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Let us start with the outline of the theory of the eigenfunction
expansion for the second order differential operator due to H. Weyl,

M. H. Stone, E. C. Titchmarsh and K. Kodaira. Consider a differential
expression with suitable boundary conditions

L=—2 (-4 ) +q)

defined in an open interval (&, b)) and take any linearly independent
system of solutions (s;(x, 1), s;(x,4) of L(#)=2u such that each
s;(x, 2) is extendable to an entire function of A for every x. Using
s$1(x, 4) and sy(x, 1), we can construct a (2, 2)-matrix P() = (p;1))
depending on 1 with is called the measure matrix. Writing

L,(dP(D) = {(D) = ($:(2), ¢ (D) /I p||<< o0}
with

lelr= 3\ 6.8 @das,
we obtain an isonorphism:
0. 1) (Li(a, b);dx) =L,(dP (%))

where the corresponding f(x) and (¢.(1), ¢:(4)) and are obtained
from each other by

©0.2) f@= 5 \" 6@sx Ddas@

t,7=1
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12
0.3 s =\ s nax  i-1,2
It is easy to see that any linearly independent system of solutions

(8.(x, 1), ty(x, 2)), each £;(x, ) being extendable to an entire function
of 2, is obtained by the transformation

L D =38, D =12

and vice versa. where each a;,(4) is extendable to an entire function
of 2 and det (@;;) never vanishes in the complex Z-plane. ¢:(1) and
dp;;(2) are transformed by each transformation as follows:

DD =30 D8,
and
dp:;(2) —>do;(2) = . IE=1 v @ ai (D) dow (2),

where (27'(2)) is the inverse matrix of (a;;(2)).

Even if we take instead of a:;;(), ¢, =1, 2 measurable functions
bi;(A), i, 7=1,2 with det (5:;(1))+#0, the ¢ (x,2), i=1, 2 obtained
above will form a linearly independent system of solutions of L(#) =2u
and we have the same isomorphism as above, though each #;(x, 1) is
not necessarily extendable to an entire function of 4 any more.

Let us call for the former transformation by (a;(1)) analytic
and the latter one by (6:;;(1)) measurable. As is well-known, do;;(2)
turns out to be diagonal by a suitable measurable transformation, see
Dunford and Schwartz [3] XII, 5, while such a diagonalization is
not always possible by analytic transformations.

The aim of the present paper is to discuss the diagonalization
of the measure matrix by analytic transformations that will be called
the analytic diagonalization. If the measure matrix for L is analy-
tically diagonalizable we simply say that L is analytically diagona-
lizable.

In Section 1 we shall give a necessary and sufficient condition
for L to be analytically diagonalizable. In Section 2 we shall use
this to construct an example of L which is not analytically diagona-
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lizable and to see that the case of symmetric potentials is a typical
example which is analytically diagonalizable. In section 3 we shall
give some examples which can be obtained by purturbating symmetric
potentials and are still analytically diagonalizable.

We shall follow K. Kodaira [7] as to the notations.

I want to thank professor K. Ito for his interest given to this
work.

§1. A condition for the pessibility of the analytic
diagonalization of L.

Given a differential expression:
__.d_ . — oo
ap  1--42 <p(x) 4 )+q(x) (a<x<b, —ooLa<h<oo)

defined in a (finite or infinite) interval (a, b), where p(x), q(x) are
real-valued functions defined in (@, b), p(x) has continuous first

derivative, q(x) is continuous and p(x)>0 for a<<x<<b, let us con-
sider the differential equation

L{u)=Ilu,

where [/ means a complex parameter.
By a system of fundamental solutions we shall mean a system

of two solutions s;(x, [), s.(x,!) of the equation L(#)=I[u having
the following four properties:

i) [y 81 =!

i) sz, D) =s,(x,1) k=1, 2 in the whole /-plane,

iii) as a function of («,10), s;(x,0) and (d/dx)s.(x,1)
k=1, 2 are continuous.

iv) as a function of [, s,(x, ) and (d/dx)s.(x,1) k=12
are entire for every X,

(1.2)

where [S,, s:| is a bracket

182, Sul =p(x) (8a(x, Dsi(x, ) —s:(x, Dsy(x, 1))
(si=d/dx)s,, k=1, 2)
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and the bar means the conjugate complex number.
For a system of fundamental solutions there exists a pair of
functions of ! (f.(l), f»(!)) having the following properties:

f i) £O=£f0, fi(D)=f) in the whole Il-plane,
ii) fuH)#fi() for Iml+0,
1iii) f.() and f,(I) are meromorphic in Im/+0.

The functions f,(I) and f,() will be called characteristic functions.
With suitable boundary conditions at @ and b, L is a self-adjoint
differential operator in L,((a, b); dx). Then, choosing a system of
characteristic functions (f,(0), f;()) and choosing a pair of boundary
conditions at @ and b are equivalent to each other.
Define the characteristic matrix M (/) by

_(Ma) Ma(D\_ 1 LOAD LD +AD
a.3) M@“(Mnco Mm@) ) ‘—f:<1>”<f,,<l> )

and the matrix P(2) = (p:;(1)) by

10 P02 ) -t LS 01

The measure matrix dP(2) is positive semi-definite and symmetric.

Let H denote the Hilbert space L,((a, b); dx) where the norm of
# will be denoted by [u|. Next, we consider A-measurable vector
functions ¢(2) = (¢,(2), ¢.(2)) and put

ol =" 3 s:6,Ddoud.

Then H*= {¢/||¢|l+< oo} constitutes a Hilbert space, and the transfor-

mation

w(%)—: (D) :S"sioc, Du(x)dx  i=1,2

proves to be a unitary transformation from H onto H*, whose in-

verse is given by

s D—u@®=\"_ 5 s DeDdon (@
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Now we introduce a new definition:

Definition. A differential expression L in (1.1) will be analyti-
cally diagonalizable if there exists a system of fundamental solutions
(s1(x, D), s2(x,1)) and a system of characteristic functions (f,(0),
(D) of (s;(x,1), s;(x,[)) such that the measure matrix defined by
(1.4) is a diagonal matrix for any real number A.

For the sake of simplicity we shall say that L is diagonalizable
when L is analytically diagonalizable.

For any »>0 the characteristic matrix M (/) can be represented
as follows:

M@ = +ROWD),

S dP /2)
o =1

where R®(l) is a (2. 2)-matrix function whose components are regular
on the complex plane with the slits /[<<—p and /==».” Let us assume

that P(2) is a diagonal matrix for any 4. Then we have
{Mm DH=RP )
Mu(D) =R D)
As the real number v is arbitrary, My (), My (l) are regular functions
in the whole /l-plane. Therefore it follows from (1.3) that
feD+fiD _ 1+f(D/f(D)
fDO—f0  1-£D /1)
is an entire function i.e. f,({)/f.(I) is a meromorphic function in
the whole [-plane and f,({)/f.(l)#+1 for any complex /.

Conversely, if f,(I)/f.(l) is meromorphic in the whole /-plane and
(D /f.()+1, then My,(I) and My (l) are regular. Hence we have

012“) =pn(x)=0 (— co<lA<o0),
Thus we obtain

Lemma 1.1. In order that L is diagonalizable it is necessary
and sufficient that exists a system of characteristic functions (f.,

1Y [7]. p. 932, (2.15).
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fv) of (s, s2) such that f,(1)/f.(1) is meromorphic in the whole
I-plane and f,(1)/f.(1)+1 for any complex l.

Let us consider two systems of fundamental solutions (s, sj) and
(81, S2). Then there exists a (2,2)-matrix function A() = (a;,(1))
such that

I i) AW =A4Q0),
ii) ay() i, j=1, 2 are entire function,

1iii) detA(l)=1 in the I-plane

and s, S; are related to s, s§ by a unimodular transformation A4 (/)
102, D\ _ gy [(S2(2, l))
.6 (HER)-2o3%5)
where A'(l) is the transposed matrix of A(/). Denote by (fi, f3)
(or (f% f3)) the system of characteristic functions of (s, s3)) (or
(8% s)). Then (f, f») is related to (f%, f3) by a linear transformation
A
JAOEYIOIHO!
HD=4AD D),
where we put
AD F(D = an(Df() +as(1) .
DID= 4, F O + auld

Using these facts we can restate the lemma 1.1 as follows:

Lemma 1.2. In order that L is diagonalizable it is necessary
and sufficient that for amny arbitrary system of characteristic
Sfunctions (f., f) there exists a (2, 2)-matrix function A,(1)= (A;(1))
such that f,()=A4Df.(1). Here A,(l) satisfies the following
condittons:

i) A i, j=1,2 are mervomorphic in the whole l-plane,

i) 4@)=4,0),

iii) if we put detA,(I)=f(), then f()+ 1 and A,(D)/
(A—f)) is regular in the whole Il-plane,

iv) Au() +A,) =f) +1 for any complex .
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If for an arbitrary (f.(D), f2(D)) there exists such A,(l), then
we can choose a suitable system of characteristic functions (fa(l),
() such that

THOVHORSIOF

As the proof is easy, we omit it.

§2. The Potential which is not diagonalizable
and the symmetric potential.

In this section and the next section we shall assume with no loss
of generality that p(x)=1 and (@, b)=(— o0, o), and call g(x) in
(1.1) the potential of L. Moreover we assume that L is of the limit
point type both at —oo and at +oo, for L is always diagonalizable
if L is of the limit circle type either at —oo or at oo.

We divide the differential operator L into the following two
differential operators in [0, oo]:

II&:_ ;;z +q:(%), g:(x) =q(x)
(2.1) e
le:—TixT—l—qz(x}’ (%) =q(—x).

L, and L, are regular at x=0 and their spectra are simple.
Denote by (s}, s?) the system of fundamental solutions of L
satisfying the following conditions:

{sl<0; l) :Sé (0) l) :1

f 1 /.
5100, 1) = 5,0, 1) =0 or 2

(2.2)
Any system of fundamental solutions satisfying (2.2) will be called
the natural system of fundamental solutions. Denote by (f2, fJ) the
system of characteristic functions of (s}, s)). Then we define the
system of fundamental solutions (s}, s3) of L, by

{s{”(x, D) =si(x, 1)

0<x< oo
Ox D=z, )~ OSF==)
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and the system of fundamental solutions (s{®, s®) of L, by

{89) (x, D=si(—%,1)

0<C
SéZ)(x, l):——sg(_x, l) ( §x<oo>

Denoting by f1({) and f;({) the characteristic functions at oo of
(s, s8°) and (s, sf®) respectively, we clearly obtain

LD =D
fz(l)z— —m(l).
Let us assume that L is diagonalizable. Then there exists a

system of characteristic functions (f*.(0), f¥(l)) such that f¥/f*.
is meromorphic. Therefore denoting by 2¥ (or UX.) the set of real

2.3 {

numbers 4 such that f% (or f*.) is not meromorphic at 2, we obtain
(2.4) k=A%,

As f¥ (or f*.)is related to fL(or f°.) by a linear transformation

with the components regular in [, it follows from (2.4) that
(2.5) AL=A..

where . (or A’..) is the set of real mumbers 4 such that f% (or f°..)

is not meromorphic at 4. From (2.3) we also obtain
(2' 6) 91]_:%12

where U; (or ¥U,) is the set of real numbers A such that f; (or fi) is
not meromorphic at 4. It well-known that the essential spectrum of
L, (or L,) is independent of the special choice of its boundary con-
ditions.” Therefore it follows from the spectral formula (1.4) that
A; (or Ay) is the essential spectrum of L, (or L,). Using (2.6) we
obtain

Theorem 2.1. If L is of limit point type at both —oo and oo
and L is diagonalizable, then the essential spectvum of L, and L,
in (2.1) coincide with each other.

By virtue of the theorem 2.1 we can construct a differential

2) [3]. p. 1394.
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expression L which is not diagonalizable. Take for example a function
¢ (x) continuous on [0, o) and that for a real number 2#0|¢(x) — k]|
is summable in (0, oo) and ¢(0)=0. If we put

o(x)  (x=0)
q(x) = {0 (x<<0),
we obtain®
W= [k, o)
A, = [0, o).

Hence 2;#%;, so that L is not diagonalizable.
Next, let us consider the case that the potential g(x) is symmetric
i.e. g(x)=q(—x). In this case we have

2O+ =0,

which shows that L is diagonalizable by the natural system of funda-
mental solutions.

Conversely, let us assume that L is diagonalizable by a natural
system of fundamental solution (s}, s3). Taking (f ., f%) as above
and denoting with dP°(2) = (dp’;(2)) the measure matrix defined by
(f'e, f%), we obtain

@17 o={" M " nE Drtn Dax
where
(x, D) = {wm(x, DIfle@—fi1? (x=0)
ni w_. (%, D nD)—FoD] (2=<0),

—feDw.(x, DI fLD—foD]T (x=0)
Tz(x, l) = { 0 0 -1
—fle(w_o(x, D[ fLaD—fu(D1 (xK0),
w.(x, D=s3(x, D +fLDsi(x, 1),
Woow(x, D=8y, D)+ f2.(Ds)x, D).

From (2.7) we obtain

3) [9]. p. 115-119.
4) [7]. p. 931, (2.12).
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g”;wm (x, D |*dx
2o <0

fo/ i) =~
S_mlw_m(x, D |%dx

and fL()/f°..(1) is meromorphic, so that
o /f2.(l) =const.
On the other hand we have

AN

e o)
in general, where { is a real number.” Therefore we obtain
HAD=f0) o fuD/fe-(D=-1

In addition to this fact, the characteristic function f1({) (or f2(1))
uniquely determines the potential g,(x) (or g;(x)).® Hence in this

case we have
a(x)=q(x) ie qgx)=q(—x).

Theorem 2.2. If L is diagonalizable by the natural system
of fundamental solutions, then q(x) is symmetric i.e. q(x)=q(—x).

§3. Examples of L which is diagonalizable.

From the result of Section 2 we know the following: If the
potential ¢(x) is not symmetric at infinity, for example the limits of
q(x) exist and

lim g (x) #1lim q(x),

T->c0

L is not diagonalizable. The symmetric potential q(x) =qg(—x) is a
typical potential which makes L diagonalizable.

These fact will suggest the following question: In case the
potential g(x) of L is obtained by suitable perturbation of a sym-

5) [1]. p. 285, [6]. p. 338, [9]. p. 119.
6) [1]. Lemma 1.
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metric potential, is L diagonalizable? we cannot give a complete
answer to this question, but we shall discuss some examples which
might suggest the solution more or less.
Let us consider two potentials g(x) and ¢,(x) in (—oo, +o0).
We put
d2
L=——+ x
a7 T4
d
L(): _-d—}:‘z‘ +qo(x>.

Let (s}, s)) (or (#%,1))) denote the natural system of fundamental
solutions of L (or L,) and (f’., f%) (or (gl., g~)) the system of
characteristic functions of (s, sj) (or (#, #)). Now we impose the
following assumption: There exist two positive constants % and e
such that

|a(x) —au(x) [explk(x+\ [a(y) )]

and
|a(=2)—a(— ) lexplk(x+ | [g(—) |d9)™

are summable in (0, oo).

Under this assumption, we easily see by the general theory of
ordinary differential equations that there exist two (2,2)-matrix
functions 4_..(J) and A4.(l) satisfying (1.5) such that

re(D)=A:.(Dgs- (D

Therefore putting A4,()=A4'.()A.(), (g°., Agl) 1is a system
of characteristic functions of L. Let us assume further that
q(x) =qo(—x). Putting

—gl.=gl=g
we see that (—g, 4,2) is a system of characteristic functions of L.

In order to show that L is diagonalizable, it is sufficient to show that
there exist a (2, 2)-matrix function A(/) satisfying (1.5) such that

7) [2]. §2, §3. [9]. p. 115-119.
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AD(—g)/AD A gD

is meromorphic and never takes the value 1. Putting

A Cd a(l) r(l
Ao<l>:<38 DE[%)’ AU):(B%I% gglg)’

w0-u040=(3 £

A(—-g)=f%., A*g=f%,
we have

fr— (¢A+yB)g+ (aC+yD) _ a*g+r*
= "(BA+oB)g+ (BC+oD) prgt+é*’

f*o= a(—g) ‘*‘Tﬁ.
B(—g) +0
Theorem 3.1. (1) If there exist two positive numbers k and
e such that |q(x)|exp{k|x|* is summable in (—oo, o), L is
diagonalizable.
(2) If there exist two positive mumbers k and ¢ such that
lg(x) +x*exp{k|x|*¢} is summable in (—oo,00), L is diagonaliz-
able.

Corollary. If q(x) has a compact support, L is diagonalizable.

The case (1) occurs when ¢,(x)=0 and the case (2) occurs
when ¢,(x) =—x% Clearly L has double spectra in both cases. First

we prove the case (1). If ¢,(x)=0, g(l)=—1iy/]. In order that

f¥/f*. is meromorphic, it is necessary that
B0 Im(f%/f*.)=0,
for any real 2 that belongs to the essential sepectrum of L. Let

Golio)

be a (2, 2)-matrix function satisfying (1.5). Then we have
a(tiy])+c cd+abltiy ]

b(*+iy1)+d — @+pl

Hence it follows from (3.1) that for 1 in [0, oo)
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V2 e  +a* ) — (— v 1) {rd+aply =0,
i.e. for any complex !

3.2) *D* D) +a* DB DI +rDe) +a()p(DI=0.

Conversely if (3.2) is satisfied, we have

o +1p
FHf = ey

ie. f¥/f*. is meromorphic. Therefore, determining the A(/) so that
it satisfies (3.2) and ad—Bd=1, we have

{ w— dK+BL
(3.3) P K+2B8L+p*M
' _ oL+BM
T SK+28 L+ M’
* *__1_ K +2B0L+p*M
(3' 4) —°°/f°°-1 62+IBZ
where

I K()=1+D()*+B()%
LDH)=CODUDL+ADBWD!
1 MO =CD*+AD '+,

which depend only on the potential g(x).

Now let (/) and &8(I) be two arbitrary entire functions satisfying
B(D=8(D and 6())=6(l). Then «(l) and r(l) determined by (3.3)
are meromorphic functions satisfying a(!) =a(1) and y() =7({) and

3.5 FED/fE.D)#1

except for real / such that /<<0. But we must choose suitable entire
functions B(/) and &(l) to satisfy (1.5) and (3.5) in the whole
[-plane. Clearly the real number 2<0 such that f¥(1)=f*.(2) is an
eigenvalue of L. In this case A=0 is not an acummulating point of
eigenvalues 4, #=1,2,:-- which lie in (—eoo, 0). Hence we can
determine B(!) and 6(!) as follows: Let{l}no1e - (0>>2,=>2:-+) the
eigenvalues in (—oo, 0) of L and {un}n-na - (0<<] | < jpe|<:-+) the
root of the equation
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KD {MD)*+IK()*+4L()H) —2KWOM D)1y =0

which do not belong to {1,}. Determine an entire function &(/)such
that

i) 0@ =—iy/ 2, and 6())+iy/ 2, has a simple root at
ln=1.2--2),
ii) 0(un)’+pm#0 (n=1.2--)
iii) o) =000,
and B(l)=1.
Then it is clear that

all) v
A0-(53 53)

satisfies (1.5) and (f*., f%) satisfies (3.5) in the whole /-plane.
In the case (2) that ¢,(x) =—=x? the essential spectrum of L,
is the whole real axis, so that the situation is much easier than the

case (1); it is sufficient to put =0 and d=1.
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