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Introduction. In this paper we deal with resolutions for graded
primitively generated Hopf algebras over a field of characteristic p>>0.
A theorem due to Milnor and Moore [5] states that any such algebra
is isomorphic to the wuniversal enveloping algebra V(L) of its
restricted Lie algebra L of primitive elements. It is known also
that the associated graded algebra E°A of any Hopf algebra A over
a field K with respect to its augmentation filtration is primitively
generated.

Recently, in his elaborated work [2, 3, 4], J. P. May developed an
algebraic procedure which is to calculate H*(A)=Ext,(K, K) by
means of a spectral sequence passing from H*(E°A) to H*(A), and
applied it to study the cohomology of the Steenrod algebra. He con-
structed, there, a canonical V(L)-free resolution X (L) of the ground
field K, which is also of fundamental importance.

While studying his work we have observed, however, that his
construction of the resolution X(L) for the case p>>2 seems to be
not well-defined in general. In fact, there may be found an incon-
sistency in the both-sided W (L")-module structure of X (L), of which
he made use for defining the differential on X (L) (see §3 for details).

We will show, in this paper, a way of removing this difficulty
by means of the twisted tensor product construction. The resulting
corrected resolution is nothing else than X (L) as a one-sided W(L*)-
module, but different as a complex. All that we will deal with here
is purely theoretical. As for May’s calculation of the cohomology of
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the Steenrod algebra, it might be needed few corrections.

§1. Twisted tensor product

Following to Brown [1], we recall some generalities on the twisted
tensor product.

Let W=3 W, be a differential graded augmented algebra over a
field K, and let '=>.I", be a differential graded augmented coalgebra
over K, with associative comultiplication ¥. We assume W,=I,=0
for n<<0.

We can form as usual the differential graded algebra Hom(I", W)
of the morphisms in the category of K-modules, where Hom"(I", W) =
(Homg (s, W..n)) and the differential d: Hom"(r", W)—Hom™ (", W)
is to be defined by

(1.1) da=0yca+ (—1)""ac9, for acHom™(I, W),

where 9 and &, denote the differentials of W and I' respectively.
The multiplication U :Hom™(", W)Q@Hom"(", W)—Hom™ (", W)
is defined by

(1.2) alUp=po(aB) oV,
or equivalently by
(1.2) aUB(@r) =X(— )% *Ba(y") - B(+"),

where Vy=>17'Xy"”, and u: WX W— W denotes the multiplication of
the algebra W.

Let 6= (6,) be an element of Hom (I, W) satisfying the follow-
ing condition

(1.3) 1) e-6=0, 2) do=6U4,

where ¢ means the augmentation of W, and the condition 2) is equi-
valent to

(1.3)' owl (1) = —0(0,1) +Z(—=1D)*"6(") -0 (r").

Such element # is called a twisting cochain. Now the twisted tensor
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product of the algebra W and the coalgebra I with respect to the
twisting cochain # is defined to be the graded module WXTI with
the following differential operator

(1.4  dy(w®r) =8wXr+ (— 1% * (WK 8,y + Xw-0 () K7"),

for we W and y<r.

We assume henceforth that W is a differential Hopf algebra over
K with associative commutative comultiplication ¢. Thus ¢: W—
WX W is a morphism of the category of differential graded augmented
algebras over K. We shall give here a canonical method of defining
a diagonal map on the corresponding twisted tensor product WXr.

For this purpose, let 4=(4,) be an element of Hom’(I", WRQ W)
satisfying the condition:

1.5 A =1XK1, (®e)d=e, (XDh=(1Ke)h=0 (#=>0),

and

(1.6) di=go0lJA—2AU (X1 +1%0).

or equivalently

(1.6)"  Fwawi(r) =20,r) +2{(e0(r)) - 2G") =G - (0GR
+1X0(r"))} -

Such element 2 is called a twisting diagonal cochain. Since ¢ is
assumed to be commutative, we may assume, without loss of genera-
lity, that 2 is T-invariant, i.e. Tod=2, where T:WRXW—-WRXW is
the permutation of factors with the appropriate sign.

Provided that there exists a twisting diagonal cochain 4, we can
define a diagonal map D on the twisted tensor product X= WXI as
follows:

a.7 D) =32G") V(") for yer and Vr=>r'Qr",

and

(1.8 DwXr) =¢(w)-D(7).

Then we can verify that D: X— XXX commutes with the differentials:
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(1.9 Ddy= (dy&Q1+1Xd,) D.

We note that if V is commutative, then D is so, but not associative

in general.

§2. Homology of W (L) as a complex

In this section, we recall J. P. May’s construction of the differen-
tial Hopf algebra W (L) and investigate the homology of W(L).
Let L=> L, be a graded vector space over the ground field K
iz0

of characteris—tic px0. We define L*=>L,, and L =>1L,,, in case
=0

120

p=x2, and define L*=L and L =0 in case p=2. Let sL denote the
bigraded vector space such that (sL);,,=0 for ##1 and (sL);~L..
Let S(L*) be the symmetric tensor algebra of L*, and denote by =L*
the subspace of S(L*) generated by the image of the p-linear map
o L*—=S(LY), =(y)=y*. We have n(x+y)=n(x)+=(y), n(kx)=
k7 (y) for ke K.

Now let L be a Lie algebra over K, and denote by U(L) the
universal enveloping algebra of L. Following to J. P. May, an U(L)-
free resolution Y (L)=U(L)XRE(sL*)Xr(sL™) is given as follows
below, where E denotes the exterior algebra and I" the divided poly-
nomial algebra. Let 7,,(%,):-7,,(¥n) and <3, -, ¥.» denote typical
elements of I'(sL™) and E(sL*). In order to define the differential
d of Y(L), it is convenient to give a K-algebra structure on Y (L).
The product is required to agree with the natural one on I'(sL™),
E(sL*) and U(L) respectively, and to satisfy the relations:

2.1 (I 9:=3F +<{[I1, 3210,

(x=—x{3+1(ly, x]),

7,(X)y=y7,(%) +1:([%, Y] )7, 2(X),

T,(fl) X2 =Xo7, <x1) + < (%1, X5) >Tr—1<?1)1
7,(X)<y) ={p1.(x) for x,x.€L", y,y.€L".

The differential d is defined, then, by
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(2.2) du=0 for u=U(L),
d{yy=y for yelL*,

dr, (%) = x7,4(%) +%< [x, %157, (%) for xeL",

on generators of the algebra Y (L), so as Y (L) becomes a differential
K-algebra.

Proposition 1 (May [2,3]). If L is a graded Lie algebra over
K, then Y(L)=U(L)YRE(sLYXRr(sL™) is an acyclic U(L)-free
resolutionof K. Y (L) has a differential K-algebra structure by
means of (2.1). Moreover Y (L) has a structure of differential

Hopf algebra with the comultiplication

(2.3) 0(2) =281+1Xz for zeL,
e({32) =< X1+ 1K< for ye L',
e(1e(x)) :AZ#T:(E)@T,:(I) for x&L".

For a later use, we introduce a filtration on Y (L) ([2]).

(2. 4) F.UL =K{zzn|z.€L, m<n},
FWE(SL+> :K{<5j11 ”'y’m> ]yiEL+; mgn} B
F.r(sL)=K{r, (%) 1, (Zn) | x.EL", r1+ - +rn<n},

which agree with the Lie filtration on U(L), and with those defined
by the bidegree (the homological dimension) on E(sL*) and I'(sL™).
Thus we define a filtration on Y (L) by

(2.5) FY(L) = Z‘k_ FULYQRF,E(sL")YXF,r(sL).

In what follows, we assume that L is a restricted Lie algebra
over K with p-th power operation & Its universal enveloping algebra
V(L) is considered to be the quotient algebra of U(L) by the ideal
generated by elements y’—é&(y). We consider the vector space
W(L)=V(L)RKRE(sLY)®r(sL~). The projection U(L)— V(L) in-

duces a canonical map

(2.6) q:Y(L)—-W(L)
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and a filtration on W(L). And we have

Proposition 2 (May [2,3]). If L is a restricted Lie algebra
over K, then the V(L)-module W(L)=V(L)RXQE(SL)XXr(sL™) has
a structures of differential Hopf algebra, and the canonical
projection q:Y(L)—W (L) is a morphism of the category of
differential Hopf algebras.

In order to investigate the homology of the complex W (L), we

shall choose and fix a K-basis of W (L). Let first {x,} and {ys} be
ordered homogeneous K-bases of L~ and L* respectively, and fix them,
then a K-basis of V(L) is given by {%x - %a, Vi 35| el <am,
Br<l+++<Bn, 0<s;<<p} in virtue of the theorem of Poincare-Birkoff-Witt
(5].
Let us introduce, for a while, the following notations:

2.7 x(a, 0,7) =7,(%0),

%, 1, 7) =T, (£e) + 5 (¥, 2T, 2(Fo),

y(B,5,0)=3 for s<p—1,

¥(B,5,1) =T for s<p—-2,

Ya=y(8, 20— 1, 1) =y5Fa» — E(3a).
Then, by (2.2) and (2.5) we have
(2.8) dx(a,0,7)=%(a,1,r—1) for »=1,

dx(a, 1,7) =0,

dy(8, s, 0) =0,

dy(,s,1)=y(B,s+1,0) for 0<s<{p—2,

dy(, p—1,1)=0,

and

2.9 x(a, e, 7)=%257,(%o) mod F,.e.W(L),
¥(B,5,6) =Tt mod F,....W(L),

for ¢=0, L.

Consider the following sets of monomials of elements x(a,c¢,7)
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and y(B,s,e) of W(L):

(2.10) L= {x(ay, &1, 71) X (@m, emy ¥m) Y (B1, S1, €1) ***
Y (Bus Sny &) | <o+ <Zatm, Br<"+"<Bn},
€= (¥(B, b1, 19 (Bn p—1, 1) | BB},
g =g—¢.

Then & forms a K-basis of W(L). To prove this, we note that
the associated graded algebra E°W (L) of W(L) with respect to the
filtration (2.5) is a commutative algebra. We note also that a
Kbasis of the commutative algebra FE°W (L) is given by those
monomials of suitably ordered elements x57,(¥,) and y5(Jz>%. Since
we have E°W(L)~W(L) as a K-vector space, it follows from (2.9)
that & is a K-basis of W(L).

Further denote by /8 and W' the subspaces of W(L) generated
by \8/ and &' respectively. Note that KcC I\/I// And define a K-map
S:W(L)—-W(L) by
(2.11) Sx(a, 0, 7) =0,

Sx(a,1,7)=x2(a, 0, 7+1),
Sy(B,s,0)=y(8,s—1,1),
Sy(8,s,1) =0,
S (% (s, &1, 71) X (@my Emy Tm) Y (B1, S1,€1) Y (Bry Sy €0))
=S(x (e, €1, 1)) - X (s, 3, 71) -+ X (Amem,”m) Y (B1, S, €1)
Y (Bay Smren)  if 70,
SVprTer-19(Br Svs €)=Y (Bry Sy €a))
=(—=1" Va1 Ver-1S(Y(Bs, Srs ) ) Y (Briss Sriz, €e1)
“Y(Bn Snyen)  if (5,6 )X (p—1,1).

Then we can easily verify that

(2.12) d=0 on W
S=0 on VV
dS+Sd=1d. on W'

Since S preserves the filtration and ImSC W’, we have the following
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Theorem 1.

(1) W)= W’@V\I;' as a complex, and W' is acyalic,
(2) Z(WL)=Z(WHDW

(3) dW(L)=dW'=Z(W"),

(4) F.@W(L))=dF,W(L),

(5) H (WIL)~W as a K-module,

(6) F,H,(W(L))=0 for r<<pm.

Corollary 1. (y+2)V is homologous to y+2, and
(9,21 =3z2+2% is homologous to zero, for v,z L".

Proof of Corollary. Since
(Y+2)" —y—z=((y+2)* 7=y I+ ((y+2)*7"—2"7)<Z)
=S (- D20 (32— 2(3) mod  FyaW(L)

—d (G~ D'y, B
and

[3,2] =0 mod F,, W (L),
the corollary follows from (6) of the theorem.

Corollary 2. H,(W(L))~E({szL*}), where the right side
means the exterior algebra gemerated by homology classes {3}
(yeLh).

§3. Construction of a ¥V(L)-free resolution

We begin with an example showing that May’s construction of
the V(L)-free resolution X (L) for the case p=>2 leads to a contradic-
tion.

Let L be a restricted Lie algebra over a field K of characteristic
p>0. May constructed a W (L)-module X(L)=W(L)XRr(s’=L"),
where I'(s’zL*) denotes the divided polynomial algebra generated by
elements 7,(3), y=s’zy, yeL*. He assumed the lexistance of such
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both-sided W (L*)-module structure on X (L) that
CRY) 7:(3) 2 =<@r(3),

r(Pu=un(3) +2(— 1y, (@) @),
Y, 2, us L+,

But these relations may imply a contradiction in case p>2. In fact,
for example let =3, then by (3.1) and (2.1) we have

(3.2) n(MN<@u=<2ur(3) —¥<, 3,1y, u]>+<z,3, [y[3,u]1)
—{[z,31, 3,[3, 4>,
1i(Mulz> =u2r(3) —y<F, [y, ul, 2> +<3,[y1y, ul1, 2,
(32, %) =<2, %r.(3).
These imply that

3.3 3, (9, 21,1y, u]>=0

which does not hold in general.

The differential of X(L) given in [2, 3] depening on the relation
(3.1) will be inevitably not well-defined.

Now we will construct a V(L)-free resolution X'(L)=W (L)
Xr(s*zL*) which is the same left W (L)-module as X(L). We
consider I'(s’zL*) as a coalgebra with a diagonal map V:

(3.4) 7r(¥) :mﬁori(?)@n_f(?)-

Taking a K-basis {ys} of L*, we set a K-basis {IIz7,z(¥s)} of
r(s*zL*). For convenience, consider a direct product @zZ . of copies
of the additive semi-group Z. of non-negative integers. To an ele-
ment R=(7;) of @gZ, corresponds an element 7(R) =Igr,,(F5) of the
above basis of I'(s*zL"). Set |R| =247, then a filtration of I" (s’zL")
is given by F.rI(szL*} =K{r(R);p - |R|<k} which is independent of
a choice of basis of L*. A filtration of X'(L)= W (L)Rr(s*zL") is
given by

(3.5) FX'(L)=> FW(L)KRXFIr(s=L")

s+i=r
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Lemma 1. There exists a twisting cochain (see §1) 0= (6.,),
O EHomyg (I (8°2L*)3n, W (L)1) satisfying the conditions

6(1) =O0.
3 i or—1.
0 ()= {E)v Zf :>1
(3.6) 0(r(R)) EFppnaW(L) (n=|R]|)

do(r(R)) =250 (r(1))0(r (J)).

Proof. We write 6(y) and 6(y, z) for 0(r.(3)) and ¢(r1(3)1.(2))
respectively. In case p=2, set

0(9,2) =<3,%, 2],
then we have
do(y,z)=0(y)0(z)+0(2)6(y)=1[0(y),0(2)!

and

(0(u),0(y,2)]+[0(3),0(zu)]+[0(2),0(u,y)]=0.
hence we may take 0(r(R))=0 for |R|=3.
In case p>2, we choose 0(R) =0(y(R)) by induction on |R|. Suppose
that we have defined 0(R) for |R|<mn. If |R|=mn, consider the
element >, ,_x0(I)-6(J) of W(L). This is a cycle, as it is easily
verified. On the other hand we have

6(I)eF, .. W(L)

0(J)E FpiiaW (L) G=I1Il, j=1JD,
hence _

0O +0(])6I)=[60(1),0(])] EFomna W(L),
and therefore >;.;-x0(f)-6(J) is a bounding cycle by theorem 1.(6).
We can choose, then, 0(R)E F,,_naW (L) such that do0(R)=>;-z
6(I)-0(J) in virtue of theorem 1.(4).

Remark. The explicit formula of 6(r(R)) as an element of

W (L) is very complicated in general. For example, in case p=3

we may take
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(3.6) 0(y,2)=— (92+29)<3,2,[3, 21> — <3, 2,[z[2, 5] 1>
+2z{[y,2[y, [5,2]1>+<3,2, [ylz]y, 2]11>
*<7,[BT£] [Z[Z)y]]>+<z[ﬁ]) [J’:[J’, Z]]>

For general p, if (ady)’=(adz)*=0, we may take
-1 S
CN) 0(y,2)= (X (=DMl 2 [y, 274y, 21, 21

Now construct a complex X'(L)= W (L)Xr(s*zL") as the twisted
tensor product of the differential Hopf algebra W (L) and the coalgebra
r(s’zL") with respect to the twisting cochain ¢ in Lemma 1. The
differential d=d, of X'(L) is given by

(3.8) AwXr(R)) =dwxr(R) +(—1)*-Zw-0(I)Xr(R—-1I).

Theorem 2. Considering the complex X'(L) as a left V(L)-
free module, we have an acyclic V(L)-free resolution of K.

Proof. We have only to show the acyclicity of the complex
X'(L). Filtrate X'(L) as above (3.5), then the associated complex
E°X’'(L) is isomorphic to the corresponding complex E°X’'(L*), where
L% denotes the abelian restricted Lie algebra with zero p-th power
isomorphic to L as a vector space. The acyclicity of X'(L) will
follow from that of E°X’'(L) and therefore that of E°X’(L*). But
the latter holds, since by Kiinneth we may suppose Lf=Ky with
yeL" and in this case there exists clearly a contracting homotopy
S such that

(3.9 Syr(3)) =y Kpr: (3, 1<j<p—1,
S@:(3))=0,
Sy yr:(3)) =0, 0<j<p—2,

Sy KFr:(5)) =1:11(5),
and dS+Sd=1—e¢.

In what follows we shall prove the existence of a diagonal map
and therefore of a differential coalgebra structure on X'(L). There
exist canonical isomorphisms W (LEL)= W (L)XW (L) as differential
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algebras and X'(LPL)=X'(L)RX'(L) as both complexes and
W (L)XW (L)-modules. Taking a suitable basis of L(PL, we have
(WRQW) =W W), ZIWQKW)=B(WxW)+(WRW) and
FEB(WRW)=dF,(W®W) where W= W (L). We denote the diago-
nal map of W (L) by ¢ and its augmentation ideal by I=I(W (L)).

Lemma 2. There exists a twisting diagonal cochain (see §1)
(2= (232), 4snEHomg(I'(S*nL")sn, (W(L)YQW (L)1), satisfying the
conditions

(3.10) 2(1) =11,
M) =S (- Dy DY),
A(R)=200(R)) € Fpu({X1 ) am for n=|R|,
AAR) = 5 {p0(1) -2 —A(D - (0 (HS1+1R0(T)}

Proof. We shall define A(R) by induction on |R|. The right
side of the last equation of (3.10) is a cycle in Fn({&XI)s,1. By
theorem 1.(6) there exists A(R) € F,.(WX W),, which bounds the
cycle. Replacing A(R) by ((1—e)X(1—e))-A(R) if necessary, the
third condition of (3.10) (or the condition (1.5)) will be satisfied.

From the discussion §1, we have

Theorem 3. The complex X'(L) is a differential coalgebra
with diagonal map D defined by

(3.11) D(o@r(R)) =¢(w) -Dr(R),
Dr(R)=>ua) - Vr(R—-1I).
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