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Cartan-Kuranishi’s prolongation
of differential systems
combined with that of Lagrange and Jacobi

By

Michihiko MATsupa

§0. Introduction

There exist differential systems which can not be prolonged
to an involutive system by Kuvanishi's standard prolongation, al-
though they have a solution. A simple example was given by
Kuranishi himself in [8]. We shall construct here a partial
prolongation, combining Cartan-Kuranishi's standard prolongation
and Lagrange-Jacobi's classical prolongation. Applying our partial
prolongation, we can prolong any differential sysiem to an involu-
tive system if it has a solution.

Let (M, N; =) be a real analytic fibered manifold and let J'(M,
N; =) be the space of [-jets. A subsheaf of ideals (which is locally
finitely generated) in O(J"), the sheaf of germs of real analytic func-
tions defined on J'(M, N; =), is called a system of differential equa-
tions of order / on N. We consider here systems of differential equa-
tions of the most general type which may be non-linear and overdeter-
mined in general.

Roughly speaking, a differential system is said to be involutive,
if its general solution can be obtained by solving successively equations
of Cauchy-Kowalevsky’s type.

As to exterior differential systems, E. Cartan characterized in-
volutive systems in [2]. M. Kuranishi constructed the standard prolon-
gation of exterior differential systems in [8]. He gave in [8] and

[9] a necessary and sufficient condition under which a system can be
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prolonged to an involutive system by the standard prolongation.

Lagrange considered systems of linear differential equations of the
first order with one unknown function. He showed that every such
system can be prolonged either to an involutive system of the first
order or to an incompatible system (see [4]). Generalizing the method
of Lagrange, Jacobi proved that every system of non-linear differential
equations of the first order with one unknown function can be pro-
longed either to an involutive system of the first order or to an in-
compatible system (see [4]).

E. Cartan showed in [3] that any exterior differential system with
two independent variables can be prolonged to an involutive system if
it has a solution. He also conjectured in [3] that any exterior dif-
ferential system with more than two independent variables can be pro-
longed to an involutive system if it has a solution.

J. A. Schouten and W. v. d. Kulk obtained in [14] the theorem
of prolongation on extevior differential systems of the special type.

H. H. Johnson treated in [7] certain types of differential systems
which are prolonged to an involutive system by Kuranishi’s standard
prolongation.

Recently M. Kuranishi characterized involutive systems of dif-
ferential equations in [10]. He gave a clear proof of his prolongation
theorem on systems of differential equations also in [10].

We shall compare Kuranishi's prolongation theorem with the clas-
sical theorem of Lagrange and Jacobi. Let us consider a system of
differential equations @ of the first order with one unknown function.
Then it can be proved that, if @ is not involutive, it can not be pro-
longed to an involutive system by the standard prolongation. Hence
Kuranishi’s prolongation theorem does not contain Lagrange-Jacobi’s
theorem as a special case.

Roughly speaking, we say that a system of differential equations
0 of order [ is quasi-involutive, if p®, the prolongation of @, contains
a system {¢;, -+, ¢,} of functions defined on J'(M, N;=) with the fol-
lowing property: @ is involutive if and only if @ contains all ¢,(1=<
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i<7).

From this point of view, it follows from Kuranishi’s prolongation
theorem that every system of differential equations can be prolonged
to a quasi-involutive system of higher order by the standard prolon-

gation, if it has a solution.

Generalizing the method of Lagrange and Jacobi, we shall define
the prolongation of the same order for every system of differential
equations of order /. Let p,® be the set of all functions defined on
J'(M, N; =) that are contained in p®. Then p@ is a subsheaf of
ideals in @(J"), which contains @. We call p,0 the prolongation of
the same order of @.

Also we shall call the subsheaf of ideals G P in O(J") the p-
closure of ®. Here py0 is defined by pijo= p:(_;)S“ILD) inductively. By
this definition the theorem of Lagrange and Jacobi can be expressed
in the following form: if ® is a system of differential equations of
the first order with one unknown function, then the p-closure of @ is
either involutive or incompatible. The success of Lagrange and Jacobi
results from the fact that every system is quasi-involutive in their

case.

The algebraic aspect of Kuranishi’s prolongation theorem was de-
scribed in a purely algebraic theorem by V. W. Guillemin, I. M. Singer
and S. Sternberg in [5] and [15]. The theorem was conjectured first
by them and was proved by J.-P. Serre (see Appendix in [5]). In
his proof, J.-P. Serre clarified the relation between vanishing of Spencer’s
cohomologies and involutiveness, applying a theorem on commutative
algebra in {1].

We shall combine the prolongation of Cartan and Kuranishi with
that of Lagrange and Jacobi in the following way. For a given system
of differential equations @ of order [, let ¥, be the p-closure of o.
For every integer # we inductively define %, as the p-closure of p%,,.
Then we have the sequence of systems (&, %, ¥, - } with the
following property: for every #, p%, and p¥, are contained in ¥,
and ¥,,, respectively.
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We say that a system ¥ of differential equations is p-closed, when
¥ contains p#. Then every system %, above constructed for ¢ is p-
closed. We shall prove in Theorem 1 that a system ¥ is involutive
if and only if Z is p-closed and quasi-involutive.

Applying the theorem of Kuranishi, Guillemin, Singer, Sternberg
and Serre, we can prove that the system %, above constructed for @
is quasi-involutive for sufficiently large #, provided it is compatible.
Since every ¥, is p-closed, we see in Theorem 2 that ¥, is involutive
for such sufficiently large #. Hence we can prolong every system @
either to an involutive system or to an incompatible system.

As to prolongation of G-structures, N. Tanaka recently constructed
in [19] the partial prolongation. He gave an application, proving
finiteness of the automorphism groups of certain G-structures which
are not of finite type. Our construction of the partial prolongation
was motivated by Tanaka’s construction of his prolongaiton.

As to prolongation of systems of linear differential equations,
fruitful results are being obtained by D. C. Spencer, M. Kuranishi, D.
G. Quillen, W. J. Sweeney, C. Buttin, H. Goldschmidt and others. A
part of their results has been published (see [11], [13], [16], [17],
[18]).

Their results are being obtained in the category of infinite dif-
ferentiability. However, we discuss the problem here in the category
of real analyticity. Also we discuss here local existence of solutions.

The author wishes to express his sincere gratitude to Professor
M. Kuranishi, Professor T. Nagano, Professor S. Nakano, Professor
D.C. Spencer and Professor N. Tanaka for their kind advices and
encouragement.

§1. Systems of differential equations

Let O(J') be the sheaf of germs of real analytic functions defined
on J'(M, N; n) and let @ be a subsheaf of ideals in @(J'). Here we
say that © is a system of differential equations of order /. We do
not assume that @ is locally finitely generated. The following Proposi-
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tion 1 explains what happens if we do not assume that @ is locally
finitely generated.

A point X in J'(M, N; =) is called an integral point of @, if every
¢ in Oy vanishes at X. Let @ be the set of all ¢ in O(J") such that
there exists a domain U, with the property that ¢ is defined over U,
and vanishes on U, I0. Here [0 is the set of all integral points of
0. Then 0 is a subsheaf of ideals in O(J), which contains 0. We
have the identity I0=1I0. Hence the system @ has the following pro-
perty: for an arbitrary domain U, any section over U which vanishes
on UNIo belongs to 0.

Proposition 1. For any domain U, in J'(M, N; =) containing
an integral point of 0, there exists in U, an integral point X,
around which 0 is finitely generated on Io.

Proof. For every point X on U, 10, we define s(X) by

s(X)=dim{de; o€ 04}.
We assume that the function s(X) attains the maximum s at X,.
We can take a coordinate system (g, ***, @, %1, **+, #,) around X, cho-
osing ¢; in 0x,(1=<<¢<{s). Let X, be an integral point which belongs
to a sufficiently small neighbourhood of X,. For every ¢ in @y,, there
exists a function «» defined on a neighbourhood U, of X; which satis-
fies the congruence

@(‘Pl; tty Qsy Ugy M,)

E"I"(”ly ) ut) mOd(Wh Tt q’:)'
Since the function « belongs to @x,, we have the identity dy,=0 at
every point on U;I®. Hence every derivative g:f vanishes on

—_— — k

U,;NIo and belongs to 0y,.

It follows also that every derivative _y of higher order
0y~ -0y,

belongs to EX, and vanishes at X;. Since the function «r is real ana-
lytic at X, it vanishes identically. Hence we have the congruence

=0 mod (g, - ¢,) for every ¢ in 0x,. This proves the proposition.
An integral point X is called an ordinary integral point, if #=0
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is a regular local equation of /¢ around X.
Let o/, be the projection from J'(M, N; =) onto J" (M, N; )
defined by

01 (7:(f)) =7 (F).

Then for every pair of X and X=p,,X, we have the injection
from Oz(J'™) into Ox(J") defined by

lp=0Oopi-1.
We identify Ox(J’'™) and its image by ¢ in Ox(J").

Let « be the natural projection from T3 (J*) onto T3((J")/
Im(zopt)*. We say that @ is compatible at X, if @x, is generated by
such functions ¢;, ‘-, ¢, that tde, -+, tde, are independent at X, and
if X, is an integral point of @.

A real analytic mapping f from a domain U in N to M which
satisfies zof =identity is called a solution of @, if ji(f) is an integral

point of @ for every point x in U.

Proposition 2. Let X, be an ordinary integral point of o.
If a solution f passes through X, then @ is compatible at X,.

Proof. We choose such functions ¢, -+, ¢, in @y, that zdg,, -,
tde, are indepeudent at X,, where s=dim {rdyp; ¢ E0x,}.

We take a coordinate system (oy, -+, @., U1, ***, U,, X1, **+, X,) around
X, with the property that vde,, -, vo,, vdu,, ---, rdu, are independent

at X, and every x, belongs to O(NN). For every ¢ in 04, there exists

a function 4 which satisfies the congruence
QD((D,-, Uj, xk) El]l‘(%;, xk) mod (901; Tty (03).
Since tdyr=0 at X,, for every A(1<h<r) we have
O 0 0y
6%;, (un xk) O
at X,. On the other hand we have the identity

Y (u;(7:(f)), %) =0,

from which for every {(1<i<m) we have
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6\[1‘ 0,0 6%;,(]i(f)) a\P‘ 0 0y
(1) %u—h(u” xk) 6x; + axi (u/, xk) 0

at X,. Hence for every :(1<i<n) we get
N 0 oy
Txi‘(un xk) ”“0’

and we have the identity dy.=0 at X,. Since X; is an ordinary
integral point, @, is generated by ¢:, ‘-, ¢;.

§2. Prolongation of systems of differential equations

Let @ be a system of differential equations of order /. M. Kura-
nishi defined in [10] the prolongation of @ in the following way. Let
£ be a vector field on N. To every function ¢ in O(J') we associate
the function ¢: in O(J'*) defined by

ee(J:(f)) =8(e(F:(f))).

Let p® be the subsheaf of ideals in O(J'*) generated by © and ¢,
where ¢ and & vary over all elements of @ and all vector fields on N
respectively. M. Kuranishi called p@ the prolongation of @. Let (x,,
Ya, D -+, P be a coordinate system around X, where pi'*(7:(f))
:%T If @y is generated by ¢,(1<k<r), then S p0)x is gener-
ated by 0 and 08¢, (1<k<r,1<i< dim N) for every X in (p/™)'X.
Here 8¢, is the function defined by
R e AR oy D

Generalizing the method of Lagrange and Jacobi, we define p.0,
the prolongation of the same order of @, as the sheaf associated to
the presheaf {U—G(U)}. Here G(U) is the set of all elements
of I'(U) that are contained in the I’(@)-module generated by @ and
0,0, where I'(U) and F(CINJ) are the rings of all sections over U and
(o)UY respectively. Then p@ is a subsheaf of ideals in O(J),
which contains @.

We say that 0 is p-closed at X, when 0y contains (p,0)x.
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Following [10], we define the subspace Cx(0) of @x(J*) for every
integral point X by

Cx(0) ={Xe€Qx(J'); X(p)=0 for all o0y},

where @Qx(J')=Ker(dpi,). Also we define p(Cx(®)), the prolonga-
tion of Cx(®), by

P(Cx(0)) =Cx(@QTH(N)NQ (MRS (T*(N)),
where Qx(M)=Ker(dr). Then we have the identity
Cz(p0) =p(Cx(0))
for every X in (/") XNI(p0).

Proposition 3. Let X, be an ordinary integral point of O
which satisfies the following two conditions (i) and (ii):

(i) o is p-closed at X,.

(i) dim p(Cx(0)) =constant on a neighbourhood of X, in Io.

Then there exists such a neighbourhood U, of X, that (CT/O,
Vo; o) forms a fibered manifold, where Dy andV, are (o™ U,
NI(p0) and U, 10 respectively.

Proof. We take a system of generators {¢i, -, ¢y of @x,, Where
s=codim /0.

Let {&,; 1<k<{ms} be an arrangement of {0jp;; 1<r<{m, 1<i<s},
where n=dim N. And let {E,,; 1<h<m(iD} be an arrangement of
{pli; 1<a<lm, I,,= (4, 1), 14y, -, 1,,<n}, where m=dim M
—n. Then we have the identity

m<> — dim p(Cxo(0)) +rank< gg )Xq.

~

We denote by 7 the rank of the matrix <§;ﬁ;’—> x, and assume that
h

we have the inequality
D@, -+, or)
—rD VT ()
D(ply '“7pT)

at X,.

Every §; can be expressed in the form
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5= 3CiB -, K=m( ),

wtere C/ and + belong to Ox,(J'). By the assumption we have the
inequality

det(Cf(Xo)),-,j.=1,2,.‘.,1¢0.
For every i1(=T+1) we can solve the following system of linear equa-
tions with unknown functions Bi{(1<j<{T') uniquely:

SIBICI=C! A<k<T).

The solutions B! belong to Ox(J’). Then every ¢, (t=%+1) is
expressed in the form

T . K -~
¢i=>Bip;+ > Al put ¢
j=1 k=T+1
Here A! and ¢, are the following functions:

A=Cl—BIC) (T+1<h<K)
and

(b::'\]l’._JZ:lB;]’\II‘J

The functions Af and ¢; belong to Ox,(J"), (T+1<i, k).

It follows from the assumption (ii) that every A’ vanishes on a
neighbourhood of X, in /@ and that every A% belongs to 0x,. Hence
we see that every ¢; belongs to (p®)x, by the definition of p0. It
follows from assumption (i) that every ¢; belongs to 0x,.

Let U, be a sufficiently small neighbourhood of X,. Then for
every X in (o), (p®)x is generated by ¢, -+, ¢, and @1, -+, or.
This proves the proposition, because ¢;"d@,, -+, 0i"'dgr are independent
at X. Here o' is the projection from Tz*(J'*) onto Tz*(J"*)/Im
(o) *.

Remark. Let X, be an ordinary integral point of @ which
only satisfies the condition (ii) in Proposition 3. Let us consider
the system 0, generated by ® and ¢; (T+1<i<ns). Then we have
the identily p@=, on U, if 0,=0 is a regular local equation of
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Io, around X,.

§3. Involutive systems of differential equations

In [10] M. Kuranishi defined involutiveness by the following

Definition 1. We say that o is involutive at X,, when the
following three conditions (i)~ (iii) are satisfied:

(i) X is an ordinary integral point of O.

(ii) There exists a domain U, in J'**(M,N; z) such that
‘TJOP,I(p!D) is a submanifold U, which forms a fibered manifold
(CVy, CVo; oY) with a neighbourhood <V, of X, in Io.

(iii) Cx (@) is an involutive subspace of Qx,(J").

If o is involutive at X,, then @ is compatible at X,. To prove
this fact, let f be a mapping from N to M which satisfies the identi-
ties mof =indentity and ji'(f )=E. Here X, is an integral point of
PO which satisfies o1 X,;=X,. We see that such f exists by the condi-
tion (ii) in Def. 1. We replace the f in the proof of Prop. 2 by the
f thus taken. Then we have the identity (1) by the definition of
0. This proves our assertion.

An involutive system @ is completely integrable at X,, if and only
if the identity Cx, (@)= {0} holds. Let ® be a system of the first
order which is completely integrable at every point in M. Then for
every point z in M, there exists the global solution which passes
through z (see [10]). T. Nagano treated in [12] completely inte-
grable systems with singularities.

We define quasi-involutiveness by the following

Definition 2. We say that © is quasi-involutive at X,, when
the following thrvee conditions (i)~ (iii) are satisfied:

(i) X,is an ordinary integral point of 0.

(ii) dim p(Cx(®)) =constant on a neighbourhood of X, in Io.

(iii) Cx,(0) is an involutive subspace of Qx,(J").

If 0 is quasi-involutive at X,, then there exists a system {g;;1<C
i1<7} of functions in p0 with the following property: @ is involutive
at X, if and only if ® contains all ¢;(1<<¢<<r). This fact can be
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proved by the method used in the proof of Prop. 3.
We have a necessary and sufficient condition for a system to be

involutive in the following

Theorem 1. Let @ be a system of differential equations of
order I. Then in ovder that © be involutive at X,, it is necessary
and sufficient that o is p-closed and quasi-involutive at X,.

Proof. Let @ be p-closed and quasi-involutive at X,. Then the
conditions (i) and (iii) in Def. 1 are satisfied by the definition of
quasi-involutiveness. The condition (ii) in Def. 1 is satisfied by Prop.
3.

The necessity of the conditions will be proved later.

M. Kuranishi showed in [10] that his definition of involutiveness
coincides with the classical notion of involutiveness, proving the fol-
lowing theorem:

Let @ be a system of differential equations of the first ovder
which is involutive at X,. Then ® is generated by the following
Sfunctions ¢,(0<i<n, 1<a<k,) in a neighbourhood U, of X, and
PO is generated by 0 and 0, (1<i<n, 1<a<k;, 1<r<i) in the
domain (o)™ U,:

J 9a=Ya—Ya(%, q"),
(2 Ou=DPa—Vvra(x, 9, D' -, D74 @),
1 0=k =r.=m),

where

x= (%4, -, X¥,), independent variables

y=(¥1, -, ¥u), dependent variables

pi=(pi, -, D), derivatives with respect to x;
and

qi:(p:m, "'yp:")’ q[):(y'(oﬂy "'yym)'

Then we can construct the general solution of ® around X, by
solving successively equations of Cauchy-Kowalevsky’s type.

For a system @ of higher order, we construct from @ the system
of differential equations of the first order 0 in the natural way.

For example, let ® be a system of the second order generated by
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e(%, 952, 0,4; 7,5, 1), (A<kZr),
where
%, ¥; independent valiables

z ; dependent valiable
:_a_z._’ q:_ai’ 7': 622 y s: 82z , f— 622 .
0x oy o0x® 0x0y 0y*

Then @ is the system of the first order generated by

%(x,y; 2 b, q; 00, 09 6—‘1), A<k<r)

ox’ 9x’ 0y
and
0z 0z op  0q
o P oy P oy ox

In general @ has the following properties: integration of @ is
equivalent to that of @ and, @ is involutive if and only if @ is involu-
tive. Hence in the general case Kuranishi’'s definition of involutive-
ness coincides with the classical notion of involutiveness.

Also @ has the following properties (i) and (ii):

(i) o is p-closed if and only if @ is p-closed.

(ii) @ is quasi-involutive if and only if @ is quasi-involutive.

Now we shall prove the necessity in Th. 1. In the case where @
is of the first order, we can prove the necessity by Kuranishi’s theorem
above stated. Hence, in the general case, we see that the conditions
in Th. 1 are necessary by the remark above mentioned.

In the case where @ is a system of the first order with one un-
known function, the subspace Cx(®) is always involutive (see [10]).
Hence in this case our theorem is equivalent to the classical theorem
of Lagrange and Jacobi (see [4], [6], [10]).

§4. The prolongation theorem

M. Kuranishi obtained in [9] and [10] the following prolongation
theorem:

For every non-negative integer n, let 0, be a system of differ-
ential equations of order l+n. We assume that, p0,C0, ., for every
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n and that, there exist for every n an ordinary integral point X;
of 0, and its neighbourhood V, in 1o, which satisfy the follow-
ing two conditions (i) and (ii):

(i) Au X=X,

(i) (CVe, SV oiin™) forms a fibered manifold.
Then 0, is involutive at X for sufficiently large n.

In his new proof he applied the following

Lemma. (Kuranishi-Guillemin-Singer-Sternberg-Serre). Let E and
F be vector spaces over real numbers. For every mnon-negative
integer n, let A, be a linear subspace of EQS'"™(F*). We assume
that A, is contained in p(A,~) for every n(=1). Then for suf-
ficiently large n, we have the identity p(A,.)=A, and A, is an
involutive subspace.

Let © be a system of differential equations of order /. We define
Pi@ inductively by pi0=p(pi?0) for every n=1. We call the sub-

sheaf D D@ the p-closure of @. Then the p-closure of @ is a system

n=1

of differential equations of order / which is p-closed at every point in
J'(M, N; ). By the definition we see that integration of @ is equiva-
lent to integration of the p-closure of 0.

Theorem 2. Let @ be a system of diffevential equations of
order 1. We define ¥, inductively as the p-closure of p¥,. for
every integer n, wheve ¥, is the p-closure of ©. We assume that
there exists an ovdinary integral point X, of ¥, for every n with
the following two properties (i) and (ii):

(1) abnaXi=X7" (n=1),

(ii) dim p(Cx(¥,)) =constant on a neighbourhood of X, in
Iv,.

Then w, is involutive at X; for sufficiently large n.

Proof. Since pZ,, is contained in 7,, it follows from the Lemma
that Cx;(¥,) is involutive for sufficiently large #. By Theorem 1 we
see that the system ¥, is involutive at X} for such #z, because ¥, is
p-closed at every point.
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Corollary. Let @ be a system of differential equations of order
I. We assume that the system © has a solution f defined on a
domain U in N and that, there exists a point x, in U with the
following properties (i) and (ii):

(i) Xi=7"(f) is an ordinary integral point of ¥, for every

(ii) dim p(Cx(¥,)) =constant on a neighbourhood of X in I¥,
for every n.
Here ¥, is the system of differential equations of ovder I+n defined
for © in Theorem 2. Then ¥, is involutive at X§ for sufficiently
large n.

Example 1. (given by Kuranishi in [8]). Let @ be the system
generated by the following functions ¢:, ¢. and ¢;:

0,
=+ %
P1 1 2 axz )
0,
=U,+ X
P2 2 1 axl )
_ Ou, _ ou,
Pk, ox

The general solution of @ is given by

4 c

U= —— Uy ——o
1 x%xz, 2 xlxgj

where ¢ is a constant. The system @ can not be prolonged to an
involutive system by the standard prolongation. For the system @ we
see that Z, is generated by @ and the following functions ¢, and ¢;s:

ou ou
<o4=63;(x1u1—x2u2)=ul+x1»a—xi——x2 6x12 ,
ou 0usy
=02( XUy — Xolhy) = Xy ———Up— X .
(2] 4( 11 22) 1ax2 2 23.962

The system ¥, is involutive at every integral point X for which x,70
and x,#0.

Example 2. Let @ be the system generated by ¢,=3y—p? where
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=Jr Then #,=0, and p¥, is generated by ¢, and ¢,= p(p’—%),

where p'= Z}; . We have

{o1, 02}, <P'=%>

(1”1)17: 1
Loy, (P L)
Hence %, is involutive at (x,0, 0, 0).
By the standard prolongation the solution y=0 remains a singular
solution of p"@ for every .

Example 3. (Clairaut’s equation). Let ® be the system generated
by ¢;=y—px—f(p). Then po is generated by ¢, and ¢, =p (x—f'(p)).
We have
{o, 0%, (x—f'(p)#0)
@Dx=3 {o, x=f'(p), 1=F"(Pp}, ('+0)
l {o1, 0, (P'=x—f"(p)=0).

Hence Clairaut’s singular solution is a regular solution of %;.

Example 4. Let @ be the system generated by

¢1=Z~px—qy+%(p2+qz),

_0z 0z
where p= ox’ q ay

Then po is generated by ¢:, ¢, and g;:
e=7(x—p)+s(y—q),
p=s(x—p)+t(y—q),

0’z 0%z 0%z
a5 S and t~——ay2.

where 7= = —axTy

We have
(!F1>X: {<P1,p—x,q_y; 7_11 S, t—l}

at X for which 7{—s*=0. Hence Lagrange’s singular solution is a
regular solution of .



84

[13]
£z]
[31]
(4]

[5]

[71]
£81
[9]
[10]

[11]

(121
[13]
[141
[15]

[161]

17l

[18]
191

Michihiko Matsuda

BIBLIOGRAPHY

Bourbaki, N., Eléments de mathématique, algébre commutative, Chap. 4, Hermann,
Paris, 1961.
Cartan, E., Sur certaines expressions différentielles et le probléme de Pafff,
Ann. Sci. Ecole Norm. Sup. 16 (1899), 239-332.
———, Les systémes différentielles extérieures et leurs applications
géométriques, Hermann, Paris, 1946.
Goursat, E., Legons sur 1’intégration des équations aux dérivées partielles du
premier ordre, deuxi€me edition. Hermann, Paris, 1921.
Guillemin, V.W. and S. Sternberg, An algebraic model of transitive differential
geometry, Bull. Amer. Math. Soc. 70 (1964), 16-47.
Hermann, R., E. Cartan’s geometric theory of partial differential equations,
Advances in Math. 1 (1965), 265-317.
Johnson, H.H., On terminating prolongation procedures, Pacific J. Math. 10
(1960), 577-583.
Kuranishi, M., On E. Cartan’s prolongation theorem of exterior differential
systems, Amer. J. Math. 79 (1957), 1-47.
—, Lectures on exterior differential systems, Tata Institute of
Fundamental Research, Bombay, 1962.

, On involutive systems of differential equations, Lectures at Res.
Inst. Math. Sci., Kyoto University, 1966, to appear in the Stigaku (Japanese).

", On resolution of partial differential equations, Proceedings of
Katata Conference on the theory of partial differential equations and on the
theory of complex manifolds, Kyoto (1966), 45-54.
Nagano,T., Linear differential systems with singularities and an application to
transitive Lie algebras, J. Math. Soc. Japan 18 (1966), 398-404.
Quillen, D.G., Formal properties of over-determined systems of linear partial
differential equations, Thesis, Harvard University, 1964.
Schouten, J.A. and W.v.d. Kulk, Pfaff’s problem and its generalizations, Oxford,
1949.
Singer, I.M. and S. Sternberg, The infinite groups of Lie and Cartan, J. Analyse
Math. 15 (1965), 1-114.
Spencer, D.C., Deformation of structures on manifolds defined by transitive,
continuous pseudogroups, I, II, III, Ann. of Math. 76 (1962), 306-445 and 81
(1965), 389-450.
———————, Some remarks on overdetermined systems of linear partial
differential equations, Proceedings of Katata Conference on the theory of partial
differential equations and on the theory of complex manifolds, Kyoto (1966),
55-82.
Sweeney, W.J., The D-Neumann problem, Thesis, Stanford University, 1966.
Tanaka, N., On generalized graded Lie algebras and geometric structures, I,
to appear in the J. Math. Soc. Japan.



