A two points connection problem involving
logarithmic polynomials

By

Mitsuhiko Konno

1. In the paper [1], [2], 2 two points connection problem between two sets
of fundamental solutions for a system of ordinary differential equations

(1.1) t%)t_( — (A+1B)X

was studied under the assumptions that the eigenvalues of the diagonal
matrix B satisfy the pentagonal condition, and that the matrix 4 has no
congruent eigenvalues, or only one pair of congruent eigenvalues.

In this paper, we extend these results in the direction that the matrix 4
may have any sets of congruent eigenvalues. Although we will investigate
the case where all the eigenvalues of the matrix 4 are congruent for the
sake of simplicity, the method applies easily to the general case to yield
the similar results.

A system of # linear ordinary differential equations of the form (1. 1)
has a regular singular point at =0, and an irregular singular point of rank
one at ¢= oo.

It is well known that one set of solutions of the system of differential

equations (1.1) has convergent power series expansions at the regular
singular point, =0, expressed by

(1.2) X (t) = 1% 3) G (m)i™
m=0
where p; (j=1, 2,--+, n) are eigenvalues of the matrix 4, when 4 has no

congruent eigenvalues. In general, some of these expressions are replaced
by polynomials in logarithmic function of #, with coefficients of the
form (1. 2).
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On the other hand, at the irregular singular point #= oo, there exists

a set of formal solutions
(1.3) X H(t) = exp (A t)t% S HE(s)t~*
§=0

which expresses a set of fundamental solutions asymptotically in an arbitrary
sectorial neighbourhood of the infinity, with properly chosen width.
Now we will show the assumptions explicitly.

(1) The matrix B is a diagonal matrix:
B = diag (A, Apy =t 5 Ay) -

The eigenvalues A (k=1, 2, ---, n) satisfy the pentagonal condition, i.e,
(1. 4) IN;= Al >N >0 (J*k).
(2) The eigenvalues p; (j=1,2,---,n) of the matrix 4 satisfy

pympi= —m,  (j=2,3,,)

where m; (j=2,3,-++,n) are positive integers and m; , >m,.
(3) a.,—p;+ non-negative integers (j, k=1, 2,---, n) where a,, are the

diagonal elements of the matrix A4.

According to the assumption (2), the set of fundamental solutions of

the system (1. 1) at the origin can be written down as follows:

X,(#) = 1 3 G (m)e™

(1.5) T
X(t) =
=BG 0

(log £)7~¢X,(?) (j=2,3,---,n).

where

Xl(t) = X|(?)
X)) = i N Gmm (=23, m).

The purpose of this paper is to calculate the connection coefficients
between two sets of solutions (1.5) and (1.3). And also we will show the
simple method to derive the asymptotic forms of the convergent solutions
near the entire neighbourhood of infinity.

The author would like to express his sincere gratitude for the stimulating
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discussions and for the warm encouragements of Professor M. Hukuhara
and of Dr. K. Okubo.

2. In this chapter we prove some lemmata for single inhomogeneous
equations which are used and make important roles in the following chapter.

At first, we show the next lemma that was proved in the preceding
paper [2]. The proof and the explanations in the preceding one were a

little incomplete, so here we again prove it in detail.

Lemma 2.1. If o(t) is holomorphic and t'v(t) is bounded for a real
number | such that Re(a+10)>0, in the domain:

(2.1) D¥ = {t: |t] =£,>0, |arg #] g—?’z—n——n}

—{t: Ret>—1, |argt| >x}

where 7 is an arbitrary small positive real number, then a solution y(t), which
bounded in D*, of the equation:

2.2) z% = (t+a)y+ (D)

has the form
(2.3) y(t) = O@™%) in .

Proof. We prove the lemma only for ¢ with non-negative argument,
while the case for ¢ with negative argument will be proved similarly.

The general solution of (2. 2) is easily obtained by quadrature.
y(t) = ce’t“’—ret”(i)mfy(v)é‘.
t T T

Here the integral path P, is taken as follows. For any ¢ in 9% with non-

negative argument, we determine ¢’ such that

t/

—Ret <7r<argt§%7t—77>
= [¢] (O=arg t=n)

and the path P, consists of the following three parts:
(i) straightline T=—1t+ip (—oo< < 0)
(ii) semi-circle r=1t"exp ({(x— w)) 0= u<n)
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(iii) positiverealaxis r7=—p 7Z=Zp.
T

(see below: Figure 1.)
We call this path P, by “Friedrichs’ path”.

(Figure 1)

The integration is carried out along an arrow in Figure 1.
Because of the boundedness of y(#) in 9*, the integral constant ¢ must

be zero and then we only prove the boundedness of
oo [ o @+
—t’S e“T(L> 'Y(t)d—T Z—S et"T<—t—> ' Tl’)’('r)éz
z T T t T T
in 9*.
For the purpose of that, we estimate the three quantities of the

integrand excepting 7/y(7) and obtain the table below.

arg t>n
(1) (ii) (iif)
Imi<u<0 o=u<rm TS pu< oo
let=T] =1 <1 <e-'(+5)
{(i)“” 5(—-1 )Re(mﬂ)eoollmwl §( '1 )Re(mw)e(%ﬂ_@”mw' é(—-n )l
T T \sin7y sinzy siny/ u
| <dn —du _du
T p24
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O<Largit=rm

arg t=0
(ii) (i) (iid)

T—argtspu<m T=pu< oo TS pu< o

let=7| <1 <et’-5) éet/(l‘%)
Ki)”‘“l <eFlima < efiimal -r
T ! = T “
dt _ _du _dp
T ! =du P u

The estimation of the second and fourth columns are easy to derive

and here we show the derivation of the estimate of the third column.

get

Re(@+1)

G-l

e—@(Imm) .

For example, in the case of (i) the next inequality is derived.

1<|tl<
‘s,

And if we set arg t= ¢, it follows that

()=

(

_ te? _ [tje*(Ret—ip)
Ret+iu (Re £’ +p>
(1(it]sin g ) cos

(Re t)? + p?

i ()
= |t]siny sin 7/

(Im 1= <0)

(Ret=[t|cos @).

As
« is not always real number, if we denote the argument of (¢/7) by ©, we

In the interval |#[sin<ux <0, Im(#/7) is a monotone increasing
function of u, it follows that

similarly.

0<Im <i>§<8iﬁ’_’) <cot7y.

T Cos

- 0<sin @<COt 1< cot

~I|H-

!
!

0=0=0,

(,=sin"*(cot 1)) .

The estimate was derived and the remaining ones will be proved
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From the above table the boundedness of the integral on the part

(ii) is evident and the whole integral will be bounded if it is bounded inde-
pendent of ¢ on the part (i) and (iii) of P

Now we get for arg >,
0

S ’gES dp= K (—Im¢) = Ksm¢<Kcot77
@l ¢ Jime — |t]|cos cos @

I<K e—t’(1+(l‘-/7f))d//'<Ke—t’s e XX -2dX
(ul) o 1

e~ e %
<K° <K (¥'=t)
vt -
and for 0<arg t<=,

SCiii)

SKS et/ -/ dﬂ<Ket/ Sm -t’X Y =704
= . M .

<Ke'. e—t/ K_K

= / : .

t/
This proves the lemma

II/\

Remark. 1.

If Re(e)>0, the following integral along any paths
which start from the origin and end at infinity is equal to the integral
along the real axis.

For example, we take the path that consists of the
straight line S, and the “Friedrichs’ path” P, as in Figure 2

e~ "t 'dr
(S,*P,)

N
L/

o 1N

Real axis
i

(Figure 2)
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In fact we consider the contour which consists of (S,+ P,), real axis
and two arcs of circles around the origin with radii € and R.

In the above contour e "7*'is holomorphic and we obtain

+ S + =
S;+Pp ITI=R ITI=¢  (Real axis)

! ]2
‘S e~ "t dr és g~ Rcos 8 PRe (@p=01Im () Jh s () (R— o)

ITI=R -n/2

27

! S e~ "% dr éS ERe@p—Ecos -0 Im @ Jg 5 () (8 — 0)

ITl=¢ 0

g.e. d.

Next we consider a special system of linear differential equations,
which, after some modifications, will be imbedded in the original system
(1.1). We will study the structures of the solutions and their coefficients
in great detail, because the connection problem of the original system can

be resolved into the interactions of these imbedded equations.
Definition 2. 1. We denote the following domain by D(\)
D(\) = {t: M€ D*}.
Definition 2. 2. We denote the n by n lower cyclic matrix by Z

0 0
z- ( -
‘0 10
A vector, or a matrix which is a transpose of another, will be denoted
by * suffix. For example, A4, represents the transpose of 4.

The column vector e, stands for the unit vector with all the compo-

nent zero except for the k-th. Thus we can write
Z=(0,e,6, e, )

where 0 stands for the zero vector.

Proposition 2.1. If o is not a non-negative integer, the system of

differential equations

2. 4) t‘%g — (M4 a—Z)Y(D) +e,
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has a unique holomorphic solution at the origin, and if we write this solution

in the form
(2.5) Y(t) = mZ=o &(m)t™
the coefficients &(m) (m=0, 1,---) satisfy the system of recurrence formulae

{ (m+Z —a)®(m) = AS(m—1)

(2. 6)
(Z —)&(0) = e,

Proof. As the homogeneous part of the system has only two singular
points: a regular singular point at the origin and an irregular singular
point at infinity, there exists a unique holomorphic solution at the origin,
since the characteristic exponents at the origin, «, is not a non-negative
integer. In fact, if we expand this solution in the form (2.5), the coef-
ficients are determined by (2. 6), as is easily seen by the direct substitution.
The matrix coefficients on the left hand side of (2. 6) can never be singular
as long as the m takes non-negative integral value, and therefore we can

determine the vectors &(m) uniquely.

Lemma 2.2. Given any positive integer s, and t in D(\), we have
2.7) Y(£) = % 2C(a, \)—3) G(—)t~1+O0(t~)
=1

where the constant vector C(a, N) will be explicitly given in the proof below,
and the matrix power of a scalar, t*, is defined as follows.

t* =exp(Alogt) =X

= nl

Proof. First, suppose that Re(a) <O0.

= (log 2)”A"

We can solve the differential equations (2.4) by quadrature, and by
taking the form (2. 5) of the solution into account, we have

4
Y(@t) = e""t‘”‘ZS e NrZ-a1g g

0

where the path of the integration is the straight line S,(\), which is, as
we have indicated, equivalent to “the real axis —P,(\)”. Here S,(\) and
P,(\) are the straight line and “Friedrichs’ path” respectively in the domain
D()\). Hence, we have
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Y () = Mt % e MZm% e dr
(arg }\?r=0)
— M2 Z e MrZ e e dr

¢
(P

Then the first term of the right hand side is easily calculated. In fact, the

cyclic matrix has the property that if p=n, Z?=0. So we obtain
= 1 1
=23 —(logr)*Z* = 51~ (log )2
=op! =pl
and
Cla, \) = S oMot 4o
arg A

[ entopnreeine,

(arg 9\1':0)
We put
¢, = Sme_)‘“'-r“‘”"l(log 7)?dr (»=0,1, .- ,n-1),
0

then these constants c, satisfies the following difference-differential equa-

tions:
0cy Sm ~AT_—@-1
= — e Mr log 7)?*'dr = —¢,,
e (log 7) pt1

(arg AT=0)

and especially,

{*co (-2}
¢, = e Mo dr =\ S et dt .
0 0
(arg AT=0) (Real axis)

= AT (—a)

If we differentiate ¢, in o, we can calculate ¢, explicitly and successively

the remaining ¢, too. ¢, are expressed by T, IV, ---, I"? and log A.

Therefore
CO
n—1 g4 ¢
C(a, \) = > écﬁel = 51
=0 p! Cnos
(n—1)!

So we obtain
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Y (1) = 20, )= [ enaeesiedn
(P,(){))
Now we put

E(t, S) — ekttaﬁ—z—s e—MTZ—as—l-}-seldT .
@
If we integrate by parts, using the calculation of the differentiation of

the matrix power of a scalar, we obtain the following recurrence relations
Et,$) = “e,+ L(Z—a—1+9E(t s—1)
At A

and by successive integrations by parts, and in accordance with (2. 6), it

will be easily derived
E(t, 0) =) t71&(— 1)+ Y, ().
=1
In order to estimate the remainder term Y (f), we consider the
equations which are satisfied by Y (z).
If we substitute Y () =e*""%C(a, X)—é S(—Nt'—Y(¢) into (2.4),
=1

we get these equations as follows:
dy (¢) _ s
(2.8) t7 = M+a—Z2)Y )+ +a—2)S(—s) (teDN)) .
So if we replace At by #, we derive the equations of the same type
as (2. 2):

2.9) t‘i%9=(t+a—Z)Ys(t)+(s+a—Z)c55(—s)m-s (te D) .

¥
Here we put the column vector Y () =( §1> and write down the
Y

system of equations (2. 9) in component-wise.

t% = (t+a)y, tex(s+a—Z)S(—s\t°

d 2 S3—8
2. 10) 152 = (t+ @)y, gy +eals +a—Z)S(— I\t

......................................................
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Whence, if we take a sufficiently large s such that Re(a+s)>0, we
can apply the above lemma 2.1 to the first equation of (2. 10) and repeatedly

the remaining equations, and derive the estimates:
Y1) = O@F™°), p(t) = O@™°), -+, yu(t) = O@™°), (t€D¥).
It results that
Y()=0@™) (#eD®).
This proves the lemma 2. 2 for Re(er) <0.

In order to prove the lemma for arbitrary, we use the notations as

used in [2], to clarify the dependence of Y(#) on the parameter .
Y(t, &) = 3 ®(m, a)e™ .
m=0
The vectorial coefficients &(m, a+ 1) satisfy the difference equations

m—a—14+2Z)8(m, a+1) = A\S(m—1, a+1)

which are the same equations for &(m—1, ). Thus there is a constant

matrix C independent of m, but dependent on «, such that
(2.11) S@m, a+1) = CE&(m—1, a)

for all integral values of m. Now we can get the followwing recurrence
relation between Y(¢, &) and Y(z, a+1):

Y(t, a+1) =3 Om, at+1)"” =3 CO&m—1, a)™
= 31 COm—1, )" +CO(—1, a)

= Ct 3 G(m, )" +C&(—1, a)

=CtY(#, )+ CO(—1, a) = CtY(t, o) +&0, a+1).
The constant matrix C is determined at m=0, from

{ Z—a—1)&0, a+1) = ¢
(Z—-a)®0, a) = ¢,
Namely, from e,=A8(—1, a)
(Z—a—1)&0, a+1) = A&(—1, a).
C=Z—-a—-1)"n
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From these relations, we can deduce the asymptotic expansions for

a+1.
Y(¢, a+1) = Ct{eMt* %C(a, x)—il &(—1 a)t '+ 0@} +G(0, a+1)
=1

— M2 O, )= C&(— 11, eyt
=1
+80, a+1)-CE(—1, a)+0(t°).
= M Z0( 41, \)— 3 O(— 1, o+ 1)1+ O ().
=1
Here we used the relations (2. 11). And the lemma will be proved by

repeating this process.

Next we give the corollary of lemma 2. 2., as we need it in the latter

parts of this paper.

Corollary of lemma 2. 2. For any ¢ in D()\), we have for any posi-

tive integer o

SV (m 45" = M ZC (o, N)— 3 G (s— 1)t~ 1 + Ot~ .
m=Q =1

Proof.
i S(m+s)™ =t° f; S(m+s)gm*s

- z-S{mfgo S (m)t™— :Z:o@(m)t’”}
= 15 {120 (a, x)—‘l’g‘ &(— D1 +0( )} —m; S(m)™-°
— P20 (@, \)— LZ &(—1)=i- +§ S(m)t™} +0(t")

= 5 ZC (o, \)— ) @ (s— Dt~ + O ()
=1
q.e.d.
3. Now we will investigate the relations among the components and the

behavior near the infinity of the vectorrial coefficients &(m).

We put the column vectors & (m) as follows

£:(m) )
(m) = ( :
&a(m)

and substitute them into the difference equations (2. 6):
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m—a 0 gl(m) gl(m_l)
o ) h( s
071 m-alNgm/  Vgm—1)
——a‘ 0 gl.(O)\ 1
I : -0
071 —a/'g0 \o
Then we obtain the relations of the components g,(m), ---, g,(m).

{ (m_a)gJ(m) = 7\’gj(”l_“1)_.g_1—1(7n) (jzl} 2)"')”)
(3.1)
8m) =0

(3.2) 80 = — 1, g0) = — L, g0 = — .
(24 o

a b
Here we define new vectors () as follows.

(3.3) m) = AT Gm)

(m—a+1)
Substituing &(m) into the difference equations (2. 6) again, we have

(m+Z —a)®(m) = (m—a)&(m—1).
Therefore

&(m)—Bm—1) = —ﬁ@(m).

We write out the above relations in componentwise, attaching the

components of &) with the “wave” symbol.

{ gl(m)_gl(m“ 1) =0
3.4

gm—gm-1) = — L g, (m  (=2,3,0).
m—ao
From these relations, we get easily
{ &(m) = I'(—a)
(3' 5) m
g](m) = I,Z:;‘, {‘p(P_ a)—‘/’(P+ 1 "a)}gj—x(P) (j:2: 3: B ] n)

where (z) denotes the Gauss’s “psi-function”.

In particular,
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AT(—a)

&M = i)

Next we replace the positive real integer m in the above difference

equations (2. 6) and (3. 1) by the complex variable w.

(3.6) (w+Z — 2)8(w) = AS(w—1)
(3.7) (w—a)gj(w) = >hg,1'(7"—1)_g,'—1(w) .
It is easy to see that
@) — AT (—a)
&(w) Tw—atl)

Here we investigate the other solutions g (w) (j=2,3,:-,n) of the
difference equations (3. 7).
1 4
(=D dwi™*

Proposition 3. 1. If we define ¢ (w)= {g.(@)} (=1,
2, , n) and p(w)=0) then we have
(20— @), () A w—1) = — g, ().

Proof. For j=1, this is trivial from the property of the gamma-
function.

Suppose the proposition for j=1,2,-:-, p. Then we have
(20— @)p, )~ A, —1) = —,,(®).
Differentiating both sides of the above relations, we obtain
=)L (@) AL (g = 1)+ ) = — L (p, ().
dw"? dw"* z dw "

Here the right hand side

d

T Po-1(®) = (p— D ,(®)

and so we obtain

(w - a)P ° ¢p+1(w) - 7\P¢p+1(w) = - P‘Pﬁ(w) .
Hence

(w— a)¢p+1(w) - 7‘¢p+1(w) = - ¢17(w) .

The proposition 3. 1 was proved by induction.
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Proposition 3. 2. The following matrix is a fundamental matrix solution
of the system (3. 6)

(Pl(w)
pow)  p,(w)
?73.(7'0) ¢2.(‘w) ¢1(w) ]

PulW) (W) weeeees )

Proof. By the proposition 3.1, it is easy to see that each column
vector of the above matrix is a solution of the system (3. 6).
To show that each column vector is linearly independent of the others,

we calculate the determinant, which is equal to {g,(w)}” and cannot be zero.

Proposition 3.3. Multiplying the fundamental matrix solution of the
proposition 3.2 by the constant column vector from the left hand side, we can
get the solution of the system (3.6) with the initial conditions (3.2). The

constant column vector is determined from the initial conditions.

¢1(w) 1

%(w) ¢1(w) dl
G5 O = o) pw) g d,

<P,:(‘w) an.—l(w) """" " <P1(w) ‘.Zn-—1 .

Proposition 3.4. If h, is a large positive number, then for Re w=h,,
pi(w) (j=1,2,-, n) have the following asymptotic forms.

(3.9) qaj(w)g%;l%(logw)j”{c—l—@(%)} <|argw|§%>

where c is a constant.

Proof. Itis well known that for |arg ¢| <,

1 e\ 2y— o (ot - —s
= (&) e S bt 06}
=0

T(t+a) \t¢
So we have

(3.10) () = g(w) = F’&U_F_(&—f—i) (LY wrem e o( 1))

for |argw| <= .
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If we differentiate both sides of (3. 10), we get
p(w) = ig; (w) =" <i>ww‘“‘“/2>(log A +2+log w) {c +0 (—1—>}
dw ™’ w w

for |arg w| <z —3. Here § is a small positive number.

() ga-am M}{ o(i)}
PAw) = n (w> w logw{1+ 0 c+ »

ogw

~ toae = o0)

Repeating this process, we get
P (w) = \¥ (i)ww"”'<llz>(log w-+log A +2)77! {c + O<—1~)}
w w

gy of )

- Aem e fevof )

for |largw| <z —J'.
Lemma 3.1. For Rew=h,, where h, is a large positive number,

giw) (j=1,2,---,n) have the following asymptotic forms.

GB.11) g (w) = 1;(izz?(a_jq)(logw)f 1{c+o< )} (largwlgg—)

Proof. By (3.8), g;(w) (=1, 2,:+, n) are represented as follows
8/w) = p () +dip; (@) + -+ +d;p((w) -

According to the asymptotic forms of ¢ ;(w), we have

£,(w) ~ H{aogw)] e +(logW)+1}{C*0(l)}

- P?wI‘(a f_i) (log w)i—* {c +0< >} .

Here we define gj(w)=§%, for which we remark the following

corollary.
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Corollary of lemma 3.1. For a complex variable w and the positive
integers o and s, we obtain the following relations.
gfwts) =g w+o) = 31 {Yw—atp)—pw—a+p+1)}g@+p)

and g,(w) have the following asymptotic forms.

(3.12) Z/w) = (log w)f‘l{c +O<—1—>} (]arg w| g%)
w
Now we prove some lemmas which we need in the latter parts of this
paper.
Lemma. 3.2. If we define h, by

(3. 13) hy = max{l, —;—+Re a}

and q, (w, w,: 5) as follows.

(3. 14) g (W, w,: 5) = g(w,+ o) {gl(w +5) _ g(w+ S“l)}

&(w+ o) Lg(w,+5)  g(w,+s—1)
Here w, is such a integer as
(3. 15) w, = ~o—[%+ lal]

where [2] denotes the so-called Gauss’ symbol and means the largest
integer which does not exceed z.

Then the series

(3. 16) Oso(w0, w) = 37 ¢, o(w, ;3 5)
are absolutely convergent and uniformly bounded in the right half-plane
(3.17) Rew = hy—0o .
Proof. At first we estimate the absolute values of each term (3. 14)
5 = T(w—a+o+1) {I‘(wo—a+s+ 1)_I‘(wo—a+s)}
T(w,—a+e+ D)\ T(w—a+s+1) T'(w—a+s)
_Tw—a+o+)I'(w,—a+s) {_ 1 +wo——a+s}
T(wy,—a+o+1)T(w—a+s) w—a+s

_ (wy—ats—1)(w—a+o+1)  w—w
(w—a+s—1)(w—a+o+1) w—a+s

ql, O‘(w’ wO :
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Here we have the following estimates for sufficiently large value of p by
using (3. 13) and (3. 15)

lw—a+p|=Re(w—a+p)=h,—c—Re a+pg% +(p—o)
(3.18) lwo-—a+p|g1wo+pl+ia|§p—o—[—j’:+|ai]+|al

§(P—a')+% ’

and so we obtain

19, i 5)| < +
6

< K(s_a.)—<3/2)+<1/4> = K(s_o_)—(5/4).

(K: constant)

In the last part of the above calculation, we used the relations

e R G )

Hence

|0 o, w) | = 3310, o, w3 )| < K 33 (s— )"

Since the series of the right hand side is convergent, we can conclude
the validity of the lemma 3. 2.

Lemma3.3. Forj=2,3,.--,n, we define R; (w) as follows:

(.19 R, (w)= gi-(w+s)g(w+s)
a—+s

Then R; ,(w) are absolutely convergent and uniformly bounded in
the right half-plane (3. 17).

Proof. Using the estimates of (3. 12) and (3. 18), we try to estimate
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the absolute value of the (s—o+1)-th term of (3.19) which has the fol-

lowing form:

hs_c_lgj_l(w+s) 1
w—a+s ><(w+s—(x) e (wt+o—a)

Then we have in the right half-plane (3.17) for j =2,

1 1
[w—a+5| |(@+s—a)-(w+o—a)

1 1
X

o) e )
e 1 1)

)

P

< oo

and for j=3,4,.--,n,

3
ool log )|~ r(3)

s T 3)

r(z)
}I‘<s——o-+_;_)
gle[s—ﬂ—IL%)-

T <s——o-+_g_)

Here § is a positive number such as 0<8§< 1.

<o oy
= lw—a+s

Hence

Ty

for j=2

IR, ()] < L)
= I‘(s—a-i——z—-)

The series of the right hand side are convergent.

for j=3,4,---,n.
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Remark 2. In the latter parts of this paper, we will use the results
obtained until now, in the form where A and « are replaced by A, and
(@44 — P,) respectively, with upper index &.

Here we will show the new notations which are used in the latter parts.

We denote D()\;) by, 9, i.e.,

(3. 20) ‘@k = {t: 7\.kt (S .@*}

and the total intersection by 9), i.e.,

(3.21) 92=09,.
=1

The constant column vectors C* are used instead of C(a,,—p;, Ap).
We use the same character 4, to define

(3.22) By = max {1, >+ Re (au—p)i k=12, -, 1}

4. We now come back to the differential equations (1. 1).

In the eigenvalues of the matrix 4, p, has the maximum of the real
part by the assumptions (2). So the solution which corresponds to the
characteristic exponent p, has no logarithmic functions and the other
solutions have the logarithmic polynomials.

We write those solutions as follows.

(4.1) X,() = #: 33 G (m)e

(log t)] le(t) (]=2’ 3; Ty ”)

*2)  X®=3p

where X,(t)=X,(¢), and X(#) (j=2,3,--+,n) have the convergent power
serise with the characteristic exponents p; respectively.
Indeed, we substitute X (f) into the differential equations (1. 1).

dX 1)
=

The left hand side is

= (A+tB)X,(t)

i1 dX,\ 1 o
b =2 G=nyles (" )+Z G=1=1)1 (o8 Y%,

L .f dX, 1 X,
=3 (]—l)'( og 1)/~ { —+ X, 1}Jr( 1),(logt)‘tdt
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and the right hand side is

|
X . =

(A4+tB)X, :gﬂ(j—l)!

The coefficients of (log #)~% in the both sides are equal, so we get the

following differential equations

(log t)~4(A +tB)X,

94X _ (A+tB)X,
4.3) dt
e —ArBR X, (1=2,3,,m)

Hence X,(t) (j=1,2,--+,n) are the solutions which satisfy the above
differential equations (4. 3) and have the convergent power series with the
characteristic exponents p; around the origin. Here we suppose that
X(t) (j=2,3,+, n) have the following forms:

4.4) X, =t gcéj(m)t’” (j=2,3,-,n)

Proposition. 4.1. The coefficient vectors G,(m) and G;m) (j=2,
3, , m) satisfy the following difference equations respectively.

(4.5) (p,+m—A)G (m)=BG,(m—1)
with the initial condition

(4.6) (P—A)G,(0) = 0

and

(4.7) (py+m—A)C (m) = BCm—1)—C, (m—p, . +p;) (m=p, ,—p))

with initial conditions

Proof. We easily obtain by substituting (4. 1) and (4. 4) into (4. 3).

Here it should be remarked that if s is positive integers, G,(—s) and
G (—s) are always zero vectors which are derived from the initial con-
ditions. So we need not devide the difference equations for G ,(m) into two

cases (4. 7) and (4. 8), since G;_(m—p;_,+p;)=0 when 1<m<p, ,—p

i
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In the neighbourhood of the infiinty, there exist the formal solutions
which have the forms (1.3). Next we remark about the coefficients of

them.

Proposition. 4. 2. All eigenvalues of the matrix B are distinct by the
pentagonal condition (1.4), so the coefficient vectors H*(s) of the formal solutions
(1. 3) satisfy the following difference equations

(4.10) (ap—s—AHYs) = (B—AYHAs+1)  (k=1,2,,n)
with the initial conditions
(4. 11) (B=AnH*0) =0  (k=1,2,--,n)

Now we define the matrices F*#(g, m) (k=1, 2, -+, n).

Definition. 4. 1. We define the formal power series in a complex & by
(4. 12) FHE, m) = i Hk(5)® (s +m)em™ P12
$=0

where we denote the transposed vectors by * suffix.

For these matrices F*(€, w), we carry out the formal calculations.

AT e, w)

e = B HHSB (s m)m s+ Py — g )™

From the relations (2. 6), we have @%(m)(m+ p,—ay,+ Zy) =nSk(m—1)
Hence we get

(413) S TED) _ 5 ) 0, B 5 1) - Gam - ) e
= xS HHs)®h(m—1 4 5)e™ 11w
3 HA)m - s)e™ . 2,
= EN,FHE, m—1)—FH¢E, m)-Z,,
On the other hand, if we use the relations (4. 10) and (4. 11), we get

k oo
(4. 14) 519—-75—(;’-1—”—) = 2 (s—apet+A+m—p,+ AYHH(s)BL(s-+m)e™* 1= "n
§=0

i;) (N —B)H#(s + 1)SL(s +m)E™H*+P1%re

+(m+py— A) 3] HHS)G (s +m)em 0=
$=0
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= 51 (g BYTH)Bls-+-m— 1)Em—575 0%
—(va— BYH KOS (m— 1)gmH+7:-0n
(et py— A) 3y HA(5)Bh (s +m)e™ =+
= (A py—B)FHE, m—1)+(m+p,— A)F &, m) .

Eliminating F*&, m—1) from the differential equations (4. 13) and
(4.14), we obtain the differential equations

v O

— (m+p,— A)TFH(e, m)+e%(7x,,—B)Ef”(e, m)Zy .
k

AT

If we eliminate & —di’—m) from the differential equations (4. 13) and

(4. 14), we have
(4.16) (mp,— A)FHE, m) = (Eny— s+ BYFHE, m—1)— FHE, m)-Zy.

As for the matrices F*¥(¢, m), we obtain the next lemma.

Lemma 4. 1. The matrices F*(&, m) converge uniformly on the closed
unit disk |&| <1 of the complex E-plane because of the pentagonal condition
(1. 4.

So in particular, F*(1, m) are the convergent power series and then
satisfy the difference equations

(4.17) (m+p,—A)FH1, m) = BFH¥1, m—1)—F*1, m)-Z, .

Proof. We showed the matrices F*(&, m) satisfy the differential
equations (4. 15).

If we can prove that (&, m) have the convergent power series at
the origin, €=0, the formal calculations we carried out are justified and
we obtain the convergent power series (4. 12).

We put
(4.18)  FHe, m) = {Fie, m), i, m), -, Fie, m)}
where F}(g, m), F&&, m), -, Fi(&, m) are the column vectors.

We write out the differential equations (4. 15) by the column vectors,
then we have
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{e—(’”k‘3>}de(e’ ™) _ (m-tp,—A)FXE, m)

N de
Nk—B)} dFie, m) _ k
e = (m+ AYFig, m
{ ( A de (m+p, = A)Fi(e, m)

1 '
(4. 19) +Ex—k(xk—B)F1(e, m)

o= (=B EEEM) _ nip— ) Fie, m)

1
+——,—B)F}_(&m).
o e B m)

All the vectorial differential equations (4.19) have only 7 regular

singular points at XL;—M (¢=1,2,---,n) in the finite &-plane. In par-

k
ticular, £=0 (in the case when ¢=g) is also a regular singular point.

So according to the fundamental theorem of the ordinary differential
equations, it is easy to see that the formal power series Fi(g,m), and
repeatedly F§(&, m), -+-, F (€, m) converge uniformly in the neighbourhood
of the origin and become the solutions of (4. 19).

Since the nearest singular points to the origin are some of M N

Ak
(7 =£k), the radius of convergence is less than the minimum of the absolute

values of }Eh:ﬁ (¢==k), all of which are larger than 1 by the pentagonal
b
condition.

Therefore we can conclude that the formal power series F*(g, m)
defined by (4. 12) converge uniformly on the closed unit disk |&| <1 and
are the solutions of the differential equations (4. 15).

Here if we substitute £=1 in both sides of (4. 16), we get (4. 17).

Definition. 4. 2. For a positive integer o we define the vector valued
functions P% (w) (j=1,--,n, k=1,2,.-,n) of a complex variable w as
Sfollows.

For j=1,

1 oo
4.20 Pt (w)= —— STH*s)gk(w+s
(+.20) o) = e ST A Het)

and for j=2,3,---,n,
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(4. 21) jo(w) = ”(T—) E H*(s)g (w+s5)
So it follows that for k=1,2, .-+, n
(4.2 FALw) = 3 HHs)ghw+9)+glw+ )P} ()
and
(4.23)  Fi(L, @) = 3 HX)gh(w+9)+gl(w-+o— 1P} (w)
(j=2,3,-,n)
Lemma. 4.2. We define h by,
4.24) k= max{l,—;——-Re (p—aw); 1j<n, 1§k§n} _

Then P} (w) are holomorphic and bounded in the right half-plane
(4. 25) Rew =h—o.
Proof: At first we prove the lemma for j=1.

By the assumption (2), it is easy to see that A=h,.
Applying Abel’s transformation to (4.20), we have

1 k gHw,+ o) giw +5)
i, + )ZH it o ) gt ts)

1 B\ ok
m Z H*(s)gi(w,+5)

~ 1+G)s§ Hk(S)gf(wo+s)p;‘+lq1 (w0, w,; p)

1.(w) =

oo

= PLa(@)+ H)pz (a0, w53 p) 3 HA(5) 3oty +9)

= P q(w,) + ( )pZ} [91,o(w, w5 p)g1(w,+ PIPT (wy)]

where w, denote the integer defined by (3. 13).

Here gi(w,+ p) Pt ,(w,) are bounded, since they are the remainders
of the convergent power series by the lemma 4. 1, and _;il gt (w, w,; p)
are absolutely convergent and uniformly bounded by the i;rr:ma 3. 2, which
also guarantee the validity of Abel’s transformation carried out in the above

calculation.
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Hence we can conclude that P} (w) are holomorphic and bounded in
the right half-plane (4. 25).
For j=2,3,.--, n, we have

STHHs)gh(w+s) = 33 HHs)gh(w+9)gw+5)
= SV HYs)gh(w+9)[g}(w+o—1)
30 @+ p—apt p)— @+ p+ 1 =gt p)} g5+ p)]
= gi(w+o—1) 3] HHs)gh(w+3)
T30 {0+ p—aptp) = pw+p+ 1= aye+p)}

X 5w+ p) 3 HHS)giw+s)
2w+ —1gi(w+o)P1 () —ghw+o—1)
X

- 1 2wt e pr g
Z{w%—p—akk%—p1 gw+o—1) } 1,4(®)

So we have

=0

b () = Eiwt+o—Dghlw+o) p,
Pj,u'(w) g{’('w—i—o-~1) Pl,o(w)

-s 1 Zi(w+p)gi@+ P pi (4.
Z{w+p—akk+pl gi(w+o—1) } L)

p=0

Here P} ,(w) are holomorphic and bounded by the above proof.

gilwt+o—Dgiw+o) _{log (w+o—1}7™ are also bounded and holomor-

gi(w+o—1) (W+o—ap,+p)
; 3 1 g5 (w +p)gi(w +P)}
hic, and E]{ x i1 are absolutel
P = LW+ P =g+ Py gilw+o—1) d

convergent and uniformly bounded by the lemma 3. 3.
So we can conclude that P} (w) (j=1, 2,-:+, n) are also holomorphic
and uniformly bounded.

Lemma 4.3. For j=1, the set of {F¥1,m):k=1,2,---,n} con-
stitutes an independent set of solutions of the difference equations (4. 5) for all
non-negative integers m.

Proof. According to the lemma 4.2, for sufficiently large w such
that Rew=%—1, we have
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FX(1, w) = HH0)gh(w)+ gh(w+1)P} 1(w)
- Hk(O)gf;(w){Ho( 1 )} _

w
Now we calculate the Casorati-determinant (Wronskian) for suf-

ficiently large w.

C(w) = det (Fi(w), Fi(w), -, Fi(w))
== det (HY(0), H*(0),---, H(0))g1(w) -- g3(w)

Here the vectors H#0) (k=1,2,-.-,n) are the eigenvectors of the
matrix B which correspond to the distinct eigenvalues A\, respectively, so
the Casorati-determinant C(w) can not be zero for large positive real
numbers because of the properties of gf(w).

On the other hand, using the difference equations (4. 17), we have
det (p,+w—A)-C(w) = det B-C(w—1)
from which we can deduce C(w—1)=0 from C(w)=0, if det(p,+w—A4)

#0. But det(p,+w—A4) cannot be zero except for w=—m,, —m,,--,

— M,
Hence for positive integers w, C(w) are not always zero.
We proceed to some of main theorems which determine the so-called

“Stokes’ multipliers”.

Theorem 4. 1. There exists a set of scalar constants {T*; k=1, 2,---,n}
such that

(4. 26) G(m) = 3YTIF(1, m)

becomes the solution of the difference equation (4.5) with the initial condition
4. 6).

Proof. Since Fi(1, m) satisfy
(m-+p,— A)Fi(1, m) = BFX(1, m—1)

by (4. 17), G|(m) also become the solution of the same difference equation.

We can determine the constants 7';, using the initial vectors G,(0), by

G(0) = 31 TiFK(1, 0),
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for F}(1,0) (k=1,2,---, n) are the independent vectors and det {F(1, 0)}

are not zero.
Lemma 4.4. Using the “Stokes’ multipliers” T%, we can obtain a
special solution G¥(m) of the difference equations,
(py+m—A)G,(m) = BG(m—1)—G(m—p,+p,) .
Proof. By (4.17), the vectors Fj(1, m) satisfy
(o, +m—m,— A)F¥1, m—m,)=BF§1, m—m,—1)—F*1, m—m,).
Multiplying T# to both sides of the above relations, and summing

them up over &, we have, because of p, —m,=p,,

(p2+m—A)§ TiFY(1, m—m2)=B§ TIFY1, m—my,—1)—G(1, m—m,).
Hence we put

(4.27) Gim) = 3} THFY(L, m—m),

then G#(m) satisfies the above difference equation.

Theorem 4. 2. There exists a set of scalar constants {T'%; k=1, 2,---,n}
such that

(4. 28) G (m) = (;g=(m)+z:; TIFX1, m—m,)

becomes the solution of the difference equation (4.7) with the initial condition
(4. 9) for j=2.
They are determined by

(4.29) Gimy) = GH(m)+3] TIF(1, 0).

Proof. We can obtain the general solution of the inhomogeneous
equations by adding the general solutions of the homogeneous equations to
a special solution. The homogeneous equation of the form

(p,+m—A)G(m) = BG(m—1)

(p,+m—m,— A)Gym) = BG(m—1),
therefore F}(1, m—m,) become the solutions of the above difference
equations. From the independence of the vectors F{(1, 0), it is easy to

determine the ‘“‘Stokes’ multipliers” T'§ uniquely.
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Theorem 4.3. There exist the ““ Stokes’ multipliers”
{T%k=1,2,---,n, j=2,3,---,n}.
And using them, we can represent the solutions of the difference
equations (4. 7) (4. 8) as follows
(4. 30) G (m) =§ SV T Fim—my).
We have a special solution of the inhomogeneous equations (4. 7)

(4. 8) for j = p such as the following forms
(+.31)  Gim) =3 3\ Thoy Fim—m,)  (p=2,3,,n).
j=2 k=1

Proof. We prove the theorem 4. 3 by induction. We already proved
it for p=2 by the theorem 4. 2.

Now supposing that it is right for p, we will prove that it is also right
for p+1.

The vectors F(m) (j=2, 3, -+, n) satisfy

(P1+m“mp+1_A)F§(1; m—m,,,)
= BF;(L m'—l—mp+1)_F§—1(1; m_mp+1) .
Multiplying T';.,_; to both sides of the above relations, and summing

them up from k=1 to k=n and from j=2 to j=p+1, we have

~ ~ p+1 =n
(Pp+1+m‘A)Gﬂ;+1(m) = BG§+1(m~1)—j;2 k; T:+2—j 5.1, m_ml’+1) .

The last term

22 Th Fi (L, m—my+my,—m,..)

i=2 k=1
b n
= ]Z=1 k2=1 T;-&—l—jFlje(l: m_mp+Pp+1_pp)
= cp(m_Pp+Pp+1)
Hence G*,,(m) becomes a special solution of the difference equation
(4.7) for p+1. On the other hand, Fi(1, m—m,.,) are the solutions of

the homogeneous part of the equation.

So we have the solution G ,.,(m) as follows

Gp+1(m) = G§+1(m)+§ T;+1F§(1; m_mp+1) .
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Here the “Stokes’ multipliers” Tk, (k=1, 2, -+, n) are determined by
(4. 32) Gpﬂ(mpﬂ) = Gﬂ;+1(mp+1)+§ T:}ﬂFf(l: 0).

5. Now we proceed to the main part of this paper. We investigate the

behaviors of the convergent solutions near infinity.

Lemma 5. 1. (E.M. Wright) If @(w) is holomorphic and bounded in
the right half-plane

5. 1) Rew=HK >0
and
(5.2) h'>%_Re3,

then we have

= @ (m) m Z 1 n
(5.3) m=§]+1mz = O(e°2*F)+O(2")

as z tends to infinity in the sector

5. 4) Iargzlg—g—n .

Lemma. 5. 2. If o >h*=[h]+1, where h is defined by (4. 24), we have
(5. 5) S gi(m+ ) Ph (m)™ = O(Mt*n=n=7) 4 O(t+~°)

St eha—1)PL (D)
=1

and for j =2,3,-+, n,
(5.6)  Xgltm+o—1)P} ("

= O(eM1ou=1=%) 4+ O(#=") = 32 gh(or— 1 — )P} (— D)t~
=1

in the sector

5.7) |arg At | g%n-
Proof. Here we prove the lemma only for j=2, 3,-.-,n. At first
we decompose the left hand side of (5. 6) so that we can apply the above

Wright’s lemma.
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> glm -+ o —1)P4 ()™

gilm+o—1)P% (m)t™— cf_,‘hg{’(zr— 1-D)P5 (—=D)t!
=1

=2,
31 glm— 1P (m— o) S gh(o— 1—1)P§ (Dt
m=p =1

e ATT(p— )Pl (m—c) e o
=1 2 I‘(Yﬂ—i-Pl—akk) ()"kt) - ?::gl(a—l— l)PJ,o'(_l)t

m=px

Each component of P} ,(w—c) is holomorphic and uniformly bounded
in Rew=#h by the lemma 4.2, and the condition (5. 2) of the Wright’s
lemma is satisfied by the definition of %, (4. 24).

So applying the Wright’s lemma 5. 1 to the first term of the right hand
side, we have

= N T(p,—ay,) Pj (m—o) -
mZ:h* T(m+p,—ag) (at)

— t—u‘{O(e)\kttl—leLakk)_‘_O(th)}

— O(exkttakk—Pl—Hf(r)_*_O(th~°') .
This proves the lemma 5. 2.

Here if we define the matrix & ¥(w) as follows

6.8) @) = S )
H(w+o) =
1 oo
——— 2 H* + 2 H¥s)gn(w + } ,
FrCE— Z ($)ga(w+9),+, — pri— 2 HH(s)gn(w +5)
then we can rewrite the result of the lemma 5.2 by the following simple
form.
gilm+o)
(5.9) S Pim)|  gim+o—1) g
m=0Q 0 .

gm0 —1)
31 3 HY5)G(m+ )

— OetenrioY(1, £, B+ 0@, 1,--, 1)
gile—1)
S| gile—1-1)
=1 .

0 gio—1—1)
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where * suffix is used to indicate that the matrix or the vector is trans-

posed, and — denotes the column vector.
Lemma. 5. 3. In the sector 9, of (3. 20), we have
(5. 10) mi::o FH1, myt™ = e tonry E:Hk(s)Cit'z*t‘s
+0(@ten oYL, 7, 7, -+, B+ O@*o)L, -+, 1)
—’Z’fgk(l, — Iy
Proof. By the definition 4.1, we have
S, my™ = 3 [STHAS)G(s+m)+ 3 HH)GY(s+m)] 2™
= 35 HY5) [3 Bhls+m)+ 3 [3 HHS(s+m)] 2

Applying the corollary of lemma 2. 2 to the first term and the lemma
5.2 to the second term, we obtain

SYGHL, m)tm = ST HK(s) {etomrsC %
m=0 S=0
= SY@us— i+ o@-xd, 1, -, D}
=1

+O@MteuoYd, £, D+ 0@ )1, o, )

gile—1)
Sy gle—1-0)
0 ge—1-1)

= Mt 021 H¥s)Cgt%1~°
+o(tenrioYd, 2o, B+ O@-o)d, -, )
S S HA) O~ D5 HAS)®Y (s — 1))
=1 s= s=o

> > ->

B ‘Tz_l H ¥(s)CLt=%4~° 4+ O(eM' 1= P1=o)(1, £, -+, £)
$=0
>

0@, -, Y="SA FH(1, —1)et.
=1

Lemma, 5.4, For t in 9,, we have
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(5.11) 03 Fr(1, m—m,)t™
m=0
= eMtt%re GZ}_I HHA(s)Clt= %5
§=0

+ O, £, )+ 0@ )(1, -, 1)
._G—hz_mﬁgk(l’ —m,— I)t=tes

=1

Proof.

SYFHL, m—m,)t™ = SV FH, m—m, )t 41" S FH1, m) ™
m=0 m=0 m=0
o—-1
= M r Pty Z:;, H*&(s)Cgt~%t°
+ Ot moY, £, 24+ 0@ 7)1, e, 1)
SV Gk, Dty Y FHL, mem,) e
=1 m=0
The last two terms are calculated as follows

S, — DSy G, Dy
=1 =1

= = 5 a1, e

l=mp+1

cr—h*—mp

= — 3 FHL, —l—m) .

Hence, multiplying ¢’ and using the relations p,—p,=m,, we can
obtain (5. 11).

Theorem. 5. 1. For tin 9= ﬁ.@k, we have
r=1
X,(2) = 170 31 G (myt

— ST fevtton ST HA)CE 74 O(wmnY(1, £, )
k=1 5§=0

T
T:
+O(e oy} | T -”"g”’ép(_z)t—tw

0
0
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Proof. In the theorem 4. 3, we obtained the relations between G ,(m)

and F%(m). We can rewrite them as follows
T,
Ti

(5. 13) Gym) = 31 FK1, m—m,)| T}
0

0
Multiplying #*»+~ to both sides of the above relations (5.13) and

summing them up over m, we have

T,
k
.p—l
X, (1) = 222 32 G p(m)t™ = 31 S 9T K1, m—m,) ™| T4
m=0 k=1 m=0
0
0

and by the lemma 5. 4, we obtain

Rt) = 3 et I HHs)C 2+ O ) (L, £, )

T, T,
7:‘12 n G-k¥-m i‘k
S Cantol ] IO D Y=L CHEY BT
0 =1 I=1 0
0 0

The last term can be calculated as follows

T,
k

p—1

o-W-my g ooiFomy
— DGR, —1-m)| Tt [t = — N G (—Dt .
=1 k=1 =
0
0

This proves the theorem 5. 1.
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Corollary of theorem 5.1. If, in the sector 9), there is at least one

index &, for which Re (A,t) is non-negative, then we have

T,

TS,
(5.14) X(t) =~ I;v__}e*kft“kka(O)c;z-z* T

0

0

Proof. If in the theorem 5.1, o is a sufficiently large positive
integer, we have
o-rE-my
g G(=Dt"*»=0.
For, when [ is a positive integer, G*(—/)=0 which are derived from
the initial conditions (4. 6) and (4. 9). And we can imbed the other terms

into the right hand side of (5. 14).

k

Here we remark that H#0) =

Now we will show the main theorems in this paper.
On account of simplicity, we assume that there exist at least one index &,

for which Re (A ,f) is non-negative in the sector 9.

Theorem. 5. 2. We have

T: Tk ... Tk
o _ ; YL IR
(5.15) {X@), X(1), -, X} = 3] e 0)C it T
k=1 . ;
0 T

in the sector 9).

Theorem. 5.3. For t in the sector 9, we have
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TH Th o Tk

B .
(5. 16) {X1(t), X, (1), , X, ()} = S et H 5(0)C oo 15-.,,
=1 . T

Proof. We can rewrite the relations (4. 1) (4. 2) between X () and

X(#) in the matrix form.

{Xl(t)J Xz(t)J Tty Xn(t)}
1 (log #) (log £)°  (log )"
120 (1)
; ' '. (logg ty
= {X(8), X(t),+, X0} o2
. e 10_—§—t
w1
0 1
= {X1(t): Xz(t)) R Xn(t)} 5.

So we have, by the theorem 5. 2,

(X0, X0, X)) = S waent 0)Chr-s | " pylen
0 T

Here we can decompose the matrix of the “Stokes’ multipliers” as
follows
Tt Tk..- Tk
i . ; T = TfI'FT;Z*—I— Téng'*_""*'TZZ::l
0 ‘e, T

Ha N

where I denotes the identity matrix.

Hence we can exchange the matrix of the “Stokes’ multipliers” for
the matrix #%. Since ¢~ %-t%=1, we obtain (5. 16).

The nature of the matrix solutions of the differential equations (1. 1)
near infinity are represented by the very simple forms in the last theorem
5.3, and it is not difficult to represent the matrix solutions in component-

wise.
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In order that we can analyze the solutions of the differential equations
more easily, we are now investigating the matrix functions, for instance,
matrix I'-functions and matrix ¢-functions on which we will give some

results in the subsequent paper.
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