,ui> >0
(recall divb. = k(d|z|7% — alz|7*72|z|?) > 0), so (A®u,uy) > 0, as needed.

Proposition 8.1. For every r € [1,00[ and ¢ > 0, e"**+ is a contraction Cy
semigroup in L". There exists a constant cy # cn(€) such that

e ™ |pmg < ent™5GT3) £ >0,

foralll <r <q<oo.
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In particular, there is a constant cs > 0, cg # cg(e) such that (A° = A3)

d
d—a’
Proof. First, let 1 < r < oo. Set u = u(t) = e f, f € L' N L>®, and write
A= (=A)%. Multiplying the equation d;u+ASu = 0 by @|u|"~2 and integrating in
the spatial variables, we obtain (taking into account that D(A%) = D(A,) C WhT)

Re(Au,u) > csllulls;, we DA%, j=

1 X
—0¢||ul|” + Re(Au, ulu|""2) — Re(b, - Vu, ulu|""2) = 0.
r
Note that, since —A is a Markov generator,
4 1
Re(A T3y > A2 |u| 2|2
e(Au,uful"2) > — || A ul% 3

(indeed, by [LS, Thm. 2.1] or by Theorem A.1, Re{Au, u|u|"~2) >
u? = ulu|27!, and by the Beurling-Deny theory ||A%u§\|% > ||A%|u|§||§) Inte-

gration by parts yields

r— K — a— d—a —a,, T
—Re(be - Vu,ulu]"7%) = ~((dle| " — ala] ") |ul") > 5 (2|2 ful") = 0.

Thus,

r
2

(8.1) = Olull; = *IIA u

From (8.1) we obtain |Ju()||, < [|f]l-, t > 0 and since L' N L* is dense in L",
e, < 1 as needed.
Since e A1 | L' N L™ = e " | L' N L", the latter clearly yields

le= 5 £l < Iflle,  f €L NL™.

Sending r 1 oo, we have [|e ™ f||oo < |[/f|loc, and sending = | 1, we have
e~y < 1
Let us prove the ultracontractivity of e~*A+. By (8.1),

1
—0|ull3r > [AZ |ul"3, 1 <7< oo,

4
(2ry

Using the Nash inequality HA h||3 > C'N||h|\2Jr d ||h||1 I and lu() - < 1|l we

have, setting v := ||ul|3",
N _2ra
(v 1) = allfllr
where ¢; = C N%ﬁ' Integrating this inequality yields

1 1

_tAS -5 de1_ 1
(*) e A lymar < e >t a2 >0,
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and so, by the semigroup property,
||67tAi||1—>27” < CNti(%(liﬁ)a t> Oa m > 17
where the constant ¢y # ¢y (m). Thus, sending m to infinity we arrive at

— € _d
lle tAT||1_>OO§cNt o t>0.

tAY in all L9, 1 < ¢ < oo yield via interpola-

The latter and the contractivity of e~
€ drl 1
tion the desired bound |le=**»]|,_, < ent @G >0, forall 1 < p < g < oo.
Finally, since D(A®) = D(A), we have, for u € D(A), Re(A%u,u) > |Azu|2 >

csllull3; (the last inequality is proved e.g. in [Zi, Sect. 2.8]).

O

§8.1. Cased >4

We will first provide an elementary argument that allows us to treat all d =
4,5,..., except the particularly important case d = 3.

Proposition 8.2. For every r € [1, 00| the limit

s-L”-lifol e (loc. uniformly in t > 0)
€.

exists and determines a contraction Cy semigroup on L", say e *r.

Foralll1 <r<qg< oo,
e_tAT r— < cNtig(%ii)v t> 07
I g
with ¢y from Proposition 8.1.
Proof. First, let r = 2. Set u®(t) == e "N f, f € C.
Claim 8.3. |[Vus(t)||2 < [V fll2, t > 0.

Proof. Denote u = u®, w = Vu, w; = V;u. Due to f € C2° and V'b. € C°NL>,
i=1,...,d,n > 1 we can and will differentiate the equation dyu + A°u = 0 in z;,
obtaining

Opw; + (—=A)2w; — b - Vw; — (Vibe) -w = 0.
Multiplying the latter by w;, integrating by parts and summing upin:=1,...,d
we have

d d d

1 a

SOl + D 1 (=2)Fwi|3 —Re Y (be - Vi, wi) —Re Y ((Vibe) - w,wi) =0,
i=1 i=1

i=1

K —a —a—
—Re(be - Vi, wi) = S {(dl2] " — afe]2* 2 ]*)wi, wi),

—((Vibe) - w,w;) = —r{|z|Z “w;, w;) + na<|x|ga_2miwi(x -w)).
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Thus,

(0% ROE

el 2 l?)

(Jl = wl?) +

d
]. o d_
Sllwld + 0 1-2) Fwil +
i=1

— Kz wl?) + ra(|z|70 2 e - wf?) = 0,

and so, since k > 0,

1 d—a—2, _

SOlwll3 + k———=(|z[Z%w[*) < 0.

2 2
Since d > 4, o < 2, we have d — o — 2 > 0. Thus, integrating in t, we obtain
lw(®)||3 < |Vf]I3, t > 0, as needed. O

Next, set u,, = u*", b, = b, , where ¢, | 0, and put
g(t) = un(t) —un(t), t>0.
Claim 8.4. We have ||g(t)||2 — 0 uniformly in t € [0,1] as n,m — .
Proof. We subtract the equations for u,, and u,, and obtain
Og+ (=A)2g—by-Vg— (by —bp) - Vi, =0,
(82)  50lgl3+ I(~2)7 gl ~ Re(by - V,6) — Re{(by — br) - Vet ) = 0.

Concerning the last two terms, we have

—Re(b, - Vyg,9) =

_ e d—«
<(d‘x|€ “ - OZ|£L"E “ 2|.’E‘2)g7g> > K 9

- (el lg1%),
[((bn = bm) - Vum, 9)| < [(1p(0,1)(bn — bim) - Vi, g)|
+ [(15(0,1)(bn = bm) - Vum, )|
(we are using ||g[loc < 2[|.f[loo; [lgll2 < 2[I.f[l2)
< [150,1) (b = bin) |2/ Vet |22 £
+ 1% 0,1)(bn = bm) loo [[Vum |22 £12
(we are using Claim 8.3)
< 1B0,1)(br. — b)) [12[|V f1122]] £l 0o
+ 115(0,1) (br = bm) o [V f1122]1 £ 112

— 0 as n,m — oo.

Thus, integrating (8.2) in ¢ and using the last two observations, we end the proof
of Claim 8.4. O
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By Claim 8.4, {e ?A™" f1o°, f € C%° is a Cauchy sequence in L>([0, 1], L?).
Set
(8.3) Tif = s-L*-lime """ f uniformly in 0 < ¢ < 1.
(Clearly, the limit does not depend on the choice of {£,} | 0.) Since e *A™" are

contractions in L2, we have ||T% f|l2 < || f]|2, t € [0,1]. Extending T% by continuity
to L%, we obtain that T} is strongly continuous. Furthermore,

Tif =lime ™" f in L2 forall feL? 0<t<1.
n

Finally, extending 7% to all ¢ > 0 using the reproduction property, we obtain a
contraction Cy semigroup T3 =: e Nt >0.
Now, let 1 < r < oo. Since e ™" is a contraction in L", we obtain, by

construction (8.3) of e7*Af, f € C°, appealing e.g. to Fatou’s lemma, that
le™™flr < W flley E20.

Thus, extending e~ ** by continuity to L", we can define contraction semigroups
Tt = [e7tA]¢los, . ¢t > 0. The strong continuity of 7 in L" is a consequence of
strong continuity of e~*A, contractivity of T, and Fatou’s lemma. Write T =:
e~ A Clearly,

— . — En
et = s L lime A+ , t>0.
n

The latter and Proposition 8.1 complete the proof of Proposition 8.2. O

§8.2. Cased =3

The proof of the next proposition works in all dimensions d > 3.

Proposition 8.5. For every r € [1,00[ the limit

s—Lr—liﬁ} e~ (loc. uniformly in t > 0)
1>
exists and determines a contraction Cy semigroup on L7, say, e **r. For all 1 <

r<q<oo,

with ¢y from Proposition 8.1.

Proof. Denote u®(t) = e~ A+ f, f € C°. For brevity, write u = v and w = Vu.
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Claim 8.6. For every r € |1, 00|,

t1 1
—I—Ozli/ (2|27 2|z - w|w|""2) dt < ;HVfH:, t; > 0.
0

In particular, for 1 <r <d— «a,

4 o [0 d
t)||l + —cgd™d Sdt < ||V ty >0, ji=—
o)+ esd ™8 [ ullzy e < VAL 0> 0, 5=
Proof. Set w; = V,;u. We differentiate 0;u + ASu = 0 in x;, obtaining the identity
dyw; + (—A)2w; — b, - Vw; — (Vibe) -w = 0,

which we multiply by @;|w|" 2, integrate in the spatial variables, and then sum
in 1 <17<d to obtain

1 [e3
“ollwll; + Re((—A)F w, wlw|?)

d d
—Re Z<b5 - Vw;, w;|w|""?) — Re Z((Vibg) “w, wiw|" ) = 0.
i=1 j
By Theorem A.1,
1 s
Re((—A) 2w, ww["7?) > WZII(—A)Z(W =)II3.
i=1
Next, integrating by parts, we obtain
¢ K
—Re) (b - Vi, wilw] %) = —((dlz| = afa| e f?)|w]")
i=1

d— « _
2K ([ [w]™),

and
d
Re » ((Vibe) - w,wilw|"2) = k(|z|7*w|") — arl|z|-* (2 - w)?[w|"?).

The first required inequality follows.
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Now, let 1 < r < d — . Note that

d d d

o r—2 r—2 i _9)4\ L
D =25 (wilw] 75 > e D lwilw] = |[5; = s > {ws|™ |w]"=27)5
i=1 i=1 =1

1

> cs (<w|(rz)j zd: |wz‘2j>> ’

i=1
(we use (Y30, [w[2)1/7 > (S0 w[2)d=1/7'
= Jwl*d 1)

> esd (] 7) ) = csd” T ]l
The second required inequality follows. O
Set u, = u°", b, :=b.,, where g, ] 0. Let g(t) = un(t) — um(t), t > 0.
Claim 8.7. We have ||g(t)||2 = 0 uniformly in t € [0,1] as n,m — oco.
Proof. We subtract the equations for u,, and t,:
Qg+ (—A)2g—b, - Vg— (b —bp) - Vg, = 0.

Multiplying the latter by g and integrating, we obtain

t1

t1
||9(t1)\|§+/ ||(—A)Zg||§dt—Re/ (br - Vg, g) dt
0 0
t1
—Re/ ((bp, = b)) - Vi, g)dt =0
0

for every t; > 0. Since

K _ e
—Re(bn - Vg, 9) = S ((d|z]-* — afz]* *|z1*)g, 9)
d—a _
> 2l loP),

we have

2 " a 2 d—a [ 2
lotel+ [ 18 ol +n 5 [ il o) e

(3.4) < [0 = b) - Tt
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Let us estimate the RHS of (8.4). Fix 1 < r < d — « (as in the second assertion of
Claim 8.6). Then

[((br = bin) - Vi, 9)| < [(1p(0,1)(bn — bin) - Vim, g)|
+ [{(1Be(0,1)(br. — bim) - Vi, g)|
(we apply estimates [|glloc < 2[[flloo; l9ll(rs) < 201fll(rs))
< LB0,1) (br = b )l (rogyr | Vtan |5 2] f [l
+ 1 15(0,1)(bn = bm)[loc Ve [l 2[ f | -

Clearly ||15¢(0,1)(brn —bim )||Oo -0 as n,m — oo. The same is true for ||1p(g,1)(bn —

b )|l (rj) since (rj) = —F d+a < =%5. Thus, in view of Claim 8.6,

t1
0
< (I B0,1) (bn = b )l rjy 1 f ll o
t1
180 (o — ba)lsollf 1y )2 / [Vt dt = 0

as n, m — o00. O]

Now, we argue as in the proof of Proposition 8.2 to obtain that for every
r € [1,00] the limit s-L"-lim, e *+" | ¢ > 0 exists and determines a contraction
Cy semigroup on L". It is easily seen that the limit does not depend on the choice
of &,.

The last assertion follows now from Proposition 8.1.

The proof of Proposition 8.5 is completed. O

§9. Construction of the semigroup e~ A+, A¥=(-A)2 +V:bin L7,
1<r<oo
Set (A®)f := (=A)% +V-be, D((A)}) = W*". By the Hille perturbation theorem,
—(A®)? is the generator of a holomorphic Cy semigroup in L (arguing as in Section

8; the argument there also shows that (A®)* = (=A)% + V - b., D((A%)*) =
D((—A)g, ) is the generator of a holomorphic semigroup in C.,).

—t(A)*

Proposition 9.1. For every r € [1,00[ and € > 0, e r is a contraction Cy

semigroup. For all1 <r < g < oo,
||€—t(AE)i||THq < cNf%(%*%)

with ¢y from Proposition 8.1.
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Proof. The semigroup e~ *A7)7 is constructed in L" repeating the argument in Sec-
tion 8. The ultracontractivity estimate for 1 < r < ¢ < oo follows from Proposition

8.1 by duality, and for all 1 <r < ¢ < oo upon taking limits r | 1, ¢ 1 co. O

Proposition 9.2. For every r € [1,00[ the limit

—tAL (loc. uniformly in t > 0)

s-L"-lime
el0
exists and determines a contraction Cy semigroup in L", say, e N Forall1 <
r<q< oo,

e |pmg < ent™ 2 G0 £ >0,

with ¢y from Proposition 8.1.
We have for 1 < r < oo,

(MO g) = (f.eT™Wg), >0, fe Ll = = geL.
r—
Proof. First, let » = 2. In view of Proposition 9.1, we can argue as in the proof
of [KSS, Prop. 10], appealing to the Rellich-Kondrashov theorem, to obtain the
following: for every sequence €, | 0 there exists a subsequence ¢, such that the
limit
(9.1) s-L2-lim e 7M7) (loc. uniformly in ¢ > 0)

exists and determines a Cy semigroup in L?2.
On the other hand, since

("™ fg) = (f.e "™ g), t>0, fgeL?

it follows from Proposition 8.5 that, for every g € L?, e A7) g converges weakly
in L? as € | 0. Thus, the limit in (9.1) does not depend on the choice of ¢, and
En-

For 1 <7 < oo, we repeat the argument at the end of the proof of Proposition
8.2, appealing to Proposition 9.1.

The ultracontractivity estimate now follows from Proposition 9.1.

The last assertion follows from the analogous property of e *Av, e t(A%)r,
€ > 0 and Propositions 8.5, 9.1. O
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Appendix A. L™ (vector) inequalities for
symmetric Markov generators

Let X be a set and p a o-finite measure on X. Let T = e %4, ¢ > 0 be a symmetric
Markov semigroup in L?(X, ). Let

T)=[T"1L*nL"],, .. t=>0,

a contraction Cy semigroup on L”, 7 € [1,00[. Put T} =: e~ *4r.

Theorem A.1. Let f; € D(A,) (1 < i < m), r € ]1,00[. Set f = (fi))"y,
foy = fIfI= . Then fi|f|= € D(A

coordinate-wise, we have

%) (1 <i<m) and, applying the operators

4 1 1 1 1
(1) W<A§f(7)7A§f('r)> < Re<Arf7f|f|ri2> < %(T)<A§f(7’)aA§f(7")>7

\/—Re@‘l oF LR,

(i) [T (A, f, fIFI"%)| < 5

»(r) = sup [(14—8%)(14-8%)(14-8%)_2], r = ,
s€]0,1] r—1

<A%f(7‘)7A%f Z

3

(Acf, F1F772) Z (Arfi, Fil 1772,

Theorem A.1 is a prompt but useful modification of [LS, Thm. 2.1] (corre-
sponding to the case m = 1): it allows us to control higher-order derivatives of
u(t) = e M f, A D (=A)3 —b-V, f € C in the proof of Proposition 8.5 (see
Claim 8.6 there).

For the sake of completeness, we included the detailed proof below.

(1) We will need the following claim:

Claim A.2. There exists a finitely additive measure p, on X x X, symmetric in
the sense that py(A x B) = puy(B x A) on any p-measurable sets of finite measure
A and B, and satisfying

(T'f,g) = /X S@a@ dim(r.y) (g€ L OL)

In order to justify the claim, let us introduce the space L> = L>(X, M,,),
i.e. the Banach space of all bounded p-measurable (= M,,-measurable) functions,
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endowed with the norm || f|| := sup{|f(z)| | « € X}. Here M,, is the o-algebra of
p-measurable sets.

Let N> = N'*°(X, M,,) be the set of all y-negligible functions, so that L> =
L% /N°°. Denoting by 7: f — f the canonical mapping of £ onto L*>, we can
identify L* with m(L£>°). Since p is o-finite, there exists a lifting p: L>® — L, a
linear multiplicative positivity-preserving map such that

p(lg) =1¢ for all G € M, with pu(G) < occ.

Given t > 0 define T},: £L> — L> by

Ty f = p(T f),
and so Tft, is a positivity-preserving semigroup, and
(T,f.9)=(T"f.9) (f.geL>nL").
The following set function is associated with the semigroup 77 :
P(t,z,G) = (Tilg)(x) (t>0, z€ X, GeM,).
This function satisfies the following evident properties:
(1) P(t,z,G) (G € M,,) is finitely additive.

@) P(t,, X) < 1.
(3) [ fy)P(t,-,dy) exists and equals T.f(-) (f € L>).

Set by definition

p(axB) = [ PlsB)duw) (4.8 €M),
A

The claimed symmetry of p; is a direct consequence of the self-adjointness of
T* and the fact that we can identify 7% 1¢ and T*1¢ for every G € M,, of finite
measure.

(2) We are in position to complete the proof of Theorem A.1.

Proof of Theorem A.1. We are going to establish the following inequalities: for all
ferL,

(A1) = (1= T) o fi) < Rel(1 = TS F1172) < )0 = T iy S,
(A2 (= TR < ) Rel(1 = TS AU,
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Then the required estimates will follow from the definitions of A, and Az, Indeed,
for f € D(A,),

1
s-L"- liﬁjl E(l —T!) f exists and equals A, f.
t
On the other hand, e.g. by the spectral theorem for self-adjoint operators,

I3l (1= THo,) = talgl, g € Dlta),

where ty]g] == (A2g,A2g), D(t4) = D(Az), and

D(ta) = {g € L? | sup,~( +((1 — T3)g.g) < oo}.

It is now clear that (A.1), (A.2) yield (i) and (ii).
First, let f € L' N L>™ with sprt f C G, G € M,,, u(G) < co. Using Claim
A.2, we have

(T 5, SUIP2) = ST A AT+ ST AT 2)

:1/[()(Nﬂﬂ“ﬂJ@%ﬂMKM“TMMW%

(T oy ) = 5 [ For(a) - o ) i) + 5 [ Fin@) - fioy(w) (),
<T1G7|f‘ >:<1G?Tf|f| >
SO + 3 (160 [P )

=5 [W@I + 1@ duter),
712 = (T2, 1) + (L= T'16). 117,
Setting s == |f(2)|, = |f(y)|, B == % b= Ref, a := Im 3, we obtain
(1= TYL T = (=T L) 1) + 5 [157 40 = st = 315 s,
Raaffwﬁﬂﬂ“%:wu—Tﬁ@Aﬂw+§/ﬁr+rfMd“¢+m“wwm,
(1= T fi) = (1= T2 T + 5 [ 157 +07 = 20(s0) ] s,
(1= T 157 = 5 [ alel™ =157 ) dp.
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Now we employ the following elementary inequalities: for all s,¢ € [0, 0],
€[l,00[, be[-1,1],

4 r X . ) ) r
— (8" 1" = 2b(st)2) < 8" At —b(st" 415" < se(r)(s” 4+ 17 — 2b(st)2)

rr’
(Lemma A.4(13),(I5) below),

Ir—2|

2vr—1
(Lemma A.4(l4) below). We obtain (A.1), (A.2) but for f € L' N L> with sprt f €
G, p(G) < .

To end the proof, we note that u is a o-finite measure, and so we can first
get rid of the condition “sprt f € G, u(G) < o0”, and then, using the truncated

la] |st™t —ts"H <

[+t —V1I—a2(st" " +ts" )], ae€[-1,1]

functions
if |g| < n,
9n = g |g|_ n=12,...
0 if|g| > n,
and the dominated convergence theorem, get rid of “f € L' N L>". O

For the sake of completeness, we also include the following result concerning
the scalar case.

Theorem A.3. If0 < f € D(A,), then
4 1 .r r— 1l .r
(iii) W||A2f2||§ S{Af ) < Az fR.
If f € D(A)N L™, then f,) = |f|2sgn f € D(A2), r € [2,00[ and

4 1 :
(i) W||A§f(r)”§ < Re(Af, |f|r_1 sgn f) < %(T)||A§f(r)”§7 sgn f 1= §|

If0< f € D(A)N L, then f5 € D(A%), r € [2,00] and

4 1l . r— 1l .r
(i) LALFE < (Ar £ < Ak FEE
Proof. Following closely the proof of Theorem A.1, we obtain

AT £ < (=T Y < (- TYFE F5) (fe L),

rr!

which yields the required. O

In the proofs of Theorems A.1 and A.3 we use the following lemma:
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Lemma A.4. Let s,t € [0,00[, 7 € [1,00[ and b € [-1,1]. Then

() (Bt < (s—t)(s7 =) < (s5 — £h)2,
rr

(t2) (55452 < (s+ )" +1770) < elr)(s% + )2,
4 .

() (5Tt 2D(st)B) < 8T+ b(st" 157,

—2
(14) |b] |st"~ —ts" ] < 2'\/4 [s" 4+t — 1 —b2(st™ ' +ts" )],

(I5) S" At 4 b(stTT 415" < se(r) (8" H £ + 2b(st)2).
Proof.

e The RHS of (I;) and the LHS of (I3) are consequences of the inequality
2al |B] < a? + 32

The RHS of (I3) follows from the definition of »(r).

The LHS of (I;) follows from

4 - r s, 2 s 8
— (82 —t2)? = (/ 2271 dz) §/ dz-/ 272 dz.
r t t t

(I3) is a consequence of the LHS of (I1).
To derive (I4) set

Ir —2|
2v/r —1

and note that A% + B2 < C? = |Ab| + |BV1 —b%| < C.
The inequality A? + B2 < C? follows from

r = 2|

A=st""t—ts"1, B= =
2v/r—1

(st™ 1 +ts™1, (s" +t"),

r—1 r—1\2 r—2\?2 r 7\2
_ < _
(%) (st ts"7 ) < ( " ) (s" —1t")
and the LHS’s of (I;) and (I2).
Setting v = s/t, (%) takes the form

2|

0"t — 0| < LW" —1].

All possible cases are reduced to the case where v > 1 and r > 2.

fr2 r—1 __ <7‘72r r—2

v > 1, then the inequality v is self-evident. If
1<v<r2,weseti/)()—rr2vr— v o — andnotethatdw()
by Young’s inequality.
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e Finally, (I5) follows from the RHS of (l3) and the following elementary in-
equality:

A+bB < A+ B
A+0C ~ A+C

where we take A = s" + 1", B = st""! 45771 C = 2(st)3. O

(b € [-1,1]), provided that A > C and B > C > 0,

Appendix B. Extrapolation theorem

Theorem B.1 (T. Coulhon-Y. Raynaud [VSC, Props. 11.2.1, 11.2.2]). Let U"*:
LN L>® — L' + L be a two-parameter evolution family of operators:

Ubs =UbU™, 0<s<7<t<oo.
Suppose that, for some 1 <p<qg<r<oo, v >0, My, and Ms, the inequalities
[ fllp < Ml fll, and U fll, < Ma(t —5)"" [ f]q
are valid for all (t,s) and f € L' N L>. Then
U5l < Mt = 8)~ DI £,

972 gnd M = 2”/(1_5)2M1M21/(175).

r
qr—

where 3 =

=

Proof. Set 2ty =t + s. The hypotheses and Hoélder’s inequality imply
U fllr < Ma(t — t5) 7| U fllq
< Ma(t — o)~V ([U f 7| U fIl, 7
< MoMy~P(E—t) U FI2 £,

and hence
v — s — v — v — 5,8 B
(t=s)"/ DU £, /|| Il < Moy P2/ OB (=) OB Ut= £, /11 £l,]"

Setting Ror = sup,_ejo,11[(t — s)// =B U f]|,./|I f|lp], we obtain from the last
inequality that Ror < M'=#(R7)%. But Ry < Rar, and so Ror < M. O

Appendix C. The range of an accretive operator

In the proof of Theorem 3.1 we use the following well-known result.

Let P be a closed operator on L! such that Re((\ + P)f, %) > 0 for all
f € D(P), and R(; + P) is dense in L' for some ;1 > .

Then R(u+ P) = L'.



390 D. KINZEBULATOV AND YU. A. SEMENOV

Indeed, let y, € R(u+ P), n = 1,2,..., be a Cauchy sequence in L'; y,, =
(4 + P)xn, x, € D(P). Write [f, g] == (f, ‘;%Q. Then

(1= Mllzn =2zl = (1 =N [20 = Tm, 20 — ]
(n—2N) [a:n — Ton, Ty — xm} + [()\ + P)(xp — ), Ty — :Cm]
[(ﬂ+ P)(@n — Tm), Tn — xm] < yn = Ymlli-

IN

Thus, {z,} is itself a Cauchy sequence in L. Since P is closed, the result follows.
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