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On Cohomology Vanishing with Polynomial
Growth on Complex Manifolds with

Pseudoconvex Boundary

Dedicated to Tetsuo Ueda on his seventieth birthday

by

Takeo Ohsawa

Abstract

The ∂̄ cohomology groups with polynomial growth Hr,s
p.g. will be studied. It will be shown

that, given a complex manifold M , a locally pseudoconvex bounded domain Ω ⋐ M
satisfying certain geometric boundary conditions and a holomorphic vector bundle E →
M , Hr,s

p.g.(Ω, E) = 0 holds for all s ≥ 1 if E is Nakano positive and r = dimM . It will also
be shown thatHr,s

p.g.(Ω, E) = 0 for all r and s with r+s > dimM if, moreover, rankE = 1.
By the comparison theorem due to Deligne, Maltsiniotis (Astérisque 17 (1974), 141–160)
and Sasakura (Inst. Math. Sci. 17 (1981), 371–552), it follows in particular that, for any
smooth projective variety X, for any ample line bundle L → X and for any effective
divisor D on X such that [D]||D| ≥ 0, the algebraic cohomology Hs

alg(X \ |D|,Ωr
X(L))

vanishes if r + s > dimX.

2020 Mathematics Subject Classification: Primary 32E40; Secondary 32T05.
Keywords: Cohomology with polynomial growth, UBS domain, L2 ∂̄-cohomology, van-
ishing theorem.

§0. Introduction

This is a continuation of the series of papers [Oh-2, Oh-3, Oh-4, Oh-5]. The moti-

vation for [Oh-2] was to apply a method of Hörmander in [Ho, Prop. 3.4.5] to an

extension problem on a compact complex manifold M with a holomorphic vector

bundle E →M and an effective divisor D. To explain it more clearly, let us recall

first that the original intention of [Ho] was to interpret the finiteness theorems of
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Andreotti and Grauert [A-G] in terms of the harmonic decomposition of L2 dif-

ferential forms so that one can eventually refine the solution of the Levi problem

by Oka [Ok] in a quantitative way. In view of the remarkable development after

[Ho], an extension of [Ho, Prop. 3.4.5] was applied in [Oh-1] and [N-R] to establish

finiteness theorems on weakly 1-complete manifolds. After a while, it came into

the author’s mind that it might be worthwhile extending this type of application

to the situation which was studied by Ueda [Ud] and recently by Koike [Kk] in

connection with dynamical systems and foliations.

It was proved in [Oh-2] that the natural restriction map H0(M,O(KM ⊗E⊗
[D]µ)) → H0(|D|,OD(KM ⊗E⊗ [D]µ)) is surjective for sufficiently large µ if E||D|
is positive and [D] is semipositive, where KM denotes the canonical bundle of

M . The proof is based on the isomorphisms between the L2 cohomology groups

Hn,s
(2) (M,E, g, he−µφ) and Hn,s

(2) (M,E, g, he−(µ+1)φ) (s ≥ 1), where n = dimM , g

is a complete metric on M , h is a fiber metric of E and φ is a plurisubharmonic

exhaustion function onM \|D| which is of logarithmic growth near |D|. An uncon-

ventional aspect of this extension theorem is that n is arbitrary, although the sit-

uation is quite analogous to the Bochner–Hartogs-type extension rather than that

of Oka and Cartan. In this situation, it seems worthwhile generalizing the result by

replacing the assumption [D] ≥ 0 by [D]||D| ≥ 0. We note that there are interesting

cases where [D] ≱ 0 but [D]||D| ≥ 0 and that the neighborhoods of such D have

been studied in detail when n = 2 andD is smooth by Ueda [Ud] and Koike [Kk]. In

[Oh-3], it turned out that one can replace the condition [D] ≥ 0 by [D]||D| ≥ 0 by

modifying Hörmander’s technique in such a way that some nonplurisubharmonic

function works as φ to establish Hn,s
(2) (M,E, g, he−µφ) ∼= Hn,s

(2) (M,E, g, he−(µ+1)φ)

(s ≥ 1) for µ≫ 1. By this refinement of Hörmander’s method, a bundle-convexity

theorem has been obtained in [Oh-4] for a class of locally pseudoconvex domains.

An approximation theorem obtained in [Oh-3] was extended in [Oh-5] to a more

restricted class of domains than in [Oh-4]. The purpose of the present article is to

show in the same vein that the celebrated vanishing theorems of Akizuki–Kodaira–

Nakano naturally extend to this latter class.

Namely, we consider a locally pseudoconvex bounded domain Ω in a (not

necessarily compact but connected) complex manifoldM and a holomorphic vector

bundle E → M . In what follows we assume that ∂Ω has finitely many connected

components and every connected component of ∂Ω is either a C2-smooth real

hypersurface or the support of an effective divisor. For simplicity we assume that

each hypersurface component of ∂Ω separates M into two connected components,

since one may take a double covering each time a nonseparating component of ∂Ω

appears. In [Oh-4] we considered those Ω such that the divisorial components of
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∂Ω are supported on an effective divisor whose normal bundles are semipositive.

Such Ω will be called weakly pseudoconvex domains of regular type and we set

∂hypΩ := ∂Ω and ∂divΩ := ∂Ω \ ∂hypΩ. We shall restrict ourselves below to a

smaller class of domains by imposing a condition on ∂hypΩ.

A weakly pseudoconvex domain of regular type Ω will be called a weakly

pseudoconvex domain of very regular type if ∂hypΩ is of class C3 and the Levi form

of the defining function, say ρ, of Ω◦ satisfies

∂∂̄ρ ≥ O(ρ2)

along ∂hypΩ. Here, ∂∂̄ρ ≥ O(ρ2) (at a point x ∈ M) is a short expression of the

condition that ∑ ∂2ρ

∂zα∂zβ
ξαξβ ≥ cρ2∥ξ∥2 (ξ ∈ Cn)

holds for some c ∈ R around x, where c may depend on the choice of the local

coordinate (z1, . . . , zn).

A weakly pseudoconvex domain of very regular type will also be called a UBS-

domain in short, since the conditions on ∂Ω come from the works of Ueda [Ud]

and Boas–Straube [B-S].

We shall prove the following.

Theorem 0.1. In the above situation, assume that Ω is a UBS domain of dimen-

sion n and E is Nakano positive. Then

Hn,s
p.g.(Ω, E) = 0 for all s ≥ 1

(see Section 1 for the definition of Hr,s
p.g.(Ω, E)) and

Hr,s
p.g.(Ω, E) = 0 for all r and s with r + s > n if rankE = 1.

By Deligne–Maltsiniotis–Sasakura’s comparison theorem asserting the equiva-

lence of the cohomology of polynomial growth and algebraic cohomology on quasi-

projective varieties, one has the following in particular.

Corollary 0.1. For any n-dimensional smooth projective variety X, for any

Nakano positive vector bundle E → X and for any effective divisor D on X

such that [D]||D| ≥ 0, the algebraic cohomology group Hs
alg(X \ |D|,ΩnX(E)) van-

ishes for s ≥ 1, where ΩrX denotes the sheaf of holomorphic r-forms. If moreover

rankE = 1, Hs
alg(X \ |D|,ΩrX(E)) = 0 for r + s > n.

Here, by [D]||D| ≥ 0 we mean that the line bundle [D] admits a fiber metric

whose curvature form is semipositive when it is restricted to the Zariski tangent



762 T. Ohsawa

spaces of |D| (and no further semipositivity is assumed on the finite neighborhoods

of |D|).
We note that an analogous vanishing for Hs(X,ΩrX(logD)⊗L) was proved by

Norimatsu [Nr] by combining Akizuki–Nakano’s vanishing theorem and Deligne’s

filtration of ΩrX(logD) in [D-1] by assuming that D is a divisor of simple normal

crossings. Recently, a vanishing theorem for Hs(X,ΩrX(logD)) was obtained by

Liu, Wan and Yang [L-W-Y] by combining a vanishing for Halg with [D-2] while

the Norimatsu vanishing for Hs(X,ΩrX(logD)⊗L) was extended by Liu, Rao and

Wan [L-R-W] by the standard L2 method. In contrast to these beautiful results,

the assumption [D]||D| ≥ 0 in Corollary 0.1 cannot be removed because H1
alg are

infinite-dimensional if X \ |D| ∼= P2 \ {x} (x ∈ P2) and rankE > 0.

§1. Cohomology with polynomial growth

After recalling the basic notation, ∂̄ cohomology groups with polynomial growth

will be defined.

Let M be a connected complex manifold equipped with a Hermitian metric g

and let E →M be a holomorphic Hermitian vector bundle with a C∞ fiber metric

h. For any continuous function φ : M → R, we denote by Lr,s(2)(M,E, g, he−φ) the

set of square integrable E-valued (r, s)-forms with respect to (g, he−φ). For simplic-

ity we shall often abbreviate Lr,s(2)(M,E, g, he−φ) as Lr,s(2),φ(M,E). By Cr,s(M,E)

we denote the set of C∞ (r, s)-forms on M with values in E and by

∂̄ : Cr,s(M,E) → Cr,s+1(M,E)

the complex exterior derivative of type (0, 1). We put

Cr,s0 (M,E) =
{
u ∈ Cr,s(M,E); suppu ⋐M

}
and denote also by ∂̄ the maximal closed extension of ∂̄|Cr,s

0 (M,E) as a linear op-

erator from Lr,s(2),φ(M,E) to Lr,s+1
(2),φ (M,E). Namely, the domain of the operator

∂̄ : Lr,s(2),φ(M,E) → Lr,s+1
(2),φ (M,E) is defined as{
u ∈ Lr,s(2),φ(M,E); ∂̄u ∈ Lr,s+1

(2),φ (M,E)
}
,

where ∂̄u is defined in the sense of distributions.

Then we put

Hr,s
(2)(M,E, g, he−φ) =

Ker ∂̄ ∩ Lr,s(2)(M,E, g, he−φ)

∂̄(Lr,s−1
(2) (M,E, g, he−φ)) ∩ Lr,s(2)(M,E, g, he−φ)

.
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Given a bounded domain Ω ⋐M we put

δ(z) = δΩ(z) := distg(z,M \ Ω) (z ∈ Ω).

Here, distg(A,B) denotes the distance between A and B with respect to g. Then

Hr,s
p.g.(Ω, E), the E-valued ∂̄ cohomology group of Ω of type (r, s) with polynomial

growth, is defined as the inductive limit of Hr,s
(2)(Ω, E, g, hδ

µ) as µ → ∞. Clearly

Hr,s
(2)(Ω, E, g, hδ

µ) and Hr,s
p.g.(Ω, E) do not depend on the choices of g and h.

The most basic fact on Hr,s
p.g.(Ω, E) is the following, which is a direct con-

sequence of the combination of [Ho, Thm. 2.2.3] with Oka’s lemma asserting the

plurisubharmonicity of log 1
δΩ

for any pseudoconvex domain Ω ⊂ Cn, with respect

to the Euclidean metric. Although [Ho, Thm. 2.2.3] is only stated when E is the

trivial bundle, the proof of the general case is similar.

Theorem 1.1. For any bounded pseudoconvex domain Ω in Cn and for any holo-

morphic Hermitian vector bundle E on a neighborhood of Ω,

Hr,s
p.g.(Ω, E) = 0 for all r ≥ 0 and s ≥ 1.

Based on Theorem 1.1, combining Cauchy’s estimate with the canonical equiv-

alence between Dolbeault and Čech cohomology, one has the following.

Theorem 1.2. For any smooth projective algebraic variety X, for any algebraic

vector bundle E → X and for any analytic set D ⊂ X of codimension one,

Hr,s
p.g(X\D,E) is canonically isomorphic to the corresponding algebraic cohomology

group Hs
alg(X \D,ΩrX(E)) for any r and s.

We note that Theorem 1.2 is naturally extended to the equivalence between

the cohomology groups Hp.g. and Halg with coefficients in coherent algebraic

sheaves over quasi-projective algebraic varieties (cf. [Ss]).

§2. Vanishing of Hr,s
(2)

Let us recall a general vanishing theorem for those Hr,s
(2) which arise in the circum-

stance of Theorem 0.1.

Let (E, h) be a holomorphic Hermitian vector bundle over a complex manifold

M . Let Θh denote the curvature form of h. Recall that Θh is naturally identified

with a Hermitian form along the fibers of E⊗T 1,0
M , where T 1,0

M denotes the holomor-

phic tangent bundle of M , and that (E, h) is said to be Nakano positive if Θh > 0

as such a Hermitian form (cf. [N-1]). If (E, h) is Nakano positive and rankE = 1,

this positivity notion is first due to Kodaira [Kd]. For the proof of Theorem 0.1 we

shall apply the following generalization of Nakano’s vanishing theorem (cf. [N-1])

and Akizuki–Nakano’s vanishing theorem (cf. [A-N]).
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Theorem 2.1 (Cf. [A-V]; see also [N-2, N-3, Kz]). Let (E, h) be a Nakano pos-

itive vector bundle over a complete Kähler manifold (M, g) of dimension n. If

Θh − IdE ⊗ g ≥ 0, then Hn,s
(2) (M,E, g, h) = 0 holds for s ≥ 1. If rankE = 1 and

Θh = g, one has Hr,s
(2)(M,E, g, h) = 0 for r + s > n.

We note that Theorem 2.1 was applied in [N-2, N-3, Kz] to show the vanishing

of ordinary ∂̄ cohomology groups on weakly 1-complete manifolds. For related

materials see also [Kb].

§3. Proof of Theorem 0.1

Let Ω be a weakly pseudoconvex domain of very regular type in a complex man-

ifold M and let (E, h) be a Hermitian holomorphic vector bundle over M whose

curvature form Θh is Nakano positive. Since each component of ∂Ω is either a C2

real hypersurface or a divisor, there exist a function ψ : M → [0,∞) of class C2

with ψ−1(0) = ∂Ω and a positive number A such that −∂∂̄ logψ + AΘdeth > 0

holds on Ω, where ∂∂̄ρ for a real-valued C2 function ρ is identified with the complex

Hessian by an abuse of notation.

For such a function ψ, one may take |s|2 on a neighborhood of ∂divΩ for a

canonical section s of [D], for any effective divisor D supported on ∂divΩ, and take

ρ2 on a neighborhood of ∂hypΩ for a C2 defining function ρ of ∂hypΩ.

We note that the UBS condition imposes a condition on ρ somewhat stronger

than that ∂∂̄ρ is semipositive along ∂hypΩ, which was required in [B-S] to study

the ∂̄-Neumann problem.

Accordingly one has more than −∂∂̄ logψ + AΘdeth > 0 if Ω is UBS, as

follows.

First of all, it is easy to see that ψ can be chosen for any UBS domain Ω in

such a way that, given any ε > 0, one can find a neighborhood U of ∂divΩ such

that

−∂∂̄ logψ + εΘdeth > 0

holds on U \∂Ω. Moreover, we are allowed to modify the metric −∂∂̄ logψ+εΘdeth

near ∂divΩ by adding a term ∂∂̄ 1
log (− logψ) so that it becomes complete near ∂divΩ.

This can be verified by a straightforward computation.

Furthermore, for any ε > 0, one can also find a neighborhood V ⊃ ∂hypΩ such

that −∂∂̄ logψ + εΘdeth is a metric on V ∩Ω which is complete near ∂hypΩ. This

follows immediately from the following lemma.

Lemma 3.1. Let Ω be a UBS domain in a Hermitian manifold (M, g) and let

ρ : M → R be a C3 function satisfying Ω◦ = {z; ρ(z) < 0} and dρ|∂hypΩ ̸= 0. Then,
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for any ε > 0, there exists a neighborhood U ⊃ ∂hypΩ such that −ρ−1∂∂̄ρ+ ε(g +

ρ−2∂ρ∂̄ρ) > 0 holds on U ∩ Ω.

Proof. For simplicity we assume that dimM = 2, since the proof is similar for the

general case. Let x ∈ ∂hypΩ and let (z, w) be a local coordinate around x such

that the Taylor expansion of ρ at x is given by

ρ = Rew + ρ2 + ρ3 + o(3),

where ρk are homogeneous polynomials in (z, w, z̄, w̄) of degree k. By the assump-

tion that Ω is UBS, ∂∂̄ρ2 ≥ 0.

We put

∂∂̄ρ2 = adzdz̄ + bdzdw̄ + b̄dwdz̄ + cdwdw̄.

Then a ≥ 0, c ≥ 0 and ac− |b|2 ≥ 0. If a > 0, it is easy to see that, for any ε > 0

one can find a neighborhood V ∋ x such that −ρ−1∂∂̄ρ + ε(g + ρ−2∂ρ∂̄ρ) > 0

holds on V ∩ Ω.

Let us assume that a = 0. Then it follows from ∂∂̄ρ(0, 0) ≥ 0 that b = 0 and

c ≥ 0. Therefore, in this case, by letting

∂∂̄ρ = Adzdz̄ +Bdzdw̄ + B̄dwdz̄ + Cdwdw̄ (Ā = A, C̄ = C),

one sees that Az(0, 0) = 0 and Aw(0, 0) = 0 should hold, since otherwise a contra-

diction with the assumption ∂∂̄ρ ≥ O(ρ2) would arise.

Hence, for any ε > 0 one can find a neighborhood V ∋ x such that −ρ−1∂∂̄ρ+

ε(g + ρ−2∂ρ∂̄ρ) > 0 holds on V ∩ Ω along the inner normal of ∂hypΩ at x in the

coordinate neighborhood. Clearly, the choice of V can be made uniformly in x.

Hence, by the compactness of ∂hypΩ we have the desired conclusion.

Combining Lemma 3.1 with the preceding argument, we obtain the following,

which is crucial for the L2 estimate needed for the proof of Theorem 0.1.

Lemma 3.2. If Ω is a UBS domain, one can choose the above ψ in such a way

that for any ε > 0 there exists a neighborhood U ⊃ ∂Ω such that

IdE ⊗ ∂∂̄
(
− logψ +

ε

log (− logψ)

)
+ εΘh > 0

holds on U ∩ Ω.

Proof of Theorem 0.1. Let ψ be as in Lemma 3.2. Then there exists an increasing

sequence (mµ) ∈ RN such that

IdE ⊗ ∂∂̄
(
−µ logψ +

1

log (− logψ)

)
+Θh > 0
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holds on {x ∈ Ω;ψ(x) ≤ e−mµ}. We may assume that ψ is C∞ on Ω.

Therefore, one can find positive numbers a and C and an increasing sequence

of C∞ convex increasing functions λµ : R → R (µ ∈ N) such that λµ(t) = 0 if

t < m1, λ
′
µ(t) = µ if t > mµ+1, λµ(t) = λµ+1(t) if t < mµ+1 and

IdE ⊗
(
∂∂̄

(
λµ(− logψ) +

a

log (− logψ + C)

))
+Θh > 0

on Ω.

Hence, for every µ ∈ N one can find positive numbers εµ and δµ such that

gεµ,δµ := εµ∂∂̄
(
λµ(− logψ) +

a

log (− logψ + C)

)
+ δµΘdeth

is a complete Kähler metric on Ω satisfying

IdE ⊗
(
∂∂̄

(
λµ(− logψ) +

a

log (− logψ + C)

))
+Θh > IdE ⊗ gεµ,δµ .

Therefore, by Theorem 2.1 we obtain

Hn,s
(2) (Ω, E, gεµ,δµ , hψ

µ) (∼= Hn,s
(2) (Ω, E, gεµ,δµ , he

−λµ(− logψ))) = 0 for s ≥ 1,

since 1
log (− logψ+C) is bounded.

Now let µ ∈ N and let v be any representative of an element of Hn,s
(2) (Ω, E,

Θdeth,hδµ) (s ≥ 1). Then it is clear that one can find ν ≥ µ such that v ∈
Ln,s(2) (Ω, E, gεν ,δν , hψ

ν), so that by the above vanishing of Hn,s
(2) (Ω, E, gεν ,δν , hψ

ν),

∂̄u = v holds for some u ∈ Ln,s−1
(2) (Ω, E, gεν ,δν , hψ

ν). Since

Lr,s(2)(Ω, E, gεν ,δν , hψ
ν) ⊂

∞⋃
κ=1

Lr,s(2)(Ω, E,Θdeth, hδ
κ),

it follows that v represents zero in Hn,s
p.g.(Ω, E).

Similarly one has Hr,s
p.g.(Ω, E) = 0 if rankE = 1 and r + s > n.

Remark 3.1. If a complex manifold M is mapped onto a Stein space V by a

holomorphic map f and (E, h) is a Nakano positive Hermitian holomorphic vector

bundle over M , Theorem 0.1 can be generalized to a vanishing theorem on a

locally pseudoconvex domain Ω ⊂ M such that ∂Ω consists of real hypersurfaces

and divisors in such a way that the restriction of f to them is proper, where the

UBS condition is imposed similarly to the case of bounded domains. As a corollary,

one has the corresponding vanishing for the direct images of relatively algebraic

sheaves. In the case that Ω is a smooth family over V with respect to f equipped

with a divisor D for which f |D is proper, it may be an interesting question to

extend the theorems in [L-R-W] and [L-W-Y] to this situation.
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