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differential equations
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Kiyoshi Asano

We give an operator theoretical treatment of initial value
problems for semi-linear parabolic partial differential equations:
existence of solutions, uniqueness and regularity. We make use of
the theory of fractional powers of operators, the theory of semi-
groups of operators and L ,-estimates for elliptic boundary value
problems.

§0. Introduction

The purpose of this paper is to derive some results on the
initial value problems for semi-linear parabolic partial differential
equations. The equation is as follows :

g_:j = —A(x; D)ut+Ft, x,u)  (t, )=(0, TIXG,
OV B pyu—o (t, )€, TIXG (j=1,-,m),
u|t=o = U.

Here G is a bounded domain in Euclidean #n-space E,, A is an
elliptic partial differential operator on G of order 2m and {B;}7}., is
a system of m differential operators on the boundary of G. A and
{B;} satisfies some algebraic conditions ((R) and (C) in §3). F may
contain the derivatives D%u of u of order less than 2m in its vari-
ables.

If we take some function space (L (G)) and realize A(x; D)
(with the boundary conditions {B;}) as an unbounded closed operator
A in it, we can rewrite (0.1) in the following abstract evolution
equation :
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du

= = —Au+ F(t, t , T,
0.2) 7 u+F(t, u) e, T7]

Ul ey = Uy -

Moreover, if —A generates an analytic semi-group of bounded
operators, we can rewrite (0.2) in the following abstract integral
equation :

t
. 3) u(t) = e‘“‘uo—}-s e~ DAF (6, ) ())ds -
0

Under some conditions on F and u, (see §2), we show that (0. 3)
has an unique local (in time) solution (Theorem. 2.1) and that the
solution of (0.3) is a solution of (0.2) and the converse holds
(Theorem. 2.2 and 2.3). Finally we study the regularity properties
of such a generalized solution of (0. 1).

Our treatment of (0.1) was suggested by the recent study of
Kato and Fujita ([7],[8]) on the Navier Stokes initial value problem.
We construct the solution of (0.3) by the successive approximation.
In this procedure fractional powers A”® of A play an important role.

In Section 1 we summarize well-known results on fractional
powers of closed operators (see [3],[9],[10] and [117]). In Section
2 we consider an abstract evolution equation in a Banach space.
The results obtained in this section are variants of [7] which are
stated in sharper forms in [8]. However we describe full proofs
for the sake of self-containedness. In Section 3 we prove some
a priori estimates for fractional powers of elliptic partial differential
operators (Theorem 3.1, 3.2 and 3.3). In the proofs we make use
of the general L, estimates for elliptic boundary value problems
established in [1], [2], [4] and [6]. These a priori estimates are
main tools in this paper and enables us to sudy (0.1) as an abstract
evolution equation in L, (G). Our main results are Theorem 4.1
(existence of the local solution), Theorem 5.1 (regularity of the
solution in the interior) and Theorem 6.1 (regularity of the solution
up to the boundary).

The author wishes to thank Prof. Yosida for his encouragement.
He also wishes to express his appreciation to Dr. Komatsu, who
suggested this problem, for his helpful suggestions.
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§1. Frational powers of closed operators

Let X be a complex Banach space and A a linear operator from
D(A)c X into X. Let us assume:
(A.1) (i) D(A) is dense in X. A is a closed operator.
(i) The resolvent set p(—A) of —A contains {(\>0}. The
resolvent I+ A)™" of — A satisfies ||(M+A) ' |<M/\ for every A>0.
Note that the assumption (A.1) implies

HAT+A) 7 |I<M for 0<n\<1.

Under the assumption (A.1), we can define the fractional power
A~ of A for 0<a<1 by means of the formula

Ao  Sinza S”yw(xHA)-ldx O<a<l),

T
A =1.
A is a bounded linear operator on X and has an inverse. We
define A” by
A* = (A",
For a>0 we define A *=A"A @ and then A*=(A*)"" In
this way A® may be defined for any real a. For a>0 A™® is
bounded and A® is closed. For any real o and B, we have
A*APu = A" Py for ueD(A")
where y=max (8, a+8). In particular, if a< 3, we have
D(A%)DD(AP) and || A% ||<||A*®|| || APu|| for every ue D(AP).
Let us assume for A instead of (A.1):
(A.2) (1) The condition (A.1) (1) kolds.
(i) p(—A) contains a closed sector > ., 0= {{arg A §%+ 6}
(O<0<—§—>. There exists a constant M such that

IT+A)TN<M/IN for NEXap.o-

Under the assumption (A.2), —A generates a semi-group e¢ ‘4
by means of the formula

et — 51_5 MOT+ A) " dn
r

7Tl
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where T is a smooth contour running in >Y.., from coe i ™% to
oogi™29  ¢7t4 g analytic in ¢ in >',— {0}.

For any a>0 there exists a constant M, such that for any 8
with 0<B8<a we have

[|ABe tA || <M, |t]| P for t=>7,.

8§ 2. Abstract evolution equation in a Banach space

We consider in this section the abstract evolution equation

du

% — —Au+F(t, 0<t< T,
@.1) at wtEtu)  0<

u|t:o:uo

in a complex Banach space X.

We first state the assumptions to be made in the theorems.
(A.2) —A is independent of t and generates an analytic semi-group
e 4 of bounded linear operators om X.

(A.3) (Assumptions on F') There exists a constant o with 0<a<1
such that :

(i) F({t, u) is a function from (0, T]xD(A*) into X ;

(i) [|FE wl<f(lA]|]) for t€(0, T] and uxD(A");

i) |1 F( )~ F(, 0)|<g(] A%+ [| A% ) || A%u—0)]|
for t€(0, T] and u,v=D(A%);

(iv) there exists v with 0<vy <1 such that

E@, uw)—F@, w)l|<h(|A"|)|t—t'|" for ¢, ¥'(0, T]
and us D(A%),
where f, g and h are functions defined on [0, o) which are non-
negative and non-decreasing (and continuous).

In what follows, we always assume (A.2) and (A. 3).

Now we consider the following abstract integral equation asso-
ciated with (2.1):

(2.2) u(t) = e “u,+ Ste‘“"”AF(s, u(s))ds 0<t<T.
Definition 2.1. We call u(t) a strict solution of (2.1) in [0, T ] if

(1) u(t) is strongly continuous in [0, T and strongly conti-
nuously differentiable in (0, T];
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(i) for each t=(0, T] u(t) belongs to D(A) and Au(t) is strongly
continuous in (0, T];
(i) w(t) satisfies (2.1).

Definition 2.2. We call u(t) a mild solution of (2.2) in [0, T] if

(1) u(t) is strongly continuous in [0, T];

(i) for each t=(0, T] u(t) belongs to D(A*) and A%u(t) is
strongly bounded and continuous in (0, T];

(iii) w() satisfies (2.2).

On the existence and uniqueness of the strict solution of (2.1)
and the mild solution of (2.2), we can prove the following :

Theorem 2.1. For ecvery u,=D(A®) there exists a mild solution
u(t) of (2.2) in [0, T,] (for some T, with 0<T,<T), T, depending
only on || A%,||. The mild solution of (2.2) is unique where it exists,
if u,=D(A%).

Theorem 2.2. Any mild solution u(t) of (2.2) in [0, T with
u,= D(A®) is a strict solution of (2.1) in [0, T7].

Theorem 2.3. Any strict solution u(t) of (2.1) in [0, T such
that A®u(t) is strongly bounded and continuous in (0, T] is a mild
solution of (2.2)in [0, T]. In particular, the strict solution of (2.1)
is unique under the comdition that A®u(t) is strongly bounded and
continuous.

In this section we only use the strong topology of X. So, in
what follows, we often write “bounded” for “strongly bouuded”
and “continuous” for “strongly continuous” etc.

We also use the following notation: For a bounded and conti-
nuous function w(t) from 0, T] into X, we put

llwl|l, = sup ||w(s)|| .
0<s<¢

Now we described two lemmas which we need in the proof of
Theorem 2.1. The proofs are very easy and omitted.

Lemma 2.1. (1) If A®u(t) is bounded and continuous, so is
F(t, u(t)) where it is defined.
(1) If A*u(t) is bounded and Hilder continuous, so is F(t, u(t)).
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Lemma 2.2. Let w(t) be a bounded and continuous function from
(0, T] into X. Put

@.3) o(t) = Ste‘“‘”“‘w(s)ds 0<i<T.
0

Then, for any a with 0<a<1,

(i) s()ED(A®) (0<i<T).

(i) A“’v(t)zgtA“’e““‘”Aw(s)ds and

0
HA"’v(l‘)IISMwSt(t—s)‘“iiw(s)Hds, hence
1A%, <M, " |w)),.
l—«

(i) A%(t) is continuous in [0, T],
where M, is a constant in §1.
Now we prove Theorem 2.1. We first put

ut) = e *u,,

2.4) t
u(t) = e *4u, +S e ¢ AF (s, u,_((s))ds, k=1,2,-
0

Because of the assumption (A.3) and Lemma 2.1 and 2.2, each
uy(t) is defined for t=(0, T] and A®,(tf) is continuous in [0, T].
Next we put

alt) = || A%l for £=0,1,2, .
Then, ay(f) is a continuous and non-decreasing function of f.
Applying (A.2) (ii) and Lemma 2.2 to (2.3), we obtain
GO+ Mol — flan ) (=12-),

where a,=M,|| A%,|| (=ay?)).
Hence there exists 7,>0 dependent only on @, (when M,, a and f
are given) such that

s?p al(T,) = a<oo.
Now we put
b(t) = | A%t .. —21) |, for £=0,1,---.
Using (A.3) (iii), we get
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b < M, (2a) S:(t—-s)“”bk_l(s) ds.
Hence we have
by(t) < K*t*0-) @:3(1—% j1l—a)+1)x2a
= 2al’(1) (Kiz““”I‘(l —a))f/T(k(l—a)+1),
where K=M,g(2a).
Hence we have

g W ACse s —ue) ||, = gbk(m@o )

In other words, {A%.(f)} converges uniformly on [0, 7,], and since
A™® is a bounded operator, {u,(f)} converges uniformly on [0, T,].
Hence there exists a function #(#) from [0, 7,] into D(A%) such that
s—lim u,(t) = u(t) and
s—lim A%ux(t) = A%u(t)
uniformly on [0, 7,]. Obviously #(#) and A®«(f) are continuous on
[0, T,] and [[A"«||y,<a. Applying (A.3) (iii), we can see that

F(s, u,(s)) converges to F(s, #(s)) uniformly in s=[0, T,]. Hence,
passing to the limit in (2.4), we obtain

u(t) = e Hu,+ Ste‘“’”AF(s, u(s))ds , 0<t<T,.
0

Hence u(¢) is a mild solution of (2.2) in [0, 7,].
Uniqueness : Let #(f) and »(¢) be mild solutions of (2.2) in [0, T,]
(0< T,<T) such that #(0)=v(0)=u,= D(A®). This implies that A%(f)
and A®(#) is continuous in [0, 7,]. We put
{ b(t) = [|A%(w—v)ll,  and
K, = M g(|| A"l r,+ 1| A% ]| 1)) .

Then, by (A.3) (ii)

b(t)<K, St (t—5)~"b(s)ds
<B()TQ) (K *T(1— @)t/ Tk(l— )+ 1)
-0 as k—oco.

Hence we have
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bit)=0 for 0<t<T,.

Thus the proof of Theorem 2.1 is completed.
To prove Theorem 2.2, we also need some lemmas.

Lemma 2.3. Let v(¢) and w(t) be as in Lemma 2.2. Then for
any B with 0<B<1 APv(¥) is (uniformly) Holder continuous with
Hilder exponent (1—23).

Proof: Let 2>0. Then by Lemma 2.2.
APu(t+ 1) — APu(t) = S”"Aﬂe-“ﬂ-”Aw(s)ds
t

+ StAﬁ{e—cHh—SJA_ e—(f—S)A}u)(S) ds
0
=I+1,.

Obviously we have

IL<M, |t h=s) P i ds
P
Hwllz.

<My

On the other hand, since
I, — S’ {Af’ Vi(e"“‘””"“w(s)) dr} ds,
0 JoOr

we have

t 3
1z1< | ds{"11arre-smaus)| ar
0 0
SMHBStdsSh(t—s—kr)“‘f‘drHwHT,
0 0
Changing the order of integration, we obtain
h

A e

1
<Mj,g——
*8(1—R)

Thus the proof is completed.

B wlir.

Lemma 2.4. Let v(t) and w(t) be as in Lemma 2.2. Let w(t) be
Hélder continuous (with exponent vy,). Then:
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(i) ov(@)eD(A) for t=(0,T],
Au(t) = StAe‘“’”Aw(s)ds for te(0, TT,
0

and Av(t) is continuous in (0, T].
(i) o(t) is (strongly) continuously differentiable in (0, T], and

%)=—Av+w for 0<t<T.

Proof: Let >0 be fixed. Let 0<&6<E,<i<T. First we put

V() = S

t—¢
=¢gt4 ‘ e~ 0 y(s)ds
[}

= ¢ “(t—¢).

t—¢
e~ (s)ds
0

Then we have
v.(H)eD(A) for te[&,T] and
Av(t) = SHAe'“ “4w(s)ds .
0

Moreover. Av.(t) = Ae*4v(t—¢€) is continuous in [&, T]. Next,
calculating formally, we have

St Ae >4y (s)ds
i-¢

] et | ot won
= I+ L®).

Now

_{ i —(t-$A
1.0) — St_g{dse w(t)}ds
= {T—e*Mw(t).
Hence for each t=[¢g,, T] I,(¢) exists and
L@ —0 as &£—0.

Since W= {w(t); t<[&,, T}] is compact in X, and {I—e "4} is a
sequence of equi-continuous (uniformly bounded) operators on X,
I(¢) converges to 0 (as €—0) uniformly in /€[€&,, T]. On the other
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hand, the Holder continuity of w(f):
NwE)—w(s)|[|<K|t—s|n for t, ss[&, T1,

implies that I,(#) really exists for ¢t<[€,, T] and
2
AN 114624 ~a(s)}lds
S.Migt (t—s)'K({t—s)"ds
t-¢

en
=MK=—, for te[e, T].

1

Hence I,(#) also converges to 0 as &£—0 uniformly in t€[&,, T].
Thus there exists

StAe“t‘s’AW(s) ds = s—lim St_EAe‘“‘”Aw(S) ds .
0 B> 0

Since the convergence is uniform in f€[§,, T] and St—gAe‘“ ~DAy(s)ds
= Aw () is continuous in [§&,, T], StAe‘“‘”Aw(s)ds is0 also continuous
in [&, T]. While s—1lim vs(t)zv(t; and A is a closed operator in X,
we have

v()eD(A) for te[&,, T] and

Av(t) = StAe”“‘s’Aw(s) ds.

Since we can take &,>0 arbitrarily small, the proof of (i) is com-

pleted.
Now we will show (ii). Let t=(0, T] be fixed and let %>0.

Then we have
t+h
ot + ) —o(t) = j g-Ctn=y(5) ds
t
+ St {e~ DA _g=t=AYyy(5) ds

= Sh e~ D4y ds + Sh e 24wt +s)—w(t)} ds

+(e " A—-1ov(t)
= IL+1L+1,.

It follows easily that
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%L = %U—e_"A)A"lw(t) —w(?),
’1_1'2-> »

h

1

—I, - —Au(t

p v(#)

as 2#—0. Hence we have

s—lim ”(t—”‘}z—ﬂ - g%v(t) — —Av)rw(@)  for te(0, T].
Since the right hand side is continuous in (0, T, dv/di exists
and is equal to d*v/dt. Thus we have completed the proof.

The proof of Theorem 2.2: Let u(f) be a mild solution of (2.2)
in [0, T]. Then it follows that A®(f) is bounded and continuous
in (0, T, which implies that F(f, u(f)) is bounded and continuous
in (0, T] (Lemma 2.1). Therefore A*x(¢f) is Holder continuous in
(0, T] (Lemma 2.3), and so is w(t)=F (¢, #(¢)) (Lemma 2.1). Hence
by Lemma 2.4

u(t)e D(A) for t=(0, T}, and
“%‘ — —Ae Ay — A Ste‘““”"F(s, w(s))ds -+ F(t, u(t))
— —Au+F@, u)  for te(0, T].

The continuity of du/dt in (0, T] follows from the continuity of
Au(t) and F(t, u(t)), and the proof is completed.
The proof of Theorem 2.3: Let £>s>0. Then we have

i ~-$HA — —ct—s)A{{iﬁ A
ds{e u(s)t = e ds+ u}_

Since the right hand side is continuous in (0, 7], we can integrate
both sides on [§&, ] (0<&<t<T). Thus we have

u(t) —e DAy (g) = Ste’“'”" {Zi{ +Au} ds
e s
= Ste"“‘”AF(s, u(s))ds.

Letting €—-0, we have arrived at the desired relation. The con-
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vergence of the right hand side follows from the boundedness and
continuity of F(¢, #(¢)) in (0, T].

Now we will describe some lemmas which are used later and
concern certain property of () and w(#) in (2.3):

2.3) o(t) = S’e—u—mw(s)ds 0<t<T).

Lemma 2.5. Let w(it)=D(AP) and APw(t) be bounded and con-
tinuous in (0, T]. Then, for any o with 0<a<1, v(t)= D(A**?) for
tel0, T] and

AP (t) — StA“e‘“‘”AAﬁw(s)ds 0<t<T).

Moreover A**Pu(t) is Holder continnous in [0, T | with exponent (1— ).

The proof is quite similar to the proof of Lemma 2.3. Let
w(t) be bounded and (not necessarily uniformly) Holder continuous
(exponent v,) in (0, 7]. Then by Lemma 2.3 it follows that v(f)&
D(A) for t=(0, T] and

Av(t) — StAe”“"”Aw(s)ds 0<t<T).

Let £€>0 be fixed. Then we have (as in the proof of Lemma 2.4)
(2.4) Av(t) = Ae 2o —8&)+w(t)—e A w(t)
- S:_EAe‘“‘S’A{w(t) —w(s)}ds
= I()+ L) — L) — I(¢) for tele T7].
We have the following

Lemma 2.6. Let w(t) be bounded and (not necessarily uuiformly)
v.—Hdlder continuous in (0, T]. Let €>0 be fixed. Then

(i) A*I(t) and AFL(t) are Hilder continuous in [&, T] with
exponent v, for any k>0.

(ii) AYI(!) is Hilder continuous in (&, T | with exponent v, —v,
Sor 0<y,<v,.

Proof : The proof of (i) is obvious and we have only to prove
(if). It is clear that I,({)eD(A") for t=[¢&, T] and
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AL (t) — S' ATae DALy — (s ds  (e<t<T).
t—¢€
Let €/2>%£>0. Then

anLt+m—ange) = (" ame oL —w(s) ds

t

[ arneaoaguin—ws)y ds

. [S' AVt OAL(F 4 B —w(s)} ds

t+h-e

_ St_hAH?ze—(t—s)A {w®)—w(s)} ds]

t-e
=L+L+)s.
The Holder continuity of w(Z):
2.5) llw@®)—w(s)||<KI|t—s|" for ¢, ss[e, T] (0<e'<E/2),
implies
l|]1HSMW,ZKS:+h(t+h—s)“‘yz+”1ds = MK i%hh-vz

and

1

ILI<M, K
Yi— 72

/A E (for t<le, T)).

Now we have

Jo= A (" A fuw(t )~ w(t)} ds

.

+ SZ A ze A w(t—s)—w(t+h—s)} ds
= A%2e "I —e PO {w(t+ h)—w(t)}
+ SZA”"ze“SA{w(t—-s)—w(t+ h—s)}ds
=Js+J3.
Obviously (2.5) implies
T3l <M, hY2(1+M)Kh"s = M’h"™  for tc[e T].

Now let te[e+¢&, T]. Then (2.5) implies
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H]g”SMl"r‘yz Sgs_l—'YZKh'YldS
]

<M, KLwn i >0,
Y
:MlKlog%h if v,=0.
Thus the proof is completed.

Remark : We can also show that if w(?) is v,~Holder continuous,
so are Av(t) and dv/dt.

Lemma 2.7. Let w(t) be continuovs in [0, T and (strongly)
continuously differentiable in (0, T and w'(t) be bounded. Then

2. 6) Av(t):w(t)—e-mwm)—S’e-<t-s>Aw'<s>ds for te[0, T].

§3. A priori estimates™®

Let G be a bounded domain in Euclidean #n-space E,. We de-
note by 8G the boundary of G, by G the closure of G. We denote
by x=(x,, --+, x,) the generic point in E,. We use the notation

Di:_a—’ D:(Dn"':Dn)’
0x;

denoting by
Dt = D"{'l Di’;n

a general derivative. Here u is the #-tuple of non-negative integers
nw=_{(p,, ", pn) Whose length u,~+---+pu, is denoted by |u|.

We consider complex valued functions #(x) defined in G (or G).
Let C/(G) be the class of functions which are j-times continuously
differentiable in G. For #=C/G) we introduce the norm :

leell;., = (@Lgpmwdx)w (A< p<oo).

We denote by H;,(G) the function space obtained by completion
of C/(G) with the norm || |[; ,- We denote by C/**(G) the subclass

(1) In the statement of assumptions and a few results we follow [1;[.
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of functions in Ci(G) whose j-th derivatives are uniformly Holder
continuous with exponent B. For #< C7*#(G) we introduce the norm :
|#] j.p = > max |D*ul 4+ 3% | D*ul,
1<j |&]=7
where

0] = sup lo(x)—o())]
*,7EG 1x—y]

Let A(x; D) be an elliptic linear partial differential operator in
G (with variable complex coefficients) of even order 2m. Thus the
characteristic polynomial associated with the principal part A, of A
satisfies

Afx; £)+0

for each x=G and each real vector £=(§,, -+, £,)+0. For n=2%®
we put always on A, the following assumption:

(R): For every pair of linearly independent real vectors &, n and
xEG the polynomial in t, A(x; E-+in), has exactly m roots with
positive imaginary parts.

Let {B;(x; D); j=1, -, m} be a system of m linear differential
operators with coefficients defined on G whose orders m; are less
than 2m. Denoting the principal part of B; by Bj, we assume the
following :

(C) At any x=0G we denote by v the normal to 8G and by £ a
(non-zero) tangential vector to 8G. Let t;(E) (k=1, .-, m) be the roots
of AJx; E+1tv) with positive imaginary parts. Then the polynomials
in t, {Bj(x; E+tv); j=1, ---, m}, are linearly independent modulo
11 (4= £5(2)).

Finally we assume the following two conditions :

(S) G is of class C*™. The coefficients of A are in C%G) and the
coefficients of B; (j=1, ---,m) in C** "i(0G).

(N) The boundary 8G is non-characteristic to each B; at any point
x€0G. For j=*k we have m;+m,.

Definition 3.1. We call (A, {B;}, G) a regular system (or a

(1) For n>>3 the condition (R) always holds,
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regular boundary problem), if it satisfies (R), (C), (S) and (N).

For k>maxm; we introduce a function space C*G; {B;})=
{usCX@G); Bu=0 on 9G (j=1,--,m)}. We denote by Hp., 1, (G;
{B,}) the closure of C¥*(G; {B;}) in Hj,,(G). The following im-
portant lemma is due to Agmon-Douglis-Nirenberg ([2]).

Lemma 3.1. (Agmon-Douglis-Nirenberg)
Let 1<p<oo. Then for each u€H,,  (G; {B;})

3.1) HuHZm,LPSC(IIAuHLP+”u”Lp)'

where C is a constant depending on (A, {B;}, G) and p, but not on u.

Lemma 3.1 is valid without the assumption (N). But in the
following we always assume that (A4, {B;}, G) is regular.

Now we define a linear (unbounded) operator A, in L(G) as
follows :

(i) D(A,) = Hom.,G; {B;});

(ii) For usD(A)), Au= A(x;D)u.
The operator A, is clearly closed and D(A)*=L,(G). We call 4,
the realization of (A4, {B;},G) in L,(G). In what follows we always
assume that 1<p<oo.

For the realization A, which satisfies (A.1) (ii), we can define
fractional powers A; of A ,and the following a priori estimates hold :

Theorem 3.1. Let A, satisfy (A.1) (ii), that is, p(—A,) D> {x >0}
and

(3.2) TOM+A) T I<MA+1)™ for A>0.

Then .
(i) For any j and o with 0<j/2m<a<l, we have D(A;)C
H; . (G) and there exists G(j, a)>0 such that

B.3)  ull;,<CU, @)||Agull,  for every usD(A3).

(ii) For every j, B and a with <j+,8+—g—>/2m<a§1, we have
D(AS) CCH*(G ; {Bi} mp<;) and there exists C'(j, B, @)>0 such that
B.4)  |ulje<C(G, B )l Asull,  for every usD(A]).

To prove Theorem 3.1, we first prove the following :
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Lemma 3.2. Let A, be as in Theorem 3.1. Then:
(i) For an integer j with 0<j<2m, there exists C>0 such that
BB [l r, <COA L [+ A Yl

for ueD(A,) and A=0.

(i) For j and B with 0<j+,8+%<2m, there exists C'>0 such
that

(3.6) ] ;s < C'(ON A D)ITPIMPAED (N + A JullL,
for ue D(A p) and n>0. Here & is a sufficiently small positive number

which can be taken equal to zero if ,8+%:l:integer.

Proof : By the inequality of Sobolev, we have
(3.7) )0, <Clllidez, lulls = (0<j<2m).
By (3.1) and (3.2), it follows that

(3.8) %lom, 2, <C(I A pell,+ullL,)
<CUIO+A)ull,+ 0+ Diuliz,)
SCA+MIOT+A)ull,, for ueD(A,).

Thus (3.5) follows from (3.2), (3.7) and (3. 8).

If we use instead of (3.7) the interpolation theorem :

(3 9) | U |j+ﬁ£ C2 ’ u |§£n+—63+_”¢4%/_(§m—5) H u ”};p(i+l‘3+n/w/(2m— )
and a well-known inequality of Sobolev :
(3‘ 10) Iulzm—ﬁ—n/p—sgcslluHzm,LP)

then we can obtain (3.6) with the aid of (3.2) and (3. 8).
Rewriting Lemma 3.2, we obtain the following :

Lemma 3.2. Let A,,j, 8 and o be as in Lemma 3.2. Then:
(i) For every ucL,(G)

B.5)  NOT+A) ulls, <CO+ D lull,  (20).

(1) We often denote by C any constant independent of #. The content C in (3.5)
is not the same constant in (3.1).
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(ii) For every usL (G)
B.6) [+ A) g <C O L)IHEmDIEm O Iy], - (A20).
Proof of Theorem 3.1: To prove (i) it is sufficient to show
(3.11) 1Az 1l5,L,<C(F D)llvliL, for every veL (G).
By the definition of A,® (for 0<a<1) we have

Ayoy = ST (" on T 4,) M vdn
T 0

Thus (3.5’) implies

1A#0]);,., < SR S:x-wu OT+A,) 0], d

oo

< sinmag S AT LY AN (o],
T

= C(j, @lloll,
The proof of (ii) is quite similar. (Let £€>0 be so small that

1 ( n>
+B+= .
— j+8 <o holds.)

Now concerning the smoothness assumption of (A4, {B;}, G), we
make the following :

Definition 3.2. A is said to have the smoothness of order k(>0)
on a subdomain G, of G, if all the coefficients of A belong to C¥G,).

Definition 3.3. (A, {B}, G) is said to have the smoothness of
order k, if G is of class C*™**, the coefficients of A are in C*G) and
the coefficients of {B;} in C*™*'*,

Let us consider the regular elliptic boundary problem :

{ A(x; D)u(x) = f(x) in G

3.12) .
Bi{x; D)u(x) =0 on oG (j=1,--,m).

Concerning the regularity property of the solution # of (3.12), we
have the following important theorem due to Agmon-Douglis-Niren-
berg [2] (see also Browder [4], [5] and [6]).

Lemma 3.3. Let (A, {B;}, G) be regular and have the smoothness
of order k. Then, if ucD(A)) and fEHL,(G) satisfy (3. 12), u
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belongs t0 Hopir,1,(G) and the following estimate holds :
(3.13) HuH2m+k,Lp£c<|ifHk,Lp+||u|]L1,) .

where C is a constant independent of u and f.
An easy consequence of Theorem 3.1 and Lemma 3.3 is the follow-
ing:

Theorem 3.2. Let (A, {B;}, G) be regular and have the smooth-

ness of order k. Let A, satisfy (A.1) (ii). Then, for 0<§k—<a
m
D(A,*™)C Hymir,1,(G) and the followingestimate holds :

3.14)  tllamiwr,<ClIAY™ull,,  for ucD(A®).

Now let us study some properties of A, in the special case
where {B;}7., is the Dirichlet boundary condition, that is, Bj(x; D)

=<.88_>]_1§ 3(x; D) (j=1,---,m) where v is the normal to 8G at x.
14

x

In what follows we assume on (A, {B}, G) the following :

(A.4) A(x; D) is defined on some domain G' DG and if n=2, A(x; D)
satisfies the condition (R). The coefficients a.(x) of A(x; D)= >a.(x)D"
are in C”*'"(G’). G is of class C*™.

The boundary value problem (A4, {BS}, G) satisfying (A.4) is
always regular and (4’, {Bj}, G) is also regular where A’ is the
formal adjoint of A. Suppose that A, the realization of (4, {Bf}, G)
in LP(G) (1< p< o), satisfies (A.1) (ii). Then, by the argument of
Browder ([4], [5] and [6]), we can easily see that A¥=A/ and

(A)*=A,, where %+%= 1 and A} is the realization of (4’, {Bj},G)

in L P/(G). Moreover A,/ satisfies (A.1) (ii) and A’%s can be defined.
From the definition of A; and A’%/, it follows that (A%)*= A’} and
(Ap)*=A;.
Now let 0<a<2—kn—z§1, WECHG; {B% ;<) and peD(AL). Then we
have

Cu, A%y = S—lﬁfﬂ wa@t AL+ AN vy dn

where

lu, v> = Scu(x)ﬂx_)dx .
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Since # and (W/+ A}/)'v satisfy some conditions on 090G, we can
integrate by parts k-times in <{w, A;y(A+A}/)™*> and we obtain

[ty A0 <C | N[0 |V A) 70 a2

Using Lemma 3.2’, we have
(3.15) |<u, AGvp| < Cllulle,r,llvllL,

where C is some constant independent of # and ». For any ve D(A’)
there exist v, D(A;/) such that s—lim v;=v and s—lim A"yv,= A 0.
(For example, —A,** generates an analytic semi-group.) Hence
(3. 15) holds for every u= C*G ; {BI} ;<x) and v D(A’y). This shows
that u= D((A’2)*)=D(A]) and

| ApullL,<Cll#e|lg,L, -
Summing up the above results, we have the following :
Theorem 3.3. Let (A, {Bj}, G) satisfy (A.4) and A, its realiza-
tion in LG) (1<p<oo), satisfy (A.1) Gi). Then for a< -2_’;.”31,
Hp 1 (G {B5}i<e) CD(A3) and the following estimate holds :
(3.16) [ ASullL,<Cliuller, for wEH,.,G; B}
Theorem 3.3’. Let (A, {B}}, G) satisfy (A.4) and have the smooth-

ness of order k. Let A, its realization in L (G) (1<p<oo), satisfy

(A.1) (i). Then for a<1+2k and pEC3(G), @+ Hums,1,(G)C D(A®)

m
and

3.16) 1A% 12, <Cli @t llmenr, For #EHumunr,©).

Finally we state Agmon’s theorem ([1]) which ensures the
existence of a resolvent ray of the operator A » having the same
estimate as (A.1) (i) along the ray.

Lemma 3.4. (Agmon [1]) Let A, be the realization of a regular
system (4, {Bj}, G) in L(G) (1<p<oco) which satisfies the following:

: m Afx; &) 0
) 1 + o
(A-5) ) (=1 [Ay(x; E)] ‘

for all real vector 0 and x=G.
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(ii) At any point x=0G let v be the normal vector and £=+0 any
tangential vector to 0G. Denote by ti(E; \) the m roots with positive
imaginary parts of the polynomial in t

(=1"Ay(x; E+tv)—n  (argn = 0).

Then the polynomials (in t) Bj(x; E+tv) (j=1, .-, m) are linearly
independent modulo the polonomial f[(t—t,‘:(g; N) for any © (with
arg A=0). -

Then there exists N>0 such that L, y={\; arg A=0, |\| >N}
cp(A,) and

M =A)TI<M/IN]  for AELgy.

§ 4. Existence of the local solution of semi-linear parabolic
equations

Let G be a bounded domain in E, and let (4, {B;},G) be a
regular elliptic boundary value problem. We consider the following
initial value problem of a semi-linear parabolic partial differential
equation :

(4.1)
g_;‘= —A(x; DYu+F(t, % D'u) (@t 2)=(0, T]XGC(ul|<2m—1),
Bl(x7D)u:O (t) I)E(O, T]X@G (j:]-:""m)i
Ulimo = U, -

We use the notation

Cx = {usC; |u| <K}
Crt=Cgx--XCg (r-times) .

We assume on F the following :

(A.6) (1) F=F{ x4, -, 4, ) (|p| <2m—1) is a complex-valued
continnous function defined on (0, T1XGXC", where r is the number
of n-tuple p with \u| <2m—1.

(i) There exist non-negative and non-decreasing functions f, g
and h defined on [0, o) and a constant v with 0<vy <1 such that
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|F(t, %, u)| < f(K) for (¢, x)e(0, T]XG and usCk,

|F(t, x,u)—F(t, x,v)| <g(K) w;_llu,b—vpl for (¢, x)=(0, T xG
and u,veCgt.

|[F, x,u)—F@, x,u)| <WK)|t—t'|" for t,'<=0, T] and
(x,u)eGXCE.

(A.6) implies that if u=C*"7(G), then F(¢, x, D"u)€ L..(G)C L (G).

Now we show the existence of the unique local solution of (4.1),
by applying the argument of §2 and 3.
First we suppose that (A, {B;}, G) satisfies (A.5) for any fe
[8,, 2z—0,], where 6, is some constant with 0<4,< % Let 4,

be the realization of (4, {B)}, G) in L (G) (n<p<oo). Then, by the
argument of Agmon ([1]) (which was made to prove Lemma 3.4),
we can easily see that there exists a constant N>0 such that
(A,+NI) satisfies the condition (A.2). We rewrite A(x; D)+ N as
A(x; D) and F(t, x, u)+Nu as F(f, x,u). Then A, satisfies (A.2)
and F satisfies (A.6) with trivial modifications of f, g and 4. Let

a be fixed with %ﬂ(zfn—u%) <a<1. Theorem 3.1. (ii) implies

D(A7)cC™(G; {B}}) and
%] <Cll Ajutl| ., for u=D(4;),

since p>n. Thus, modifying f, g and % in (A. 6) once more, we see
that the condition (A.3) holds in X=L (G) for A=A, and such a.
Now let us consider (4.1) as an evolution equation in the Banach
space LP(G) and apply the results of §2, Theorem 2.2 and 2.3.
Then we have the local (strict) solution of (4.1) in [0, T,] which is
unique under the condition that AYu(f) is strongly bounded and

continuous in L P(G), where o’ is a constant with él—<2m—1+—1’;~)<

o/ <1. Thus we have the following : "

Theorem 4.1. Let (A, {B,}, G) be regular and satisfy (A.5) for
any 0<[0,, 2=—0,] with o<90<_’2’_. Let F satisfy (A.6). Let n<p<oo
and A, be the realization of (A, {Bj},G) in L,(G). Then for any

4,& D(AD® with 21 <2m~ 1 +%) <a<1,

m

(1) We can assume without any loss of generality that A, satisfies (A.2).
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(i) there exists the local (strict) solution u(t) of (4.1) in [0, T,]
which is in D(Ap)sz,,,,LP(G; {B;}) for t=(0, T,] and strongly Holder
continuous in H,, ; P(G) with exponent v as a function of t<(0, T].
T, depends on p, a, f and HA;uOHLP.

(i) The (strict) solution u(t) is wunique wunder the condition

that AZu(t) is strongly bounded and continuous in L p(G), where
1

_(2m~1+1)<a'<1.
2m P

Proof : We have only to show that «(¢) is strongly y-Holder
continuous in H,, p(G). But this follows from the Remark to
Lemma 2.6 and Lemma 3.3 (and Lemma 2.3)® applied on the
integral representation of #(¢) such as (2.2). Q.E.D.

We study the regularity property of the (strict) solution u(f)
of (4.1) in the following sections. But we state here some easy
properties of #(f). The relation D(A;)CC** (G ; {B;}) and Theorem
4.1 (i) imply that

(iil) wu(t) satisfies the boundary couditions of (4.1) in the classical
sense. Moreover if we apply Lemma 5.1 to u(f), we see that

(iv) Diu(t, x) are Holder continuous on [0, T,)XG for |p|
<2m—1.

8§ 5. Regularity in the interior

We consider in this section the regularity of the strict solution
of (4.1) with respect to (¢, x)=(¢,, ¢,) XG,. Here G, is a subdomain
of G such that G,CG. We introduce some function spaces to state
the results. Let 0<v, 8<1 and let 7>1 and 2>0 be integers. We
denote by CY#(I, G) the class of functions u(¢, x) defined on IxXG
for which there exist some constants K, and K, depending on
such that

lut, x)—ut’, ") | <K, |t—t'|"+ K, x—x'|F  for (4 x), #,x)EIXG.

Here I is a closed interval. We denote by C*'"#™* i 8(] @) the
class of functions (¢, x) for which D¥ D“u(t, x) belong to C'*(I, G)
for <k and |p| <2m(k—k)+j. Now let I be an open interval.

(1) and the argument in §6.
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We denote by C*"#++it8(] G) the class of functions defined on
IXG which belong to CkV2+i+#([ G for every I, and G, such
that I,cI and G,CG. We also denote by H7 . (I, G) the class of
functions from [ into H; . (G) which are strongly y-Hoélder conti-
nuous, and by H%.i. ;. (I, G) the class of functions u(f) from I into
H, . (G) which are k-times strongly continuously differentiable and

a ku(z‘) belongs to H3,.ce-s».iz,(G) (O<E <E). We often use the
dt e

above notations in somewhat different form such as C"#(I, G) where
I is an open interval. The following lemmas are easy consequences
of Sobolev’s inequality.

Lemma 5.1. Let G be a bounded domain of class C* in E,.
Let n<p<oo and j>1. Then:

(i) If u(t)eH, (I, G), ut, x)€CY"¥, G).

(i) If wt)EHE L, G), u(t, x)ECFY™5i=M2(], G).

Lemma 5.2. Let (A, {B;}, G) be regular and have the smoothness
of order 1. Let n<p<oo. Then, if u(()eD(A,)NHY,(I,G) and
Aut)eHY (I, G), ult, x) belongs to Cremi-mi ([ G {B;}). In
particular, for any q with 1<g<oo, u(t)€D(A,) N HYp 1 (I, G).

On the smoothness of F'(¢, x, ) of (4.1), we make the following:

Definition 5.1. We say that F(t, x, u) has the smoothness of
order (k+v, 2mk+j+8) on (I,, G,), if D¥D& F(t, x, u) is continuous
in I, X G, X C” (or more precisely in I, X G, X E,,) and belongs to C*"*(I, C")
as a function of (t, u) uniformly in x=G, for k' <k and || <2m(k—F)
+j. Here I, is a subinterval of (0, T] and G, is a subdomain of G.

Lemma 5.3. Let F(¢, x, u) have the smoothness of orvder (k+v,
2mk+j+8) on (I,, G)). Let n<p<oco. Then if u(t)EH5 vin1jrr,
Iy, Go), F(t, u(t)) belongs to H3Y/; (L, G)) for every subdomain G,
of G, such that G,CG,. (We assume j>1.)

Now we state the regularity property of the strict solution of
(4. 1).

Theorem 5.1. Let (A, {B,}, G) and F be as in Theorem 4.1.
Let A be smooth of order 2mk-+j on G, and F be smooth of order
(B+v, 2mk+j+38) on (I,, Gy). Then, if u(t) is the strict solution of
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(4.1) (in [0, TT]) in some L ,(G) with n<p<oo, there exists v with
0<v’'<1 such that

(1) w®EH4miloe,,(85 G) for any q with 1<q<oco and for
every subdomian G, of G, such that G,CG,.

(il)  u(t, x) Crri+emkedti—([1 G for any & with 0<E<1.

(i) In particular, if 1,=(0, T} and G,=G, u(t, x) is the classical
solution of (4.1).

Preof : The strict solution u(¢) is in D(A,)NHY,, .,((0, T], G).
On account of Lemma 5.1, it is sufficient to prove (i). Let G, be
any subdomain of G, such that G,CG,. We can take =Cy(G) and
a subdomain G, of G, such that @=1 on some neighbourhood of G,
and supp (p)CG,. We put

v(t) = pu(t) (for tel).

We take any closed subinterval I=[%,, {,] of I,.
Then it follows from (4.1) that

Z—? = —Av+w(t) for tel[t,, t,],
(5.1) .
v =0 outside supp (p) for te[t, ],
v stl = v(tl) s
where

w(t) = Alpu(t))— pAu(t)+ oF (&, u(t)) .

Now let us prove (i) for g=p by induction, that is, letting the
proposition (i) for g=p be denoted by P(k, j), we will show that
under the assumptions of Theorem 5.1, P(k, j—1) implies P(k, j)
and P(k—1, 2m) implies P(k, 0). First we prove the former. We
may assume that G, is of class C*. We consider an elliptic boundary
value problem (A4, {BS}, G,), which is regular and satisfies the same
condition as (A, {B;}, G). Thus we can consider (5.1) as a para-
bolic equation in G, associated to (4, {Bj}, G,). By the argument in
§4, we may assume that 4, the realization of (4, {Bf}, G,) in L,(G,),
satisfies (A.2). We also have by the assumption of induction that
v(t,)ED(A*™) and w(t)eH51; L S Gy). We will show that o(f)e

1Y/

bmiiiv+j,L,(I', Gp). Then, since G, and I are arbitrary, we have



92 Kiyoshi Asano

P(k, 7).
Since w(t) has a compact support in G,, it follows from Theorem

3.%, that w(f)e D(A*9"+8) for any @ with 0< B<2L and
m

ArG=0EmByy (e YL S, G,). Since v(f)E DAY NH S G 5t AL G),
if we multiply both sides of (5.1) by A% the reduced equality
corresponds to the case P(0, j—1). Let us prove that P(0, j—1)
implies P(0, 7). Then, concerning the original (f), we have that A*"'v(¢)
belongs to H)7 (I, G,) and by lemma 3.3, v(f)e H5: 01055 . S Gy).
Thus we may assume k=0. Now using an integral representation
of v(¢) (Theorem 2.3) and multiplying it by A, we have

(5.2) Av(t) = e A(Av(E)) + St Ae ¢t D4y(s)ds .

ty

The first term of (5.2) belongs to H; | S G;) (Lemma 3.3.). Let
£>0 be sufficiently small. Decomposing the second term of (5.2)
as in (2.4) in [#,+6, t,]=1,, we have that [, I, and I, belong to
H)} I, G,) (Lemma 2.6). Since w(t)€ D(AY~P/#"*F) and AY-PF"Py(t)
eHY, (I, G,) for any B with 0<,6’<—217n, it follows from Lemma

O,LP
2.6 that A9""PLeD(A?") and AY>mm 0" [ e (Y (1,, G,) for
any v with 0<y””<v”. For such ¢’/ we can take such B as

2_1_—ry”’<ﬁ<é%/—n. Hence I,e H}')"(I., G,) for any 7" with 0<vy"”
<ny” (Theorem 3.1, 3.2). Thus Aw(#) belongs to Hj,"(I., G),
which implies v()€ H}.3)7 (., G,) (Lemma 3.3). Thus we have
e H 5;1’},—,]’;”(1 i, G,), that is, P(0, j) for 9/ —«’”>0, and the former
half of the proof of (i) is nearly completed (since P(0,0) follows
from Theorem 4.1). In a similar way, we can prove that P(k—1, 2m)
implies P(k, 0). Now applying Lemma 5.2 to the system (4, {Bj}, G,),
we see that v()eD(A,)°NH. V"I, G,) for ¢ with 1<g<oo. Thus

repeating the above arguments for g, we complete the proof of (i).

8§ 6. Regularity up to the boundary

This section is concerned with the regularity of the strict
solution of (4.1) with respect to (¢, x)E(¢,, £,) XG. Let u(#) be the

(1) Ag is the realization of (A, {BY}, Gy) in Le(Gy).
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strict solution of (4.1) in some L (G) (n<p<oo). First we state a
remark concerning the strong Holder continuity of Au(#)® in L (G).
We may assume that A satisfies (A.2). It follows from Lemma
2.3 that A®%(f) is (1—a)-Holder continuous. Hence F(¢, u(¢)) is
v,~Holder continuous with y,=min {1—«, v}, where « is some con-

stant such that (Zm —1+ %) / 2m<a<l. Hence Au(t) is y~Holder

continuous (Remark to Lemma 2.6) and u(f) is strongly continuously
differentiable. By an interpolation relation

1A%l ,<Cll Aullz || ullz,”

we know that A%(¢f) is v,~Holder continuous with v,=avy,+1—a.
Repeating this argument, we know A®u(f) is v/-Holder continuous
with y<v’<1. Hence F(¢, u(t)) is y-Holder continuous and Au(f) is
v-Holder continuous. Thus u()e H3,% (0, T, G).

Suppose that (A4, {B;}, G) has the smoothness of order %k and
F(t, x, u) has the smoothness of order (v, k+1) on (I, G), where [
is an open subinterval of (0, 7] and k/2m<vy<1. Let [#,t,]C1.
Then, using an integral representation of u(f), we have

6.1)  w(d) — e‘“‘tl"“u(tl)+st et OAy(s)ds  for te[t, 1],

g
where w(t)=F(¢, u(¥)). Denoting by w»(¢) the last term of (6.1) we
have

(6.2) Au(t) = o=t Ay(t) + S’ Ae @ 94y(s)ds
131

= e A Au(t,)+ Ae ot —&)+w(t)

—e A w(t)— S:_ Ae ¢ 24uw(t)—w(s)} ds

for te[t,+¢,¢,], where £€>0 is sufficiently small. The first two
terms of the right hand side of (6.2) are in H3, . ([£,+6 1.1, G)
=H3, ., (Lemma 2.6). The fourth term is also in it. The fifth
term is in HJ77(1<j<k), where j/2m<vy;<y (Lemma 2.6 and
Theorem 3.1). Since wu(t)eHj,, | ,» w(t) belongs to HY ., by the

(1) In this section we denote by A the realigation of (A, {B;}, G) in Ls(G).
(2) This inequality in due to sobolevskii [14].
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smoothness of F (see Lemma 5.3). Thus Au(¢) <and % also>

belongs to H 1'17; Hence u(f)e H%,'t,,., (Lemma 3.3) and obviously
u@t)eH é;}';ﬁ’gﬁ The same argument shows that u({)e H ﬁ;l;}fﬁ(], G)
for 1<j<k, since [, ¢t,]JcI and €>0 are arbitrary.

Now suppose that (4, {B,}, G) has the smoothness of order 2m
and F(¢, x, ) has that of order (1+v, 2m+1). Then, by the above
arguments, we have u(f)c H3:17", ,and wt)eH %;;7,{;, where v =Y,
and v”=min (1—v’, v). Hence, by Lemma 2.7, we have

(6. 3) Au(t) = e 4 Au(t) +w(t)—e ¢ 4w(t,)
-—gt e~ 4y (s)ds for t=(t,,1,].
31

The right hand side of (6.3) is in H é;?’,—:;. In fact, the first three
terms are obviously in it, and the last term, which we denote by

v,(t), is also in it, since v,(f)=D(A) and Av,(t), %EH 14 , (Lemma

2.4 and 2.6). Thus Aw(t)eH%Y,. Hence u(t)eHL/, (Lemma
3.3). Since A is a closed operator in L,(G), we have w' (e D(A)
and Auw'(t)=(Au(t)YcH?; ,- Thus, differentiating both sides of (4.1)
by £, we obtain the following strict equation :

du’ oF oF
6.4) X = — Auw+ 27 u
( ) dt v ot +l.“-l<52:n 1 a ]""‘ Dhu Dtu! te(tl’ tz] ’

u/§t=t1 = u,(tl) .

(Since wu(t)eH!,, and n<p<oo, D"u'(f)=D* g% = % D*u for

3
|u| <2m—1 (Lemma 5.1).) Thus "Z‘ cHY,, and u()eHLY,.

Let us consider (6.4) as an evolution equation for unknown #’(£).

Then, we have «'(f)€ H3,.;,, since %fi and — 8F luu—pt, are in HY r..

Hence w'()eH35 ., and o,()eHi'x , in (6. 3) Since the first three
terms of the right hand side of (6.3) are in Hi}Y,, Au(f) belongs

to HiY,. Hence u(t)eHil1 . ,- Proceeding in the same way, we

have u(t)<HY;,. Finally from (6.4) we have “CcHj,,. Thus

u(t)EHZ;»:YLi,.
Now, summing up above arguments in a general form and using
Lemma 5.1. and 5.2, we obtain the following :
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Theorem 6.1. Let (A, {B,},G) and F be as in Theorem 4.1.
Let (A, {B;}, G) be smooth of order 2mk-j and F be smooth of order
(k+, 2mk+j+1) on (I, Q), where I is an open subinterval of [0, T]
and jl2m<y<l. Then, if u(t) is the strict solution of (4.1) (in
[0, T in some L(G) with n<p<oo,

(1) u)eH56I 0, G) with 1<g<oo and j[2m<vy;<e.
(i) u(t,x)s CrFYYpemktDti—2([ ) for any &>0.

Remark 1 (existence of the global solution). Let us consider in
what cases the global solution of (4.1) exists. For this purpose we
return to Section 2 and ask for the conditions under which (2.2)
has the global solution. First we assume the following conditions :

(1) llet4||<Me ¥  (¢>0),
(2) NEE, wll< f(2, || A%])
f(t a) = fil@a+ £t a),
where § is a positive number and f,, f, are non-negative, non-

decreasing and continuous in a=[0, o).
We assume that we can take 7,=(0, 7] such that

(3) Me™3T0 = g,<1.
Putting
(4) M, L Tye—_N
11—«
and
t+T,
(5) Mws (t+ Ty—5)"*fi(s, @)ds = M(t, a),
t
we assume that there exists >0 such that
(6) Nf(@+ =Mt d<e ([0, T-T,)),
where
7 P el Y
(7) 11—~ M

On account of (6) and (7) we have

(8) Ma,+Nf(@)a+ M, a)<a
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and
(9) Me®Tog,+ Nf(a)a+M(t, a)<a,,
where
(10) a _ M gl_’c“.
a, 1—« K

Let us recollect the proof of Theorem 2.1. We assume that
(11) Il A%, <a,.
Then the arguments in the proof of Theorem 2.1 shows that
al(T))<a (k=0,1, ---).

In fact, we have a(7,)<Ma,<a, and (2.4) shows that “a,(7T,)<a”
implies “a;.(T,)<a” on account of (8). Hence the mild solution
u(t) of (2.2) exists in [0, 7,] and

| A% ,<a.
Hence on account of (9) we have
| A*u(Ty) | <a, .

Thus, repeating above arguments, we know that the mild sclution
u(t) of (2.2) exists in [0, T].

The essential assumption in this argument is (6). It is sufficient
for the existence of the global solution of (2.2) that (6) holds for
t=kT, (k=0,---,1,---) and T—T,. It is to be noted that (6) holds
for sufficiently small ¢>0, if £,(0)=0 and f,=0.

We state another condition for the mild solution of (2.2) to
exist in [0, T,]. Put

(4) M, L Ti=-N,
1—a
and
Ty
(5) MNS -+ To—$)f (s, a)ds = M(, T,, a).
t

If we assume that there exists ¢>0 such that

(6) N1f1<a)+—éll—M(O, T, a)<r<1,
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then we have

(8 Ma,+ N, f(@)a+M(QO, T,, a)<a,
where
(10" a_ M _

a, 11—«

Hence the mild solution #(¢) of (2.2) exists in [0, 7,] for #, satis-
fying (11).
Let us assume that

{ fi(a) = const. = f, .

(12) M T, a)<m(t, T,)(1+a).

Then for sufficiently small 7, and sufficiently large @ we have

(6”) Nfi+ 1M, T, @)<e<1,
a

and hence

8 Ma,+ N, fia+ME, T,, a)<a.

In this case there is no restriction on the upper bound of «,, and
hence the global solution of (2.2) exists for any w,= D(A%).

Remark 2. Tanabe also proved Theorem 3.1 (independently of
the author) and considered the problem (0.1). In his work A and
B; may depend on time #. Therefore his results corresponding to
our Theorem 4.1 are more general than mine. However the author
does not know the details and can not cite them here.

Our Theorem 6.1 can not be locallized on a part of G. There-
fore it is not a complete result. If we establish a priori estimates
for the problem (0.1), more complete results will be obtained.
Recently such a priori estimates has been established by Tanabe
and Kametaka (independently) in L,(G).

To consider the problem (0.1) in which A and {B;} depend on
time #, we can make use of the results in [11], [14] and [15].
However Arima succeeded in constructing Green function for the
parabolic boundary problem and obtained the estimates on it in her
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recent paper [17]. If we make use of her results, more complete
results will be obtained on this problem.
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