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Enhanced Nearby and Vanishing Cycles in
Dimension One and Fourier Transform

by

Andrea D’AGNOLO and Masaki KASHIWARA

Abstract

Enhanced ind-sheaves provide a suitable framework for the irregular Riemann-Hilbert
correspondence. In this paper, we give some precision on nearby and vanishing cycles
for enhanced perverse objects in dimension one. As an application, we give a topological
proof of the following fact. Let M be a holonomic algebraic D-module on the affine line,
and denote by "M its Fourier-Laplace transform. For a point a on the affine line, denote
by £, the corresponding linear function on the dual affine line. Then the vanishing cycles
of M at a are isomorphic to the graded component of degree ¢, of the Stokes filtration
of "M at infinity.
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§1. Introduction
8§1.1. Local description of perverse sheaves

Let X be a smooth complex curve and F' a perverse sheaf on X. Recall that, near
a singularity @ € X, F' admits a quiver description in terms of its nearby and
vanishing cycles ¥, (F') and ®,(F). Let S, X and SfX be the circles of tangent
and cotangent directions at a, respectively. Using the canonical and variation maps
U, (F) # ®,(F) , one may upgrade the vector spaces ¥, (F) and ®,(F) to
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local systems on S, X and S} X, with monodromies 1 —wvc and 1 — cv, respectively.
Then one has

Uo(F) = vP) (F),  ®a(F) = ) (F)]1],

where V?{’g and ;L?Zh} denote the traces on S, X and S*X of Sato’s specialization
{4y and microlocalization j 4y functors, respectively.

§1.2. Real oriented blowup

Let X' be the real oriented blowup of X with center a, and consider the natural
embeddings

(1.1) SuXCty X Ox\ {a} s X

Recall that one has

VPL(F) =i ' Rj.j; ' F,

where i1, Rj,, and j; ! denote the external operations for sheaves.

§1.3. Stokes filtration, de Rham side

Let M be a (not necessarily regular) holonomic Dx-module, let a € X be one of
its singularities, and let F' := DR(M) be its de Rham complex, which is a perverse
sheaf. If M is regular, the classical Riemann—Hilbert correspondence implies that
M can be reconstructed near a from the quiver description of F'. If M is irregular,
a result by Deligne and Malgrange (see [7]) implies that M can be reconstructed
near a by further considering the so-called Stokes filtration® W3*(F, M) of ¥, (F),
indexed by Puiseux germs, defined as follows. Let (a, 0, f) be a Puiseux germ, that
is, a holomorphic function f on a small sector around § € S, X, which admits a
Puiseux series expansion at a. For (a, 6, g) another germ, the order relation g <, f
means that Re(g — f) is bounded from above on a small sector around 6. Then an
element u of the stalk (U (F, M))g is a section of the de Rham complex of M in
a sectorial neighborhood of 6 such that e~fu has tempered growth at a. It turns
out that the graded component W/ (F, M) is a locally constant sheaf on S, X.

§1.4. Riemann—Hilbert correspondence

In [2] we established an extension of the classical Riemann—Hilbert correspondence
to the irregular case, in the framework of enhanced ind-sheaves, which has the ad-
vantage of working in any dimension. More precisely, there is a quasi-commutative

1The Stokes filtration depends on M, and not only on F.



ENHANCED NEARBY AND VANISHING CYCLES 545

diagram

Mod, (Dx) — 22— Perv(Cy)

Modyo (Px) D—NRE> E-Perv(ICy).

Here, ¢ embeds regular holonomic D-modules into holonomic D-modules which

2

are not necessarily regular, et embeds perverse sheaves into enhanced ones® (see

Definition 3.4), and DR is an enhancement? of the de Rham functor DR.

§1.5. Translation to the Betti side

In [3, §6.2] we described the Stokes filtration W=*(F, M) in terms of the en-
hanced de Rham complex DR¥(M). Here, using enhanced specialization and
microlocalization from [5], and making more explicit use of the sheafification func-
tor discussed in [6], we propose a description of the Stokes filtration which sheds
some light on the geometry underlying these constructions. We also discuss a tem-
pered version of the vanishing cycles ®,(F) as follows.

§1.6. Sheafification of enhanced ind-sheaves

Let k be a field, and consider the natural embedding
er: DP(kx) & DP(Tky) 5 EP(Tky)

of sheaves into ind-sheaves into enhanced ind-sheaves. Recall that et has a left
quasi-inverse sh called the sheafification functor. We say that an enhanced ind-
sheaf K is of sheaf type if it lies in the essential image of e«.

§1.7. Stokes filtration, Betti side

Let K € E-Perv(Ikx), and let a € X be a singularity of K. The nearby and
vanishing cycles of K are defined as follows. Consider the bordered analogue of

(L1),

Se X X1 L (X \ {a}) s X,

2This refers to the present case of dimension one. In higher dimensions there is still no
explicit description of the category of perverse enhanced sheaves. See however [14, 15], where
such a category is described via a curve test.

3As DRE is only briefly mentioned in this paper, we do not recall its definition, referring
instead to [2].
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where (X \ {a})c denotes the bordered space (X \ {a}, X). We set

U (K) = v (sh(K)
~ i 'Ry.j; ' sh(K)

~ i~ 'Ry, sh(Ej, ' K),

UI(K) =i sh(EjEj, ' K),

UO(K) = sh(Ei 'Ej,Ej, 'K)

~ sh(EvP) (K)).

Here, Ei~!, Ej., and Ej,! denote the external operations for enhanced ind-
sheaves, and Evy,) is the natural enhancement of Sato’s specialization. Further,
for (a,0, f) a Puiseux germ, locally at 6 set

UK = W3O (K(f)),

a

where K (f) is the twist of K by an enhanced ind-sheaf which encodes the expo-
nential growth e/ (see Definition 4.1). Finally, set

o (K) = p2 (sh(F))]L],

O (K) = sh(Ep (K)[1),
where Ejiqy is the natural enhancement of Sato’s microlocalization.

As it turns out, Evg,y (K) and Epgqy (K) are of sheaf type.
§1.8. Compatibility with Riemann—Hilbert
If k = C, and K = DR¥(M) is the enhanced de Rham complex of a holonomic
Dx-module M then, setting F' := DR(M) =~ sh(K), one has by definition
U (K) =V, (F), O,(K)~=d,(F).

Moreover, one has

TS (K) ~ US*(F, M), Ve(K) ~ U (F,M).

Also note that ®%(K) ~ ®,(F) only if M is regular.
§1.9. Formal decomposition

Recall that an exponential factor at a of a holonomic Dx-module M is a Puiseux
germ (a, 0, f) where the Stokes filtration W3*(F, M) jumps. Assume for simplic-
ity that the exponential factors of M are unramified, so that f is a germ of
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meromorphic function with a pole at a. Let Nj % be a set of representatives of
the exponential factors of M, modulo bounded functions. We can assume that if
f € N;%is bounded, then f = 0.

For f unbounded, let £/ be the germ of a Dx-module at a associated with
the meromorphic connection d + df. Set £Y = Ox. The Hukuara-Levelt-Turrittin
decomposition theorem asserts that

Ml;ormal ~ @ (,Cf ®D g—f)l;ormal.

0
fENy

Here, MPmal i the formal D-module at a associated with M, ®P is the inner
product for Dx-modules, and Ly is a regular holonomic Dx-module.
Set K = DR®(M) and L; = DR(Ly). Then we have

h h
Evia(K) = e(vay(Lo)), BV (K(f)) = e(Vhy (Ly)).
§1.10. Fourier—Laplace and the stationary phase

We give an application of the above constructions to the study of the Fourier—
Laplace transform in dimension one.

Let V be a one-dimensional complex vector space, and V* the dual vector
space. Set Voo = (V,P), where P = V U {o0} is the projective compactification,
and similarly define V7 and P*.

Let K € E-Perv(ILky_ ), and set “K := " K[1]. (Here, the shift ensures compat-
ibility with the Riemann-Hilbert correspondence.) Assume that “K is an enhanced
perverse ind-sheaf on V*_. For a € P, let (a,8, f) be a Puiseux germ on P such that
f is unbounded and not linear (modulo bounded functions). Then its Legendre
transform (b, n, g) is a Puiseux germ on P* of the same kind. The stationary phase
formula states that there is an isomorphism

(1.2) (U5 (“K))y = (T](K))o-
This is a classical result for holonomic D-modules, and we gave a proof for enhanced
ind-sheaves in [3].

§1.11. Fourier—Laplace and linear Puiseux germs

Here we consider the case of linear Puiseux germs, excluded from (1.2), which
goes as follows. For a € V, denote by ¢, the corresponding linear function on V*.
Consider the natural identifications SooP* ~ S;V and S;V* ~ S P, for b € V*.
Then there are isomorphisms

(1.3) Ve (MK) > 2(K),  @p("K) = r U (K),

where r is the antipodal map.
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Our proof of (1.3) proceeds as follows. The second isomorphism is obtained
from the first one by interchanging V and V*, and replacing K by K. After
translation from a to 0, the first isomorphism reads

0 (“K) ~ ®Y(K).
By definition, this is implied by the isomorphism

EvsPh

P (MK ~ Epfh ().

{0}
We prove the above isomorphism using the so-called smash functor of [1, §6], in
its enhanced version from [5, §6].

§1.12. Literature

Concerning related literature, the D-module counterpart of (1.3) is proved in [12]
when k = C and K = DR¥(M) is the enhanced de Rham complex of a holo-
nomic algebraic Dy-module M which is regular at finite distance, and has only
linear exponential factors at infinity. Note that, in this case, "M satisfies the same
conditions.

In the framework of enhanced ind-sheaves, a proof of (1.3) is given in [1], in
the case where K = ei(F), for F a perverse sheaf! on V.

See [13] for a recent thorough treatment of the Fourier—Laplace transform of
holonomic algebraic D-modules on the affine line.

§1.13. Contents

The contents of this paper are as follows.

After recalling some notation in Section 2, we recall in Section 3 the notion
of a perverse enhanced ind-sheaf on a complex analytic curve. For such a perverse
object, we show that its specialization and microlocalization are perverse sheaves
in the classical sense.

In Section 4 we discuss nearby and vanishing cycles along the lines presented
in Section 1.7 above.

In Section 5 we apply our constructions to the Fourier—Laplace transform in
dimension one. In particular, we give a proof of (1.3).

Finally, we present in the appendix an alternative description of vanishing
cycles in terms of blow-up transforms. In this setting, both nearby and vanishing
cycles are realized on the circle of normal directions S, X.

4For F = DR(M), this means that M is regular everywhere, including at infinity.
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§2. Review on enhanced ind-sheaves

We recall here some notions and results, mainly to fix notation, referring to the
literature for details. In particular, we refer to [9] for sheaves, to [16] (see also
[8, 4]) for enhanced sheaves, to [10] for ind-sheaves, to [2] (see also [11, 4, 6]) for
bordered spaces and enhanced ind-sheaves, and to [5] for enhanced specialization
and microlocalization.

In this paper, k denotes a base field.

§2.1. Ind-sheaves and bordered spaces

A good space is a topological space which is Hausdorff, locally compact, countable
at infinity, and has finite soft dimension. Let M be a good space.

Denote by Mod(kj,) the category of sheaves of k-vector spaces on M, and by
DP(kjy) its bounded derived category. For f: M — N a morphism of good spaces,
denote by ®, f~, Rfi and RHom , Rf., f' the six operations. Denote by D, the
Verdier dual.

For S C M locally closed, we denote by kg the extension by zero to M of the
constant sheaf on S with stalk k.

A bordered space is a pair M = (M,C) with M an open subset of a good
space C. We set M= M and M:=C. A morphism f: M — N of bordered spaces
is a morphism f M — N of good spaces such that the prOJectlon Ff & M is
proper. Here, T’ ¢ denotes the closure in M x N of the graph I'y of f The morphism
f is called semi-proper if the projection I‘f N s proper.

By definition, a subset Z of M is a subset of M. We say that Z is relatively
compact in M if it is contained in a compact subset of M. For Z ¢ M locally closed,
we set Zo, = (Z,7Z) where Z is the closure of Z in M.

Let Mod.(km) C Mod(kg) be the full subcategory of sheaves on M whose
support is relatively compact in M. We denote by Mod(Ikm) the category of ind-
sheaves on M, that is, the category of ind-objects with values in Mod.(km). We
denote by DP(Ikpy) the bounded derived category of ind-sheaves of k-vector spaces
on M, and by ®, f=*, Rfn and RZhom, Rf,, f' the six operations.

We denote by uym: D"(kg) — D”(Iky) the natural embedding, by an its left
adjoint, and we set RHom = aqyRZhom . For F € Db(k,\c;l)7 we often write simply
F instead of ¢ F in order to make notation less heavy.

Recall that ¢ commutes with R f o f —! and J? ' but it does not commute in
general with R f n- If f is semi-proper, then

(2.1) LNRfO! ~ Rf”LM.
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§2.2. Enhanced ind-sheaves

Denote by ¢t € R the coordinate on the affine line, consider the two-point com-
pactification R := RU{—o00, +oc}, and set Ry, := (R, R). For M a bordered space,
consider the projection
™: M X Ry — M.

Denote by EP(Ikm) = DP(Ikmxr..)/my DP(Ikm) the bounded derived category
of enhanced ind-sheaves of k-vector spaces on M. Denote by Qum: D?(Tkyxr. ) —
EP(Iky) the quotient functor. Recall that there is a natural splitting EP(Ikpy) ~
E (Ikm) @ E" (Ikw). .

For f: M — N a morphism of bordered spaces, denote by ®, Ef =%, Ef,, and
RZhom™, Ef,, Ef' the six operations. Recall that the external operations are
induced via Q by the corresponding operations for ind-sheaves with respect to the
morphism fg == f x idg__. Denote by DE the Verdier dual. Denote by RHom® the
hom functor taking values in D (kg,).

One sets

ki = Qu(“lim” ki),

c—+oo
writing for short {¢t > ¢} = {(«,t) € MxR; ¢ > c}.
There are embeddings

ey DP(Ikm) — ER (Ikm), F — Quk{siso) ® my' F,
Jr
em: DP(Ikm) — Eb (Ikm), F i ky @my'F ~ky @ e (F).
Recall that e commutes with Rfyy, =1, and f', but it does not commute in general

with Rf.
The functor ey has as a left quasi-inverse the sheafification functor

shw: EY (Tkm) — DP(kg), K — RHom"(ky, K).

We call shy(K) the sheaf associated with K. We say that K € E% (Iky) is of sheaf
type if it is in the essential image of epmen. This is a local property® on M. The full
subcategory of EH(IkM) consisting of objects of sheaf type is closed by extensions,
and equivalent to D" (kg).

For U C M an open subset, and ¢: Uy, — Ry, a morphism of bordered spaces,
we set N
(2:2) Efm = Qukitro@zoy, By = ky @ Edim>
writing for short {t + p(z) = 0} = {(x,t) € U x R; t + p(x) > 0}.

5A property is local on M if any = € M has an open neighborhood V' C M such that the
property holds on the associated bordered space (V N I\O/I)Oo
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§2.3. Specialization and microlocalization

Let N be a smooth manifold, V' — N an R-vector bundle, and SV its fiberwise
sphere compactification given by SV := ((R x V) \ ({0} x N))/RZ,. Set Voo =
(V,SV). Let V* — N be the dual bundle.

The enhanced Fourier—Sato transforms

(x)": E} (Iky, ) > E Tky» ),

(Rion@(
L(x): Eb (kv ) — Eb (Tky= )

are the integral transforms with kernel, respectively,

(v,w)

Fi= v Kiwmw<oy L =EL 0 vave)s

Here,® El()]RX Yoo (Iky: ) is the full triangulated subcategory of E} (Iky. ) whose
objects are conic for the natural action of the group object (RZ;)oo. Recall that
L(x) and (%) agree on conic objects.

Let M be a smooth manifold, N C M a submanifold, and denote by
TnM —— N «Z— T} N

the normal and conormal bundles. Consider the normal deformation p,q: M}{,d —
M with center N, and the associated commutative diagram of bordered spaces

A,

NC

where (M) is the bordered compactification of pag, and 2 := s, (R). Sato’s
specialization and microlocalization functors have natural enhancements

Evy: (IkN)%E(RX) (Ik(ry o)
Eun: ER (Iky) — ERX o Tk )s

defined by
Evy(K) = Ei § Ejna.Epg ' K,
Eun(K) ="Evn(K) ~ Evy (K)".
6What we denote here by EP (Ikyy ) corresponds to Eb 2 (Ikyz )N EP (Tkyy ) in
the notation of [5]. (RZ0)o0 ®Z0)o0
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Denoting by Tnx M the complement of the zero section, and setting Sy M =
TnM/R%,, consider the natural morphisms

(TNM) oo +2— (T M) o —— Sy M .
We set
Eyﬁ\‘;h = E’y*Eu_lEVN,

so that Eu~'Evy ~ E’yilEl/]S\‘;h We similarly define E;f’ph.
Consider the real oriented blowup pyp: M]r\t,’ — M with center N, and the
associated commutative diagram of bordered spaces

SN My M1 2 O(M\ N)o

S Y

N M.
One has an associated functor
EvR: B (Tky) — ER (Tksyar), K = Ei'Ejw,Ejy' K.
Note that one has

(2.4) EvPh ~ B
§2.4. Constructibility

Let M be a subanalytic bordered space.

We denote by DR (km) the full triangulated bubcategory of DP(kg) WhObe
objects F are such that Rjm, F' is R-constructible in M. Here, jyu: M — M is
the natural morphism.

We denote by ER __(Ikw) the full triangulated subcategory of E} (Iky) whose
objects K satisfy the following property. For any open relatively compact sub-
analﬂytw subset U C M there exists F' € D} _(kmxg., ) such that 77 'ky @ K ~
ky @ QuF.

§3. Enhanced perverse ind-sheaves on a curve
In this section we let X be a smooth complex curve.

§3.1. Normal form

Consider the real oriented blowup X! of X with center a € X as in (2.3), and the
associated natural morphisms

(3.1) S Xt X T O(X\ {a))u 2 X,

where we write for short i = i, j = jib, and j, = j{a}-
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A sectorial neighborhood of 6 € S, X is an open subset U C X \ {a} such that
S,X Uj(U) is a neighborhood of § in X'. We write U 3 6 to indicate that U is a
sectorial neighborhood of 6. We say that U C X \ {a} is a sectorial neighborhood
of Z C S, X, and we write U D Z if U is a sectorial neighborhood of each 6 € Z.

The sheaf Pg, x of Puiseuz germs on S, X is the subsheaf of i~1j,j, 'Ox
whose stalk at 8 € S, M consists of holomorphic functions on small sectors V 3 0
admitting a Puiseux expansion at a. We denote by Pg,x the quotient of Pg, x
modulo bounded functions, and we denote by [f] € Ps, x the equivalence class of
f€Ps.x-

For f #0, we set ord, (f) = —no/m if f has a Puiseux expansion )
with ¢,, # 0, where n,ng € Z, m € Zso, and 2, is a local coordinate at a with
zq(a) = 0. We set ord,(0) = —oo. Note that f is bounded if and only if ord, (f) < 0.

n>ne Cn?a

Definition 3.1. One says that K € ER__(Ikx) has normal form at 6 € S, X if
there exist a finite subset @9 C Pg, x,0 and integers ng(f) € Zso for f € Py such
that
(3.2) T 'ky, 9 K ~ @ Byl

fEPy
for some Vp 3 6. (Recall that E‘Fi:l_]; was defined in (2.2).) One says that K has
normal form at I C S, X if it has normal form at any 6 € I. One says that K has
normal form at a if it has normal form at S, X.

If K has normal form at a connected open subset I C S, X, and f € Pg, x(I),
the number
N(M= > neh)
he®g,[f]=[h]
is finite, does not depend on the choice of 6 € I, and only depends on the class [f]
of f. If N([f]) > 0, one says that [f] is an exponential factor of K, and N([f]) is
called its multiplicity.

Proposition 3.2. Let K € Eﬁ_c(lkx) have normal form at I C S,X. Then
Eyf{z}(K)h is of sheaf type. More precisely, Eyf{z}(K)h ~ei(L) for L € Mod(ky)
a local system of rank N([0]).

Proof. The statement is a local problem on 1.

Let 6 € I. Since K has normal form at 6, there is an open neighborhood Iy > 6
such that (3.2) holds with Vy D Iy. Thus, we can reduce to the case K ~ ]E‘P;:l}}([l]
for h € Pg,x(Ip). By definition of EV}LZ}, it is then enough to check that

k;) if ord,(h) <0,
Ei 'EjEj; ‘B, ~ cu(ker,) if orda(n)
* o if ord, (h) > 0.
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The statement is clear if ord,(h) < 0. If ord,(h) > 0, after a change of variable
z

and a ramification we can assume that h(z) = z; . Hence, one concludes using

Lemma 3.3. O

Lemma 3.3. Let M = R3¢ x R with coordinates (p,s). Set U = {p >0}, N =
{p =0}, and consider the embeddings N < M < U.,. Then one has

(3.3) B/ =~ EAEI T E oy
(3.4) i~ BB Ey 0,
(3.5) ShM(]E;]/ﬁw) ~ K{p>03u{s<o}-
Proof.

(i) One has

ESU/\?VI = QuK{p>0,t+s/p>0}
= QumK{p>0,54pt>0)5
EjBj T Eg), ~ QuiRinadi Kips0.54pr50)
~ Quk{p>0,54pt20}-
Consider the distinguished triangle

+1
K{p>0,54pt20} = K{p>0,54pt201 = K{p=0,s30y — -

Since Qarkgp—o,s>03 = 0, (3.3) follows.
(ii) (3.4) is implied by (3.3), since EiilESl'J/l‘& ~ QNiﬂglk{pw’S_,_pt)O} ~ 0.
(iii) By [6, Cor. 3.7], denoting by LF the left adjoint to Q, one has

shar(Eyff,) ~ R, LEE/,

~ R K (50,54 pt>0

~ Dy Rm DasxrKip>0,s4pt 0}

~ (DyRmkp>0,54pt>0}) [—3)]

~ (Darkyp>01ufs>01)[—2]

~ K(p503ufs<0}- =

§3.2. Perversity

For a € X, let i,: {a} — X be the embedding. Recall that F € DR (kx) is
perverse if and only if there exists a discrete subset > C X such that



ENHANCED NEARBY AND VANISHING CYCLES 555

(a) H" i 'F =0 for any n > 0 and a € ¥;
(b) H™i) F =0 for any n < 0 and a € %;
(c) Flx\x ~ L[1], for L € Mod(kx\x) a local system of finite rank.

Denote by Perv(ky) C DB (kx) the full triangulated subcategory of perverse
sheaves.

Definition 3.4.

(i) We say that K € ER__(Iky) is C-constructible if there exists a discrete subset
> C X such that
(a) for any n € Z, H"(K)|x\s =~ et(L,) for a local system L, on X \ ¥ of
finite rank;
(b) for any n € Z, H"(K) has normal form at any a € X.
Denote by ER (Ikyx) C ER .(Ikx) the full triangulated subcategory of C-
constructible enhanced ind-sheaves.
(ii) We say that K € ER__(Ikx) is an enhanced perverse ind-sheaf if there exists
a discrete subset ¥ C X such that
(a) H"Eij;'K =0 for any n > 0 and a € 3;
(b) H"Ei!K =0 for any n < 0 and a € 3;
(c) K|x\s ~ et(L[1]), for L € Mod(kx\x) a local system of finite rank;
(d) H7}(K) has normal form at any a € X.
Denote by E-Perv(Iky) C E2 (Iky) the full subcategory of enhanced per-
verse ind-sheaves.

Lemma 3.5. The functor ev:DP(kx)— E} (Ikx)sends Perv(kx ) to E-Perv(Ikx),
and the functor sh: E} (Ikx) — DP(kx) sends E-Perv(Ikx) to Perv(kx).

Proof. The first statement is clear from the definitions. The second statement
follows using Lemma 3.3. O

Note that E-Perv(Ikx) is an abelian subcategory of the quasi-abelian heart
/2R .(Ikx) for the middle perversity ¢-structure introduced in [4]. Note also that,
using [3, Prop. 4.1.2] (see also [14, 15]), one has the following theorem:

Theorem 3.6. The enhanced de Rham functor induces an equivalence between
E-Perv(ICx) and the category of holonomic Dx -modules.

Proposition 3.7. Let K € E-Perv(lkyx) and a € X a singularity of K. Then
both Evioy (K) and Epugqy (K)[1] are of sheaf type. Moreover, they, as well as their
associated sheaves, are perverse with the zero section as their only singularity.
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Proof. Consider the morphisms

X )0 T X (T X ) oo —— Su X,

and consider the distinguished triangle

(3.6)

(i)

(iii)

EunEu 'Evg, K — Ev K — Eo,Eo 'Evp K 5 .

Let us show that Evi, K is of sheaf type. By Proposition 3.2, there exists

a local system L € Mod(kg,x) such that EV?Z?(K) ~ ei(L[1]). Since u is

semi-proper, one has by (2.1),

Eu;;EuilEv{a}K ~ Eu”EvflEV?;h}K ~ et(Ruyy 1 L[1]).

Hence Eu”Eu*IEV{a}K is of sheaf type. Since any R-constructible enhanced
ind-sheaf on a point is of sheaf type, EoflEV{a}K is of sheaf type. This implies
that Evg,y K is of sheaf type by the distinguished triangle (3.6).

Let us show that Evi,, (K) € ER_(Ikr,x) is perverse, with {a} as its only
singularity. Since Eo™'Evy,)(K) ~ Ei;' K and Eo'Ev,)(K) ~ Ei K by [5,
Lem. 4.8], we have
(a) H"(Eo™'Evg,(K)) ~ H"(Ei; ' K) ~ 0 for n > 0;
(b) H"(Eo'Ev,)(K)) ~ H"(Ei}K) ~ 0 for n < 0;
(¢) Bum'Evioy (K) ~ ev(y~L[1]), with L as in (i).
)

It remains to show that Epgq)(K)[1] is of sheaf type, and that its associated
sheaf is perverse. Setting F' := sh(Ev(4)(K)), this follows from

Epifay(K) ~ By (K)" ~ eu(F)" ~ eu(F"),

and the fact that the classical Fourier—Sato transform for sheaves preserves
the perversity of RZ-conic objects, up to shift [1]. O

8§4. Nearby and vanishing cycles

As we mentioned in the introduction, nearby cycles for enhanced ind-sheaves were

discussed in [3, §6.2]. However, defining them through enhanced specialization, as

we do here, sheds some light on the underlying geometry. Moreover, using enhanced

microlocalization, we can here also deal with vanishing cycles. In this section we

thus

recall and complement some results from [3].
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§4.1. Definitions

Let X be a smooth complex curve, and a € X. Consider the natural morphisms
associated with the real blowup X! of X with center a as in (3.1):

Sa Xt X0 L (X \ {a})ou ™1 X

Definition 4.1. Let K € ER _(Tkx).
(i) Consider the objects of DP(kg, x):
Uy (K) = vl (shx (K)) = vy (shx (K))

= i 'Rj.j, 'shx(K)

~ i 'Rjcshix\ (o) (Bl K,
USK) =i shyw(Ej.Ej, ' K),

(K) == shg, x (Ei 'Ej.Ej, ' K)

= shg, x (Bv (K)) ~ shSaX(Eu?;h}(K)),

where (x) follows from [6, Lem. 3.9].

(ii) Let I C S, X be an open subset and f € Pg, x(I). For U C X \ {a} an open
subset such that U D I and f extends on U, set

K(f) == RZhom™ (E[};{, K) € B} (Tkx),
K) = W3(K(f))|r € D"(kp),
K) = W(K(f))|r € D"(k).

Note that W/ (K) and ¥/ (K) do not depend on the choice of U.
(iii) Consider the object of D’ (kg:x):

oK) = ) (sh (K))[1],
) (K) = sh; x (Buh (K)[1].

Lemma 4.2. Let I C S, X be an open subset, f,g € Ps,x(I) with f <1 g, and
K e Elj_(IkX). Then there are natural morphisms in Ei(IkI),

U, (K)|; + U39(K) « U3 (K) - U/ (K).

Proof. Tt follows from [6, Lem. 3.9]. O
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Let 0 € S, X, f € Ps,x,0, and denote by z, a local coordinate at a with
za(a) = 0. Assuming K € ER _(Iky), it follows from [6, Lem. 5.1] that one has

\Ijg(K)G ~ %ﬂ RHOmE(Es‘T;(w)DRef(w)_6|za(a:)|7€7K)-
5,e—0+
\%=Y

See [6, Not. 2.3] for the notation E‘i‘*)((x)b“o’(x).

§4.2. The case of perverse objects

Let us collect in the following lemma some results from [3, §6]. Note that statement
(iii) below also follows from Proposition 3.2.

Lemma 4.3. Let I C S, X be a connected open subset. Let f,g € Pg, x(I) with
f=<rg, and K € E]‘E_C(Ikx). Assume that K has normal form at I. Then

(i) Yo (K)|1 is concentrated in degree zero and is a local system on I of rank
> (hePs, x.o N(h) for 0 € I;

(ii) W/ (K) is concentrated in degree zero, and is an R-constructible sheaf on I;
moreover, the morphisms U3/ (K) — US9(K) — W,(K)|r are monomor-
phisms, and W31 (K) — Ul (K) is an epimorphism;

(iii) W/ (K) is concentrated in degree zero, and is a local system of rank N([f])
on I.

Recall the notion of a Stokes filtration, e.g. from [3, §6.1].

Proposition 4.4. Let K € E-Perv(Ikx). Then

(i) W, (K) is a local system on S, X with Stokes filtration V*(K), and associated
graded components Ve (K) which are local systems on S, X ;

(ii) ®%(K) is a local system on S:X.

Proof. (i) is a particular case of Lemma 4.3, and (ii) follows from Proposition 3.7.
O

Refer to Appendix A for an alternative description of the vanishing cycles
®Y(K) as a local system on S, X, via some blow-up transforms.

85. Fourier transform on the affine line

Let K be an enhanced perverse ind-sheaf on the affine line, and assume that
so is its shifted enhanced Fourier-Sato transform “K := YK][1]. The stationary
phase formula provides a relation (see (1.2)) between the graded components of
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the Stokes filtrations of K and “K, for degrees which are not linear (modulo a
bounded function). We discuss here the case of linear degrees.

§5.1. Linear exponential factors

Let z be a coordinate on the complex line V, and w the dual coordinate on V*, so
that the pairing V x V* — C is given by (z,w) + zw. The underlying real vector
spaces are in duality by the pairing (z,w) = Re(zw). Denoting by P = V U {co}
the complex projective line with affine chart V, one has V., ~ (V,P). Similarly,
Vi~ (V5 P*), for P* = V* U {oc0}.

Let E-Perv(Iky_ ) be the full triangulated subcategory of ER_  (Iky._ ) whose
objects are of the form Ej 'K for some K € E-Perv(lkp). Here, j: Vo, < P is
the natural morphism.

Consider the enhanced Fourier-Sato transform

EY (Tky_) — E} (Tky- ), K w—"K :="K][1].
Here, the shift ensures compatibility with the Riemann—Hilbert correspondence.

Theorem 5.1. Let K € E-Perv(lky_ ). Assume “K € E-Perv(Iky-_). Then

2

(i) for any a € V, under the canonical identification SooP* ~ S*V | there is an
isomorphism of local systems

VY (MK) = ®4(K);

i

(i) for any b € V*, under the canonical identification SpV* ~ S P, there is an
isomorphism of local systems

VLK) ~ r 0% (K);
where r denotes the antipodal map.

Remark 5.2. With notation as in Section 1.4, for k = C let K := DR"(M) for
M an algebraic holonomic Dy-module. Then “K ~ DRF(M"), where M” is the
Fourier-Laplace transform of M. Since M” is an algebraic holonomic Dy«-module,
LK € E-Perv(Iky-_ ).

Proof of Theorem 5.1. (ii) follows from (i). In fact, interchanging the roles of V
and V*, one has

) (“K) ~ v (" K) = U (Er ' K) ~ v W 0 (K).

For () refer e.g. to [5, §5.2].
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(i) The translation 7,: V — V, z — z + a, induces an identification S,V ~ SpV.
Moreover, one has

O (K) ~ @f(Er, ' K),
Ve (M (Er, 'K)) = U ((MK) (—aw))
~ 90 (LK).
Hence, we may assume a = 0. It is then enough to check that there is an isomor-
phism
U9 (MK) ~ ®5(K).
Since Eu?;z}(LK ) and Euf{%'}(K ) are of sheaf type, it is equivalent to prove that

there is an isomorphism

Euzg';}(LK) ~ Euf{%h} (K).

This follows from Lemma 5.3 and (5.2) below. O
§5.2. Smash functor

We consider here the smash functor of [1], in its enhanced version from [5], and
establish a small additional result needed to complete the proof of Theorem 5.1.

The sphere compactification SV := ((R, x V)\{(0,0)})/RZ, of V decomposes
as SV =V U H UV, corresponding to u > 0, u = 0, or u < 0. Let us identify
V = V. Note that H is a real hypersurface of SV. One has a natural identification
V = V\ {0} = THSV, where T/;SV C TySV denotes the normal directions
pointing to V = V. With these identifications, Evy induces a functor

Evppg: BY (kg ) = B ) (k)

which can be considered a “specialization at co”.

The enhanced smash functor

Eoy: B} (Tky_ ) — E?R (Tky_),

Zo)os

for which we refer to [5, §6], provides an extension of EVHW from Vo to V. In
fact, Eoy induces a functor

Eoy: EL(Tky_ ) — E?Réo)w(Ikvm),

and one has

(51) EGV|V ~ EVH\V'

Recall also that, by [5, Prop. 6.6], for K € E® (Iky_ ) one has
(5.2) Epgoy (K) ~ Eoy- (“K).
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Lemma 5.3. Let K € E" (Iky_ ). Then, with the natural identification SecP ~
V/Réo, one has

EvPl (K) =~ Eoif" (K).

Proof. With H,V* C SV defined as above, one has SV = (SV)* L (SVE)+
and SySV = (SgSV)™ U (SySV)~. Moreover, the identification V ~ V* implies
identifications P2 ~ (SVE)* and SoP ~ (SySV)*.
With these identifications, and using (2.4) and (5.1), it is enough to prove the
isomorphism
Evp  (K) ~ Evg(K)| stsv-

This follows by considering the commutative diagram

Voo OV, € P 05 P

1 0 O 1 O 1

Vi «—VEC—— (SVB) T «—(S5SV) T, 0

Appendix A. Vanishing cycles by blow-up transform
Appendix A.1. Blow-up transforms

Let M be a real analytic manifold, and N C M a smooth submanifold. As in (2.3)
consider the real oriented blowup M]'\l,’ of M with center N, and the associated
commutative diagram of bordered spaces

J

Sy M M (M N\ N)oo
UJ - ,,J /
N2 M,
where we write for short ¢ = ip, 7 = Jjib, and p = pyp.
Definition A.1. For K € ES_(IkM), consider the objects of ES_(IksNM)y
EMN2(K) = Ei'Ep~ L K[1],
EANY(K) = Ei 'Ep'K.
We denote by A® and A% the analogous functors for sheaves.
Note that one has
eo AP ~EXP oe, 605\5\", 2E5\5\t}o€,

and similarly for e replaced by ¢, €T, or €.
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Remark A.2. Note that EAD £ ES\K} in general, as shown by the following
example. (See however Proposition A.8.) For M = R, and N = {0}, one has
M ~ {z <0} U{z > 0}. Restricted to the left component, the maps i and p are

the embeddings {0} = {z < 0} & R. Then, for F = k{,~0}, one has

AR (F) =i p kpesoy [1] 28 (Kppsoylfecoy [1]) 0,
A;E’(F) = i_lp! k{ac>0} =~ (RF{ISO}k{z>O})O =~ k[_”
Lemma A.3. For K € EY (Ikyy), there are distinguished triangles

1

(i) Eo'Eiy' K — Evb(K) 5 EXB(K) 15
(ii) Eo'Biy K — EANB(K) % EvB(K) .
Proof.

(i) For L € E (Ikpe ), there is a distinguished triangle
Ej Ej 'L — L — EiyBi~'L 5 .
When L = Ep~ 'K, the above distinguished triangle reads
Ej EjNK — Ep 'K — EiyEo 'Biy' K X5 |

By applying Ei' we get (i).
(ii) Consider the distinguished triangle

Ei.Ei'L - L — Ej.Ej'L 15 .
When L = Ep'K, the above distinguished triangle reads
Ei,Ec'EiyK — Ep'K — EjEjy K 5 .

One concludes by applying Ei 1. O

The following result is clear from the definitions and [5, Lem. 4.7].
Lemma A.4. For K € E} (Iky), one has
DPEVR(K) ~ Ev2(DFK), DPENE(K) ~ EXB(DFK)[-1].
Lemma A.5. For K € E% (Iky) one has

(i) EAR(K) ~ EAR (Evy (K));
(i) EX§(K) ~ EAR (Bvw (K));

with the identification SN M ~ Sy (TnyM).
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Proof. Since the proofs are similar, we will only discuss (i).

(a) We will construct in part (b) below a natural morphism
(A1) EAP (Evy (K)) — EXD(K).
By Lemma A.3(i), it enters the commutative diagram

Eo~'Eo~'Evy(K) —— Ev®(Evy (K)) —— EAB (BEvy (K)) 5

| | |
Eo~'Biy' K —— Ev(K) ——— BEAB(K) 25
Here, the first vertical isomorphism is due to [5, Lem. 4.8], and the second vertical

isomorphism follows from [5, Lem. 4.10]. Hence, also the third vertical arrow is an
isomorphism, and the statement follows.

(b) In order to obtain (A.1), we are going to connect the relevant spaces in a
commutative diagram.

We refer to [5, §§2.3, 2.4] for notation and details on the real oriented blowup
M2, the real projective blowup M¥, the normal deformation M5, and the open
embedding My C (M x R)%, (01

With the natural identification M x Rsg ~ Q C MR}, consider the open
embeddings (see Figure 1)

(M X R);E;XR

/

. QOrb ( A d\rb
U '7QSV><R>0 7 (er\lf );VXR;H)

J
(M X R)Y, (o)) Fxmzs

Here, j is induced by the natural embedding Q C (M x R)rlf’,x (o compatible with

the open embedding MR C (M x ]R)jp\l;x{o} of [5, §2.4]. More precisely, there is a

commutative diagram

O (M xR)®

Nx{0}
L

n b
MR (M xR, (-
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M (Tn M)

Figure 1. The sets j(U), 7(U), and j(U) pictured in the case M = R and N = {0}.
The red lines are fibers of the projection py: U — Q — M. (Color figure online.)

where ¢ is the natural projection from the real oriented blowup to the projective

blowup.
Let X be the closed subset of (M x R)T/x{o}) glven by

=JU)\j(U)
= (M\ N)USyM UTyM U Sy(TxM).

Consider the commutative diagram with cartesian squares, where @ and u are

open embeddings,

SNM +—— X\ (M\N) Sy (TnM).

Note that 7ol gives the identification Sy (Tn M) ~ Sy M. Hence, by definition,
(A.1) is written as

(A.2) Er.E(,Ei'Ep~'Evy (K)[1] — Ei'Ep~tK[1].
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On one hand, there is a chain of morphisms

Ei'Ep 'Evn(K) ~ Ei'Ep 'Ek'EJLEpg' K ~ Ei'EL~'Ep'E7.Epgt K
2 Ei'EE'Ej.Ep 'Ep, 'K ~ Ei'EE'EjLEp, K
1

12

Ei'Ek~'Ea'EjEp;' K ~ Ei'Eu "Bk 'E7Ep; ' K
5 E{'EM'EL'EjLEp, 'K = EI'L,

where we set

L :=El'BEk'EjLEp; ' K.

Here, (1) follows by adjunction from the isomorphism Ej~'Ep~'E7. ~ Ep~!, and
(2) uses the fact that Eu=' ~ Eu'.
Hence, there is a morphism

(A.3) EF.E(.Ei'Ep 'Evy (K) — EF.ECELL.
On the other hand, there is a chain of isomorphisms
Ei'Ep 'K 5 Ei'Ek'Ej.Ep,' K ~ Ei'Ek'Ef.Ej.Ep,' K
~ Bi'Er,Ek 'EL.Ep, ' K ~ EFE0'EA ' E7.Ep ' K

4)
~ Er.L.

Here, (3) easily follows using the identification (M x R)%®, p ~ (M%) x R, and (4)
uses the fact that 7 and r are proper.

Hence, the natural morphism E/,E¢'L — L, combined with (A.3), induces
(A.2). O

Appendix A.2. The case of vector bundles

Let 7: V. — N be a vector bundle, and o: N — V its zero section. Let V =
V'\ o(N), and consider the quotient v: V — SyV by the RX -action.
Consider the projections

Vel vk Vv,
For K € E} (Iky) and C € ES Ik, /), we set

+
éc(K) = Epgn(C@Ep;lK)v
V¢ (K) = Eps,RThom™ (C, Ep; K).
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Lemma A.6. Let K € El() ) (Iky). With the identifications N ~ o(N) C V
and TV ~ 'V, one has o

Ery 'EAR(K) ~ &0 (K),

Ey T EAR(K) = Uo(K),

for C = e(kp)[1], with B = {(z,y) € V xn Viz = Xy, for some A >0} a closed
subset of V xn V.

Proof. Since the proofs are similar, let us only discuss the first isomorphism.
Consider the morphisms

ViV x (Rx0)o0 /erb\piv
T
V x Ry _ 1% SNV,
20 ol

where io(z) = (z,0). One has

Ey'EAD(K) ~ Ev'Ei'Ep 'K ~ Ei)E5'Ep 'K
~ Ei)Ey 'Ep 'K[1] ~ Ei)Ep~ 1 K[1]

*

—~
~

2

~ Ei\EJ'EjEp ' K[1] ~ Ei)Ej Ep 1 K1]

(ﬁ)EdlylEj!!Eﬁ_lK[l] = ECIl!!Eﬁ_lK[l],

where (x) is due to the fact that 7 is an (RZ;)eo-bundle, and (sx) holds because
EjEp~'K is (RZ;)s-conic with respect to the action on the second factor of
V x R

It follows that Ey 'EAR(K) ~ ®¢(K) for C = R(p, a1)1ky g [1]. Since
(P, q1) decomposes into

(Boq1): VxRsg—">B——VxyV,
we have R(p, ql)gkva>o ~ kg. O
Appendix A.3. Blow-up and vanishing cycles

Let X be a smooth complex curve, and a € X. Let z be a coordinate on the
complex vector line 7, X, and w the dual coordinate on 77 X, so that the pairing
T,X x T¥X — C is given by (z,w) — zw. Then the isomorphism

¢ (TuX)oo = (T7X) oo, 2+ —27!
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does not depend on the choice of the coordinate, and induces a homeomorphism
c: 8y X = Sk X
Lemma A.7. For K € E! (Ikx), there is a natural morphism

EC_lEMS{%h}(K)[ ] = B (K).

1

Proof. Since c is an isomorphism and v~ is fully faithful, it is enough to show

that there is a natural morphism
Eu™'Epuqoy (K)[1] = Ee.Ey ' EXfy, (K),

where u: (T X)oo — (T X)s is the natural morphism. Write L = Evgoy(K).
By Lemma A.5, it is equivalent to prove that there is a natural morphism in

EY (I ) )

(A.4) Eu~'L 1] = Ec.Ey"EAR, (L).

Set V=1T,X and V* = T*X. Consider the subsets of V x V*,
F= {Rezw O} G = {Rezw 0, Imzw*()}.

The inclusion of closed subsets G C F' gives a morphism

(A.5) Pt (k) (L) = Pt (k) (L)-

Then we obtain (A.4) by applying Eu~! to (A.5). In fact, on one hand, recalling
the notation used for the enhanced Fourier—Sato transforms from Section 2.3, one
has

Eu 'LM1] = BEu™' @+ i,y (L) [1].
On the other hand, one has G N (V x V*) = {(z,w); z = —Aw~!, I\ > 0}. Hence
Ec*Efy*lE)\f{bO}(L) ~ Eu™'®+ (i) (L)[1] by Lemma A.6. O

Proposition A.8. Let K € E-Perv(lkx). Then there are natural isomorphisms
in E® (Iks, x),

BTy (K) €= Be™ "Byl (K)[1] 2 BAG, (K).

In particular, E)\'{'jl} (K) ~ ES\'{Z}(K) is of sheaf type, and its associated sheaf is a

local system.

Proof.
(i) Let us show that the first isomorphism follows by duality from the second one.
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One has
EA{a}(K) EA{G}(DEDEK) DE(E/\{G}(DEK)[—l]),

Ec 'EuPh (K) ~ E¢ 'Eus™"

) (DEDEK) DE(Ec'Eus" (DPK)[-1]),

Hiay o) {a}

where (x) follows from Lemma A .4, and (x*) from [5, Lem. 4.5].

(ii) Let us prove the first isomorphism. Set V = T, X and V* = T X. By Propo-
sition 3.7, one has Evg,y(K) ~ eu(F) for some F € Perv(ky) N Db (ky). By [5,
Lem. 4.10] and Lemma A.5, we may take X =V, a =0, and K = eL(F). Hence,
we are reduced to proving that the morphism

e B! (eu(F))[1] — EAD, (eu(F)),

from Lemma A.7, is an isomorphism. One has
- h —1 sph
Ec ) (e (F)) =~ eulc™ i) (F)),
EX{y (e(F)) = ee(Afyy (F)).
Since e is fully faithful, it is enough to show that there is an isomorphism

T (F)[1] =2 Ay (F),

which can be checked at the level of stalks.
The underlying real vector spaces to V and V* are in duality by the pairing
(v,w) = Re(zw). For T' C V*, the set

I°={veV; (v,w) >0 for any w € I'}

is called the polar cone of T".
For 0 € S, X = SoV, by [9, Thms. 4.2.3, 4.3.2] one has

(703 (7)o = ling REom (kaniej <y F)
A,
~ lim RHom (kj, F),
(0} (F))eto) = lim RHom (Kpeny s <rp. F)
r
~ lim RHom (kro, F),

where A runs over the open convex proper cones in V containing 6, I" runs over
the open convex proper cones in V* containing ¢(6), and r — 0+. Here, the
isomorphisms (%) are due to the fact that F is conic.
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It then follows from Lemma A.3(i) that one has
(Afoy (F))o[—1] ~ lim RHom (ki s, F).
A

For any A as above, taking I' = ¢(A), one has A := V\ A D T'° = )\;. Hence,
it is enough to prove

RHom (k>\2\>\1 y F) ~ 0.
Consider the maps
Vel oy 1,5,V = V/RZ,.

Let @ C I, € SoV be the closed connected subset such that A\ = q (1), for

=

k =1,2. Let L be a local system on SoV such that j=*F ~ ¢~ !L[1]. Then one has
RHom (ky,\x,, F') ~ RHom (Rjikj,\ 5, F) ~ RHom (k;\Q\/«\l,q_lL[l})
~ RHom (kj,\5,,¢' L) =~ RHom (Rgikj 5, L)
~ RHom (kz,\7,[—1], L).
The last term vanishes, since
V ~ RHom (ky, [-1], L) = RHom (k;,[-1], L) ~ V,
where V' is the stalk of L. O

Remark A.9. Let us use notation as in Lemma A.7 and its proof. Then, for
L = Evfoy K with K € E-Perv(Ikx), the morphism (A.5) is an isomorphism. In
fact, on one hand, Eu=!(A.5) = (A.4) is an isomorphism by Proposition A.8. On
the other hand,

Eo™'® .+ i, (L) ~ ET.L ~ Eo™ ' ® s (i) (L),
where o: {0} — V is the linear embedding, and 7: V — {0} its transpose.
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