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Full Justification for the Extended Green—Naghdi
System for an Uneven Bottom with/without
Surface Tension

by

Bashar KHORBATLY and Samer ISRAWI

Abstract

This paper is a continuation of a previous work on the extended Green—Naghdi system.
We prolong the system, in arbitrary dimension, with/without surface tension, and for
a general bottom topography. Confining the work to the one-dimensional case, well-
posedness and consistency with respect to initial data and parameters are proved, taking
into account the effect of surface tension. The results are local, but long term in the sense
of dependence upon initial data. As a conclusion, our solution remains close to the exact
solution of the full Euler system with a better (smaller) precision and therefore the full
justification of the models.
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§1. Introduction
§1.1. The water-wave problem

The two-dimensional full water-wave problem in arbitrary dimension with general
bottom topography is considered. We assume that the fluid is of constant density p
and denote by Q; = {(X,2) € R x R, —hg + b(X) < z < ((t,X)} the domain of
the fluid for each time variable t. The surface of the fluid is a graph parametrized
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by ¢ and the bottom topography is parametrized by —hg + b(X) independent of
time with hg the depth. Take d = 1, 2 as the spatial dimension of the surface of the
fluid, where X € RY, the spatial variable, is written as X = (x,y) when d = 2 and
X =z when d = 1, while the vertical variable is denoted by z. The motion of an
ideal moving fluid is described by the free-surface Fuler equations for steady flow
along a streamline (their well-posedness was recognized after the work of Nalimov
[30], Yosihara [35], Craig [5], Wu [33, 34], and Lannes [21]) which is a connection
between the velocity V', the pressure P, and the density p of the fluid that is based
on Newton’s second law of motion and can be written in the form

1
(1.1) oV + (V : VX7Z)V = —g€, — ;VX,ZP in (X, Z) ey, t>0,

denoting by —gé, the gravitational field which is acting vertically downward, with
g greater than zero, and €, is a unit vector in the vertical direction. This equation
is combined with several physical assumptions. The incompressibility of the fluid
is expressed by

(1.2) Vx. V=0 in(X,2z)eQ,t>0.
Another assumption is that the flow is irrotational:
(1.3) Vx.xV =0 in(X,z)€Q,t>0.

Denote V = Vx. These equations are complemented with boundary conditions.
At the free surface, a dynamic condition is given by

P_Patmzo'ﬁ?(C) atZ:C(t,X),tZO7

where P, is the (constant) atmospheric pressure, o > 0 is the surface tension
coefficient, and k() = —V-(V({/+/1 4 |V(]?) is the mean curvature of the surface.
Another boundary condition at the top surface is the kinematic condition:

(1.4) ¢ — 1+ |VCPV -ny =0 at z=((tX),t>0,
where the outward unit normal to the upper boundary is

1
ny —=— ——
RV

This condition states that fluid particles cannot cross the surface. A similar con-

(v¢h, ',

dition on the velocity at the bottom is given by

(1.5) Ven_=0 atz=—ho+bX),t>0,
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where the outward unit normal to the lower boundary

1
=————(Vb',-1)".
V14 |Vb|?

Another assumption states that the fluid is at rest at infinity and is given by

(1.6) lim €, X, 2)|+|V(t,X,2)] =0 in (X,z) € Q, ¢t >0.
[(t,X,z)|—=+o0

Equations (1.1)-(1.6) are called the free-surface Euler equations.

§1.2. Non-dimensionalized equations: Bernoulli and
Zakharov/Craig—Sulem

The complexity of the Euler equations is embodied in the many unknowns on a
moving-with-time domain ;. Thus we will follow the Eulerian approach that fo-
cuses on specific locations in the space through which the fluid flows as time passes.
More precisely, we derive simpler asymptotic models in some geophysical regimes
that require identification of small parameters. Neglecting rotational effects is the
starting point of the derivation process. In other words, assumption (1.3) ensures
the existence of the potential velocity of the fluid (¢, X, z). Consequently, the
Euler system can be rewritten under Bernoulli’s formulation:

Ax.p=0 at —ho + b(X) < 2z < ((t, X),
0.0 —Vb-Vp =0 at z = —ho + b(X),
0C+Ve-V(—0,0=0 at z = ((t, X),

1 o
e+ §|Vx,z<p|2 +9¢ = —;%(C) at z = ((t, X).

The Laplacian equation is obtained by taking the divergence of the potential ve-
locity combined with (1.2). The second and third equations are written using the
boundary conditions (1.5)—(1.4) respectively, while the last equation is established
by commuting V = Vx . in (1.1).

Although the present system has fewer unknowns, in order to solve the Lapla-
cian equation we still need information from the boundary that moves with time,
and its location is determined by two coupled non-linear partial differential equa-
tions, which is a basic difficulty. This leads us to identify some small parameters
from which it is often possible to gain insight on the behavior of the flow. More
precisely, let us introduce some dimensionless parameters that encode the various
regimes of interest:

e non-linearity or the amplitude parameter: ¢ = -% € (0, 1),

ho
e dispersion or the shallowness parameter: p = (%)2 € (0,1),
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e bottom topography parameter: § = Z—‘(’] € (0,1),
e classical Bond number which measures the ratio of gravity forces over capillary

2
forces: Bo = % > 1,

where a is the amplitude of the wave, A the wavelength of the wave, by the size
of the bottom topography variations, hg the reference depth, p the density of the
fluid, and o the surface tension coefficient. We now execute the classical shallow-
water (¢ < 1) non-dimensionalization using the following variables:

X = AX/? = hOZ/a C = aCI7 Y= h,i)\ gh()(p/a
0

A
Vagho

Therefore, the equations of motion (1.1)—(1.6) are rewritten in the dimensionless

b= bol/, t= .

Bernoulli formulation (we eliminate the primes for the sake of clarity) as

12 + pdpe + 03¢ =0 at —1 4 Bb(X) < z < ((t, X),
0,0 — uBVbh-Vo =0 at z = -1+ b(X),
1
9¢ — ;(—MSVC Vo4 0.0)=0 at z=e((t,X),
1.7
o Bup+ 5 (190 + S(0.0)7) +¢
T 2 1 z

zfiM at z = e((t, X).

Bo e&p

Now system (1.7) is reduced to a system where all functions are evaluated at the

free surface (i.e. in Ry x RY). The new system is known as the dimensionless
Zakharov/Craig—Sulem [36] formulation of the water-wave equations. We begin by
introducing ¢: Ry x R? — R the trace of the velocity potential at the free surface,

w(t7 X) = (p(t, X, EC(t’ X)) = Plazec
and the Dirichlet-Neumann operator G, [e¢, 8b]- defined by

GuleC, BOlY = —pu(eVQ) - (V) ._.. + (0:9))._..

= 1+M52‘V<|2(8’ﬂ(p)|z:€(’

with ¢ solving (see [22] for an accurate analysis) the Laplace equation with Neu-
mann (at the bottom) and Dirichlet (at the surface) boundary conditions

18 {uaggo +pdip+ 02 =0 in —1+Bb(X) <z < e((t, X),

8n(p|z:—1+/3b =0, Plecec = w<t’X)a



ON THE EXTENDED GREEN-NAGHDI SYSTEM 591

where 0, = n_ - Vx ¢ refers to the upward normal derivative at the bottom.
A set of two equations on the free-surface parametrization ¢ and the trace of
the velocity potential at the surface ¢ = ¢ __. involving the Dirichlet-Neumann
operator are given by

drC %%[64,&]1/) 0,

(LG,[¢, BBy + V(=C) - Vi)
2(1+ £2u[VCP)

(1.9) @¢+C+g|vw\2—au

1 a(eyaQ)
Bo eyp

§1.3. Shallow-water, large-amplitude regime (p K€ 1, e ~ 1, 3~ 1)

The solutions of system (1.9) are very hard to explain and appear more com-
plex than necessary to model. At this stage, a traditional technique is to pick an
asymptotic regime, in which we search for an approximate model and hence an
approximate solution. In the sequel, we seek solutions up to third-order error in
the dispersion parameter. Formally, under this condition one approach is based
on a perturbation method with respect to a small parameter u < 1, where no as-
sumptions are made on € ~ 1 and 8 ~ 1. The Saint-Venant equations, first derived
in 1871 [6, 7], are O() corrections of the shallow-water equations. These equations
couple the evolution of the free surface ¢ to the evolution of the vertically averaged
horizontal component of the velocity v, and are expressed as

{atc + V- () =0,

(1.10)
v+ VC+e(v: Vv =0(n),

where h(t, X) =1+ e((t, X) — Bb(X) and

1 eC(t,X)
o0 X) = 75 /_ o, VLX)
the non-dimensional height of the liquid. The first justification of such a model
goes back to Ovsjannikov [31], and Kano and Nishida [17] who prove that the so-
lution of the shallow-water equations (1.10) converges to the solution of the water-
wave equations as p — 0 in the one-dimensional case, and under some restrictive
assumptions. However, Li [25] removes these assumptions and gives rigorous jus-
tification. Note that, for such a symmetrizable hyperbolic system (multiply the
second equation by h), classical local existence can be established; see [1, 32].

Up to second-order error in u, the classical Green—-Naghdi system takes into
account dispersive effects ignored by (1.10). This system is derived in [28] through
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Hamilton’s principle and in [23] through a general method of derivation (see Sec-
tion 2) and is exactly the same as the one found in [11], that is,

{atc + V- () =0,
(1+ uTTh, Bb) 0w + V¢ + (v - Vv + pe(Q[hv + BQu[h]v) = O(1?),

where we recall that h = 1+ e¢ — 8b, and Tv = T[h, 8blv and the quadratic form
Q[h]v are defined as

To= V(Y -v) + %(V(W(Wb) +v) = WA(BVB)V -v) + F%(Vb- )V,

3h
Q[hJv = ;—;V(h?’((v V)NV -v) = (V-0)?)),
Qu[h]v = % [V(h*(v - V)2b) — B*((v - V)(V - v) — (V- 0)?)Vb] + B((v - V)?b)Vb.

For this approximation we refer to several works that give a rigorous justification
of the well-posedness of this system using various arguments, such as Li [25],
Alvarez-Samaniego and Lannes [2], Iguchi [12], Israwi [16, 15], Khorbatly [18],
and Fujiwara and Iguchi [10]. We also refer to Lannes and Marche [24] for recent
progress made with this system in the derivation of an alternative new class of
equations having better mathematical structure, which makes them much more
suitable for numerical simulation.

§1.4. Main results: Comments and organization

The aim of this paper is to derive and fully justify (i.e. local existence, consis-
tency, and convergence) the extended Green—Naghdi (modified) system to one
order higher in g in the presence of a non-trivial bottom topography, thereby in-
troducing quite a few new and non-trivial higher-order terms. In other words, this
system is a much higher-order approximation of the full Euler system, with less
error up to O(u?), i.e. it combines much better dispersive properties, and thus
a wider range of application in oceanography. In the spirit of the work done in
[26, 27], Matsuno derived the extended equations for a flat bottom by a slightly
different method from the one used here [23, 20]. He showed that they permit a
Hamiltonian structure and stated that the linear dispersion relation of his model
does not have good structure, i.e. we cannot expect the well-posedness of the ini-
tial value problem, so that obtaining an error estimate of the solutions of O(u?)
is hopeless. In fact, this is not the case in the presence of surface tension, as
the linear part of the p® modified model has better structure and the solution
might approximate the solution to the full water-wave equations up to O(u?) (see
Remark 2.2). Here it is worth noticing that in recent papers, Iguchi [13, 14] ob-
tained and mathematically justified a model in a similar asymptotic regime to
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this work. Also it was shown that the so-called Isobe-Kakinuma model permits a
Hamiltonian structure [8]. Note that one of its strong advantages is that it does
not contain any higher-order derivatives and is thus less troublesome in terms of
numerical computation. However, the only drawback of such a hierarchy is that
Green—Naghdi/Boussinesq systems are not one of the models. Regarding this, a
number of challenging/interesting problems associated with the extended system
are worthy of additional study. We list some of them below:

e Identification of physically relevant models among various extended models,
i.e. having asymptotic models of O(u?, 22, e8u?, %) (medium amplitude and
bathymetry models), and one can also derive higher-order versions of various
shallow-water models, such as the well-known Boussinesq model in multiple
surface and topography variations etc.

e Numerical computations of the initial value problems, as well as solitary and
periodic wave solutions, for less complicated models mentioned above.

e The effect of higher-order dispersion on the wave characteristics and the effect
of the presence, or lack thereof, of surface tension on the justification of the
asymptotic models by means of rigorous mathematical analysis.

Following the general method for the derivation of asymptotic non-linear models
in shallow and deep water first introduced in [23], we derive the new system gen-
eralizing (in the presence of an arbitrary topography) the investigations of [20]
done by the authors. What is different for this system is the pure intricacy and
number of terms that have not yet been derived or analyzed, especially in the
case when the bottom is not flat. For the sake of constructing the solution by an
energy estimate method, one must go through an impressive set of estimates and
calculations to obtain the correct energy estimate. Due to this, the work is to be
confined to one space dimension. The strategy of the proof is to write the system
in a quasilinear form, i.e. to be treated as a hyperbolic system, and then use a
symmetrizer to derive a good energy estimate of the solution. The existence is
then obtained through a fixed point argument [1, 32]. On behalf of the inadequate
linear dispersion structure of the original extended system (2.9), the study is to
be done on a modified asymptotic variant:

0, + Ds (hv) = 0,
PN ) + 1P TR, GG
(1.11) _ @%T[U}@ + eu Q1 [Uvn + BB [Ulvs + 2142 Qs[U]vs

+ ep? Q3[U)v, + e BB, U, + ep? 82 Bs[U)va + Rlp, eh, 80 (U)
=0(1°),

S(@tv + S’U’Ux) + haxc - lﬁ%hCQfa:x +
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where U = (¢,v)T, h = 1+4¢eC¢ — Bb, and & = h + uT [h, Bb] — n>T[h, Bb]. Denoting

Th, Bblv = —%@(h‘?’@xv) + g[@m(thxv) — R*byv,Vr] + B2hbiv,
1
TU)G = =502,
Z[h, Bblv = 74%35(}1582@)
B

% [02(05(h*b;)0,v) + 02(h* 0, (byv)) — b0y (h*O20)]
2

+13 20, (RP*b20,0) + 0y (h3bybyv) + 26505 (K2 040) + b0, (RPbypv)],

where the non-topographical terms Q4 [U], Q2[U], Q3[U] are represented by

QuUIS = 30u(W0al), QulU)S = 0N 0anf), QUL = -0 (H 0l ),
4 2
- % [02(02(h*b2) 0 f) 4 02(h*baw f) + 02(h*b20, f) — b0y (R D2 f)]

— 5 [200(h°020: )+ 00 (Wbabac f) + 2500 (hb00r £) + ba O (W*be )],
while the purely topographical terms are represented by By [U]f = h?b,v, f and

BlU1f = — 5302 {14 2wt + 9bg) ) — st f — 5 0u((h)ubrve f)
— 570 (0 f) = 0. (0,000, 1) + 15020, (W0 ),
BlU)S = 30, (10bubis ) + 1ok (becv + 2002 )b f
— 5 ba0u {1 b + 8h,0f) ),
Rip,<h, BE(U) = JepBu(hbeut®) + P hbabest? + oLoepi® G2 (H b n?)

1 1
+ ﬁ€u2628x(h3bwbxmv2) + 15u2ﬂ28x(h3bixvg)

1
+ Esu252b:c8$(h3bxmv2).
This new variant shares the same order of precision as the original, but has a
mathematical structure that is more suitable for well-posedness, in particular, its
linear dispersion relation (see for instance Remark 2.2). Consequently, a problem-
atic term appears in the form of fifth-order derivatives on the surface elevation,
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which require special treatment. Several different techniques are used through-
out the proofs to generalize the flat bottom case [20], such as invertibility of the
S = h + uTlh, Bb] — u*Z[h, Bb] operator, and re-expression of terms. The main
point regarding the justification of such a higher-order asymptotic model is the
following well-posedness result:

Long-time existence with surface tension. Theorem 5.1 states that (1.11)
admits a unique solution in U € X* = H*T?(R) x H*"?(R) on existence time-
scales Tiax up to order m Such that 1/Tmax depends on initial data and the
rescaled bond number (2.7) bo™ " as the energy estimate constant (4.4) depends
on the same bo™* € [0,1).

In the sequel, Section 2 is devoted to the derivation of the extended two-dimen-
sional Green—Naghdi system for non-flat bottom topography and the modification
process held for the one-dimensional system to be studied. In Section 3, some prop-
erties on the fourth-order elliptic operator & and its inverse are given. In Section
4, a suitable energy norm and symmetrizer are sought, and the linearized system
with surface tension is studied for an appropriate energy preservation. The main
results (Theorem 5.1: existence, Theorem 5.2: stability property, Proposition 5.3:
consistency, and Theorem 5.4: convergence) are deduced and proved in Section 5.

§1.5. Notation

We denote by C(A1, Ag,...) a constant depending on the parameters Aj, Ag,. ..,
and whose dependence on the \; is always assumed to be non-decreasing. The
notation a < b means that a < Cb, for some non-negative constant C' whose
exact expression is of no importance (in particular, it is independent of the small
parameters involved). Also, the notation a V b stands for the maximum between a
and b.

We denote the norm |-|z2 simply by |-|o. The inner product of any functions
f1 and f5 in the Hilbert space L?(R9) is denoted by (f1, fo) fRd [1(X)fo(X)dX.
The space L™ = L>®(R?) consists of all essentially bounded, Lebesgue- measurable
functions f with the norm |f|p~ = esssup|f(X)| < oco. We denote W =
W2e(R) = {f € L, f, and f, € L}, endowed with its canonical norm.

For any real constant s, H* = H*(RY) denotes the Sobolev space of all tem-
pered distributions f with the norm |f|gs = |A®f|2 < oo, where A is the pseudo-
differential operator A® = (1 — 92)*/2.

For any functions u = u(¢, X) and v(¢, X) defined on [0, T) xR with T > 0, we
denote the inner product, the LP-norm, and in particular the L2-norm, as well as
the Sobolev norm, with respect to the spatial variable, by (u,v) = (u(-,t),v(-,t)),
lulpe = |u(-,t)|Le, |ulp2 = |u(-,t)|L2, and |u|gs = |u(-,t)|gs, respectively.
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Let C*(R?) denote the space of k-times continuously differentiable functions
and C§°(R?) denote the space of infinitely differentiable functions, with compact
support in R?. We denote by Cg°(R) the space of infinitely differentiable functions
that are bounded together with all their derivatives. For any closed operator T
defined on a Banach space Y of functions, the commutator [T, f] is defined by
[T, flg=T(fg) — fT(g) with f, g, and fg belonging to the domain of T'.

§2. Derivation of the extended Green—Naghdi model with general
bottom topography

§2.1. Derivation of the system in two space dimensions

We start by averaging the horizontal velocity over depth (reducing the dimension
by 1), i.e. we introduce a depth-averaged horizontal velocity such as

0= [ Spx
(2.1) v(t, X) = 7/ Vp(t, X, z)dz,

h(t, X) J-1480x)
where h(t,X) = 1+ e((t, X) — b(X) is the non-dimensionalized height of the
liquid. The exact expression for —}%QM[EC ,BblYp = V - (hv) stems from a clear
outcome of Green’s identity or by a straightforward calculation and rearranging
terms using (1.7). The first evolution equation on ¢ in terms of ({,v) reads

8¢+ V- (hv) = 0.

Note that this equation exactly coincides with the first equation of (1.9). Now,
proceeding as in [23], for the second evolution equation on v, Vi does not have
an exact expression in terms of ({,v). Therefore, since u < 1, we look for an
asymptotic expansion with respect to p on V4 in terms of ({,v), and this is
obtained through an asymptotic description of ¢ in the fluid by constructing

N
(2.2) Papp(t: X, 2) = 0 + o1 + P + -+ Ny = ;.
)

Plugging expression (2.2) into the boundary value problem (1.8), and dropping all

N+1)

terms of O(u , one gets

(2.3) Vj 2071,...7]\77 83<pj = —83%,1 —82903‘,1,

Y

with the convention ¢_; = 0 by definition and the boundary condition

—BVbVp; 1 +0.0; =0 at z= -1+ pb,

(2.4) Vj=0,1,...,N, {
(Soj)|z:f-:§ = 60]1/)7
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where 6y ; = 1 if j = 0 and 0 otherwise. Solving the ODE (2.3)—(2.4) yields three
solutions that are polynomials of order 0, 2, 4 in 2z such that

eo(t, X, z) = ¥(t, X),
o1(t X, 2) = (2 — £C) (—%(z +20) ~ 14 BH)V - (V9) + B(z — Q) Vb Vo,
Pa(t, X, 2) = (2 = Q)BVb- (V1) ._ 1.0
+ 5 (21— B0 — )V (- VC + 2(3V) Mg
) [%((z +1— Bb)? — B)A(eVE)
45 (56— <0 ~ (= - e0r?) (3V0)] V(a9)

[%((z +1— Bb)2 — h2)hV - (eVC)

45 (56 -<0% - (- e0n?) v - (5vD)| Ap
+ [ — (60 = -1+ A~ =0
2
o (Ej) ((Z+ 1— 517)2 o h2)

1,1

5 (56 -0~ 12— £0)) (-1 + 1] V- (V(ap)

+ ((z+1 = Bb)? = h?)(eVC)V(BVD - Vi)

n %((z +1— Bb)% = h)V - (eV()BVD - Vi
_ %(é(z —20)* = (2 — £Q)h?) V- (V(5VD- V4)).

The horizontal component of the velocity in the fluid domain now reads
V(t,X,z) = Vapp
= Vo(t, X, 2) + uVer(t, X, 2) + p?Va(t, X, 2) + O(u?).
The averaged velocity is thus

— H
u(t, X) = Vb + h/

—148b(X

e((t,X) ¢(t,X) )
Vgal dz + —/ Vo dz 4+ O(u?).
148b(X)

As in [23], the second-order approximation O(u?) of V) in terms of ¢ and v reads

e¢(t,X)
/ Vapldz——fV(h?’Aw) b [ (R2Vb - Vi) — h2VbAY] + BERVOVD - Vi
14+8b(X)

= T1h, Bb]V.
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The new ingredient is writing a third-order approximation in pu of V4 in terms of
(¢, v). Thus we need to compute the integral Jo[h, Sb]Vy = fgii;li)x) Vpadz. As
the terms are many, we refer to Appendix A.1 for detailed calculations and a clear

presentation of .Js.

Remark 2.1. Here and throughout the rest of this paper we will introduce the
two new notions “non-topographical” and “purely topographical” to differentiate
many terms. Apart from the expression for the height of the fluid h = 1+e(— b =
O(e, B), the non-topographical expressions are the terms that do not include a

6kEN

bottom parameter in front of the term. Otherwise, the terms are purely

topographical.

The averaged velocity expression becomes

Vi — ET(h, BBV + - - Jalh. BEIVY + O(°),

but
2
1
Vi = v+ ST, oo + [T1h. 54 (ET[h, BbJv) = Jalh, o
Hence (see the details of 7(h™1T) in Appendix A.2 and of T = T (h™'T) — J3 in
Appendix A.3), we obtain
2

(2.5) Vi = v+ ETTh, Bblo + E-lh, Bblo + O (),

where

g [V(R*Vb - w) — h*V - wVb] + B2h(Vb - w)Vb

Tlh, Bbw = %V(/fv cw)+
and

T[h, Bblw = —%v(v A(RPV(V - w))) + iﬁv(v (W'V(Vb - w)))
1 4 1 4
+ 5 BV(V - wV - (WD) = BV - (WV(V - w)) Vb
+ %BQV(h?’V - w(VbVb)) + %ﬁ2V(h3VbV(Vb -w))
+ %BQV ~(h*V - wVb) Vb + éﬁzv ~(W3V (Vb - w))Vb.

It follows the lines of derivation using (multiple) scales in general, and the deriva-
tion of the Green—Naghdi system itself in particular. As such, it is formal and
essentially algebraic (there is no functional analytic framework), but it is also
lengthy and a feat in thoroughness and endurance, as the terms of the extended
topography order are many, involved, and require clever tricks to gather in a suit-
able form. The main steps are
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(1) take the gradient of the second equation of (1.9) then multiply it by h;
(2) replace V) by its expression (2.5) in the second equation of (1.9);

(3) replace G[e¢, Bb]y by —uV - (hv) in the resulting equations;

(4) drop the O(u?) terms;

(5)

(6)

expand then reduce terms of the same size;

take advantage of the following vector triple products and vector identities:

uX (vxXw)=(u-wv—(u-vw,

Vx(VG)=0 and V x (GF)=GV x F+VG x F,

where G is a differentiable scalar function and u, v, w, and F' are differentiable
vector fields.

Finally, after capturing the information above we obtain the extended two-dimen-
sional Green—Naghdi system for an uneven bottom topography (8 # 0) without
surface tension (o = 0) with an error of order p3:

¢+ V- (hv) =0,

(h + pTTh, Bb] + 1T [h, Bb))Ov + V¢ + eh(v - V)v + epQq [Ulv
+euBB1[Ulv + epf? Bo[Ulv + 4 Q2 [Ulv + e B3 [Ulv
+ep®B2Ba[Ulv = O(1°),

(2.6)

where v = (vy,v2)", U = ((,v)7, and h(t, X) = 1+ e((t, X) — Bb(X), and we
denote

TTh, Bblw = f%vaﬁv cw) + g[vuﬂw ‘w) — h2V - wVb] + B2h(Vb - w)Vb,

T[h, Bblw = —%v(v (RPV(V - w))) + ;zﬂv(v - (R*V(Vb-w)))
+ 2—145V(V ~wV - (R*VD)) — iﬁv ~(WV(V - w))Vb
+ 1—1252V(h3v ~w(VbVD)) + 1—1252V(h3VbV(Vb “w))
+ 1—12ﬁ2v - (h*V - wVb)Vb + %ﬁv - (W*V(Vb - w))Vb.
Here, the non-topographical terms Q; [U], Qo[U] are represented by
QU0 = V(A (0 9)(V ) — (V- 0)%)),

Q2[Ulv = —4—15v[v AR(VA(V -0))v — 5h3(V - 0)V(V - v)
+ Vh® x (vx V(V-v))}]
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2 5 2 1 5
+ 4—5v(h (V(V-0))?) + =V (W°V(V - 0))V(V -v)

L5
+ 5™ V{(V(V-v))*},

while the purely topographical terms B; [U], B2[U], B3[U], B4[U] are represented
by

Bu[Uv = %V(hz(v V)2) — %hz((v V)V -v) — (V- 0)?) Vb,
By [UJv = h((v - V)?b) Vb,
Bs[UJv = +iv{v - (W*V2(Vb - v)v + h*(V - vV - Vb)v

—4h*(V - 0)2Vb — 4h*V - vV (Vb - v)
+ V- uVh* x (v x Vb) + Vh* x (v x V(Vb-v)))}

+ 4—18Vb x (Vh* x V(V - v)?) — %h‘*v -VbV(V - v)?
- 2i4v ~(WV(Vb-v))V(V -v) — ih“VQ(V ~0)V(Vb - v)
+ 2—14V(v -v) x (V(Vb-v) x VA?) — %V(h“V(V ~0)V(Vb - v))
+ iv((w4 0)(VbV(V - v)))
- 2—14V AR VAV -0)v —2V(V - 0)?) + VA* x (v x V(V - v)) } Vb,
By[Uv = %v{h?’v- (Vb x (v x V(Vb-0))) +h*V - (V- 0Vb x (vx Vb))

+ h3(Vb-v)V2(Vb-v) + h3(Vb-v)V - (V - vVb)
+2h3(V(Vb-v))? — 2h*(V - 0)?VbVb}

+ 1—12v ~(h3V - Vb))V (Vb -v) + 1—12V ~(h*V(Vb-v))V(Vb-v)
+ %h?’v ~V(VbV (Vb - v)) + 2—14h3(v -0)2V(VbVb)
4 ih?’v{(ww o))
+ %V {=3h3*(V - v)?Vb+ V- vVh® x (v x Vb)
+ h*oV - (V- vVb) } Vb
+ 1—12v ARWVA(Vb - v)v — 3h3V - vV (Vb - v)
+ Vh? x (v x V(Vb-v))} Vb,

where the expression for ()5 introduces the Laplacian operator V2 =V -V = A.
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§2.2. The capillary components

Different strategies exist to deal with the presence of surface tension (¢ # 0) in the
water-wave problem, such as [36, 29, 3, 4]. The main contrast in our work is that
the gradient of the capillary term 7BL0 ”(zﬁo multiplied by A must be added to
the right-hand side of the second equation of (2.6). From a physical point of view,

the effect of surface tension on the water surface is negligible, so the only condition
we need is that there is a small amount of surface tension. More precisely, since
the Bond number Bo is generally large, we assume that the capillary parameter
Bo ! is of the same order as the shallowness parameter u < 1. And therefore we
define the rescaled Bond number bo instead of the classical Bond number Bo, as
follows:

(2.7) 0 < bo=uBo= < Bo,

Pghi
o
where hq is the reference depth, p the positive constant density of the fluid, g the
acceleration of gravity, and o the surface tension coefficient. Regarding this, bo is
not assumed too small so that Bo™! = pbo™! = O(u), and the two-dimensional

capillary terms that should be added stand for

1 kley/pC)y 1
—gw{ﬁ} = LonhV (V- (V()

(2.8) — SRV - (VCPYQ) + O(s?).

§2.3. The one-dimensional case
For the mathematical analysis of the model we will confine the work to one space

dimension. The extended Green—-Naghdi system (2.6) with surface tension is re-
arranged after a few calculations, taking into account the capillary terms (2.8),

as

i + O, (hv) = 0,

(h+ uTTh, Bb] 4+ p>T[h, Bb]) v + hdy( + chovy, + ep@Qq[Uv
(2:9) + enBBUNo + epBBalUlo + e*QalUo + eu® BB5[Uu

1 1
+ ep?B2By[Ulv = o thCars + 52UQET[U]<Q: +0(1®),

where U = (¢,v)" and denoting by h = h(t,r) = 1 + &((t,x) — Bb(x) the total
non-dimensional height of the liquid, with

T[h, Bbv = —%ax(h?ﬁxv) + g[@z(h%xu) — h?byv,] + B2hb2v,
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T[U)G, =~ 5h02(C3Ga),

Z[h, Bblv = —%8§(h58§v)
+ B [02(05 (h*by)0xv) + 02(h* 04 (byv)) — by Oy (R 020)]

+33 (20, (R2b20,0) + 0y (h3bybygv) + 26505 (RPby 04 0) + b, 05 (B2 by v)].
The non-topographical terms Q1[U], Q2[U] are represented by

QU = — 500 (s —12),

QQ[U]U = _%ax{ax(hs(vvch - 51}9@”9636)) - Shs(vxw)2}a

while the purely topographical terms By [U], Bo[U], B3[U], B4[U] are represented
by

Bu[Uv = %[&c(thva) 1 0y (B2by0v,) — B2 (v0ms — v2)bs],

Bo[Ulv = h{byev® + byovy, by,
1 1
B;[Ulv = ﬂaz{h4(bzzxv2 — bpg Uy + by — 8bzv§)} — Zh‘*bmvzvm

3 4 1 4
ﬂaz(h bzzvvxm) - ﬂbmam{h (’U/Uzzx + vmvxz)}u

1
By[Ulv = Ea%,{fﬁ(zymb:,cv? + 2620055 + 1005 gy 00, + 20202 + 3b2,0%) }

1 4
+ ﬂam(hszvvm) —

1 1
+ ﬁh?)(bmv + 20,05 ) bpp Ve + beaz{m(bmv? + 2b, 005, — 6b,02) }.

§2.4. New invariant of (2.9)

The main interest of this reformulation is to gather all terms of fifth-order deriva-
tives in the leftmost term, that is, (h+u7 [h]+u?T[h])(O;v+evv, ). This is reachable
by setting +euT[h, 8b](vv,) and +ep?T[h, Bb](vv,) in the second equation of (2.9).
The new formulation then reads

9¢C + 0y (hv) = 0,

(h+ uTTh, Bb] + p>T[h, BY]) (0w + cvvy) + hdyC + epQa [Uv

(2.10) + epfB1[Ulo + epB?Bo[Uv + e Qa[U]o + eu AB3 U

1 1
2 92 _ 1 2,2 1 3
+epBBy[Ulv = bo’uhczm +eu boT[UKz +0(p),
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where U = (¢,v)" and h(t,z) = 1+¢&((t,z) — Bb(x), and one may write the above
expressions as

T [h, Bblv = —%8x(h36xv) + g[@x(h%xv) — hzbmvac] + B2hb2v,
1
TU)e =~ 5hO2(CC)
T[h, Bbjv = —4%8§(h58§v)
B

% [02(05(h*b;)0,v) + 02(h* 0, (byv)) — b0y (R O20)]
2

+13 20, (RPb20,0) + 0y (h3bybygv) + 26505 (K2 040) + by 05 (RPbypv)],
where the reformulated non-topographical terms Q1 [U], Qz[U] are represented by
2 1
Ql[U]v = gam(hsvfc)a Q2[U}’U = gar{8am(h5vzvzm) + 3h5’l)im )

while the reformulated purely topographical terms are represented by B;[U]v =
%8z(h2bmv2) + h2b,v2, and Ba[U]v = hby,b,v? with

1 1
B;[Ulv = ﬂag%{h‘*(bmv? — by, 00, — 9b,v2) } — Zh‘*bmvmvm

1 4 2 1 4 2
1 4 1 A
Zaa:(h bzzvvxm) + Ebmam(h ’U;E'U;m:)7
1 1
B4[U]v - Eam{hg(bmxajbva + 9bzbmvvm + 3b£261v2)} + Ehg(bxwv + 2b17)z)bza:va:
1
+ ﬁbm@w{h:‘(bajwzvg — wavv;p — 8bajvi)}

§2.5. The modified system to be studied (2.11)

In this subsection we will state in Remark 2.2 the reason behind the use of the
BBM trick and consequently the corresponding modified model (2.11).

Remark 2.2. The linear dispersion relation of the original /reformulated extended
model (2.9)—(2.10) reads

1 1
14 = 2 _ 22114 w2 — 1612 = 0.
(1+ gule? = pr2lel*)w? — g2 = 0

In fact, in the high-frequency regime |£] > 1, an instability appears. As a result,
the Cauchy problem for the p® model is ill posed. Therefore, a modification is
required to the structure of the model, so that the dispersion relation does not
give rise to any singularities.
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In other words, the positive sign of T[h, 8b] in the u? fifth-order factorized term
is problematic and prevents the invertibility proof of the operator h + uT [h, 5b] +
u2Z[h, Bb] by a Lax-Milgram theorem. This property is of highest interest for the
well-posedness demonstration. To overcome this difficulty we replace the positive
sign by a negative sign. A remainder term in the expression 2u2%[h, 3b](0;v+cvv,)
appears. At this stage, in order to trade the time-dependent derivative on v for a
spatial one, a BBM trick is used and is represented by the approximate equation
v + evvg, = = + O(w).

It is noteworthy that one may replace the relation h+ u7 [h, 3b] + u?T[h, 8b] =
S +212%[h, Bb], which defines the new operator S, by an alternative one S+ (a +
) p2%[h, Bb] = h+ uTTh, Bb] + u>Z[h, 8b], with an arbitrary real parameter o > 0.
The special case a = 1 recovers the present definition. In this general setting, the
linear dispersion relation would also not give rise to any singularities.

In this case, the modified linear dispersion relation of the new system (2.11)
(with bo™! = 0) exhibits no singularity and reads

1 1 2
14 = 2 0 21 ) w? — €12 — 2421618 = 0.
(1 gulel + u2lelt)w? - le2 = —ullel

On the other hand, in the presence of surface tension (with bo~ ! # 0), the modified
linear dispersion relation of the new system (2.11) reads

1 1 1 2
14+ 2plel? 4+ =2 4) 2 g2 eld — 2 21E18 = 0.
(1 gulel + Jr2lel)o? — kgl = ol = u?le]

In view of the above remark, we introduce a new operator & = h+ u7 [h, 3b] —
u>%[h, Bb]. This has to be followed by some necessary rearrangements due to
a suitable specification of an appropriate symmetrizer (4.2). The modified one-
dimensional extended Green—Naghdi system with surface tension then reads

9¢C + 0y (hv) = 0,
2

45 ﬂ2ha§(h4<ch) + u2I[h, /Bb]Cx

%(aﬂ) + E’U’Ux) + haxC - lﬁiothwc +

(2.11) 2 TUIG + en@Ulve + BB [Ulve + <152 QafU]ve
+ ep? Q3[Uv, + ep® BBo[Ulv, + ep® B2Bs[Ulvs + R, eh, Bb)(U)
=01,
where U = (¢,v)" and h(t,z) = 1+ &((t,z) — Bb(z). We denote
(2.12)  Tlh, Bblv = f%am(maw) + g [04(h?byv) — h?byv,] + B2hb2v,

(2.13) TG = —%hafg(CﬁCx),
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T[h, Bblv = fiaZ(hf’a%)
b 45 xT xr
+ s [04(05(h*b;)0pv) + 02 (h* 0, (byv)) — by 0y (R O20)]

[23 (R*020,0) + Oy (RPbrbayv)
(2.14) + 20,05 (h*b,0,v) + by 0y (b)),

where the non-topographical terms Q;[U], Q2[U], Q3[U] are represented by

L o (1P 0sm0.f),

Ql[U}f = gaa:(hngf)’ Q2[U]f %ai( Uﬂca:f) Q3[U]f = 15
T[h, Bb)f = %hmﬁx(h‘*ai f)+ ﬁh“hmaQ f
- 1%[330(3 (h*b2) s f) + 02 (R bys f) + O2(h*by0s f) — be Oy (102 f)]
62

2 [28 (R3020, ) + O0u (h3bybys f)
+ 20,05 (D030 f) + by 0 (Wb f)]
while the purely topographical terms are represented by Bi[U]f = h?b,v, f and

1 1

By[U|f = —ﬂag{h‘*(%mv + 9b,v,) f} — fh4bmvmf
1 1 ap
ﬂam(( ) b Urf) (h zzvzf)
1

1
BULF = 20, (#¥0ubucv) + 25h® (buwv + 2beva)ore |
- Tgbzax{hs(bmzvf + 8bxvzf)}a

1 1
R, eh, Bb](U) = iwﬁax(h%mzﬂ) + B hbpbyv? + — e O (W bypev?)

24
1 1
+ E€u2628z(h3bgﬂbwmv2) + Z&u2,6’28w(h3biwv2)
1
+ ﬁ€u262b181(h3b;m1112).

§3. Preliminary results

From a physical point of view we will assume that the fluid depth is constantly
limited. This assumption is essential for the mathematical analysis. Therefore, the



606 B. KHORBATLY AND S. ISRAWI

analysis is to be done under a non-zero depth condition:
(3.1) there exist hpyin > 0, inﬂfgh > hmin  Wwhere h(t,z) = 1+ e((t, z) — Bb(z).
re

We will intensively use two formulations of the leftmost operator & = h +
wTh, Bb] — u*T[h, Bb] (we recall (2.12)—(2.14) the definitions of 7 and T) which at
some points provide more convenience in the energy estimate derivation and the
analysis of the operator itself. These two expressions correspond to two formula-
tions of the operator ¥[h, 8b], one defined by (2.14) and the other by

Tlh, 58] = — 0 (h°02)

+ % 202 (h*b205) + 02 (B bae (+)) — 20, (h*0202-) + h*ber 0]
2
(3.2) +13 (40, (RPb20,+) + 205 (K?bybyy(+)) — 2h%620,(+) — h3bybas(4)].

The following two lemmas provide important invertibility results on & and

specify some properties on its inverse 1.

Lemma 3.1. Letb € C°(R) and assume that ((t,-) € W2 (R) is a differentiable
scalar function under condition (3.1). Then the operator

$: HYR) — L*(R)
is well defined, one-to-one, and onto.

Proof. The proof of the invertibility of & is a direct application of the Lax—Milgram
theorem. We define by H(R) the space H*(R) endowed with the norm ||, as

Hi(R) = {ve H*R); |vl} = [v]3 + plval3 + 1[0zl < oo},

where ||, is equivalent to |-|g2 but not uniformly with respect to pu € (0,1). Let
f € L*(R). Consider the weak problem

find v € H2(R) such that
a(v,u) = L(u) Yu € HZ(R),

with L(u) = (f,u) and the bilinear form a(v, u) = (Sv, u) which can be written as

a(v,u) = (hv,u) + u(h(?hvz - éﬂbmv), ?huz - §Bbmu>

2
n %(hbxu, )
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+ o (h(éh%m V5 by, ﬁﬂhbmv>,
1
Vo V5 V5
S, — 2 Bhbou, - Bhbmu)
\/§ V3 \/3 V3
202 v v v v
28 (h( > hbavs + 5 hbmv), o b, + hbmu).

It is easy to see that a and L are continuous on H7(R) x HZ(R) and H(R)
respectively. In addition, using (3.1) we have

3 3 2 2
a(’Uﬂ)) > hmin‘vlg + /f"hmin %hvw - gﬁbzv 9 + %wxvg
9 NG V5 NG 2
hmln h xxr — T hbz r T T o hbz:c
tu 5 " Ver g Phbve = “=Bhbasv],
o2, | V3 V3 2
hmin 7hb1 x 7hbwl ’
MG 1 1Vxte g e,

but it holds that

3u (V3. 12 45
o2 < Jof2 + 22 ihv 4” Voo,
M hmln 3 hmln 15

18 V3 V3 2

< |v|z + hfmn (‘ hv, — 5 —Bb,v —|— I|bxv|§>

90 2 V5, V5 V5 2

T hvan = 2 Bhbyv, — 22 Bhbs

TR g Pbsva = =g Fhbuav],
1350 3 2
252‘—hb e + ‘thmu i

90 1350
) hm PRI R
civity condition on Hﬁ (R) x Hﬁ(R) represented by the inequality

Therefore, after denoting 9, . = max{1 }, we deduce the coer-

min

hmin
. >
(3.3) a(v,v) > m

min

Cips

Therefore by the Lax-Milgram theorem, for every f € L?(R), there exists a unique
v € H2(R) such that for all u € H2(R) we have a(v,u) = (Sv,u) = L(u) = (f,u).
Equivalently, there is a unique variational solution to the equation

(3.4) Qv = f.

It remains to prove that v € H*(R). Indeed, fix € (0,1) and introduce the well-
defined invertible operator J: H?(R) — L?(R) defined by J¢ = ¢ — £-9,.(h°0,¢)
such that (see Appendix A.4 for further discussion), for all ¢, g € L2( ), it holds
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that

J710, S ,
55) {m gl < ol

[T gl < lal e

From the definition of operators & and J combined with (3.4), it holds that v,, =
J 14 such that

Y = hv + Vg + T [h, Bblv + —u 20, (W20

45
2

- 2—45[ (02 (h*by) 0y v) + 92 (R0, (by)) — by Oy (R 020))]
2
15 120, (F3520,0) + O (Wbabasv) + 2b30s (H¥,050) + bed (Pbyav)] — f.

Since v € H?(R), f € L?(R) and using (3.5), one may deduce that J 19 = v,, €
HY(R). Thus by (3.4) and (3.1) we have

Vpzzs = —%v— 45# TTh, Bblv — }i,, - 2}%?”%“
e 0u(0u102)0,0) + B0, (0,0) — 0,0, (1020)]
+ f;f (20, (RPb20,0) + 0y (hbybaav) + 2650, (RPby0y0) + by 0 (RPbyyv)]
+ f € L*(R).
Hence the proof is complete. O

The following lemma gives functional properties to the operator 3~1.

Lemma 3.2. Let ( € H* Y(R) and b € H*T3(R) be such that (3.1) is satisfied.
Then we have the following:

(i) For all0 <s<ty+1,

IS | ars + /1|05 f 1
< Clhgins |h = 1 greo+r, |0l greo+s) | fl e

(if) For all 0 < s <tg+1,

VRIS 0, flms + 10:3 7 00 flus + /1|02
< Clhins [h = geosr, [blgreo+s)| f e,
PSSO f e + py/il 0. ST f s + 12073103
< Clhgins 1h = 1 geoen, [blgreoss)| f e
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For all s >ty + 1,
IS are ()= 1o (®) + VBN ST 0l e ()= 1= () + ST 02 11 () 12 (R) < s,
1110237 x| 11 ) o ) + 1/ O2S T Dol e () s 1o (m) < Cs,s
N\/ﬁ“amgilainHS(R)aHS(R) + 1P| 2SO fll s () e () < Cs,s

|h—1|g=, |b|gs+s and independent

where C is a constant depending on h_

of (e, 1) € (0,1)%.

min’

Proof. The proof is a generalization of the proof when 5 = 0 of operator & in [20].

Note

that here it is more convenient to use the second formulation (3.2) of the

operator &
Assume that f € H*(R) and u = S f; then Su = f. Apply A® to both

sides,

Asf—

such
f
7

p=

Integ

Now,
1.6)),

(3.6)
(3.7)

then multiply by A®u, which yields the following equality (note that SASu =
[A%, Su):

a(Au, Au) = (f, A*u) + \/i(0:9, Nu) + p(035, Au),

that f, g, and p read

2
= ASf — [A®, hJu + @[AS h2b,Juy — uB2[A%, hb2]u + NQ—B[AS, Wbt

4
2ﬁ B2 A% h3b2uy, N 52 (A5, B3bybgs]u,
= %[As, B, — \FTB[M Wby Ju — %[Asv Wb,
4 “\/?‘)752 (A%, 302 ]uy + “‘/552 [A°, Bbybaa]u,
— A g + %[Ash‘*b s “ i Sy AT A bag]u.

45
rating by parts and using (3.3), we get

hmin

Aul, <|f g ilo.
M, |A%ul, < |flz + 192 + [Pl2

min

using the necessary Kato—Ponce commutator estimates below (see [2, Lem.

|[As,f]u|2 5 |vf|Htg|u‘Hsfl if0<s<ty+1,
|[AS, f}u|2 S, |Vf|Hs—1 |U|Hs—1 if s 2 to —+ ].,

it holds that

[fl2+1gl2 + [Bl2 < [flme + C(h = 1o )[A° .
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Hence, the inequality (i) holds after a continuous induction on s. For the proof of
(i), one has to replace u = \/uS ™10, f and u = puS~ 192 f for a second time. The
general strategy is the same as in (i), noticing that A® commutes with 9, 9. The
only difference is in the expression for f , g, p when setting u = /S~ 19, f and
similarly when v = 37192 f. The rest of the proof is as in [20]. O

§4. The linearized system

In order to rewrite the extended Green—Naghdi system for an uneven bottom with
surface tension in a condensed form, we introduce a new symmetric operator Jpo:

Jho=1— %82( ) + Zs P2O2(R192),  with h(t,z) = 1+ C(t, z) — Bb(z).

The first equation in (2.11) can be written as
0iC + ev0,.C + hdv — Bvd,b = 0.

For the second equation in (2.11), applying ™! to both sides we get

O + evv, + s_l(hsbo@c) + ;1,23_1(1[}1, BbIC:) — €2U2big_l(T[U]CI)
+epSTH(QuUve) + enBS ™ (BlU]os) + ep® 3™ (Q2([U]vs)
+ e’ Q3[Ulvs) + ep® B (Bo[Ulv,)
+ep® 328 (Bs[Ulvx) + 871 (R, eh, BHI(U) = O (1)
Hence, the extended Green—Naghdi system (8 # 0) with surface tension can be

written in the form

oU + AlU]0,U + B(U) =0,
where U = (¢,v) "

eV h
AlU] = -1(h S )
Y —ih;‘i;ol): l;ET[Ul]S)I[h?ﬁb] : v+ epQu[U] - +ep*Qup[U]-
with
QU] =S H(@[U]) + S (BB [U])
Qu|U]- = S H(Qa[U] - +Q3[U] - +BB:[U] - +B°B5[U]),
and
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We consider now the linearized system around some reference state U =

(N

(1) {@U+M]6U+BW) 0,

U,_, = Up.
The proof of the energy estimate which permits the convergence of an iterative
scheme to construct a solution to the extended system (2.11) for the initial value

problem (4.1) requires us to define the X* spaces, which are the energy spaces for
this problem.

Definition 4.1. For all s > 0 and T > 0, we denote by X® the vector space
H*t2(R) x H**?(R) endowed with the norm

7
U = [l + ool + 121Gl + [0l + ploalfr + p¥fvealZre,

while - = O(u) and X7 stands for C([0, 836]')(3) endowed with its canonical

norim.

First, recall that a pseudo-symmetrizer for A[U] is given by

gbo 0
B 32() 2 ,u232(h482) 0
(42) = ( 0 b+ wT[h, Bb) — w2S[h, Bb]) ’

where h = 1+ &( — 8b. A natural energy for the initial value problem (4.1) is
suggested to be

E*(U)% = (AU, SA®U).
The connection between E*(U) and the X*-norm is examined using the lemma
below.

Lemma 4.2. Let s > 0, b € C3°(R), and ¢ € L>(R). Under the non-zero-depth
condition

(4.3) there exists hmin > 0, inﬂgh > hmin, h(t,z) =1+ e((t,x) — Bb(x),
e
E*(U) is uniformly equivalent to the |-|xs-norm with respect to (u,e,bo™ ") €

(0,1)3:
E*(U) < O(I¢loo)|U|xs and  |Ulxs < Clhg,) E*(U).
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Proof. First note that E*(U)? = (AU, SA*U) with SAU = (JnoA*¢, IA®).
Then we get
ES(U)? = (A%¢, JpoA%C) + (A%, SA®0).

Using the expressions for &, Jpo, and the proof of Lemma 3.1, by integrating by
parts it holds that

BY(U) = (NG A°Q) + L (0060, A0G) 4 L (B8 G, A°Gea) + a(A%0, A%),

where
a(v,u) = (ho, u) + u(@(?m - ?5@;), ?huz - ?5@)
“ﬂ i BD (hbyv, beu)
+u? (h(gh%m 0 b0, — L b0,
%lf éﬁhbzuz - %ﬁhbmu)
+ 1282 (h (%hm ve + ﬁhb v), ghbm g + f@bmu).

From the assumption of the lemma we know that b € C3°(R), ¢ € L>(R), and
that the water depth is constantly limited (4.3). Then by the Cauchy—Schwarz
inequality and with the help of the proof of Lemma 3.1, we get the two inequalities
of the desired lemma. O

A derivation of the prior energy estimate is given in the proposition below.

Proposition 4.3. Let s > 3/2, bo™' € [0,1), and b(z) € H*T3(R). Also let

= (¢,v)" € X3 be such that ,U € X5 " and satisfy condition (3.1) on [0, %]
Then, for all Uy € Xs there exists a unique solution U = ((,v)T € X5 to (4.1)
and for all 0 <t < 5 satzsfymg

ES(U(t)) < (e(s\/ﬁ))\Tt)l/QEs(UO)
¢
(1.4) HEV ) [ (OB U)@), bo ) de
0
for some Ar = Ar(supo<i<r/evs E°(U(1)), SUPo<i<1/ev |0:h(t)| Lo, bo™ 1), where
eV = max{e, f}.

Remark 4.4. In the following proof and for the sake of simplicity, we will not
attempt to show the dependence on the bottom parametrization b € H*T3(R) in
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all of the verifications. For an explanation of why s + 3 regularization is required,
consider the control of term D3 + Dy.

Proof of Proposition 4.3. The existence and uniqueness of the solution is a direct
adaptation of the proof in [16, App. A] (one may see also [32, 1] for general details).
Our attention targets mainly the demonstration of the energy estimate. Consider
any A € R; the key point is to bound from above, in terms of E*(U), the component
below:

GV, (= (VAN ES(11)2) = —(e v B)NE®(U)? + 8,(E*(U)?).
Using the fact that & and Jp, are symmetric, in addition to the identities
O (SA*v) = [0, SIA v + SA v, 0r(InoA°C) = [0k, Jbo] A°C + TboA°Gr
one gets after using (4.1) that

Ou(ES(U)?) = —2(SA*U, [A®, A[U]|0,U) — 2(SA*U, A[UJA®0,U)
= 2(A*B(U), SA*U) + (A°C, [0r, IJno] A*C) + (A*v, [0, S]A ).

Therefore, we obtain

1 s\/ﬂ))\t3 ( svﬁ)AtEs(U) ) _ _(5 \/2ﬂ)>‘E ( ) (SA[ }Asa U, ASU )
— ([A%, A[U])0.U, SA°U) — (A°B(U), SA°U)
(4.5) (A 10 3ol A°0) + 5 (A%, 91, 3]A%).

We will focus now on bounding from above the purely topographical components
of the right-hand side of (4.5), knowing that the non-topographical expressions
have been controlled in [20]. Note that by Parseval’s identity, the Cauchy—Schwarz
inequality, and then Young’s inequality, we will use the inequality

(46) :UKI‘%P — 2|C‘Hb M2‘sz|%{3

Estimation of (SA[U]A®*8,U, A°U). Put
R[U]- = epQu[U] - +ep® Qa[U] - +ep” Q3[U] -
By definition we have

€dbo (V) Jbo (k)
SAUl = [ hJvo - +12Z[h, Bb)-  eS(v-) + R[U] - +epBBi[U]-

—e2u? 55 T[U): +ep?BBe[U] - +ep? B2 Bs[U]-
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Then it holds that
(SA[UJA®0,U, A°U) = e(Ino(vA*Ca), AC) + (Ibo (RA V), A°C)
(,\jbOASCZ7 ASU) + MQ(I[h7 ﬂb]ASCJLW Asv)
— SQ;LQ%(T[Q]AS@, A®v) + e(S(vA’v,), A%v)
+ (RIU]A vg, A0) + epB(Bi[U]A v, A*v)

+ ep? B(Ba[U)A vy, A%v) + ep® %(Bs[U]ASv,, A%v)
:A1+A2+"'+A10.

From [20] and with inequality (4.6) in hand, one may deduce that the non-
topographical terms A;, Ao, Az, As, Ay are controlled as

| Ay 4 Ay + Az + As + A| < (e vV B)C(E*(U),bo M E*(U)2.

To control Ay, an integration by parts yields

4 2
A — AA8 —u?
4 = 45N (h Oy (h Cama:) U) + 45lu
1
+ 7u2ﬁ(aw(h4ba:>/\s<a:w7 Asvw) - Euzﬁ(ll4bwwASvaAsvwa:>
1 4
h*A° A?

+ §M2ﬁ2(h3b;25ASCJJJ)7 ASUJ;) + 6,“ BQ(hgbwbwwASCwa ASUJ;)

(h4hz$As<www7Asv)
ﬁ(h4b A waaA 'Uavm) -

1 1
+ §ﬂ2ﬂ2(h36mAS<xm 89:(be57]$)) + 6#262(&/3():&0/\54‘% ax(ba:ASUx))
= Ap + Ag2 + - + Agqi0)-

To control A4y and Ayo, by integration by parts and (4.6) it holds that
[Asy + Aga| < (e V B)C(I¢lwroe, ¢l 1o, ]Gl r4) B (U)?.
Again, using integration by parts one can write
|Ass| = —u% (A*Caas On (B b0 A°0)) + %MB(ASCM,@(@‘*@AS%))
< BC(I¢lwr ) E*(U)*.

The rest of the components are controlled similarly, so it holds that

|[Aa| < (e Vv B)C(Clwree, [l e, plCac | re) B (U)?.
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To control Ag one should notice that the non-topographical terms are bounded
from above in [20] by

(e VB)C(Klwroe; [valoo, vAtlUaaloo) B (U)?,

while the purely topographical terms can be written as
1 1
- 55,&5(@217;3@[\5@3;, Asvm) - 55/15(@21)1’81’(@/\80@)7/\8”)
1
+ enB? (WA vy, A%) + e B((h"02)w0n (VA V), A%y

1 1
— —ep?B(h* 0, (byuA*v,), Avyy) — —ep®B(R*02(vA%v,), 0p (b AV))

24 24
1 1
= EEMQBZ(hgbiax(yAsvw),Asvm) + EE/J/Qﬁz(h‘SbwbwzyAsvwaAsvw)

1 1
+ e B (07020, (U v), B (bp A7) + Zeps® B (1Pbyuv A v, O (b))
= Ae1 + Ae2 + -+ + Ag(10)-

Again, by integration by parts one has

[Aos| = 52m?B] (B0 (0A"02), 0a (14020 A%0)) + (Du(eA"02), 04 (0, A7)

< eBC([¢|wree, [vlwr= ) E*(U)?.
Hence, we get

|[As| < (e V B)C(ICaalwroe, [ulwroe s V/ilUaa |o0) E* (U)?.

Similarly, using the expressions for B;[U], B2[U], B3[U] and integrations by parts
one has

|4s] < eBC(I¢loos [ualoo) E*(U)?,
|[Ag| < eBC(I¢lwroo, [ulwioe, VitlUza|oo) EX (U)?,
| Avo| < eBC(Cloc, vl E*(U)?.
Therefore, we get
(SAUIA*0,U, AU
< (e VBYC(IClwroo, [l e, mlCaal e, [olwroe, VAl Lzz]oo, bO™) E*(U).
Estimation of ([A®, A[U]]8,U, SA®U). First of all, we have

Hs,

([A%, A[U])0.U, SA°U)
— (A%, 0)Ce, TnoAC) + (A%, B, TpoA™C)
+ (A%, S (Bbor)]Cer SA™) + 12([A%, S (Z[h, B8] )]G, SA D)
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—Wbi(ms,s*( [U))]Co SA%) + £([A°, oo, SA®D)

+ep([A°, S™HQIUT)ve, SA*0) + ep® ([A%, 37 (Qep [U]-) vz, SA*0)
=D1+D2+---+Dg.

To control D;, Dy we use the expression for Jpo, the commutator estimate (3.7),
and the fact that

(4.7) OZ[N*, MIN = [A®, Mug]N + 2[A®, My]N; + [A®, M]Nog.
Then, with (4.6) in hand, it holds that

|D1+Ds| < (eVB)C(¢]oo, |h—1

¢

HSaﬂ|yacx|HSab0_1)E8(U)2~

Hs, H57.u|§x33|H57|y

To control D3 4+ Dy, remark that § is symmetric to
S[As gil]}ltjbogc = S[Asa Sil(hgbo')]@: - [Asa h\jbo]C;c-

Moreover, since [A%, S71] = —371[A*, 3]S 71, one gets

SIA%, 37 (BIbo)ICe = —[A%, SIS AdboCe + [A%, hTbolCa
By using the explicit expression for &, integration by parts, and the facts
(4.8)  [A%,0:(MO,)IN = 05[A°, MIN;,  [A*,05(MOZ)]N = O7[A°, M| Ny,
one can write

D3+ Dy = ([As SIS (AJboCa) A%0) + ([A°, hJo)Cey A%0)

12 (A, S]S™HZ[R, Bb]C), M%) + 1P (A, Z[h, Bb] ]z, A*v).

Now, using the expression for Jy, one has

— 2uB?hb2C, — (P T(h, Bb)C,.

45

Then it holds that
“HhJbole) + 1S H(Z[h, BY]Cy)
=96~ $7 () — o8 (W) + %“S*laz(@%m)
- MﬁS_l (ax(thwa) - thaszw + 2ﬂhbij)
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The above equality then implies
D3 + Dy = 2([A%, 8], A%0) — ([A°, 3] 71 (ko). A%v)
A 81370, (5, A%) — L (A%, SIS (B, A7)
o

+ ([AS7 h’\jbO]Cﬁfa AS,U)

— B0, 137 (9a(h2b2Cs) — h2buCos + 26hD2C,), A%0)

+ 12 ([A%, Z[h, BB))Co, A™0)

= D341 + D342 + -+ + Daar.

In order to facilitate our way of controlling D3 4+ Dy, we will use the re-expression
(3.2) of &, which reads

=h-— %ﬂaw(hgax) +

1
+ uBhb; () + 0L (h°07)

2%

upB 2 uB . o

“ i [282(h4b 92) + 02(h*bys () — 20, (h*b,02:) + Kby, 02
2ﬁ2

Using this, the commutator estimate (3.7), identities (4.8), and Lemma 3.2, it
holds that
[Dsa| < (e V B)C(|h — 1) E*(U)?,
|Dsa2 + D3z + Daaa| < (e V B)C(|h — 1|+, Cs)E*(U)?

To control D345, one should use the explicit expression for Jp,, and the fact that

(A%, MOW (NO2-)|P = [A*, MO NP
(4.9) + MOW[A®, N|92P  with 1 = {1,2},
to write Dsy5 as
Dags = ([A", B)Gas A*0) = 2= (1A%, BlCoa, A%0)
2
s 5 2 s 2 s 2115 s

45 ([A h°1Coza, O (hATV)) + 45:“ ([A%, RO’ Copa, A0)

= D3451 + D3452 + D34s3 + D3as4,

such that

|D34s1 + D3ase + D3sass| < (e V B)C(Jh — 1| g=,

{|oo, Do B3 (U)2.
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To control D3ys54, one should note the commutator identity

[A*, MOZIN = 02[A", MIN — 20,[A%, 0, M]N + [A*, 92 M]N
(4.10) = [A®, M]O2N.

Then, with (4.6) in hand, it holds that
|D3454| < (5 \ B)C(Vl - 1|HS> |§|H°‘7M‘ngﬂHﬁ*l)Es(U)z-
Therefore, we obtain

|D345| < (E \ B)C(Vl - 1|H57 |§|Ooa |§|H37/1'|§r$a: H5*17087b071)ES(U)2'

To control Dsyg, by integration by parts and using the explicit expression for &,
the commutator estimate (3.7), identities (4.8), and Lemma 3.2, we get

|D3as| < BC(|h — 1|z=, Cs) E*(U)*.

To control Dsy7, we use integration by parts, the commutator (3.7) with the help
of (4.9), (4.10), (4.6), and the commutator identity below,

[A°, MOLIN = 0,[A®, M]N — [A®, 0, M]N = [A®, M), N.
The non-topographical terms are bounded from above by
(e VB)C(h = s, [l e, plCaol <) B* (V).
On the other side, for the purely topographical terms in D347 we use
(4.11)  [A®,0,(M)]N = 0,[A*, M]N and [A®,0%(M-)|N = 92[A*, M]N,
and by integration by parts and (3.7) we write
B = SN B0 G, A0) — (A%, B, A

AT B G, A0 — 2 (A% B ] A™)

— 2B B0 M%) BN, B bn] G A7)

L BA 100be)Con, A'0) + BN B,1G0 A%)

< (eV B)C(Ih — 1) B (V)

Thus, after collecting the information above, we obtain

|D3 + Dy| < (e V B)C(|h — 1 g, [¢]ocs [¢] 1o 1l Cana|mre—1, Cs, bo™ Y E*(U)2.
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To control Ds, let us note the commutator identities (4.11) and
(A%, MOW (NP = [A*, MOW|NP + MOW[A®, N|P
= [A®, MO (N P) + MO [A®, N|P,

with + = {1,2}. Now, as in Ds, using (4.8), by integration by parts, Lemma 3.2,
and the Kato—Ponce commutator estimate (3.7), it holds that

|Ds| < (e v B)C(Jh—1

Hs—1, |§I Hs—1, ‘€|H53M|§$w|Hs7CS7b071)ES(U)2'

To control Dg, one can write, after checking the expression for & and using (4.7)
with integration by parts and the fact that 9,[A®, M]N = [A®, M]N +[A®, M|N,,

1
Dol = £|([A%, vJve, BA™) + S (A%, valve, BPAv,)

1
+ ,U([Asa Q]U;cxy }lgAsvx) - 5”6([AS7 'Qx]va:a }lezAsU)

N = W =

‘LL/B([AS7 Q]'Ua:xa thxASU) + /J/BQ([AS7 y]vxa hbiAS’U)
i 2 s 5As 3 2 s 578
1

1
2 s 5A8 o 2 s 4 s
—45,u ([A°, V] vgga, KON Vg ) —12,u B(A®, Vag| Ve, B b Avyy)

(.S 0 A (ST PO 0 S

- iﬂ?ﬁ([Asa 'L}mx]vza }l4bzmAS'U) - il’ﬁﬁ([‘/\‘su 'Q}vzmaca h4bmzAs'U)

+

- %N2ﬂ([Asa ,QZL’},UCEJH }l4bxmAS'U) - %N2ﬁ([Asv Qm}vzv h4bmAsvxz)

1 1
- EIU/QB([A67 y]vw:m ]l4ba:As’U:cz) - ﬂu26([Aév ’Q]’UI, h4bszsUa::r)

+ %NQIBZ([ASaQw]Uw, W2 A%v,) + %uQBQ([AS7y]vm, B2 A*v,)
B A e, Babac ) 4 B (A, e, b A%)
SN o, BabecA") 2 2(A o, B0, A%)

< (e V B)C([¢loos |0l e s v/l van| o 15 plVaae |1 ) E* (U)?.

To control D7, one can realize D3 and integrate by parts with the help of (4.8) to
write

Dy = —ep([A*, S]S71 Q1 [Ulve, A™) + ep([A%, Qi [U]Jvs, A%v)
— euB([A%, SIST Bi[Uvs, A*v) + epB([A°, Bi[U]]vg, A%0).
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Furthermore, as above, using the expressions for &, Q;[U], B1[U], with the help
of Lemma 3.2, the commutator (3.7), and (4.8), (4.11), one gets

1De] < (v B)O(IR — Usze, oo /Filae o1, Co) B (U2
To control Dg, one can write, by integration by parts,
Dy = —ep?([A%, 3137 Qa[Ulvs, A%0) + ep® ([A°, Q2[U]Jvg, A%0)
—ep®([A%, Q]8T Qs[Ulvs, A%v) + e ([A%, Qs[U]Jvs, A%v)
— ep?B(IA%, SIS Ba[Ulvs, A%0) + ep® B([A%, Ba[U]Jvz, A*v)
— e’ B2([A%, SIS 7 B3 [Ulve, A%) + e B ([A°, B3 [U]]vz, A0).

Now, as above, using the expressions for &, Q»2[U], Qs[U], Bz2[U], B3[U], with the
help of Lemma 3.2, the commutator (3.7), and (4.8)—(4.11), one gets

Vgl ps-1, \//j|y-t:c|HS*1 s 1| Va |, CS)ES(U)z-

Eventually, as a conclusion, it holds that
(A, A0 U, SAU)| < 2O (1 = Lo, [C] e
\/ﬁ@m
Estimation of (A*B(U), SA3U). We recall that

B —pBbyv
B(Q) = <g—1(’R[M,€h75b](U))> ,

knowing that the expressions for the operators & and R read

[Ds| < (e vV B)C(Jh -1

Hs,

gH%Mwa‘HSa 'Q|H57
e, Cs,bo M) ES(U)2.

Hs, ,LL|sz

R

b (0, + 10, (0%,0) ~ X w,0,
ugP() + %ﬁawai-)

“ i [232(h4b 0p) + 02(h*byy(+)) — 20, (b, 02-) + h*by, 0]
2
7 (10,

R[M,Eh,ﬁb](g) = 15,“/689:(]1 bzxvz) + Elffﬁ2hbzbmx92 + 27]45#2635(@4bzxz92)

1 1
+ 15 B2 00 (W brbaaat®) + S 8200 (W07, 0%).

Now, as in D3, one may write

(A°B(U), SA°U) = —B(A°(b2v), JnoA*C) + (A°R[u, b, Bb](U), A*v)
— (IA*, 8] R u, eh, Bb](U), A*).
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Using the expressions for &, R[u,ch, 8b](U), Jbo, with Lemma 3.2 and the com-
mutator estimate (3.7) in hand, in addition to (4.8)—(4.11), it holds that

(A*B(U), SA°U)| < (e v B)C(E*(U), bo™ ) E*(U).

Estimation of (A°¢, [0¢, Jbo]A®¢). One can write, after checking the expression
for Jpo and performing an integration by parts, that

(A%, (00, Tnol A% = |12 12 (Beh A G, A*Caa) | < (e V B)C(10h]oc) B*(U)?.
Estimation of (A%v, [8,5, §]Asv). Note that we have
[0r, h]ASv = O;hA*v, [0y, Op(R30,-)|A%v = 0, (0th*ASv,),

and
[0, 85(@585-)]Asv = 82(8th5Asvm).

Thus, by integration by parts, it holds that
(A%, [0, S]AD)|
o s s 1% 3As s /1‘2 5A8 s
= |(O¢hA°v, A°v) + g(ath ANv,, Av,) + E(&gb Novgy, Nvgy)
< (eV B)C(|10:h|oc, B°(U))E*(U)?.

Gathering the information provided by the above estimates and using the fact that
H*(R) is continuously embedded in W1:°°(R), it holds that

%e(”m“&s((& VB)TMEN(U)?) < (e V B)(C(E*(U), |0¢h|L=,bo™") — \)E*(U)?
+ (e vV B)C(E*(U),bo™ ") E*(U).

Takmg A = Ar large enough (how large depends on supycjo 1 ) C(E*(U),|0:h|pe,

bo™1)) to have the first term of the right-hand side negatlve for all t € [0, Egﬁ]

one deduces that

T 1
vie |0, 5] e INa NEN D)) < (e AO(B* ), bomHE(U),
Integrating this differential inequality with the help of Gréonwall’s inequality yields
therefore
T eV,
Vte [0, TB} . ESU() < e“FAtEs (1)

t
LV B) / S (B ) (), bo ) dt |
0

which is the desired estimate. O
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§5. Full justification of the asymptotic model (2.11)

The main result of this paper, i.e. the long-time existence of a solution to the
extended Green-Naghdi system (2.11) in X* = H**2(R) x H*T%(R) with s >
3/2 and time of order ¢t = O(ﬁ) is stated below. Note that if some smallness
assumption is made on € V 3, at that point the presence time ends up bigger.

It is worth noticing that the case when bo™* = 0 holds for a new energy space
Y#>3/2 endowed with the norm (U2, = |¢|%. 4+ p2|Conl?re + 03 + ptlvel % +
P2 vz |35 In view of inequality (4.6), it is not hard to check that a similar energy
estimate holds with bo™! = 0.

Theorem 5.1 (Long-term local existence). Fiz any s > 3/2 and b € H*T3(R).
Let Uy = (Co,v0) " € X be such that the depth condition (3.1) is satisfied.

Then there exists a mazimal Trax = T(|Up|xs) > 0, uniformly bounded from
below with respect to e, u, 3 € (0,1)3 and bo~! e [0,1), such that the extended one-
dimensional Green—-Naghdi equations (2.11) with surface tension admit a unique

solution U = (¢,v)" € X5 with the initial condition (Co,v0)" and preserving
Tmax
' evp

the non-vanishing depth condition (3.1) for any t € [0 ). In particular, if

Timax < 00 one has
Tmax

eV’

|U(t,)|xs —> o0 ast—>

or
Tmax

evpi

i%f h(t, ) = i%f[l +e((t,)—Bb(-)] —0 ast—

Proof. The proof of the well-posedness is a straightforward readjustment of the
proof of [9, Thm. 7.3] or of [20, Thm. 1] using the energy estimate from the linear
analysis proved in Proposition 4.3 (see also [19] for similar proofs of unidirectional
equations). The techniques here are those used for hyperbolic systems (see [1,
32] for general details) with additional standard arguments, where no smallness
assumption on the parameters ¢, u, 5 is required in the theorem. Note that, when
a sequence of non-linear problems is devised, the difference with respect to the flat
bottom case (see [20, Thm. 1] for details of the proof) occurs in the convergence
of solutions that is established using the energy estimate. So, one has to deal with
topography terms such as (B(U,) — B(Uy-1),S(Unt+1 — Uy)) to be controlled by
(eVPB)ColUnt1—Un|xo|Up —Upn—1|x0, where Cp is a constant depending on initial
data Uy. It is worth noticing that the constant Ar appearing in Proposition 4.3 is
independent of 9;¢™ and depends only on |Up|xs. Indeed, by induction on n and
using the mass conserved equation, it holds that |0;h" T pee < elU™ | xs. O

Theorem 5.1 is complemented by the following result that shows the sta-
bility of the solution with respect to perturbations, which is very useful for the
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justification of asymptotic approximations of the exact solution. (The solution
= (¢,v) " and time T}yay that appear in the statement below are those furnished
by Theorem 5.1).

Theorem 5.2 (A stability property). Let the assumption of Theorem 5.1 be sat-
isfied and moreover assume that there exists U = ((,9)7 € (o, Z’IVE‘] X5HH(R))
such that

até:—’— ax(%’@) = fl»

- T T 9 .
%(3{7) + 5'[”735) + ho,¢ — bi:ufhékacacx + 7N2ha§(h4g¢xz) + .UzI[ha ﬂb]Cx

TN + enQilToe + BB 010 + < Qal0o + > Qs[0
+5N2582[ ]vx+5#25283[ ]”zJFR[NaEh Boj(U )*sza

wzth 3 — [~ b — Hzg[N 0], h =1 +g€ Bb, and F = (f17f2)
Le=([o, Z%] XS( )?). Then, for all t € [0, Zuz], the error € = U — U=(Cv)" =

(¢, )T with respect to U given by Theorem 5.1 satisfies for all 0 < (eV )t < Thnax
the inequality

€] oo 0,0, x5 ) < (€V B)C(1€),_ x5 (®) + HF | Lo (0,11, (R))
where the constant C depends on U Lo ([0, Tona /2], X (R)) \U|Loo( Tinax/VB], X+ (R)) -

Proof. The proof is a direct and classical consequence of the same energy estimate
as evaluated in Theorem 5.1 which is itself similar to the energy estimate proved in
Proposition 4.3. Subtracting the equations satisfied by U = (¢,v) T and U = (f, o)
we get the following system:
{ate + AlU10,€ = —(A[U] = A[U)0:U ~ [B(U) = B(U)] - F\
¢, = Uy — Up.

Therefore, in view of the proof of Proposition 4.3, one may similarly deduce the

estimate
2dt|e|X —(SA[UJA 0, €, A*€) — ([A®, A[U])0, €, SA®E)
+ ([A%, A[0))0,T, SA*€) — (A%, A[U])0,T, SA*€)
+(SA [ [0,A°T, A*®) — (SA[U]9, AT, A*€) — (A*F, SA*€)
+ 1([at, SIA*E, A*€) — (A*B(U), SA*€) + (A*B(T), SA*€)

(5.1) <(evp)C H@@(s(u{) + 1€ x2 ) [F Ly
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where C' = C(|U|L°°([O,Tmax/a\/6],XS(]R))7 |U|L°°([O,Tmax/5\/5],XS+1(R))) and we use the
fact that s —1 > to with [9;h]ec = (e V B)|vhy + hvy]oo < |Ul%. (). Integrating the
differential inequality (5.1) by applying Gronwall’s inequality therefore yields the
desired result. O

We state here that the solutions to the water-wave equations (1.9) are consis-
tent at O(u?) with the extended Green—Naghdi equations (2.9).

Proposition 5.3 (Consistency). Let UV = (¢, )T be a family of solutions to
the full Euler system (1.9) such that there exists T > 0, s > 3/2 for which ({,¢')T
is bounded in L>([0;T); H**™N)2 with N sufficiently large, uniformly with respect
to e, 1, B € (0,1)® and bo~* € [0,1). Moreover, assume that b € H*™N and that ¢
satisfies (3.1). Define v as in (2.1). Then (¢,v)" satisfies (2.11) up to a remainder
R, bounded by

IR||(zoe o)1) < 1°C,
where C' = C(hmlln, |b|Hs+N7 ||C||Loo([0,T[;HS+N), H’L/)/HLN([07T[;H.<+N)).

Proof. The proof follows the same lines as the proof of [22, Thm. 6.10] with N
sufficiently large. In fact, it is sufficient to show that the second equation of (2.11)
is satisfied up to a term ;3 R, with R as in the statement of the proposition. Indeed,
taking the derivative of the second equation of (1.9) and replacing G[eC, 8]y by
—p0, (hv) and in view of (2.5), replace ¥ by v+ £Th, 3blv + %T[h, Bblv + 113 R3.
At this stage, denote by ;>R all terms of order ©2; then taking advantage of similar
estimates to those of [22, Lem. 5.11], such that

|FE3IHS < O( m1n7 |C|HéJrG |b|H5+6)|w ‘HS+6

and

|atR3|Hg < C( m1n7|<|H5+8 |b|H6Jr8 |’L/) |Hb+8)
yields the desired control of R. O

Finally, the following convergence result states that the solutions of the full
Euler system remain close to those of our system (2.11), with a little more precision
as p3 is smaller.

Theorem 5.4 (Convergence). Let ¢, 1,3 € (0,1) and bo™' € [0,1), s > 3/2,
be H*N and Uy = (Co,100) " € H*TN(R)? satisfy condition (3.1) where N is
sufficiently large. Moreover, assume UM = (¢,4)T is a unique solution of the
full Euler system (1.9) that satisfies the assumption of Proposition 5.3. Then there
exist C,T > 0, independent of €, , 5, bo~ . such that
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e there exists a unique solution Usx = (Cox,Vex)' to our new model (2.11),
defined on [0, %] and with initial data (C°,v°) T (provided by Theorem 5.1);

e the following error estimate holds, for all 0 <t <T/(eV B):

|(C,U) - (CeX7vex)|L°°([O,t];XS) < C/J,3t.

Proof. The existence of Usy is given by our Theorem 5.1 (we choose T as the
minimum of the existence time of both solutions; it is bounded from below, inde-
pendently of &, i, 8,bo™ " € (0,1)*). Assuming that U™’ satisfies the assumptions
of our consistency result, Proposition 5.3, therefore (¢,v) " solves (2.11) up to a
residual R bounded from above by 3. The result then follows from the stability
property (Theorem 5.2). O

Appendix A. Derivation of the extended Green—Naghdi system
In this section we denote w = V) (note that w is independent of z).
Appendix A.1. Computation of the integral Ja[h, 3b]V1)

Note that the following integrals are essential to our computation:

Ec(t,X) 1
/ (z —e¢)dz = —=h?,
—1+8b(X) 2

EC(t,X) 1
/ [(z+1— Bb)BVb+ hVh|dz = h*Vh + 55/#%,

—148b(X)
e¢(t,X) 1 5

/ {7(2—503—(2—50]12 dz = —h?,
—148b(X) 3 12

Ec(t,X) 5 2
/ [(z — €¢)?eV( — eh®V( 4 2(z — e¢)hVh] dz = fgh?’Vh — §Bh3Vb,

—1+48b(X)
e¢(t,X) )

/ fi(z)dz = —h’,
—148b(X) 15

/EC(tVX) () ) 5 5 4
f2(2)dz = —Vh> + —h*BVb,

where the fourth-order polynomials in z, f; and fs, are given by

2
Fi2) = (2 = (€0") — (14 80— 20) — (41— 2 — )
—5(5e—<0® ~ W —<0) -1+ p0),
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Fa(2) =~ £(e0°eVE — (=14 Bb)(= — £Q)BVD + 5 (14 BB)’<VC

- @ EVC((z 41— Bb)2 - h%) + (5?2

+ %((z —e0)? — h?)(=1 4 Bb)eV( + (2 — eC)hVh(—1 + b)
1/1

5 (56— 20" = (= en?) V.

((z+1— Bb)BVb + hVh)

The strategy is to expand then reduce all terms of the same size. First, find Vo,
and note that using the expression for V¢; we have

V[(z = eQ)BVb- (Vo1)|._,_p)
= —BhV -w(Vb-Vh)Vh — B*hV - w(Vh - Vb)Vb
+ B(z — eQ)V(hV - w(Vh - Vb)) — 1[;’hQVh(Vb -V(V - w))

— 152h?(vz>-V(v-w))Vb+ (z = eQ)BV(R*(Vb- V(V - w)))
+ B2Vh((Vh - Vb)(Vb-w)) + ﬂ?’((w Vb)(Vb - w))Vb
— (2 = eQ)BV((Vh - Vb)(Vb-w)) + B2Vh((VD-Vb) (Vb - w))
+ (Vb - Vb) (Vb - w))Vb — (2 — Q) B2V ((Vb- Vb)(Vb - w))
+ B2hVh(Vb - V(Vb-w)) + B2h(VbV (VD - w))Vb
— (2= eQ)B°V(hV(Vb - V(Vb - w))).
Rearranging the many expressions for Vo, then integrating over |—1+ 8b, ([ and

taking advantage of the integrals above one may simplify Jo as follows.
The non-topographical expressions (see Remark 2.1) of

(t,X)
Jo[h, Bblw = / Vo dz
—148b(X)

are factorized into the two terms
2 1
1f5v(v A(RPV(V - w))) + §V(h3V~ (RVR)V - w).

The purely topographical expressions (see Remark 2.1) of Ja[h, BbJw are separated
into four categories where they are multiplied by 3, 32, 32, 3* respectively.
The B-contributions are

- %V(iﬁ’v ~w(VhVb)) + éV(h“V ~wV - (Vb))

- %vaV(Vb ~w)Vh) — %V(h?’v - (Vh) (Vb - w))
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- %v(h‘*v A(V(Vb-w))) + %h‘*v (V(V-w))Vb
+ %(v -wV - (VRh))Vb + %hzv - w(VAVR)Vb 4 h3(VAV(V - w))Vb
=T +To+ -+ Tp.
The 32-contributions are
%V(hQ(Vth)(Vb cw)) — %V(h?’VbV(Vb w)) — %V(h?’v ~w(VbVb))
- %V(hff(w ~w)V - (VD)) — h?V - w(VAhVD)Vb — %h?’(VbV(V ~w)) Vb
+ %hB(v ~wV - (Vb))Vb — h*(VAV (Vb - w))Vb
- %h?((vz) W)V - (VA))Vb — %v (V(Vb-w))Vh
=P + P+ + P.

The B3-contributions are
h((VRV) (Vb - w))Vb+ h((VDVD)(Vb - w))Vh — %iﬂv -w(VbVDb)Vb
+ %hQV((Vbe)(Vb w)) — %hQ((Vb ~w)V - (Vb)) Vb.
Lastly, the only term of size 8% is h(Vb - w)(VbVb)Vb.

Appendix A.2. Computation of the operator T [h,3b](h~ 1T [h, 3blw)

Expanding then reducing terms of the same size, the expressions for T[h, 3b] X
(+Th, Bblw) will be simplified as follows. Recall that

Tlh, Sbw = —5 V(Y -w) + V(AT w) ~ BV -u] + RYBTD - w.

The non-topographical terms (see Remark 2.1) are
1
h

The purely topographical expressions (see Remark 2.1) of T[h, 8b] (7T [k, Bb]w) will
be separated into four categories where they are of size 3, 52, 53, 8% respectively.

év(hi*v- ( V(h3V - w))) - %v(v (WYY - w))) + %V(h?’v - (AVR)V - w).
The S-contributions are
- %V(thV(h?’V cw)) — %V(h?’(Vb ~w)V - (Vh)) — %V(hg'VhV(Vb “w))

- év(h‘*v (V(Vb-w))) + %V(hi”v - (hV - wVb))
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- %(kuﬁv w))Vb + %hv (V(h3V - w))Vb
=T +Ts+---+Ty.
The /32-contributions are
+ iV(thV(ff(Vb “w))) — iV(hLQ’V ~w(VbVb)) — %v(hi’*v (Vb - w) Vb))
- é(VbV(h?’V -w)) Vb — %hQV -((Vb-w)Vh)Vb
- ifﬂv ~(hV(Vb-w))Vb+ %fﬂv - (hV - wVb)Vb
=P +Py+---+P;.
The 33-contributions are
%(VbV(hQ(Vb w))) Vb — %hQV ~w(VbVD)Vb
+ %V(hQ(Vbe)(Vb “w)) — %hZV ~((Vb-w)Vb)Vb.
Lastly, the only term of order 3% is h(Vb - w)(VbVb)Vb.
Appendix A.3. Factorization of T = T (h~17) — J

As a result of the above two sections, the difference between the two operators is
now simplified as follows. The non-topographical expression can be factorized in
the term
1 5
—£V(V - (R°V(V - v)))
The purely topographical expressions are split into two categories where they are
multiplied by 8, 82 respectively.
The S-contributions are

T+ A+ Te—T) — - —T5 = iV(V'(h‘*V(Vb-w)))
+ iV(V ~wV - (h*VD)),
To+T) —Tog— - — Ty = —iv ~(WV(V - w))Vb.
The B2-contributions are
Pl +Py,+P,—P —- —Py= %V(h?’v ~w(VbVD)) + %V(h?'vw(w -w)),
P44+ Py~ Ps—--— Py = %v - (h*V - wVb)Vb+ 1—12v - (h3V(Vb-w))Vb.

One can see from above sections that the terms of size 32 and 8% will be eliminated.
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Appendix A.4. Invertibility of operator J

The proof of the invertibility of J: H?(R) — L?(R), defined by J¢p = ¢ —
L0, (h°8,9), is a direct application of the Lax—Milgram theorem (see [16] for
a similar operator). Concerning (3.5), one can show that for a fixed p € (0,1), if
NS H;(R) solves J¢ = q + ud,g for any ¢q,g € L?(R), then using the coercivity
condition and integration by parts one has

[Olm < lalre + lgle.
The estimates follow by taking ¢ = 0 once and g = 0 for a second time.
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