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Product Formula for the Universal R-Matrix of
Quantum Affine Algebras
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Abstract

In Dimofte, Gukov, and Soibelman (Lett. Math. Phys. 95 (2011), 1-25), four quantum
dilogarithm identities containing infinitely many factors are proposed as wall-crossing
formulas for the refined BPS invariant. We give an algebraic proof of these identities
using the formula for the universal R-matrix of the quantum affine algebra developed by
Ito (Hiroshima Math. J. 40 (2010), 133-183), which yields various product presentations
of the universal R-matrix by choosing various convex orders on an affine root system. By
the uniqueness of the universal R-matrix and appropriate degeneration, we can construct
various quantum dilogarithm identities, including the ones proposed in Dimofte, Gukov,
and Soibelman (Lett. Math. Phys. 95 (2011), 1-25), which turn out to correspond to
convex orders of multiple row type.
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§1. Introduction

Dimofte, Gukov, and Soibelman proposed four remarkable identities with respect
to quantum dilogarithm functions as the wall-crossing formulas for the refined BPS
invariants, which they proposed in the study of type II string theory [2]. In [2],
it is observed that the refined BPS invariants have very similar wall-crossing be-
havior to that of motivic Donaldson—Thomas invariants introduced by Kontsevich
and Soibelman [10], and it is conjectured that the two invariants coincide under
appropriate identification of variables.
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Let g, x1, x2 be indeterminate, satisfying the relations qr; = x1q, qre = x2q,
2122 = q*xox1, and let

oo 1 .
(1.1) E@) =[] {7y Umn =E@ ™ef'a3).
k=0

Then the identities they found are written as follows [3] (note that the parameter
q in this paper corresponds to ¢'/2 in [3]):
Uy _1Up1 =Ug Uy Uy x---
x E(—qa?) 'E(—g 'af) !
(1.2) %+ x Ug_1Us_1Uy 1,
Ui -1U1,0Up1 = Ug1 U1 1U21Uzq X -+
< U2 () E(—g )
(1.3) X - xUsg _1Uy Uy _q,
U%,—lU(Q),l = U%,1U%,1U§,1U§,1 X
x U gE(—ga}) 'E(—¢ 'a}) ™!
(1.4) X X U%,—lUg,—lU%—lv
Uy _,Uj, = U, U oUT U3 U5 x -
x U gE(—gqai) " E(—q ™ 27) "
(1.5) x - x Uy _Us Ul _ Uy o
The function E(z) is called the quantum dilogarithm since
& n
(1.6) E(z) = exp(Lig g2 (—qx)), Lizg(z) =Y ﬁ

and (1 — ¢)Lis 4(x) degenerates to the classical dilogarithm as ¢ — 1.

n=1

These identities, however, are derived by physical insight, and mathematically
rigorous proofs for them have not been given. In this paper we develop an algebraic
construction of these identities, which eventually yields mathematical proofs of
them as equalities of skew formal power series.

Kashaev and Nakanishi [9] established a systematic construction of quantum
dilogarithm identities from periods of quantum cluster algebras. Their identities,
however, involve only finitely many factors, while the four identities (1.2), (1.3),
(1.4), (1.5) contain infinite products. Thus, these identities belong to an essentially
new class of quantum dilogarithm identities.

On the other hand, K. Ito constructed the product formulas for the (quasi-)
universal R-matrix of quantum affine algebras, which correspond to convex orders
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on an affine root system [6]. In the formulas, the factors corresponding to real roots
are g-exponential functions, which are in fact written as exp,(z) = E((¢ — ¢~ ')z).
The resemblance between the wall-crossing formulas and product formulas for the
universal R-matrix implies the existence of a connection between wall-crossing
formulas and quantum groups.

By this observation we develop a systematic construction of quantum diloga-
rithm identities containing an infinite product, using the product formula for the
universal R-matrix. As a result, we show that all four identities that Dimofte et
al. found can be derived algebraically by our method. In Section 2 we review the
general construction of convex orders on affine root systems, the concrete con-
struction of PBW-type bases for the positive part U;’ of quantum affine algebra
U,(g) using convex order, and the explicit product formula for the quasi-universal
R-matrix of Uy,(g).

In Section 4 we show how to construct quantum dilogarithm identities using
the quasi-universal R-matrix © of U,(g). By virtue of the uniqueness of ©, we can
equate all the product presentations of © associated with convex orders. Thus,
we have infinite product identities whose parts corresponding to real roots are g-
exponential functions of root vectors. Next we construct a continuous projection
of the completed quantum double algebra U;‘ U 4 » Which contains ©, onto skew
formal power series algebra Dy associated with an affine Dynkin quiver ). By
this projection, some root vectors vanish and thus their g-exponentials become 1
in the image. If one chooses an appropriate convex order and Dynkin quiver @,
one can make infinitely many root vectors not vanish for the convex order, while
only finitely many root vectors do not vanish in the image for the reversed convex
order. Eventually one can obtain various quantum dilogarithm identities of the
form “finite product = infinite product”.

To obtain concrete identities, we have to compute the root vectors explicitly
to determine whether they vanish by the projection. In Section 3 we show that
every root vector can be written as a “g-commutator monomial”, which is a fi-
nite application of a g-bracket on the Chevalley generators. We also developed
a combinatorial algorithm for the computation of root vectors, which enables us
to obtain concrete presentations of root vectors as g-commutator monomials. The
computation is done as manipulations of binary trees.

We found appropriate convex orders and Dynkin quivers which produce iden-
tical identities to (1.2)—(1.5), which will be explicitly presented in Section 5. It
is remarkable that the factor of © corresponding to imaginary roots becomes a
g-exponential function by the projection, despite the factor itself not being a ¢-
exponential function. We also note that the convex orders corresponding to (1.3),
(1.4), and (1.5) are of multiple row type, which was newly found by Ito [4].
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§2. Product formula for the universal R-matrix
of quantum affine algebras

First we summarize Ito’s works [4, 6], which provide explicit product presentations
of the (quasi-) universal R-matrix of quantum affine algebras.

§2.1. Quantum algebra U,(g)

To begin with, we recall the quantum enveloping algebra Uy(g) corresponding to
a symmetrizable Kac-Moody algebra g of rank ¢ 4 1, where ¢ is an indeterminate
(thus we work on the generic case). We use the following notation, as in [8]:
e;, fi € g: Chevalley generators,
h C g: Cartan subalgebra,
&; € h: simple coroots,
a; € h*: simple roots,
s; € End(h*): simple reflections (i = 0,1,...,7),
A C bh*: set of all roots,
W = (so, $1,.-.,80): Weyl group,
A4 C A: set of all positive roots,
A_ C A: set of all negative roots,
A™ C A: set of all real roots,

A™ = A\ A™: set of all imaginary roots.
We also use the symbol Ry := RN AL for every R C A.

Definition 2.1. The quantum enveloping algebra U,(g) is the associative Q(q)-
algebra defined by following generators and relations:

(2.1) generators: F;, F; ) Ky (i=0,1,...,¢; A € P),
(2.2) relations: K)\K,, = Ky, Ko =1,
K\EE N = qMNE;,  K\FE =g M,
K, —K'
(24) [E“Fj]:(s”i_ll (Z:O,L...,& )\,[LEP),
qi — 4q;
1=aij 1 g
(2.5) Z (_1)k |: kau:| Evilfaij*kE,jE,lgC _ 0,
k=0 qi
1=aij 1 g
(2:6) (—U’“[ ka”} FTWTNRER =0 (i),
qi

k=0
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where (-, -) is the invariant bilinear form on h*,
P:={xebh" | (N eZ (Vi=0,1,...,0)}

is the weight lattice, and let

Qi = 2((&2',@]')) c Z, ¢ = q%(ai,ai)’
= T e 0l [2] e

It is well known that U,(g) becomes a Hopf algebra with the following coal-

gebra structure (U,(g), A, €) and antipode S:

AE)=E®1+K®E, AF)=FK '+1aF,

A(K)) =Ky@ Ky, e(E)=0, &F;)=0, ¢&(K)):=1,

S(E;) = -K;'E;, S(F)=-FK; S(K)) =K,

The terms A: Uy(g) — Uy(g) @ Uy(g) and e: Uy(g) — Q(q) are uniquely extended
as algebra homomorphisms, and S: U,(g) — U,(g) is also extended as an anti-
automorphism.

Several subalgebras of U,(g) generated by standard generators are defined as
usual:

Ul =(Eo,Er,....Ep), U)=(K\x|X€P), Uy = (Fy,F,....F).
Then we have a triangular decomposition of Uy(g) [11, Cor. 3.2.5].
(2.7) Uy @U@ U 2 Uy(g), 2®@y®z— ayz.

Let U, = {z € Uy(g) | KnzKy"' = ¢**a (VX € P)} be the weight space of
weight p € P. For convenience, let V), :== V N U, for every subspace V C U,(g).
Then we also have the weight space decomposition

(2.8) Uy(e) = P UL (Q=Pi_Za; C P: root lattice),
HEQ

and Uy(g) becomes a Q-graded algebra. Using this gradation, we introduce a g-
bracket [-,-]4, which is defined on each weight space as

(2.9) [, y]q = xy — ¢* )y (n,ve@; xeU,, yelU,).
§2.2. Convex orders on affine root systems

Next we introduce the definition and classification of convex orders on the set of
positive roots [4]. We also prepare some notation on affine root systems.
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Definition 2.2 ([6, Def. 3.3]). A total order < on a set of positive roots B C A
is called convex if it satisfies the following two conditions:

(1) For any pair of positive real roots 3,7 € BNA'f satisfying 8 < v and g+ € B,
the order relation 8 < 8+ v < v holds.
(2) IfpeB,ye A\ B,and B+v € B, then 8 < 8+ 7.

Example 2.3. Set g = g@ . Then the following order on A, is convex:

d—a1 <20—o1 <30—a; <---
<6<20<36
(210) < <2041 <0+ <ag.

Here, 6 := ag + o is null root.

When g is of untwisted affine type, convex orders on A have been classified
by Ito [4]. To describe convex orders in general, we have to introduce numerous
symbols on affine root systems. In the rest of this section, we restrict g to be an
untwisted affine Lie algebra of type Xlgl), where X is one of A, B, C, D, E, F,
G and { is a positive integer. We assign indices 0,1,...,/ for each vertex of the
Dynkin diagram corresponding to g as in [7], so that the full subdiagram without
the vertex 0 is of finite X, type.

First, let  := {1,2,...,¢} be the set of indices other than 0, and § C g be the
Lie subalgebra generated by {e;, fi, & | i € I}. Then § is isomorphic to the simple
Lie algebra of type X, due to our assoignment of indices, and b = @ie i O(Cézi ch
is a Cartan subalgebra of g. Let A C h* be the set of all roots of g, and W = (s; |
i€ I> C W be the finite Weyl group.

Associated to each J C I, we introduce several symbols below [4]:
Iy ={aj|jet} b, Wy=(s;|je])CW,
W’ = {we W w(ey) € A, (Vje )},
AJ = WJ(ﬁj), AJ ::A\AJ’ Ai = AJﬂAi,
Al (w,£) = {md+e|meLsy, ccwAL}NAL (weW),
Aj(w, ) = {mé+e|meZsy, ccwAhlNAL (weW),
where § € A" is the null root. For every symbol X; (resp. X”), we omit the
subscript (resp. superscript) J and write X = X (resp. X = X”/) when J = [
(resp. J = (). Notice that X? = X; = X for every symbol introduced above.

Since every proper full subdiagram of the affine Dynkin diagram is a finite
direct sum of diagrams of finite type [8], so is the root subsystem A ;. Thus we
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have the partition J = [[ .o Je, where C' is the set of connected components of
the Dynkin diagram of A; and J. C J is the set of vertices belonging to the
connected component ¢ € C. Each component A J, is an irreducible root system
of finite type, so that there exists a unique highest root 0, € A Jot-

Moreover, several symbols are defined for each connected component J.:

HJC::ﬁJCH{d—GJC}, HJZZHHJC,
ceC
SJZ:{Sa|a€HJ}, WJZ:<SJ>CVV,

Af]e = WJ(HJ), AJ = AI:]e II Aim.

Furthermore, we associate each y € W with a set of positive roots ®;(y) ==
yAj_ N A . Also we set

V(J,u,y) = AJ(u, =) T ud;(y)

for each u € W7, These infinite sets of positive real roots V(J,u,y) have the
biconvex property and play a crucial role in the classification of convex orders [4].

We also need to introduce a decomposition of elements of the Weyl group
defined by the next lemma.

Lemma 2.4. For every w € W, there exists a unique decomposition w = w’wy,

where w! € W7, wy € W]

By definition of Wj;, each w € W, can be written as a finite product of
elements in S;. An expression w = tyto...t, (t; € Sy) is called reduced if the
number m is smallest among all the expressions of w as a finite product of elements
in S, and the smallest number m is called the length of w. Let £;(w) denote the
length of w. An infinite sequence of elements w1, uso, ... in Sy is called an infinite
reduced word when £j(ujusg ... uy) = m for all positive integers m. The set of
all infinite reduced words is denoted by #7°, and the kth factor of s € #7° is
denoted by s(k) € S;. We also use a function on positive integers ¢g: Z>1 — Ay,
defined by ¢s(k) == s(1)s(2)...s(k — 1)(Bk), where Sy € II; is the positive root
corresponding to s(k) = sg, € S;. Note that

D (s(1)s(2) ..5(k)) = {6s(1),65(2), .-, 6s()} (k€ Zs).

We associate each s € #7° with a infinite set of positive roots

(I)J(S) = {¢S(k) | ke Zzl}.
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Now we can state the general description of convex orders. To begin with, we
pick an element w € W. Then we have the decomposition

(2.11) Ay =A(w,—) ITATIT A(w, +).

Note that A(w,+) = A(ww,,—) with the longest element w, € W, since w,
reverses the sign of every root in A. Thus, the set of positive real roots consists
of two sets of the form A(w, —). We will construct convex orders on A(w, —) and
connect them to construct the whole order.

Convex orders on A(w, —) are constructed by the following procedure:

(1) Select a positive integer n and a filtration of indices I = J, 21222
JIn = 0.
(2) Select elements y; € Wy, ,y2 € Wy,,...,y, € W, and infinite reduced words
so E WY1 € W5, .. 8n—1 € W3 | satisfying the conditions
0 =V(Jo,w”, 1w) S V(Jr,w” ,y1)
(2.12) 7Ct 7Ct V(Jn,wJ",yn) = A(w, —),
v(']’m wJ’i ) yl) = V(Jifla wJ’iil 9 yifl)
(2.13) x Mw’i=ty; 1@y (si1) (i=1,2,...,n).
(3) Then every root « € A(w, —) can be uniquely written as
(2.14) o =Wy 16e (5) (1<k<n, p€TLsy).

Using this expression we define a total order < on A(w,—) by

A C SN (0) ST R N )
(2.15) E h<horb=1p<q) (blpaeZos kl<n)

Then < is well ordered and its ordinal number is nw, so that this well-ordered
< is called n-low type.

Using this procedure, we construct two convex orders <_, <, on A(w,—),
A(w, +) = A(ww,, —) respectively. The parameters used in the procedure can be
chosen independently between <_ and <;. We also set a total order <y on Aifrn
arbitrarily. Then we define a total order < on the whole A as follows:

a € Aw, —), ﬁeAifl, vyEA(w,+)=a< f <7
a<a € a< o (a,dclw-); B E BB (B Al
def
<Y & Y <iy (1 €A, ).

Notice that <4 needs to be reversed, and therefore the whole < is not well ordered.
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Theorem 2.5 ([4, Thm. 7.9, Cor. 7.10]). The total order < on AL constructed
above is convex, and any conver order on A4 can be constructed by the above
procedure.

§2.3. Convex bases of U;‘ constructed by convex orders

When g is of finite type, it is known that U(;r has canonical bases, which can be
described concretely by using the braid group action on U,(g) and correspond to
each reduced expression of the longest element w, of the Weyl group W [11]. In
the affine-type case, however, a couple of difficulties arise in constructing a basis
of U ,;r due to the absence of a longest element of W and the existence of imaginary
roots. These problems are solved by constructing certain elements corresponding
to imaginary roots, using the extended braid group action on U,(g), which is
proposed by Beck [1]. Then Ito generalized this construction to general convex
orders [6]. In this subsection we summarize the construction of PBW-type bases
of U, ; from convex orders. We first introduce the notion of a convex basis, which
is a PBW-type basis with a convexity property.

Definition 2.6. Let U be a Q(q)-algebra, A C U be a subset, and < be a total
order on A. For every subset Y C A, the set of increasing monomials consisting of
the elements in ¥ is denoted by

E<(Z) ={ExEx,...Ex, | Ex, €%, Ex, <E\,<---<E), } CU.

We call a subset I C A an interval if I = A, or I coincides with one of (z, *), [z, %),
(x,9), (x,9], (z,v), [z,v), (x,y], or [x,y] for some x,y € A, where (z,%) = {\ €
Az <A}, [z,y) ={Ae€A|z <A<y}, and so on.

The term &< (A) is called a convex basis of U if it has following properties:

(1) &<(A) is a basis of U as Q(g)-linear space.

(2) For every interval I C A with respect to a given order <, let U; denote the
Q(g)-subalgebra of U generated by I. Then &<(I) is a basis of Uy as a Q(q)-

linear space.

It is known that one can construct convex bases for a quantum algebra U,(g)
by using the braid group action on U,(g), which is given explicitly by the following
fundamental result.
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Theorem 2.7 ([11, Chaps 37, 39]). There exists a unique Q(q)-algebra automor-
phism T; € AutUy(g) (i =0,1,...,¢) satisfying

(2.16) TWE) =—FK;, TJ(F)=-K 'E, Ti(K\) =K.,n \€P),

1 —aqj o [—ai; —ai;—k '
(2.17) T(E;) = [—ai;]g,! Z(_l)kqi k|: k j:| E; EjEzk7
gt o qi
1 I k_ k| Qij k —aij—k C
w14 p— qi

Moreover, the automorphisms T; satisfy the braid relation

m(i,j m(i,j
J) (i.5)

where m(i,§) € Z>1 U{oo} is the order of s;s; in the Weyl group.

Recall that the braid group B associated with the Weyl group W is defined
by generators T; and relation (2.19). It is well known that B has the following
property with respect to reduced expressions in W.

Proposition 2.8. Let w = s;,8i, ... 8i, = 8j,8j, ---8;, be two reduced expressions
ofweW. Then T;,T;, ... T;, =TTy, ... T;, € B. Therefore a map

f: W = B;

fw) =TT, ... T,

Gg—1

(2.20)
(Eiq) eEB (w=5i8i--- Sig reduced)

is well defined and a section of canonical surjection w: B — W ; T; — s;.

Thus we can define the action of w € W on U,(g) by Ty := Ty, where Tj,
denotes the action of b € B on U,(g).
When g is of finite type, set X, = T;,T;, ... T,

iq—l(Eiq) (q =12,... ’N)a
where wo = 8;,Si, ... Siy is a reduced expression of the longest element. Then it
is known that increasing monomials X X¥2 .XII%N constitute a convex basis of
U/S. The term X, has weight 3, == si, 54, ... si,_, (a;,) and is called a root vector
associated to the root 3,;. Root vectors depend on the reduced expression of w,.
The reduced expression of w, = $;,8;, ...y induces a convex order 51 <
B2 < -+ < Bn. This is because if Oy + SiySigyy - - Sil—l(ail) = Sip .- simfl(aim)
and suppose that [ < m, then applying s;,, i, _, .. Si, to both sides yields «;,, €
A_, which is absurd. Thus the given order has the convexity property. Conversely,
let w e W and 1 < B2 < -+ < B be a convex order on ®(w) := wA_NA4. Then
B1 must be a simple root a;, . To see this, we suppose that 3; is not simple. Then 3;
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can be written as the sum of two positive roots, and at least one of them belongs
to ®(w) due to the biconvexity of ®(w). This contradicts the minimality of 51, and
now we conclude f; = ay,. Since the action of W preserves the addition of roots,
iy (B2) < siy(B3) < -+ < 84, (BNn) is a convex order on ®(s;, w). By induction on
the length of w, we can construct a reduced expression of w from a given convex
order. Therefore, each convex order on A, generates a reduced expression of ws.
These correspondences between convex orders and reduced expressions of w, are
clearly inverses of each other; the correspondences are one-to-one.

Using the correspondences above, we want to construct bases for U;‘ from
convex orders on A . To extend the construction for the affine case, we have to deal
with several problems, such as the definition of root vectors when a given convex
order has multiple lows, the existence of imaginary roots, which are unreachable
from simple roots by only using the braid group action. These problems have
already been solved by Beck [1] and Tto [6].

Before introducing their construction, we need to extend the affine Weyl group
properly. We now return to consider the case when g is an untwisted affine Lie
algebra of type Xél). The linear map ¢ € End h*, called the translation by A € 6*,
is defined by

(2.21) (i) = o (A = { SO0, 6) + (V)6 (e b),

where § € A is the null root. Let T = {tua) | a € Ci)} be the group of transla-

tions, where v: h — h* is the canonical isometry and Q C b is the coroot lattice.
Then it is well known that W = W x T [8]. Note that in general T' does not
contain the translation ¢., by fundamental coweight ¢; € 6*, which is character-
ized by (g, ;) = 0;; for 4,5 = 1,...,£. We extend the affine Weyl group W by
appending the translations ¢.,. Let W denote the subgroup of GL(h"™) generated
by W a/lzd te|p+ (i € I), where h'* == @f:o Ca; C b*. In fact, the extended Weyl
group W coincides with a semidirect product of W and a subgroup of the Dynkin
automorphism group.

Proposition 2.9 ([7], [6, Prop. 2.1]). Let I, = {j € I | (€,0;) = 1} and py; =
te, wojwo for each j € 12*, where wo, Wo; are the longest elements of W, Wf\{j} re-

spectively. Then there exists an automorphism p of the Dynkin diagram of type Xél)
such that pfj(ai) = () for alli=0,1,...,£. The correspondence j — p is one-
to-one. Moreover, Q== {p;; | j € L1 {idy+} forms a subgroup of GL(H'*), and

(2.22) W=QxW,

where pi; € Q acts on W by Pij-Si = Sp(i)-
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We define the length of w € W by
(2.23) l(w) = L(u) = Lj(u),

where we use the decomposition w = pu (p € Q, u € W) given by (2.22). Recall
that W = W;. We can also consider reduced expressions of w € W. Namely, we
call an expression w = tity...t, € /V[77 t; € S Q reduced if the sequence of
integers £(t1), £(t1t2),...,¢(w) is increasing. Thus every element of 2 has length
0, and reduced expressions of w € 1% may have a different number of factors, but
the number of factors which belong to S must coincide with the length of w.

The Dynkin automorphism p acts on the subalgebra Ué(g) = (Fy, Fj, Ki.l> -
U,(g) as an algebra automorphism by permuting indices: E; — E,,@\, Fy = Fyy,
Ko, = K, ;. Thus we have an action of the extended braid group B = 2 x B on
Ué(g) by extending the braid group action of Theorem 2.7. Proposition 2.8 also
holds for W and B, and therefore every w € W has an action T,, on U, (9).

We will define the root vectors associated to real roots by lifting the expres-
sion (2.14) to the quantum algebra U,(g), in which process simple reflection s; is
replaced by T; and simple root «; is replaced by E;. In this lifting process, we
also have to specify appropriate alternatives for § — 6;, € Il;, and s;_q, € Sy.,
where J. C I is a connected subdiagram. The simple root vector Es_g, is in fact
uniquely determined due to the following lemma.

Lemma 2.10 ([6, Lem. 5.1]). Let ¢ € AL and suppose that s = s;, i, ...s;, is
a reduced expression in W satisfying 6 — e = 8;,8iy .. 5i,,_, (e, ) and ®(s) C
A(1,-). Such an s exists and

(224) E6—5 = TilTig LT

Gm—1

+
(Ei,) €U,
is independent of the choice of s.

The appropriate alternative for s5_g, is given in a somewhat technical man-
ner.

Definition 2.11 ([6, Def. 3.4]). First we fix an index j. € J, satisfying (¢;,,0;.) =
1 for every nonempty connected subdiagram J,. C I. Then we define a map -: Sy —
W by

(2.25) Sj=s; (GEJ), S5_9, = (tEjC)JCSﬁ@ETC)JC,
where j. € I is the unique index which satisfies w, (a;) = —aj,. We also define

the extended map ~: W; — W simply by w = e t:; when w = t1to...t,, is
a reduced expression in Wj.
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Now we can describe the construction of root vectors for the affine case.

Definition 2.12 ([6, Thm. 8.4]). Suppose that < is a convex order on A,. Let
a = w1y, 10, (p) be expression (2.14) of a positive real root o determined
by <. Then the root vector E< , € U, associated to « is defined by

Lo Tis T hime)

226)  Ben=d o TmoeEaw) o (@€awo),
= T 5 T T ——

Yk—1 sk,l(l)Tsm)

(Esk—l(P)) (Oé € A(w’ +))a

TSk—l(/P\—l)

where E,, = E;, and ¥: U,(g) — U,(g) is the anti-automorphism of the Q(q)-
algebra defined by U(E;) = E;, ¥(F;) = F;, U(K,) == K; "

The root vectors for imaginary roots are constructed using the action of the
extended braid group, which contains a coweight lattice [1]. Since each imaginary

root has multiplicity £ in the affine Lie algebra g of type X ,51)

, we will construct
as many root vectors as the multiplicity. The construction is rather technical and
we proceed step by step.

First we introduce weight vectors Ens_q, (i € I ), which are independent of

the convex order:

(2.27) Ensmay =TET N (E) (0 € Zsy, i€ 1),

where T;, == T;., € AutU,(g) was defined via the extended braid group action
and lifting a reduced expression of t., € W to B by (2.20). Then we set

(2.28)  @in = [Ens—ai Eilg = Ens—a, Bi — 4 *Eifns—a; (W€ Lx1, i € 1).

Despite these ¢;, having weight nd € Aijﬂ, the ¢;, are not yet suitable for
imaginary root vectors. The genuine imaginary root vectors are constructed by
modifying ¢; ,, through the following technical procedure. For every i € I, let

(2.29) 0i(z) = (¢ — q; ") Z pinz" € US[7]

n=1

be the generating function of ¢;,. The term U;r [z] has a topological algebra
structure by declaring that z is central and U; [2] has z-adic topology. Then
imaginary root vectors I, ,, € Uq+ are defined as the coefficients of the function

(2.30) Li(2) =log(1+ ¢i(2) = (¢ — ¢; ") Y _ Tim2",
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where the logarithm is defined by

log(1+ x) : i

m=1

It is shown that these root vectors constitute convex bases for the positive
part of the quantum affine algebra U, q+ .

Theorem 2.13 ([6, Thm. 8.6]). Let < be a convex order on positive roots Ay of
an untwisted affine root system, and let w € W be the parameter determined by
decomposition (2.11) of Ay in accordance with the given convex order <. Let

(2.31) A={E<o|a€ AU {Ty(Lim) | mE€Zsy; i=1,2,...,0}

denote the set of root vectors constructed above, and we set the order on A by using
giwen order < and

Twlim) <Tw(Ijm) < (m<m') or(m=m'i<j).
Then increasing monomials &< (A) constitute a convex basis of U;r,

Once a convex basis of U;‘ is constructed, we also obtain the one for U,
through Chevalley involution Q: U;‘ = Uy BEi = Fi, ¢ — ¢~ ', which is an
anti-automorphism of a Q-algebra.

§2.4. Product formula for the quasi-universal R-matrix

The convex bases for a quantum affine algebra enable explicit construction of the
quasi-universal R-matrix. By applying Drinfeld’s quantum double construction,
Ito obtained the product formula for the quasi-universal R-matrix [6]. Since the
quasi-universal R-matrix does not lie in the algebraic tensor product U,(g)@U,(g),
we have to give an appropriate topology on U,(g) ® U,(g) and complete it.

First we set the gradation of U,(g) ® U,(g) by

U, @U)n= P WUU0eU; U UfaUf
WV EQ L
ht(p+v)=h
(2.32) CUqy(9) @Uq(g) (h € Zxo),

that is, we only count the weight of positive part with respect to the triangular
decomposition (2.7). Then we set a topology which is generated by subsets of the
form

(2.33) z+ é(Uq QU (z € Uy(g), k € Zso).
h=k



QUANTUM DILOGARITHM IDENTITIES 783

In short, we give Uy(g) ® U,(g) linear topology. Let
(2.34) /U\q ® /U\ proj hm< ) @ Uy( /@(Uq ® Uq)h)
=k

be the completion of U,(g) ® U,(g), and Uf ® U, C @ ® @ denote the closure of
U ® U, . The algebra structure of U,(g) ® U,(g) extends uniquely onto U, ®U,.

Definition 2.14 ([11, Thm. 4.1.2]). Let T € AutU,(g) be the Q-algebra auto-
morphism determined by

Y(E) = E;, Y(F)=F, Y(K\)=K' T@=q"

)

and set A = (Y ®Y)oAoY. The quasi-universal R-matriz of U,(g) is the unique
element © € U, ® U, satisfying

(1) ©-A%(u) = A%(u) - © (Vu € Uy(g)),
(2) @ =1®1,

where ©g € (U, ® Uy)o is the image of © by the canonical projection
U, ® U, — Uy(g) ® Uy( /QBU@U )h = (U, @ Uy)o,

and foP(u) == > y; Qu; if f(u) => x; @ y;.

The uniqueness of © will be the core of the proofs of the identities. Finally,
we introduce the product formula for the quasi-universal R-matrix.

Theorem 2.15 ([5, 6]). Let < be a convex order on Ay of an affine root system,
and E< o, 1;n, denote the root vectors constructed above. For every i,j € I and
positive integer n, let

1 x>0,
, sgn(x) =<0 z =0,
-1 z<0.

a;;n)q,

(2.35) bi jim = Sgn(aij)"%

n(CI' —qj)

Let (¢ijin)t j—1 € Mat(Q(q),€) denote the inverse matriz of (bi jin)% j—; -
We also set

,a) eU_, (OZ S Af), Ji,n = Q(Il’n) e U_ys,

_1

= Q(E<
exp, (v Z -

[n]q!

n(n— 1)

la(X
o = q2(>®) (a € A),
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(236) S, = Z Cj,z‘;n]i,n X ij S U(;r ® U(;,

ijel
O 5 equa{(Q;I _QQ)ES,Q®F§,Q}7 Q€ Afv

<,a —

- exp{Tw @ Ty (Sy) }, a=nd (n=12,...).
Then the quasi-universal R-matrix © has the product presentation

>
(2.37) 0= [] <« €U/ BU,,
aEA L

where H;€A+ Xo means that if o < 3, the order of multiplication is XgXqy. In
short, the order of multiplication is the reverse of the given convex order.

§3. Explicit presentation of root vectors using the g-bracket

We will construct quantum dilogarithm identities by using various presentations
(2.37) of the quasi-universal R-matrix ©, taking advantage of the uniqueness of O.
However, to obtain specific identities, we have to calculate root vectors explicitly,
which is described by the braid group action (Theorem 2.7). In this section we
show that in the general quantum algebra U,(g) of the symmetrizable Kac-Moody
algebra g, the element T, (E;) € U;r (w € W) can be written as a “g-commutator
monomial”, that is, a finite application of the g-bracket on the generators F;. We
also construct a concrete algorithm for getting an explicit presentation of T,,(E;)
as a g-commutator monomial, which enables us to perform direct computation.
Let g be a symmetrizable Kac-Moody algebra of rank n.

Definition 3.1. For every subset A, B C U,(g), let
[A,Blg = {[z,ylq | v € A, y € B} C U, (g).

We define subsets P, C U,(g) inductively by

k
Py = {El,EQ,...,En}, Pk+1 = U [Pi7Pj]q (kGZEO).
i,j=0
We call elements of the form ¢cM € U,(g) for some ¢ € Q(q), M € Uje, Pr a
q-commutator monomial.

Our claim is that T,,(E;) € U;‘ is g-commutator monomial for alli =1,...,n
and w € W. To prove it, several formulas have to be prepared. First we recall

1 e N N
(31) Tl(E]) = 7[E1 [Ez,a[EuEJ]q]q]q (27&])3

[—aij]q;!
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by definition of the braid group action, and

(3'2) Ti([xvy]q) = [Tz(x)’Tz(y)]q (.’L‘,y € UQ(g)7 t=1,2,... 777‘)’

since the Weyl group action preserves the invariant bilinear form. The basic process
of calculation for T,,(E;) (w € W, 1 < j < n) is as follows: choose a reduced

expression w = §;,8;, ... S;,,, and expand every T;, of T, = T;, ...T;,  from the

tail using (3.1) and (3.2). However, there is a problem in that Ty (E)) = —F, K
may appear in the process of expansion. To resolve it, we use the following formula.

Lemma 3.2. For every 1 < i # j <n and positive integer m,

(33)  [(adE)"(E). TE)], = [mla 1L - a - ml, (ad E)" 7 (5),
where ;ix(y) = [z,y],-

Proof. By the defining relation of U,(g),

EK; =q; ’K,F;, E;K;=q, ""K;Ej,

K, — K !
E;F, = F;,E; + ————, E;F; = F,E,.
qi — 4;

Thus, the commutation relations of F := T;(E;) = —F;K; and E;, E; are
K2-1

E,F = ¢ *FE;,— ———, E;F=gq; ""FE;.
qi — 4q;
Since the weight of F' = —F;K; is —«;, we have
(3.4) [Ej,F), = E;F —q, “"FE; = q; “"FE; —q; ""FE; = 0.

Now we begin the proof by induction on m. Suppose that (3.3) holds for some
positive integer m. Let

Cp = [m](b[l — Qij — m]qi’ Xm = (ﬁEZ)m(E])

Since the weight of X,, is ma; + «, we have X, K; = ¢; 2m7a”KiXm. Then by

the induction hypothesis,
XpF =q, " " F X + Cpp X1
Using these commutation relations, we obtain the equation for the case m + 1:

[Xm+17F]q = [[Eth]an}q
2m+aij
= [Esz —4q; XmEuF]q
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= B, X, F —q 2" FE X,
- 2’”*“”{)( E;F —g¢ "t px, B
— B{q, """ F Xy + Con X1} — g "V T RE X,

m+ta;; K2 —2(m —a;;
el x (grrE - BT L s px g
')

2
P —

—2m—a;; K2 -1
_ e (q,z FE, - ’)Xm  CnEi X
[3 T 1
q; — q;
q; " FE X — g 47 07T F X + O X 1) B
m-a; K2 1
+ q,L2 + UX 7_1 +q;2FXmEZ
qi — 4;
Com—a.. K?—1
S 2m—a;; ——— X + O Ei X1
qi — g,
2(=2m—as;) 12
PV o X By 4 2 b Ak,
v 4 —q;
q'—2m—aij o 2m+aij
_ % — q'_; Xon + ClEi, Xim—1lq

= ([~aij —2m]q, + Cr) X
Thus we obtain the recursion formula
Cms1 = Cp + [—ay; —2m]g,  (m >1).

It is easy to verify that C,, = [m]g, [1 —a;; —m],, satisfies this recurrence relation.
Therefore, (3.3) holds for m + 1.

For the case m = 1, the above calculation works if one uses (3.4) in place of
the induction hypothesis and lets Cy := 0. O

Proposition 3.3. Suppose that the root subsystem spanned by oy, «; (i # j) is
of finite type and w = s;s;8;5; ... is a reduced expression. Then T, (Ey) (k =i if
U(w) is even, k = j otherwise) is a q-commutator monomial consisting of E; and

E;.

Proof. Since the length of the reduced expression of the form s;s;s;5;... is at
most 5 when we have the finite-type case, our task is just to compute Ty, (FE}y)
directly for all cases. Using formula (3.3), the computation is easily accomplished.
For example, when a;; = a;; = —1 we have

(3.1)

TTE) ) T(E ) E mE),

(3 2) T
Lemma 3.2
= [l - (=1) - 1], E; = Ej.

BNy B B T E)),
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Thus we have a reduction formula

(35) T‘ZTJ (Ez) = Ej if (aij, aji) = (—1, —1) O
For the infinite-type case, we use the following formulas, which can be verified

by direct computation using (3.3):

Lemma 3.4. For indices i, j (i # j) and nonnegative integers p, k, let

p

(3.6) Sijip == -..8j5i5;8i5;,
k bt k
(3.7) Vi = Tory (ad B)) " (E2))
D E
—_—~—
(3.8) = ... T TT;([. - - [Ei, Ejlg, Ejlgs - - -, Ejlg)-
These Vl(f)p satisfy the following recurrence relations:
(CO N 1 = —aji—2 ¢ (1)
(39) Vti,j;p+1 - [_aji o 1]q| (ad Esi,j;p+1) ! (‘/Y]',i;p) (aji < _2)7
1 1 1) \—aji—3 (2
(310) Vvi(,j;)p—i-Q = [_aji . l]q' (ﬁ ‘/’ij,)p) (V;(],)p) (aij = _17 QAji < _3)»
J
2 [2] j 2 (1) \—aji—4 2
(3.11) V.70 = T_%Q]ql(ad Vi) (Vih) (e = =1, a5 < —4).
3 j

Theorem 3.5. For every w € W and index j satisfying w(c;) € Ay, Tw(Ej) €
U,(9) is a g-commutator monomial.

Proof. The proof is by induction on ¢(w). The case ¢(w) = 1 is immediate by (3.1).
Suppose that there exists an integer m > 2 such that Ti,(E;) is a g-commutator
monomial if w(e;) € Ay and f(w) < m. Let w € W satisfy w(e;) € A
and ¢(w) = m. Take a reduced expression of w and let s; be its suffix. Then
i # j due to the assumption. Let w{®} € W be the shortest element satisfying
w = witt . s;s;5;8;. Then wl™t(a;), wi™}(a;) € AL due to the minimality of
w7}, By the induction hypothesis, T,,¢:.;1 (E;) and T, 1 (E;) are g-commutator
monomials. Thus, using (3.2), the proof completes if ... T;T;(E;) turns out to be
a g-commutator monomial consisting of only E; and Ej.

Let #;; (i # j) denote the set of g-commutator monomials consisting of
only E; and E;. We are going to prove that if s;,., (p € Z>1) is a reduced
siyw = -+ TjTi(Ey) € i by induction on p. The cases when
p = 1,2 are immediate by (3.1). When «; and o span a finite root system, s; j., is

expression, then F

reduced only for finitely many p € Z>1. Thus, when (a;5, a;;) = (=1, -1), (=1, —2),
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(-1,-3), (-2,-1), (=3,—1), we can verify FEj
since there exist only finitely many cases. The computation is easily accomplished

s € Fij by direct computation

using formula (3.3). For example, when (ai;,a;;) = (—1,—1) and p = 3, we have

(3.1) (3.2)
Es, ;s = TyTi(Ey) "= Ti([Ei, Ejly) =" [Tj(E:), T;(E;)]q
(3.1) Lemma 3.2
=" [[E;,Eilg, Ty (E)lg "= [1]g,1 = (1) = 1]y, Ei = E;.

When o; and o5 span an infinite root system, then a;;a;; > 4. Now we suppose
that p > 2 and Eg, ;€ F; for all r < p. First, E can be written as

4,J;p+1

1 — —ai—
- (adE,,.,) Yo,

[—aisla:! b

(3.12) E

Si,jip+1

Since F, ;.
X/;f;?p_l € #;j. When q;; < =2, a;; < —2, the fact Vl(Jl)1 € %;; derived from
(3.3) and inductive use of formula (3.9) show Vifjl-;)pfl € %;;. When a;; = —1,

aj; < —4, we can directly verify Vifjl.;)o, Vz(Jl)l, Vifi)o, Vl(f)l € Z,;; using (3.3), and

the recurrence formulas (3.10), (3.11) show V;;;_h Visz-;)p_l € F;j forallp > 1.
When a;; < —4, a;; = —1, we need to continue the calculation of (3.12)
slightly. Using formula (3.3), we have

€ Z;;, which is the induction hypothesis, we are reduced to verifying

T;([E:, [Ei, Eflqlg) = [[Ej, Eilg, Eilg-

Thus F, ;. ,,, can be written as
L= —ai;=2 1, (2)
Sijiptl [_aij}qi (a‘d ESj,i:p) ’ (ij,i;p72)'
Since Vj(’lz-;F2 € %;; due to the discussion of the case a;; = —1, a;; < —4, we
conclude Eg, ; ., € Fj. O

By the proof of Theorem 3.5, we can easily construct an algorithm for describ-
ing T\, (E;) as a concrete g-commutator monomial once formulas for elements of
the form ...T;T;T;(E;) are prepared. In particular, for the simply laced case, we
have a simple graphical algorithm for the calculation of T,,(E;), which we describe
below.

First we introduce graphical notation for the g-bracket, which is convenient
for writing down g-commutator monomials:

(3.13) X\/Y =[X,Y], (X,Y €U,(g)).
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We also abbreviate E; to ¢ in the schematic notation. For example, the g-Serre
relation (2.5) can be written as the following binary tree:

1—a¢j
7111 o1 )

= (ad )T (E) =0 (i #)).

Using this notation, we can describe every g-commutator monomial as a binary
tree, each node of which represents a g-bracket and each leaf of which denotes a
Chevalley generator F;. Now we can describe the algorithm for the simply laced
case.

Proposition 3.6. Let g be a simply laced Kac—Moody algebra, w € W, and j be an
index satisfying w(o;) € Ay, Let w = s;, 84, ... S;,, be a reduced expression. Then
the binary tree constructed by the following procedure represents a q-commutator
monomial equal to T,,(Ej):

(1) In this procedure, we manipulate a binary tree, each leaf of which holds a pair of
a reduced expression Sj, Sj, - .. Sj, and an index p such that sj,sj, ... s, (o) €
Ay,

(2) At the beginning we have a binary tree consisting of only the root, whose re-
duced expression is Si, Si, ... Si,, and whose index is j. The procedure termi-
nates immediately when m = 0.

(3) For each leaf of the binary tree, the following manipulations are applied recur-

and p be the reduced expression and the index of the

siely. Let sj, 85, ... 55,

leaf we are working on respectively:

(a) We are done for the leaf if k = 0.
(b) Ifk > 1, then ji # p. If a;,p = 0, then delete the factor s;, in the reduced
expression since T}, (E,) = E,. Repeat this deletion until a;,, = —1.

(¢) If 8,84y - - - Sju_, (ap) € A, then there exists a number | such that

841542+ -+ Sjr—1 = 851542 -+ - Sii_1S5ig1 - - Sie—15p>

due to the exchange condition [8]. By aj.p, = apj, = —1 and (3.5), we

have
Tj Tj s TjkaTj (EP) = leTj s le—lﬂl+1 s Tjk—lTPTjk (EP)
:leTj "'sz—lsz+1 "'Tjk—l(Ejlc)'
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According to this calculation, replace the reduced expression with sj, sj, ...
8j1_15j141 - - - Sjn_, and replace the index with ji.. Repeat this replacement
until $;,84, .. Sj_,(p) € AL
(d) Finally, when sj, s, ...sj, ,(op) € A, then aj,, = apj, = —1 by the
manipulations so far. Thus Tj, (Ep) = [Ej,, Eplq by (3.1), and 55,85, ...
Sju_15jns Sj15js -+ 8j,_15p are reduced. Therefore, create a new branch
at the current leaf and generate two leaves as in Figure 1, where s’ =
$j18jy -+ Sj,_, and s[p] denotes the reduced expression s and index p. The
two new leaves have indexes ji, p respectively, and both reduced expres-
sions are s’.

§'s. [p] S/[jk] S/[p}
L <

Figure 1. Branching rule

(4) Repeat the above procedure until all reduced expressions in the leaves have
length 0. This algorithm terminates within a finite number of steps because
each manipulation shortens the length of the reduced expression of the target
leaf.

8§4. Construction of quantum dilogarithm identities

In this section we show how to construct quantum dilogarithm identities using the
product formula (2.37) of the quasi-universal R-matrix ©.

First we introduce certain projections of the algebra U;‘ ® U, onto skew
formal power series algebras determined by Dynkin quivers. Through the projec-
tions, most of the elements of the form ©< , € U ® U, (a € AY) become the
unit of image, while several factors survive and retain their form as g-exponential
functions, which can also be seen as quantum dilogarithm functions. Moreover,
under appropriate setting of parameters, the product of factors in © associated
with imaginary roots can be written using quantum dilogarithm functions in the
image of the projection. Thus the image of © will be written as a certain product
of quantum dilogarithm functions. Choosing various convex orders, one can obtain
various product presentations of the image of ©, which have finitely or infinitely
many factors depending on the selected order. Eventually, we can construct quan-
tum dilogarithm identities of the form “finite product = infinite product”, which
will exactly coincide with the identities proposed in [3] after a suitable change of
variables.
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§4.1. Projections of U;‘ ® Uq_ onto skew formal power series algebras

Let g be symmetrizable Kac—Moody algebra of rank n and A = (aij);szl be its
Cartan matrix. Let dy,ds,...,d, be coprime positive integers such that c;; =
dia;j = dja;; (1 <4i,j <n). Then C = (Cij)?,jﬂ is a symmetrized matrix of A.
We normalize the invariant bilinear form (-, -) so that (e, ;) = ¢;; for 1 < 4,5 < n.
Choose o;; € {£1} for each pair of indices ¢ < j such that a;; # 0, and set

OijCij, <],
(4.1) bij =40, i= ],

—0;Cij, 1> 7.
Then the matrix B = (b;;)7;_; is a skew-symmetric matrix, and this data can be
interpreted as the Dynkin quiver which has an arrow from ¢ to j if o;; = +1. Let
{-,'}B: Q@ x Q@ — Z be the skew-symmetric form satistying {c;, o;} g = b;; for all
indices i, j.

Let Pp be a Q(g)-algebra defined by the generators and relations below:
generators: e, ez,..., €y,
relations: e;e; = ¢bii eje; (i,j=1,2,...,n).

The term Pp has a natural Q-graded algebra structure if each e; is supposed to

have weight «;, hence the g-bracket makes sense on Pp. Each weight space of Pp

. . . . ki k
is a one-dimensional subspace spanned by a monomial of the form ef'es*...ekn.

The degree of each monomial

(4.2) deg e’fle];? et = ko Ry

coincides with the height of its weight. Let Pp ., be the subspace of Pp spanned
by monomials of degree m. Also note that

(4.3) eirejly = eiej — ¢ eje; = (¢P7 — ¢%9)eje; =0 if 0y = +1.

Due to the following well-known fact, Pg turns out to be a quotient of U, ; -

Uq(9)-

Proposition 4.1 ([11, Thm. 33.1.3]). The positive part of the quantum envelop-
ing algebra U;r is isomorphic to the Q(q)-algebra whose generators are Eq, Es, .. .,
E,, and whose relation is given by the quantum Serre relation (2.5).

Proposition 4.2. There exists a unique Q-graded algebra surjection
(4.4) mp: U — Pp

such that mp(E;) = e; for alli=1,...,n.
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Let Pg = Pp and Py be copies of Pp but with generators e; replaced by
fi- Recall that U, is isomorphic to U, as an algebra [11, Cor. 3.2.6]. Let T =
mp: Uf — Py, m5: U; — Pg (m(Fi) = fi) be Q-graded algebra surjections
given by Proposition 4.2. Then we have an algebra surjection

(4.5) th@np: U @U; — Ph @ Pg.

We want to construct a completion of this surjection to define the image of
CRS U(;r ® U, - To define the completion, we give a topology on Dp = Pg ® Pg
so that the surjection ﬂg ® mgz becomes continuous.

For every nonnegative integer m, set

(4.6) D= P PL,.©P5 CDs,

k=m

and define the completion of Dy by
(4.7 Dy = proj lim Dp/Dp,.
m>0

Recalling definition (2.34) of 5’; ® /U\q, the composition of the surjection ﬂg ®
Tg: Uq+ ® Uq’ — Dpg and inclusion ¢: Dg — 5; is continuous with respect to
the relative topology on U;‘ ®U,; C /U\q ® /U\q. Hence, this map induces a unique
continuous map

(4.8) ;&g U 8U; — Dp
due to the completeness of 5;.
§4.2. Skew formal power series algebras

Let y; == (qi—q; Dei®@(q; ' —aqi) fi € Dy, Sp C D bea Q(g)-subalgebra generated

— <

by y1,Y2,...,Yn, and Sp C Dp be its closure. Since the increasing monomials
’ ! ’ —
mi m My, my em m
ef"es”? . epm @ f; M fa?.. . fam €Dp

form a topological basis of 5;, the increasing monomials y7"'y5"2 ...y~ form a

topological basis of g;. Therefore, g;; is isomorphic to the formal power series
algebra Q(q)[y1,y2, - - -,¥n] as a Q(g)-linear space. This isomorphism endows the
Q(g)-linear space Q(¢)[y1,y2,---,ys] with a complete topological Q(q)-algebra
structure, whose multiplication is uniquely determined by the commutation rela-
tions y;y; = ¢*"9y;y;.

In the same way, the skew Laurent polynomial algebra £p can be defined.
Namely, L is a Laurent polynomial algebra Q(q)[ylﬂ,yQﬂ, oy as a Q(q)-
linear space, and multiplication in Lp is uniquely defined by the commutation
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relations y;y; = q?bii y;¥i- The term Sp can be naturally considered as a subalgebra
of EB.

Let L be the lower triangular part of B. Since B is skew symmetric, B = L—"L.
We define a normal ordered product in L by

(4.9) = g Iy (m= Yy, ma, . my) € 27,

mMn

where y™ =y yg"? ...y
Let B’ = (bﬁd)z:l:l € M,/ (Z) be another skew-symmetric matrix. We will
consider an algebra homomorphism ¢r: Lp — Lz = Q(q)[y/=t, v5 ..yt

which is determined by an n’ x n-matrix R € M,/ ,(Z) and
(410) ’le(yZ) — Zy/R’UiZ7

where v; € Z" is the ith unit vector. The term ¥ is well defined if and only if
it preserves the commutation relation y;y; = ¢**“y;y; for all 4,5 = 1,2,...,n; in
other words,

/Rv; /Rv; ,

. .. 2tvti', IRv; .
iy Juy

=q B (1,5 =1,2,...,n).

On the other hand,

/Rv; , IRv; 2% Rv;) B’ Rv; y/Rvj levi

y Ty =q € Lp.

Thus v is well defined if and only if *v; ‘RB’Rv; = *v; Bv; for all 4, j. This shows
the following proposition:

Proposition 4.3. Let B € M, (Z), B' € M,/ (Z) be skew-symmetric matrices,
and R be an integer-valued n’ X n-matriz. There erists a unique algebra homo-
morphism Yr: Lp — Lp satisfying Yr(y:) =y (i =1,2,...,n) if and only
if

(4.11) '‘RB'R = B.
Moreover, 1 preserves the normal ordered product.

Proposition 4.4. Suppose that R satisfies (4.11). Then

(4.12) Yr(y™:) = /™ (m e Z").

Proof. We prove the proposition by induction on deg m := |my |+ |ma|+- - - +|my|.
The case degm = 1 is trivial since v;Lv; = 0 for any unit vector v;. Suppose
that (4.12) holds if degm < N for some integer N > 2. Let m be of degree N.
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Choose m;, my € Z™ so that m = m; + my and degmy < N (k = 1,2). Since
yyme = g2 milmegmitme we haye

mif+my. qt(ml +mz)L(m; +m2)ym1 +my

Y

myLm; —'m; Lm, ,yml .

1y

ms,

=4q

‘msBm;

=4q Y

m; ms,

Dy
Then, by the induction hypothesis,

Yr(y™ ™) = g™ P (™ ™)

‘m,Bm; . /Rm;. Ing

=4q ‘Y Y

‘myBm, —* (Rm3)B’ Rm; ,y/m1+m2 .

=q
= ytme (- (4.11)).

Thus (4.12) holds for arbitrary m of degree N. O

When all the components of matrix R satisfying (4.11) are nonnegative, we
have the restricted homomorphism ¢ r: Sgp — Sp-.

Proposition 4.5. Suppose that R € M, ,(Z>o) satisfies (4.11). The algebra ho-
momorphism Ygr: Sgp — Sp/ is continuous with respect to the relative topology in
Sp and Sp: if and only if each column of R contains a nonzero component.

Proof. By the definition of ¢g, it is continuous if and only if

for any N € Zx, there exists some M € Zx>( such that m = t(ml, ceyMy)
SYAS of total degree degm > M = deg Rm > N.

Since deg Rm = Z;;l r;m;, where r; is the sum of components in ith column of
R, this condition holds if and only if all the r; are positive. O

Thus, when R Satlsﬁes these conditions, ¢'r uniquely extends to the continuous
algebra homomorphism 1/1 R: Sp B — Spr B

§4.3. Several formulas related to the quantum dilogarithm

To compute the image of the quasi-universal R-matrix ©, we briefly prepare for a
couple of formulas related to the quantum dilogarithm function Lis 4(z). Let

oo n

(4.13) log(l —z) = — —

n=1

(4.14) Lis 4(x) = Z w7
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(4.15) E(z) = exp(Liz 42 (—qx)),
(4.16) (€:0)00 = [J (1 = ¢"2).
n=0

In this paper we consider these functions just as formal power series. The function
(; ¢)oo is characterized by the recurrence relation

(4.17) (1=2)(g7;q)oo = (5 ¢)oo

Since —Lis 4(gz) 4 log(1 — ) = —Liz 4(2), exp(—Lis 4(x)) satisfies the recur-
rence relation. Therefore,

(4.18) exp Lig 4(z) = (=3 Ot
(4.19) E(z) = (—q7;¢*) ),

which coincides with the product presentation of E(x) in the introduction. By this
presentation, E(x) is characterized by the recurrence relation

(4.20) (1+ qz)E(x) = E(¢*x).

Recall that the g-exponential function was defined by

—in(n-1)

(4.21) exp, (z Z 1 x".

Then it can be directly verified that exp,(z) satisfies

(4.22) (1+4qlg — g~ ")) exp,(z) = exp,(¢*)
and we conclude that

(4.23) exp, (2) = E((q — ¢~ )2).

In the same way, we can also prove another presentation of (2; ¢)so [12], which
we will use in the computation of imaginary root vectors:

(4.24) exp < i Mmm) = (%;¢)

m=1

§4.4. Computation of the image of the quasi-universal R-matrix ©

Now we suppose that g is an untwisted affine Lie algebra. We will compute WE ®
T5(0) € Dy for various product presentations of © (2.37) and equate them to
obtain concrete identities.

First we remark that g-commutator monomials degenerate to ordinary mono-
mials. Let X, Xg € 772; have weights «, 8 € @ respectively. Then by definition
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of Pg, X, is a linear combination of monomials e;, e;, .. .e;,, , where a;, + oy, +
<4, = a Hence X, Xpg = q{a’ﬁ}BX,gXa and we have

(4.25) (Xo, X5lg = XaXp — ¢ 9P XX, = (1 — ¢BIHBateyx X,

It is convenient to introduce the bilinear form (o, 8)p = (a, ) — {«, B} 5. Then
the values of the bilinear form (-,-)p are even integers, since

(I£1)ey, i#7,

Qi) p = cii — b =
(v, aj) ij ij {2di7 i= .

Formula (4.25) shows that [X,, X ], vanishes if and only if (o, 8) p = 0, otherwise
it is a nonzero multiple of X,Xg. Therefore, we have the following vanishing
criteria for g-commutator monomials.

Proposition 4.6. A g-commutator monomial M € U;‘ lies in the kernel of Wg
if and only if there exists an application of the g-bracket [E,, Egl, in M for some
Eo,Eg € U} of weight o, B € Q satisfying (o, B)p = 0. If there are no such
applications of q-bracket in M, WE(M) € ’Pg 1§ a nonzero monomial.

Recall that the root vectors for U, were defined by F< , = Q(F< o), where
a € A and Q: U;' = Uy Q(E;) = Fi, Q(q) = g~ ! was the Chevalley involution,
which is anti-automorphism of a Q-algebra. Notice that {2 preserves the g-bracket,
except for multiple of a power of ¢:

(4.26) Q([Ea, Egly) = _q_(aﬁ) [Fa, Flg-

Thus, the F< , are also g-commutator monomials, and they coincide with E<
except for multiples of +£¢* and replacing F; with F;.

There exists a unique anti-isomorphism of a Q-algebra Qp: ’Pg — Pg which
sends e; to f; and ¢ to ¢~ '. This is useful to compute 75 (F< o) because

(4.27) Qpo 7T§ =7g o

Since there are ht « — 1 occurrences of g-brackets in E< , for a € AT, its
image takes the form

hta—1
(4.28) 5 (E<a) = Cq“( H (1- qk)) eplelt .. ent,
i=1
where C' € Q(q) is the coefficient of E< , as a g-commutator monomial, o =
Z?:o m;a; and u, k; € Z. In the simply laced case, C' = 1 because no nontrivial
scalar multiples occur in the algorithm of Section 3 (Proposition 3.6). We also note
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that each k; is a value of the bilinear form (-, -) 5 and thus an even integer. Using
Qp, the image of F< , is

15(F<.a) = Qo mf(E<.a)

ht a—1
(4.29) = Q(C)q‘"< IT a- q"“"))fﬁ”"f?fll S
i=1
Recall that the subalgebra Sp C Dp, which is generated by y; == (¢; — q; 1) X
(¢! — qi)e; ® f; for i = 0,1,...,n. The normal ordered product of the monomial
y™ =y oyt oy (m o= t(mo,ml, ce,My) € Z’;gl) was defined as :y™: =
qtmLmym, where L was the lower triangular part of B.

Using this notation, in the simply laced case we have

15 @mp((a—a )¢ ) B0 ® F<a)
hta—1
kiq? mo, m m
(4.30) = < H [2}(1) Yo YTty
i=1
Recall that exp,(z) = E((q — ¢~ ')z) (4.23). Therefore, if k; = £2 for all i, we
have a simple description of the image of ©< , for a positive real root a.

Proposition 4.7. Let A be a simply laced affine root system, a = > m;q; €
AT, and < be a conver order. We suppose that when a presentation of E< o as a q-
commutator monomial is given, (o, ) = £2 for each application of the g-bracket
(X, X5lq, where a, B € AT and X, e US, X5 € U;. Then

(4.31) 75 @75(0<.a) = ECyg 0y ... yme).

While we have the general simple description of the images of real root vectors,
the computation of the images of imaginary root vectors requires some ingenuity.
Recall that ¢; , € U;S were defined as

(4.32) Qin = [I0T (B, By (n€Zs1, i€,

and imaginary root vectors I;, were polynomials consisting of ¢;,. Since

TgTi_l(Ei) can be written as a g-commutator monomial by using the algorithm

in Section 3, the ¢; , themselves are g-commutator monomials. But we need to

compute Ty, (I; ) (w € W) for a general convex order, and we cannot apply the

algorithm to Ty (i n) when w(a;) € A_ because Ty, (E;) no longer lies in U,f.
First we compute T;(¢; ,,) using the following fact.

Proposition 4.8 ([5]). For everyi,j € I and positive integer n,

(4.33) Tz, (i) = Pin-
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We will also use the property that for u,v € W, Tww = T,T, if L(uv) =
L(u) + £(v).

Since t¢, () = —0+a; € A_, the length of u == t.,s; in Wis (u) = £(t.,)—1.
Thus T, = T,,T; and we have

(4.34) Ti(pin) =T (oin) = (LTI (ED), T (Bl

Now we can compute an arbitrary T, (v;,) for w € W. When w(o;) € A,
we have
(4.35) Tw(pin) = [TwTQTi_l(Ei)va(Ei)}q

and thus simply applying the algorithm to T3, 7"~ 'T,(E;) and T, (E;) yields an
explicit presentation of T,,(¢; ) as a g-commutator monomial.
When w(a;) € A_, let w’ := ws;. Then Ty, = Ty, T; and using (4.34) we have

(4.36) Tw(pin) = Tw LTI T H(E:), T, (B,

YT u

Let A :=¢e1+¢e2+ - +¢er € 6*, which is a strictly dominant weight. Then
T =T, =T.,T.,...T;, and tx(o) = =0 +a; € A_ (i € I). Thus ty inverts
every positive root in AJF, which implies that there is an expression t) = vwo,
where v € W and w, € W is the longest element satisfying L(ty) = L(v) + L(w,).
Notice that
TwT, (Ei) = T, T, T, (Ey) = TLIZ H(Ei),

and T 1(E;) = Ty '(E;) since 1., (E;) = E; if i # j. We also note that T,, =
Twow—1Ty for every w € W due to the maximality of w,.

Recall the anti-automorphism of the Q(g)-algebra W: U;‘ — U;‘ defined by
U (E;) = E;. Since ¥ preserves weights, it reverses g-brackets:

(4.37) U([z,ylq) = [¥(y), ¥(2)]g (2,9 €U)).

It is also easy to verify that W7T; = Ti_I\II forieI.
Let ty = m0'w, (1 € Q, v € W) and w, = ww. Then

T, Ty E:) =TT, ' Ty ' Ty T (B
Ar—1r—
=T.'T,'T 'V (E;)
= \PT(U/&‘}')71<E7—71(Z‘)).
Finally, we have
(4.38) Tw(pin) = [T T2 T HED, VT g)-1 (Br1()g-

We can apply the algorithm to Tz, (E;-1(;)). Since ¥ just reverses the directions
of the g-brackets, U1,/ (E,-1(;)) is a g-commutator monomial.
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Proposition 4.9. T, (i) is a g-commutator monomial for every w € W,iel,

and positive integer n.

§5. Examples of quantum dilogarithm identities

In this final section, we give specific convex orders and Dynkin quivers, which
eventually induce the identities proposed in [3].
Recall that the affine positive root system A, is decomposed as

Ay =A(w, —) ITATIT A(w, +),

and convex orders on Ay consist of convex orders on each A(w,+) (the order
on Ai}r“ is not significant since any total order can be chosen). The convex order
on A(w,—) was determined by the following parameters with several restrictions
(2.12), (2.13):

(1) a positive integer n and a filtration of indices I = Jo 2h2h2- 2 =0
(2) yi €Wy, y2 €Wyyyooyn € Wy 5
(3) infinite reduced words so € #°,81 € #7°,... 8,1 € W5 .

We have to specify the parameters not only for A(w, —), but also for A(w, +)
= A(wws,, —) to construct the whole convex order on A . In the examples below,
let * denote the parameters for A(w,+). For instance, w = wws,.

Fortunately, the parameters y; are all 1 in our examples below, so we omit
the value of y; in the examples. Also, the numbers of rows n are the same for both
A(w,—) and A(w,+); in other words, n := n for all the examples below.

8§5.1. Type Agl)

Let g = g[\g be an affine algebra of type A(ll). In this case, there are only two convex
orders on A, except for the order on Aif‘, and one of them is just the reverse of
the other one. The corresponding parameters are

w:=1 n:=1;
I={1}=025=0,
so == (s081)%,
[={1}=Jo 21 =0,
8o == (s180)°,

where (s)> := sss... denotes infinite repetition of s. Then the corresponding
convex order < turns out to coincide with (2.10).
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Next we compute the root vectors from this convex order. Since A(ll) is not
simply laced, we cannot use the algorithm of Section 3. But the following formula
is sufficient to accomplish the computation:

(5.1) Ty([Eo, Erlg) = [Ex, Eolg,  To([Ev, Eolq) = [Eo, Enlg-
By the definition of root vectors and the chosen order, one can verify

E< (2n+1)5—a, = (ToT1)" (Eo)

(5.2) = [2]12n ((é—d[EO»El]q)Qn(EO))a

E< (2n+2)5—a; = (ToT1)" Eo(E1)

E§,2n6+a1 = \I](TlTO)n (El)

(54) = [2]2n ((ad[Eo,El]q) (El)),
E< ont1)54ar = Y(T1To)"T1(Eo)
o e (Gl 20 (1),

foralln=0,1,2,....
Using the reduced expression t., = ps;, where p € Q is the transposition of 0
and 1, one can show that for any positive integer m,

P1,m = [(TpTl)mil(EO)aEl}q - [Eg,mé—alvEl]qa
Tl(SDl,m) = Tp—l(sﬂl,m) = [‘I’Eg,(m—l)5+a17Eo]q~

We set the projection of Section 4.1 by g1 := +1. Then the corresponding

skew-symmetric matrix is B = (g ’02 ), and the matrix presentation of the bilin-

(5.6)

ear form (-,-)p is ({ai,;)B)i =0 = (249). Since (ag,a1)p = 0, the projection
5 vl — P} annihilates [Fy, E1],. Thus all the root vectors vanish in P} ex-
cept for simple root vectors E< o, = E; (i = 0,1). Therefore, the image of the
quasi-universal R-matrix © is

(5.7) 5 @ 75(0) =E(y1)E(ye) € Ds.

Beware that the order of the product is the reverse of the given convex order
(2.37).

Now we consider the reversed order <’, which is in fact obtained by just swap-
ping A(w, —) for A(w,+). The corresponding parameters are also just swapping
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every parameter - for ©. Thus E</ , = WE< , for every real root o € A¥. One can
verify that all the real root vectors for <’ satisfy the condition of Proposition 4.7
and thus do not vanish.

Since w = s1, T1(I1,m) (m > 1) are used as imaginary root vectors. Using
(5.6) we have

(5.8) T (Tiorm) = Im+ 1] — ¢ 1)*"  (eger)™

Let D := (¢ — g !)%ege;. Then the image of the generating function Ty¢;(z) €
Ul is

- 1
5.9 Ty (1 1, _ ,
(5.9) (Tl + (2 WLZ_()m+ (1—¢gD2)(1—q7'Dz)
where 7 : U [2] = P{[2] is defined degreewise. Recall that I1(z) = (¢ — ¢ ') x
Yoo Timz™ = log(1 + ¢1(2)). Since log(1 +a) = = >~ (=1)™a™/m (4.13),

q"+q m,m
5.10 T ( E L 77 p
( ) ( 11 el m

and therefore

m

9" +q
5.11 LI ) = ————D™.
(511 om) = =)
Now we compute the image of S, = T1 ® T1(Sy) (2.36). By definition, by 1., =
[2m],/(m(q™ — q)) and ¢1 1.m = bf&;m. Thus
_ _ - q) + _

Sm - C1,1;m11,m, ® Jl,m - Ilym X Q.[l,m S Uq (24 Uq .
Let D' :== Qp(D) = (¢~ ' — q)%fifo. By virtue of (4.27) and QT; = T;Q (i =
0,1,...,¢), we can compute as follows:

—1 m

m(g~"—q) q +q_1 q iq DM e Dim
2m],  m(g—q ) m(g™! —q)

LA g pym = 4 (q T )(D®D,)m
mqm —q m(l — ¢*™)

mh@7g(S,) =

By (4.24), we obtain the image of Oy, = [[-_; Oms:

m=1
75 @ 15(0im) = E(—¢D @ D) 'E(—¢ 'D® D)}
(5.12) = E(—q:yoy1:) "E(—¢ "yoy1:) !
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Finally, we have

75 ® 15(0) = E(yo:)E(y5u1:)E(ygui:) x
X E(—=g:yoy1:) " E(—q "iyoyr:) !
X B(y2yd)E(yoy?)E(ys:).
Comparing with (5.7), we eventually obtain the following quantum dilogarithm
identity, which was first found by Terasaki [12].

Theorem 5.1 ([12]). Let yo, y1 be indeterminate. Then the following identity
holds in the skew formal power series algebra Sy == Q(q)[yo, y1] with commutation
relation Yoy, = ¢ *y1yo-

E(:y1)E(:y0:) = ECyo ) ECGygyr:) E(ypyis) x
X E(—q:yoy1:) E(—q yoya:) !
(5.13) X e X E(:y%y%:)E(:yoy%:)E(:yl:),

mo, M1, 2m0m1 mo, M1

where :y5 Y, Yo Y1

Let B’ = (Pl (1)) and S = SB/ =~ Q(q)[z1, x2]- Then z122 = ¢*waz1, which
coincides with the commutation relation in the introduction. If we set R == ({ %),
R satisfies ‘RB'R = B. Thus by Proposmons 4.3 and 4.5, there exists a unique

continuous algebra homomorphism wl 81 -8 satisfying
(5.14) D1(yo) = w2, Y1(yr) = wiay: = ¢ Cafas.

Let £ = Lp = Q(q)[zf!, zF"]. Since S = (1, 9) satisfies 'SB'S = B’, we
have the algebra automorphlsm (s 6 Aut L. The term g transforms variables
T1,To as ’(/Js(.’L‘1> = J:1332 c=q? a:le , Ys(x2) = xa.

Applying 1/11 on (5.13) and transforming the variables x1, 22 by 15, we obtain
(1.2) in Q(q) i—%, x3]. Recall that 1 and g preserve the normal ordered product
(Proposition 4.4).

Corollary 5.2. Identity (1.2) holds in Q(q)[%, z2].
2

Remark. We will call a group homomorphism Z: () — C a central charge. When
Z is injective and Z(A,) lies in the (closure of) the upper half-plane H := {z €
C|Imz > 0},

(5.15) a<zpB by arg Z(a) < arg Z(f) (o, B € AT)

defines a convex order on positive real roots, where we choose the principal value
of the argument so that 0 < argz < 27.
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Setting Z(ap) == 1, Z(a1) == 1 + /—1 yields the convex order (2.10). Notice
that <z yields only the convexr order of a single row, because every root is of the
form md + a (m € Z, a € AU {0}) and thus Z(A) lies in a finite number of lines
parallel to Z(9).

§5.2. Type Agl)

Let g = 5/[; be an affine algebra of type Agl). We choose a convex order by setting

wi=sy, Nn=2;
I={1,2y=Jy 2 1 ={1} 2 J> =10,
S0 = (505152)%, 81 = (5186—0;)"s
f=0y2d ={2)24=0,

S0 = (528150)™°, 81 = (S5—ay52)™.

Then the corresponding convex order < is

d—a1—aa<d—aa <20 —a1 —ap <20 —ag < ---
<o <dt+a; <20+a1 <30+a; <---
<0 <20 <30 <46
< <30 —a <20 —a1 <d—o
< e <dtartas<dta<aptas <as,
where the null root 6 = ag + a1 + as.

Using the algorithm of Proposition 3.6 and notation (3.13), real root vectors
in the first row of A(w, —) are computed as

m—1
(5.16) B mboyay =224 9210 021o2
m—1
(5.17) oy, —0T02T02  T02T021 (o)

This can be directly proven by induction on m, noting that
(5.18) ToTh T2 ([Eo, Baly) = Er,  ToThT2(Er) = [Ey, E2)q,

and TyT1To([Eo, E1]q) = E< 36—a1—ay, which means that applying Tpy717» on
[Eo, 1], adds three branches from the right.
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The computation of real root vectors in the second row requires more prepa-
ration. First we have to compute Ejs_,, of (2.24). Since ®(sgos2) = {ao, a0 +
az} C A(l,—), we have Es_,, = To(E2) = [Eop, Es]q. Next we need to compute
56—a; € W, which is an appropriate extension of s5_,, € Wy,. By definition (2.25),
S5—a; = t/1s1t!*. To compute this, we require a reduced expression of t., € w.
Let p € Q denote the Dynkin automorphism which acts on the indices as p(0) = 1,

p(1) =2, p(2) = 0. Then
(5.19) te, = psasi, te, =p°sisy € W GL(p'™)

are reduced expressions. Note that the length of w € W defined by (2.23) coincides
with the number of positive roots & € A, such that w(a) € A_. More generally,
we have the following proposition:

Proposition 5.3. Let g = f@; be an affine algebra of type Aél). We set the
indices 0,1,...,€ so that a;;41 # 0 fori =0,1,...,£—1. Let p € Q be the Dynkin
automorphism which acts on indices as p(i) =i+1 (0<i<€—-1), p(¢) = 0.
Then

(5.20) te, = (p tsyso...5) 0 (1=1,2,...,0)

i

are reduced expressions in W.

Proof. First we have to check the equality. It is enough to compare the action of
both sides on simple roots since W c GL(b™). Moreover, since every element of
W fixes the null root § = Qg + aq + - - - + ay, it is enough to check the action on
aj for j =1,2,...,£. On the one hand, t.,(¢;) = a; — 6;;0. On the other hand, let
R; = pls18y...5.. When £ =1, Ri(a1) = p~'(—a1) = —ap = a; — J and hence
(5.20) holds. Next we assume ¢ > 2. Recall that for 1 <1i,5 </,

aj, |Z —j| > 1,
(5.21) sia)) =S as+ay, j=itl,
—Qy, ]: ia

in the root system of type A,. By direct calculation we have

Qj, 1< <1-1,
4o+ +--F+a, =i,

(5.22) Ri(oy) = o oo
0 — @iy — Qg — - —ap, j=1i+1,
1, ]>’L—|—1

When 1 < j < i, it is clear that R (a;) = a;.
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When j = i, the case ¢ = ¢ is the above formula. When ¢ < ¢, notice that
R;i(c; + ai11) = . Using this inductively,
R i) = R{TH(=0+ o + ovign + - + )
=R =04 ot aip+ o+ )

= Rz(*(s —+ a; + OL¢+1) = -0+ ;

and thus R () = =0 + oy
When j =i + 1, notice that R?(c;41) = . Thus

R agy1) = R (ow) = qigr.

When j > i+ 1, R (o)) = R (i) = RV (ag) = a.

By the above calculation, we conclude that t., = R

To verify that Rf“fi is a reduced expression, it is enough to show that the
length of ., € W is i(£ +1 —1). The length of ¢, coincides with the number of
positive roots which ¢., sends to negative roots. Recall that

(5.23) A={f(ai+a1+ +ao;)|1<i<j<t}

in a finite root system of type A,. The term ¢., translates the roots containing
+a; by T6. Thus, if « = md +¢ € Ay (m € Zs, € € A) satisfies t., (o) € A_,
then m = 0 and € must be a positive root containing «;. Such an ¢ takes the form
aj+aji+--+ai (j <i<k), and the number of such (j, k) is i(¢ —i+1). This
shows that the length of ¢, is i({ + 1 —i). O

By Proposition 5.3, t/t = (p7ts1p7s1)7t = (psas1)” = ps, and we have

—_—
(5.24) 55—y = PS251PS2.
Now we can compute real root vectors in the second row. Since w’t = s7* =1

and Eg_al = To(El) = TpTQ(El),

(N T )"?(En), m: even,

(M T;= )" D2 (Es—ay), m: odd,

E< métar = {

Observing that T17,T>(Ey) = Eo and ThT,T>([E1, E»)q) = [E1, E2)q, we have

m
(5.25) Femppon = L 012012 - 012012 (m > 0).
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Similarly, root vectors for real roots in A(w,+) = A(sqs1, —) are computed
as follows. Comparing sy = (sps152)>° and 89 = (525150)°, E< ms+a, and
E< mstai+a, are obtained by swapping all the indexes 0 for 2 in F< ms—a;—as»
E< ms—a, and applying ¥, which just reverses all the directions of the g-bracket.
As a result,

m

02702717 --- 02102712

520 =

m

(5.2 Eepon i ZLO2TO2T - 0310212 (o q)

Since w”t = 5951 and 8§ = (85_a,52)>, Toot vectors for mé — a; are defined as

U (T——To) ™ D/2(Es_,,), m: odd,
(5.28) E<ms—a, = (T, 2)( _2)/2( 2) (m >1),
\I/T2T1(TS(S_/T2T2) m Tsé/_?z, (F2) m: even

where Fs_,, = To(E1). By Proposition 5.3, tg; = (p_15152)j1 = p?s; and thus
So—ag =11 5ot]l = p?s152p?s1. Rewriting Es_o, = To(E1) = T2 T1(E2),

(5.29) Ec ms—a, = VLT (T Ty T2) " Ty Ty (Eo)  (m > 1).

Moreover, one can deform this presentation to the form ¥ (73,)™T, (F;) by realizing

T ' (Ey) = Es. Since T =T 'Ty ' T, !, we can replace Ey with Ty "7 ' T, (Es).

In the extended braid group B,
T,TWT; ' =17'T,,
TT\To Ty 'T, =Ty ' T, - T2 ToTh,
where we used 77 T2 = T,2Ty ' and TyToTy ' = Ty ' Ty Ts. Therefore, we have
LT (T T To)" ' T, T (Es) = ToT (T, ToTh) ™ (Eo).
Finally, rewriting Ey = T, (Eo) yields

LT, (T ToTy)™ (Es) = ToT, (T, ToTh )™ T, ' (Eq)
=To(T,:T1T2)" ! (Ep)

= (12T ,2T1)™ T (Ep).
As a result, we obtain

(5.30) E< ms—a, = V(T ,T1)" "T5(Ey) (m > 1).
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The advantage of this presentation is that inductive computation becomes
easy. In fact,

(5.31) Ty, Ty To(Eo) = w

and thus applying 757,21 to [Es, Eyl, adds two branches from the right. By virtue
of [Ey, E1], and Ey being invariant by 757,277, finally we have

m—1
— s A AT A A A

012012 01201202

(5.32) Ecms—a, = W (m>1).

Next we compute imaginary root vectors. Since w = sy, Ti(L;m) (i = 1,2,

m € Z>1) are used as imaginary root vectors. We use (4.34) to compute T (©1,m).
Since t., = psas1 = usi, u = psy. Thus
T1(1,m) = [TV(T,TTy) ™ (B, T (B
= [(WT,T2)" (), VT T, ' (E1)]g.

Since T1T,To(Ey) = 10& and Ty T, T, fixes Eo and [Ey, Bs),,

m—1
(5.33) Tl(%,m)zlmm - 01201202 (m > 1).

The computation of T4 (ps2,,) is easier. By definition,
Ti(p2,m) = [T Ty H(B), Ti(E2)lg,
and in the computation of E< ,,5_,, we have already computed
TIITy  (Ey) = Ty(TpToTh)™  (B2) = (T,eThT2)™ H(Eo) = T (Eo).

Since T2 Ty Ty (Eo) = w and Ty, fixes By and [Eo, Eol,,

m—1
:Omm - T02T0212

(5.34) T (p2,m) (m>1).

We also require Ty (@im) = ToT1 (@i m) for the reversed order <’. Fortunately,
in this case we can simply apply 75 on every leaf of the presentation of T3 (¢1,m,).
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As a result,
m—1
(5.35) Ty (1.m) = 212012071 --- 2012071 0,
m—=1
(5.36) ToT1(p2,m) = 20210210 - 2107101 (m>1).

Set the projection ng Uq+ — Pg of Section 4.1 by g1 = +1, 0g2 = +1,
o012 = +1. Then corresponding skew-symmetric matrix is

0-1-1
B=|10 -1],
110

which corresponds to the Dynkin quiver

(0)
VAR
O—2.

The matrix presentation of the bilinear form (-,-)p is

2 00
((ai,05)B) jm0=| -2 2 0
—2-22

Thus [Ey, E1]q, [Eo, E2]q, and [Eq, E2], lie in the kernel of 7T§. Examining the
computed presentations of root vectors above, all the root vectors except for simple
root vectors vanish by 77;5. Therefore, the image of the quasi-universal R-matrix
O is

(5.37) 5 & 75(0) = E(y2)E(y1)E(yo) € Dp.

Now we reverse the given order. Recall that the real root vectors for the
reversed order <’ are obtained by just reversing all the direction of the g-bracket.
Then one can verify that the real root vectors in the first row, namely, F</ 1m5—a, =
U(E<ms—ay), B</ mo—ai—as = Y(E< ms—a,—ay) (M > 1) satisfy the condition of
Proposition 4.7.

However, by contrast, real root vectors in the second row behave differ-
ently. The term F</ 5o, = V(E< s_q,) = [Ea, Egy], does not vanish by 7} since
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(a9, a0)p = —2 # 0 and satisfies the condition of Proposition 4.7. In the same way
E<i o, = Fy does not vanish. But E</ p,5-4, and Ec/ (m—1)64an vanish for m > 1
because (g + a2, a1 + as)p = {(ap,@1)p = 0. Thus, the real root vectors in the
second row vanish except for F</ s_o, and F</ q,.

Next we have to compute the images of imaginary root vectors ToT1 (L m)-
Using (4.25) and the presentations (5.35), (5.36), we have

TET T (P1,m) = (1 — ¢ 2)* 72 (1 — ¢ 2" D )eseq (eze0e1)™  Leg
-1
q

= 3
= (g—q ")*" ' m+1]4(eoere2)™,
(g —q 'eoez, m=1

51T (p2,m) = ’

0, m > 1,

since {(ag + ag, a2 + a1)p = 0. The second equality is due to the following cal-
culation. Recall that the commutation relations in 73;? become ejeq = qegpeq,
€260 = qepes, ese; = qejes. Thus
)"

)m—l

ezeq(ezepeq eg = gerea(g®eperen eo = ¢*" Hegere2)™  (m > 1).

Let D := (¢ — ¢ !)3egeies. Then by definition of the generating function

”TE(TZTNOl(Z)) = z:: [m + ”quzm = (1— qDZ)(ll — ¢ 'Dz) € PE[[Z]],

m=1

WE(TQTl(pQ(Z)) = Dz.

Thus, the images of imaginary root vectors are

¢t +aq"

5.38 (DT, = ——21 D™

(5.38) (2T 1) o P

(5.39) (T Iy ) = Lm_llpm (m>1).
m(g—q1)

Finally, we compute the image of S/, = (1271 @ ToT1)(Spm) (m > 1) in (2.36).
By definition,

bl,l;m bl,Q;m _ 1 [2m]q (‘Umil[m]q
(=1) ’

b2,1;m b2,2;m m(qil - Q)

[Cl,l;mcl,Q;m] _ m(g~' —q) [ [2m], (_1)m[m]q1
[

C2.1;m C2,2:m Qm]g - [m](QI
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and thus S,, is written down as

m(q~! —q)

™7 2m]2 — [m]2

(5.40) + (=1)™[m]g(I1,m ® J2m + Tom @ Jim) }-

{[Qm}q(ll,m ® Jl,m + I2,m ® J27m)

Let D' .= Qg(D) = (¢~ — q)®f2f1 fo. Then

qtH+q " pm

(541) 7T§(T2T1J1,m) = m s
(5 42) 7T7(T2T1J2 ) = ﬂDlm (m > ].)
' b ™ m(g =) -

Therefore the image of S/, is computed as

(5 ® 75)(S7)

B m(q—l _ q) - B (qm _ q—m)Q B 1 . m

N [2m]37[m]3{[2 LJ( m2(q —q~1)2 m2(qfq*1)2)D ®D
_omlg —q) —[2m](1+ (¢" +q7™)%) +2[mle(¢™ +¢7™) nm
" Bl 2 g )2 (D)
_ [2mly(@®" +3472") = 2Amlo(q" +47) o pym

(2m]2 — [m]2) - m(q —q71)
(" =g ") @™ +3+q*) = 2(¢" —qg ") (q" +q™)

(Do D)™

B (¢?™ —q=2m)2 — (¢m — q~™)?
(@" ="M@+ ™) (@™ +1+q°)
(™ = ¢ ™) (g*™ +1+¢72™)
__1gm"@"+q™)
m 1—¢2m

1
m
1 nm
— (D® D"

m

(D& D)™

This result coincides with the case of type Agl). Therefore,

~

75 @ 75(Oim) = E(—¢D @ D')'E(—¢"'D & D')~!
(5.43) = E(—q:yoy1y2:) "E(—q " yoyrya:)

Comparing (5.37), finally we attain the following identity.

Theorem 5.4. Let ygy, y1, y2 be indeterminate with commutation relations yoy, =
a 2190, Yoz = 4 2yay0, Y1v2 = ¢ 2yay1. Then the following identity holds in the
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skew formal power series algebra 3’; = Q(¢)[vo, y1, y2]:

E(:y2:)E(:y1:)E(:90:) = { 11 ECog o ys DB Cyg ™y g™ )}E(:yoyzr)

m>0

X IE(—q'yoylyz')‘11['3(—61‘1'W;lyzr)‘1

(5.44) { TT Bogar 1 9B )
m>0
where HZ>0 Ay = Qpaias..., H:>o Qm = ...aga1a9, and the normal ordered

momi+moma+mima, Mo, mMi, M2

product is :yi "y ys 2 =q Yo Y1 Y2

Set R := (9 11). Then the condition of Pr0p081t10n 4.3 holds for B’ = ( % ).
Thus we have a continuous algebra homomorphism 1/)2 : 82 — & which satisfies
(5.45) Valyo) = w2, Wa(yr) = wradi,  a(ye) = wrwa.

Applying @ on (5.44) and transforming variables using 1¢g, we obtain (1.3). This
proves that identity (1.3) holds in Q(q)[%, z2]-
2

Remark. To derive (1.3), the convex order of multiple rows is mandatory because
the factor Uio in the middle cannot appear by only using convex orders of a single
row. We also note that convex orders of multiple rows never appear in the form
<z determined by the central charge Z (5.15).

§5.3. Type Agl)

Let g = gE; be an affine algebra of type Agl). We set a convex order by

W = $25183, N =3;

I :Jong Z:{l,?)}gjg 5:{3}2J3:®,

S = (8082818382808381)007 81 = (5135—(11)00; Sg = (3335—a3)007

W = WWo = $15352;

I=Jy2 4 ::{1,3};J2 ::~{1};J;),:@7

S0 = (5153525053515052)%, 81 = (86-0353)™, 82 = (85-a,51)™
Then the corresponding convex order < is
(570417&27@3<042<(57013<57a1

<20 —a1—ag—az3<d+ay <20 —az3 <20—a

<optas<dtartas<20+a;+ay<30+a;+ay<---
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<042+043<5+OZQ+C¥3<25+012+053<35+052+043<"‘
<O0<20<30<46<---
<30—g—03<20—ag—a3<d—og—a3<---

<3 —a1—a <20 —a1 —as <d—a1 — Qs

<20—as<dtartastaz<dtaz<d+a
<570&2<O¢1+OZQ+C¥3<O£3<011,

where the null root § = ag + a1 + a2 + as.
Set

0-10-1
1010 . . . 0 @
(5.46) B = with corresponding quiver

0-10-1
1010 U—®

The matrix presentation of the bilinear form (-,-) g is

2000
-22-20
0020
—-20-22

(<aivaj>8)§,j:0 =

In the same way as in the examples so far, one can verify that all the root vec-
tors except for simple root vectors vanish by the projection wg. On the other
hand, real root vectors for the reversed order <’, namely, E</ msta for a =
taq,tas, tas, (o +as+az) (m > 0if o € Ay, m > 1if a € A_) do
not vanish by wg and satisfy the condition of Proposition 4.7. The real root vec-
tors in the second and third rows E</ mstar+ass </ métastas, E</ (m41)6—ar—as>
E</ (m+1)5—as—a, vanish if and only if m > 0, and satisfy the condition of Propo-
sition 4.7 when m = 0. This behavior in the second and third rows resembles that
of the case of type Agl).

Although the computation of imaginary root vectors also has resemblance
to the previous examples and in fact we will obtain an identical presentation of
5 ® T5(Oim), the process of computation is far from obvious. After a somewhat
lengthy computation (we used T_,'(E;) = E; for i = 1,3 in the process), one will
obtain

Ti(p1.m) = [(TVT,T5T2)™ ' Ty (Eo), [Es, E2lqlg,
Tis(2,m) = (VT3 T T2 To) ™ T5T1 (Es), Eolg,
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Ti(@3m) = [(TsT,s Ty To)™ ' Ts(Ey), [Er, Ealglg  (m > 1),

(¢ —q Yeoezeres, m =1,

WEED((PLM,) = Wgﬂb(sﬁii,m) =
0, m > 1,

75 Ta(p2.m) = (¢ — ¢ )" m + Ug(egezeres)™  (m > 1).

Thus the images of the imaginary root vectors are

(_l)m_l m
7TETV'UD(II,Tn) = WETID(I?),m) = m(q — qil) 5
m +q7m
FTo(lom) = —9 _pm (m>1
Tp ( 2, ) m(q_q_l) (m = )7

where D = (¢ — ¢ 1)*epezere3.
Our last task is to compute the image of S, = (Ty ® Ty)(Sm) (m > 1).
Definition (2.35) reads

Mo (—1)m71M1 0

1
(Bigim) g1 = i |GV My ()M
0 (=)™ My My
M2 _ M2 _1 mM M M2
m(qg~t —q) 2 i (=1 14M2 {

(cijim)ij=1 = 335y |CD"MiMy  MF o (1)"MiMs|
A5, M3 — 2M?2M.

2 O M?  (~1)"M M, M3 M?
where My, == [km], for k = 1,2. Thus the image of S}, is computed as
-1 _

m(q q)

(2m]G = 2[2m]q[m]3

x (2([2m1§ —mP2)

(nh @ 1p)(S),) =

1
m(qg— g~ )m(g~' —q)

(=)™ g"+q™)
“m(q—q 1 )m(¢g —q)
) 1

+4(=1)"[2m]g[m]

- 2[m]qm(q —q )m(g~! —q)
2 (q™+q™)?
" pm]qm(q —q Ym(gt - q))
x Dm ®Dlm
Clgm(@m+a™)

T w1 —q*m (Do DY,
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where D’ := Qpg(D). This is identical to the previous examples and we conclude
that 7 @ 75 (Oim) = E(—¢D ® D) "'E(—¢ ' D ® D')~'. As a result, we have the
following theorem:

Theorem 5.5. The following identity holds in the skew formal power series alge-
bra S == Sp = Q(q)[yo, y1, Y2, ys]:

N
E(:y1:)E(ys:)E(y2:)E(ye:) = { H Xm}E(:ylygz)E(:ygygz)
m>0

x E(—q:yoy1y2931) "E(—q yoy1yays:)

(5.47) x E(:yoyr:)E(:yoys:) { H Yo }
m>0
where
Xm:]E( m+1 m_,m m)]E( m, m, m+1 m)

Y1 Y2 Yzt Yo Y1 Y2 Y3

< ECyg oy s Ty E Gy ey s ),

Y = E(yg "y s OECY s )
< Byl sy ECys yr T s ysn).
Set = (11} 1) Then the condition of Proposition 4.3 holds for the same
B’. Thus we have a continuous algebra homomorphism ¢3 83 — & which satisfies

(5.48) Us(yo) = Y3(y2) = w2, Us(y1) = V3(ys) = w122
Applying @ on (5.47) and transforming x1, x5 by 1g yields (1.4). This proves the
identity (1.4).

§5.4. Type Dz(ll)

Let g = sog be an affine algebra of type Dil). Let

o o ®

(549) B:=1110 11 with corresponding quiver @

. SR
00100 oRG

Using the assignment of indices in the Dynkin quiver above, we set a convex order
by

W = $15354525183584, N =4;

I =0y 201 ={1,34} 2 Jo={3,4} 2 J3 == {4} 2 Ju =,
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S0 = (5051835452)™, 81 = (8185-0a,)",

S2 = (8356—a35)™, 83 = (5455—a,),

£«

= WWo = 5251535452;
I=Jo2Ji=1{1,3,4} 2 Jo={3,4} 2 J3 = {3} 2 Ju = 0,

J
(5251835450)%°, 81 = (S5—a,51)",
(

.18

0 =
2 = (85—a353)", 83 = (S5-0,54)".

218

Then the corresponding convex order < is

O—ap — 200 —az —ag <o <az <oy
<d—ax<aitagtazt+ay<d—a;—a
<d—ay—a3<d—ag— g <20 —ay
<20—a1 -2 —az—au <d+a; <d+a3<d+ay
<3d—as<dt+ait+ast+azt+ay <26—a; —as
<20 —ag— a3 <20 —ay —ay <46 — g

<agtagtag<dtoagtagt+oas<20+tastaztay<---
<aptoagtas<dtoaltoagtas<20ta;tagtag<---
<oaptoagt+ag<dtogtayst+az3<20+a;+agtag<---
<H<20<36 <40 <

<3d—a;—ay—az3<20—a1 —as—a3<d—a] —ag—az<---
<30 —ap—ay—ag <20 —1 —g— g <d—p — g —oy < e

<35—O@—O&3—O&4<26—O&2—O&3—O&4<5—042—OZ3—O(4

<d+ar+2ar+az3+tay <20 —ay <20 —a3<20— o
<30+ <20 —a1 —ag—ag3— oy <0+ ag+ oy
<dt+ast+az<dtat+a <20+ as
<art+20tagtas<d—ag<d—az3<d—a;
<Od4ay<d—a) —ay—a3 —ay < g+ oy
<o+ a3 <oyt az < as,

where the null root § = ag + a1 + 2as + ag + ay4.

To compute root vectors, reduced expressions of the fundamental translations
te, €W (i = 1,2,3,4) are required. Let 7:= (9§3323), 7 :=(312231) be Dynkin
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automorphisms. In the same way as the proof of Proposition 5.3, one can verify
that

(5.50) te, = TS18283545281, e, = S0S25354525152835452,
te, = T'835251548283, e, = TT 548251535284

are reduced expressions in W, Using these formulas, one can compute all the root
vectors and verify that all of them except for simple root vectors vanish by 7T§.
For the reversed order <’, real root vectors in the first row satisfy the condition
of Proposition 4.7. On the other hand, real root vectors in the second, third, and
fourth rows, namely,

ES',m5+Oé1+0t2+Ot3’ ES',m5+Oé1+0t2+a4’ E§'7m5+6¥2+aa+a4’
ES/,(m+1)6—a1—a2—aga Eg’,(m+1)6—a1—o¢2—a4, ES’,(m+1)5—a2—o¢3—a4

vanish for m > 0, and satisfy the condition of Proposition 4.7 when m = 0.
The images of Ty (®i,m) are computed as

75 Tw(01,m) = 75 Te (03,m) = 75T (94.m)

— ¢ Ddepereseqes, m=1,
(551) — {q(q q ) 0€1€3€4€9

0, m > 1,
75T (2,m) = ¢ (g —q~ )" [m + 1], (eoerezese3) ™.

Note that e;e; = eje; and exe; = gejes in Pg for i,5 =0,1,3,4. Thus,

T W o) LSSV
7-"31171)(I’L77n) m(q _ q_l) (qD) (7’ 07 17 37 4)7
(5.52) -
w5 Tallom) = b (@D)" (m21),

where D == (¢ — ¢~ 1)%perezese? and D' :== Qp (D). Definition (2.35) reads

s, 1=17,
bijim = m X qt, i # g 2€{i, g},
0, i#7j; 1, #2,
(5.53) 53, i=j=2,
ma —q) s 2%, i=j#2,
R A i#; 2€ (i},

st?, i #J 1] # 2,
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where s := [2m], and ¢ :== (—1)™~'[m],. Finally, the image of S}, := (T ®T3)(Sm)
is computed as

m(qg—' —q) 1
s2(s? = 3t2) m(qg — g~ )m(¢~' — q)
x [{3-s(s* = 2t%) +6- st} (—1)" ' (=)™ !
+6- (=) (<) (" + g7
+ (qm + qu)283]
X (qD)m ® (q—lD/>m
— 1 C(2m —2m 83 . Dm m
B e e A B
1g™(@"+qa™)
m 1—¢2m

(nf @ wp)(Sy,) =

(Do D)™

Therefore, surprisingly, the image of S/ is identical to that in the examples of
type Agl), and we have 7} @ 75 (Oim) = E(—¢D @ D) 'E(—¢'D® D')"'. As a
result, we have the following theorem:

Theorem 5.6. The following identity holds in the skew formal power series alge-
bra Sy = Sp = Q(q)[vo, Y1, Y2, Y3, ya -

E(y2:)E(ysa)ECys:)E(Gy1:)E(yo:)

.
= { 11 Xm}E(:y2y3y4:)E(:y1y2y4:)E(:ylygygz)
m>0
x E(—q:yoy1y3ysya) E(—q " yoy1y3ysya:) "

(5.54) X E(:yoy2ya:) E(yoy2ys: ) E(yoy1y2:) { I1 v }

m>0

where

X = ECyd v ™ vy DECyd v T vy )

x B(yg oy y3 sy By v s vy )

% E( 2m+1y2m+1y4m+ly§m+ly2m+l )E( ygny;n-&-ly%m-‘rlym-i-lym-‘rl )

% E( m+1y'iny§m+1y§n+1ym+1 )E( ym+1y1n+1y§m+1ymy2n+l.)

% E( m+1y{n+1y§m+1y§n+ly )E( ygm—&-Qy%m+2y§m+3y§m+2y2m+2 )7
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Yo =BGy s Ry TR Gy T s Ry )

Sy Ry T O E Gyt s Ry )

E(:yg

EGyg™ ™y sy T R Gy T e s )
E(:
E(:

m,m,2m+1_m m+1.)E( m,m,2m+1_m-+1 m)

Yo Y1 Y2 Y3 Yy Yo Y1 Y2 Ys v

m, m+1 2m+1 m, m )E( 2m, 2m, 4m+1,6 2m 2m.).

Yo Y1 Y3 Yy - Yo Y1 Y2 Y3 Ya

Set R = (937}). Then the condition of Proposition 4.3 holds. Thus we
have the continuous algebra homomorphism ¢4 84 —+ S which satisfies

(5.55) $a(yo) = Da(y1) = Yalys) = Yalya) = x2,  alyz) = 123,

Applying 14 on (5.54) and transforming variables using ¥ yields (1.5). This proves
the identity (1.5).

Main Theorem 5.7. The four identities (1.2), (1.3), (1.4), (1.5) hold in the skew

formal power series algebra Q(q)[53, z2].
2
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