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On the spectra of integral operators
connected with Boltzmann and
Schroédinger operators

By

Jun UcHivama*

§1. Introduction

1. 1. In this work we shall study selfadjoint integral operators of the
form

WD HHE= V@£ +| K 0f(0dy,

where V(x)>0 and the perturbation term K is, in general, an un-
bounded operator. Operators of this type appear rather often in ap-
plications. E. g., the so-called linearized Boltzmann operator and the
Fourier transformed Schrédinger operator are of this kind. The con-
tinuous spectra of these operators have been investigated by many
authors, e. g., Friedrichs [3] [4], and Faddeev [2], but it seems that
the discrete part of the spectrum has not been studied systematically.
Therefore we shall discuss chiefly the discrete part of the spectrum.

1. 2. Making use of Hermitian forms, Birman [1] investigated sys-
tematically operators of the form

1.2 C=A+B,

where A>>0, and B is small relative to A. He applied the results to
the study of spectra of differential operators (mainly of the Schréd-
inger type). In §2 we shall study operators of the form (1.2), and
obtain some information on the essential spectrum and the negative
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part of the spectrum. Our results are similar to those of Birman [1],
but are stated in terms of operators rather than in terms of Hermitian
forms. In §3 we shall give criteria for the selfadjointness of the
operator (1.1). It will be shown that the study of the negative part
of the spectrum of (1.1) reduces to that of the spectrum in (—oo, —1)
of a bounded selfadjoint integral operator of the form

N €Y)
W8 GN@={ BN (.

This result is particularly convenient in showing the finiteness of the
discrete spectrum of (1.1). In $§4, without making use of the operator
(1. 3), we shall give a sufficient condition for the infiniteness of the
discrete spectrum. The result entails that in the neighborhood of x,
satis{ying V(x,) =0 the behavior of V(x) and K(x,y) plays an im-
portant role. The method is essentially the same as used by \iislin
[14], the author [11], etc. Finally, in §5 we shall apply these results
to the eigenvalue problems associated with the linearized Boltzmann
operator, the Schrédinger operator and the operator of the so-called
Friedrichs model.

It has been shown by Kuscer-Corngold [8] and Ukai [12] that
there are an infinite number of discrete eigenvalues of the Boltzmann
operator for the so-called mono-atomic gas model. But it seems to
the author that KusCer-Corngold’s treatment is not rigorous from the
mathematical point of view, and in Ukai’s treatment, more strict esti-
mates are required. Furthermore, both of them apply to this problem
results from the theory of eigenvalue problems for ordinary differential
equations, but we assume no such knowledge. As for Schrodinger
operators, we shall give another proof of results obtained so far by
Birman [1], Mizohata-Mochizuki [9], the author [11], etc.

§2. Perturbation of discrete and essential spectra
2. 1. In this section, § denotes an abstract Hilbert space.

Definition 2.1. Let A be a selfadjoint operator in 9. 2 is said
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to belong to the essential spectrum o,(A) of A, if there exists a
sequence {%.},-1.. CD(A)? such that [«.|=1, %, converges weakly
to 0, and lim|[Awu,—Au,]|=0.2 The complement of ¢, (A) with respect

H->c0

to the spectrum ¢(A) of A is called the discrete spectrum ¢,(A) of
A, and a point belonging to ¢;(A) is said to be a discrete eigenvalue.

Then in terms of operators we shall show a result similar to
Birman (1], Theorem 1.2, which he has given in terms of Hermitian
forms.

Theorem 2.1. Let A be a non-negative selfadjoint operator in
9, B a symmetric operator, and D(A)=D(B). Let C=A+B be a
selfadjoint operator with domain D(C)=D(A). If the densely defined
operator (A+1)"**B(A+1)""” has a unique completely continuous ex-
tension F;, then

(i) C is a lower semi-bounded operator, and

(i) 6.(C)=0.(4).
Remark 2.1. In Theorem 2.1 the fact that (A+1)""*B(A+ 1)

has a dense domain follows from the essential selfadjointness of (A+
DY, (2>>0).2 In fact, since we have (A+A1)*?|,C(A+ A1) pen
c(A+aD)*®, where D= QEA(n)SD,” we have only to show that (A+
A)'?|, is essentially sél_fadjoint. Now for any feD(A'), putting
fo=E.(n)fED, we have, as n—>oco, ||f,—f|—0, and [|[(A+2a[)"?|pf,—
(A+/II)”EfllzzSj(qu/l)dHEA(y)sz—»O. Thus the minimal closed ex-

tension of (A+2aI)'?], is an extension of (A+il)'? and so (A+
)2, is essentially selfadjoint.

Proof. Since FiD(A+I1)"*B(A+I)"" D(A)cD(A"), and

since D((A+I1)*B(A+1)7?)=(A+1)"*D(A), we have for any f&
D(A)

1) D(A) denotes the domain of A.

2) Here and in the sequel, | || and ( , ) are used to denote the norm and inner
product in 9 as well as in L?(£2) introduced in §3.

3) A is said to be non-negative if, for any f&D(A4), (Af,f)>0.

4) By Alp is meant the operator 4 with its domain restricted to DCD(A).

5) Ea(p) denotes the right-continuous resolution of the identity associated with A.
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(Bf, f)=((A+ D" F(A+ D", ) = (Fi(A+ D', (A+ D).

Since F; is completely continuous, for any >0 there exist a finite
number of elements {¢:;}:-1.»C9 such that

| (Fi(A+I)f, (A+ D) | <el[ (A+Df |2
RIS A+ D™, o) 1"
By the density of D(A) in &, we can choose {@;};-1..xnCD(A) satisfy-
ing
lo—ll<y/ g G=L - ).

Thus
| CCA+IYEf, o) | I ((A+ DY, 0i—00) | + | ((A+ D), 8 |

<V R AT DYF I TICA+D .

Consequently, for any f&D(C)=D(A), we have, with some constant
¢(e) depending only on e,
((C+Df,H=(A+Df. )+ Bf, H=IA+ DS
=3[ A+ D*fP—c@IfI?
=13 A+ DYfP—c@IfI™
If we choose ¢=>0 small enough to satisfy 0<C3e<C1, we have assertion
D.
Choosing A1>1 large enough to satisfy —1€p(A)Np(C),® we have

the resolvent equation
2.1) (A+iD)*—(C+2D)™

=(A+il)*B(C+)™

=(A+1I)P(A+2D) B(A+ D)2 (A+ 1D (C+al)™

=(A+ 2D F(A+ D) (C+ D).
Here F, denotes the unique completely continuous extension of (A+

D PB(A+2aI)™"2, Its existence can be seen as follows. Since 0<C
(p+1) (u+)7<<1 for 0<<u<<oo, the spectral decomposition formula

6) p(A) denotes the resolvent set of A.
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yields that (A+aI)"1?(A+I)'® has a bounded extension, which equals
(A+1)"*(A+1)"*% a bounded operator. Thus the complete conti-
nuity of F; leads to the existence of completely continuous F', in view
of
(A+aD)PB(A+2l)"
=(A+2D) A+ DA+ PBA+ 1) 2(A+ 1) (A+ )2
CUA+DY™(A+IDF(A+ DA+l

On the other hand, we can easily see that (A+a)*(C+il)™ is a
closed operator defined over all of . Thus it is a bounded operator,
and the right side of (2.1) is completely continuous. Then Weyl's
theorem yields ¢,((C+2I)™) =0.((A+1I)™*). Thus assertion (ii) holds.
(q. e. d.)

2.2. Definition 2.2. Let A be a selfadjoint operator in . The
dimension S(A: a, b) of the range of the projection operator E,(6—0)
—E,(a) is called the total multiplicity of the spectrum of A in (a,
b).

The next lemma is well-known. In Birman [1] it plays a funda-
mental role.

Lemma 2.1. Let A be a selfadjoint operator in . Let z(A4)
be the upper bound (+ oo permitted) of the dimensions of subspaces
M contained in D(A) such that for any element feM(f=0), (Af,
f)<<0 holds. Then we have

S(A4: —o0,0)=1(4).
Proof. First, let S(A: —o0,0)=n<+oo. Then we can choose
a set of elements {¢;};1,...CD(A) satisfying Ae;=2Xe;, 4<<0, and
(g ) =85, Putting p—Sap (3] al £0), we have (Ape) =34/ a,l*
<0. Thus S(A: —o0,0)<r(A). If we assume t(A)>S(A: —oo,0),
there exists some ¢ =D (A) satisfying [¢]|=1, E.(0—0)e=0, and (A,

¢)<<0. This is a contradiction, and, therefore, we have S(A: — oo, 0)
=7(A4).

In case S(A: —o0,0)=+oo, we may show in a similar fashion
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that r(A)>n for any #, so that t(A)=+oo. (q. e. d.)

2.3. Making use of the avove lemma, we have the following result,
similar to Birman [1], Lemma 1.3, where it is given in terms of

Hermitian forms.

Theorem 2.2. Let A be a positive selfadjoint operator in 9,
B a symmetric operator with domain D(A)=D(B), and C=A+B a
selfadjoint operator with domain D(C)=D(A). If R(B)cR(A")>
and if the operator A12BA~'2 has a bounded selfadjoint extension Fj,

then we have
2.2) S(C: —o0,0)=S(F,: —oo, —1).

Corollary 2.1. If F, is a completely continuous operator, then
C has the following properties:

(i) C is a lower semi-bounded operator.

(ii) 6.(C)=0.(A4).

(iii) There exist at most a finite number of discrete eigenvalues
of Cin (—o0,0).2

Corollary 2.2. Let the conditions in Theorem 2.1 be satisfied.
If S(A+{B: —o0,0) is finite for any f(—oco<f< -+ o0), then F, is

completely continuous.®

Proof of Theorem 2.2. First, let S(F,: —oo, —1) =n<+ oo,
Then we can choose {@.}:c1...C9 satisfying Fopo:=Xde:, (@i, ¢;) =0i,
3<<—1(=1, ---,n). Moreover, because A”D(A) is dense in $ (as
is seen by using the spectral decomposition formula and by Remark
2.1), for any ¢=>0 we can find linearly independent {f}:s,...CD(A4)
so that the inequality

(2 3) ”Al/zfi—_¢i”§5 (Z: 1, ) n)
holds. Using (2.3), we have
(2.4 | ((Fot D) A2, A7) — (Fot+Doi, 0) |

7) A is said to be positive if, for any f€D(A4) (f=0), (A4f, f)>0.
8) R(A) denotes the range of A.

9) This corollary is similar to Birman [11, Theorem 1.4.

10) This corollary is also similar to Birman [1], Theorem 1.4.
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<| ((Fo+ D) (A"fi =0, 00 | + | (Fo+ 1) AP, (APf,—0,)) |
<UFll+De+ ([Fol| +1) A+e)e= ([ Fol[ +1) (2+¢)e.
Since D(A"BA-") = A'*D(A), Bg=A"F,A*g for any geD(A)C
D(A™®). If we put f==éla,.f,., g”llai#o, then feD(A), and we
have by (2.4), ' ,
(2.5) (CH,H=CALH+ B
= (A"f, A'Pf) + (F AP, APfF)
= ((Fo+ 1) A'"f, APf)

— 33303, ((For DAY, A7)

i=1j=

iélailz{((Fo+ Dei, o) + ([Foll +1) (2+e)e} +

sy/nSlal y/nDlal AR+ E e
=Slal 4t 1+ (D (Ff+ D @+

Choosing ¢>>0 small enough, we have (Cf, f)<<0, since 4,<<—1. This
shows, in view of Lemma 2.1, that S(C: —o0, 0)>S(F,: —oo, —1).

Now, if we assume S(C: —oo,0)>S(F,: —oo, —1), by Lemma
2.1 there exists a set of elements {f:}ic1...u1 such that {f}..s ..

CDA), (fonf)=bs and (C(af), (1000 for any (@) res.ues

n+1
satisfying >}|a;| #0. We decompose A'*f; as follows: Af,=g®+
1=1

g®, where g€ Es(—1-0)9 and g®P= (- E;(—1-0))9. Taking
account of S(F,: —oo, —1)=n, we can choose {@}i.1.. .1 satisfying

ga(g,-(‘)zo and glail =1. Then
0=(C(Eaf), Safd)—14*Sa !
B 2 Ear ol
=4 Sa £l - 14 Ea fIr=0

is a contradiction. Thus S(C: —oo,0)=S(Fy: —oo, —1).
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In case S(Fy: —oo, —1)=+oo, for any #>0 we can similarly
choose an #-dimensional subspace M such that for any element f& M,
f#0, (Cf,f)<<0 holds. This shows that S(C: —oo,0)>n. Then,
by Lemma 2.1, S(C: —o0,0)=+0o0. (q. e. d.)

Proof of Corollary 2.1. By the same method that was applied
in the proof of Theorem 2.1 to F, and F;, we can utilize the com-
plete continuity of F, to show that F;, which is the unique bounded
extension of (A+1)7?B(A-+1)72 is completely continuous. Then,
taking account of Theorem 2.1 and Remark 2.1, we have (i) and
(ii). The assertion (iii) is clear from Theorem 2.2. (q. e. d.)

Proof of Corollary 2.2. By Theorem 2.2, {F, has at most a
finite number of discrete eigenvalues in (—oo, —1), so that the spec-
trum of F, in (—oo,0)J(0, o0) is discrete. Thus F, is completely
continuous. (q. e. d.)

Remark 2.2. In case that the inequality [|Bf|<a|Af|+blf]
(@, b>0) holds for any f=D(A), we may replace in Theorem 2. 2 the
condition R(B) Cc R(A'®) by the condition that A|A-D is essentially
selfadjoint, where D=D(A2BA~?). In fact, since A'?| 4D is es-
sentially selfadjoint, and is a positive operator, D is dense in 9. Thus,
examing the beginning part of the proof of Theorem 2.2, we can
choose {f}iz1,...CA2D satisfying (2. 3), so that we have S(C: —oo,
0)>S(F,: —oo, 0) in a similar fashion. On the other hand, we have
Bf=A""F,A**f for any f€D(A). In fact, since A|A2D is essential-
ly selfadjoint, there exists {f.},-12..CA™2D such that [f—f.[—0
and [|[Af,—Af|[=0. Then |[Bf—Bf.[|<alAf.—Afll+blf—f.]-0
and [AYY,— AY*f|*= (A (f—f.), (f—f.) )—=0. Therefore, Bf.,=
A'*F,A'*f,, F,is bounded, and A'” is closed, and hence Bf=A"2F,Af.
Thus we can also show, in a way similar to the proof of Theorem
2.2, that S(C: —o0,0)>S(F;: —co, —1) is a contradiction.
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§3. Perturbation of multiplicative operators by
integral operators

3.1. Let 2 be a (not-necessarily bounded) connected domain in the
m-dimensional Euclidean space R”. In L*(2) let us consider the

operator
@D HH@W=V@® F@+| K )r )y
= (V)@ +ENH ).

On this operator, here in the sequel, we impose the following condi-
tions.

Assumption 1. V(x) is a real-valued and continuous function
on £. Let the domain of the multiplicative operator V be D(V)=
{fel@): Vix)-f(x) el (2}.

Assumption 2. inf V(x)=0.

x€Q

Assumption 3. The integral operator K is generated by K(x,y)
=K(y, x), and is symmetric on D(K)=D(V).®

If we set D(H)=D(V), H is a well-defined linear operator act-
ing in L*(2). In the following H denotes the operator thus defined.

3.2. Lemma 3.1. The operator V is selfadjoint, and
(3.2) 6.(V) = 1[0, sup V(x)].»
x€R
Proof. By Assumption 1 we can easily see that V is a selfad-

joint operator in L?*(2). The right-continuous resolution of the identity
{Ev(2)} for V is given as follows: For any ¢(x)=L*(2)

0, if V(x)>3
e(x), if V(x)<a

Then the fact that V(%) is continuous in £ and satisfies Assumption
2 leads to (3.2). (q. e. d.)

(3.3) Ey(Do(x) = {

11) It seems that the condition K(x, y)=K(y,x) is independent of the symmetricity
of K on D(K)=D(V).
12) Here the case st€1p V(x)=cc is also permitted.
z€0
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Next, we prove a result useful in dealing with operators of the
form (3.1).

Theorem 3.1. Suppose there exist a real number « such that

K(x, ) N
(3.4) SQS medxdy< -+

holds, and for any @>>0 there is some number c(a) satisfying
(3.5) | V(x)|*<a*| V(%) |*+c(a)™

Then
(i) H is a lower semi-bounded selfadjoint operator in L*(Q),

(i) o(H)=0.(V).

Proof. By (3.5) we can assume that the inequality | V(x)+1]¢
<a*| V(x)|2+¢(a)? with some constant ¢(a@) holds. For any fD(V),
we have

1&7 1= x| Ko 7y

A\

Ao BB ay)(§ Ve + 121700 )

@V PIf 1P +2@? (3 1Ddy

X

| K(x, ) 1° e
.QS.Q V() +1)= dxdy<(allVf+e(@lfID

| K(x, )%
S.q (V(») +1)= dxdy.

: D DI
If we choose ¢=>0 small enough to satisfy 0<a SQSQ UOISE dxdy

=¢?<1, there exists some :L"(s)>0 such that for any feD(V),

IKFf <l VEI+cIfI.
With the help of a lemma of Kato [7], one can show, by Lemma
3.1, that H is selfadjoint.

On the other hand, we can assume that ¢(@) is non-increasing
_C@<1,
a

X

|
<k,
S
¥

for a>0. Then there exists ¢>0 large enough to satisfy

and we have by Assumptions 2 and 3
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| K(x,9)1* ,
Sggg (Vo) +1) (Viy) 1) P

_ | K(x,9)]?
=2\\ v 11 (Vw11 HY

V(x)>V(y)

[K(x,y)]|? | K(x,9)]*
+SS V@ LD (V) +D dxdyi?’gg Vi 117 P

V)=V 28

| K (x, 91 . | K (x, )|
< Gy e = Gy 3 e

282

A(_|K(x, ) |* o
<3a Sgwdxdy<+ .

20
Thus (V+I)""K(V+1)7? has a completely continuous extension.
Therefore, by Theorem 2.1, we have (ii). (q. e. d.)

As another direct application of Theorem 2.2 we state the follow-

ing.

Theorem 3. 2. Let the set {x=2: V(x) =0} has Lebesgue measure
0, and the integral operator

_ _ K(x,9)
(3.6) (Guf)(x) =\Go(x, ) f(¥)dy=\—+ < f(y)dy
§ §1/ Vi) v V()

be bounded, selfadjoint in L*(®). If H=V+ K with D(H)=D(V) is
selfadjoint, then S(H: —oo,0) =S(Gy: —oo, —1).

Proof. We have only to check the conditions of Theorem 2.2:
V is positive, because {x=2: V(x)=0} has measure 0; for f&
V*:D(V) we have V'*G,f=KV-?f, which implies that R(K)C
R(V'); the other conditions are obvious. (q. e. d.)

§4. On the infiniteness of the discrete eigenvalues

4.1. The following fact is useful in showing the infiniteness of the
negative part of the spectrum.

Lemma 4.1. Let o be a subdomain of 2. Let H, be the operator
formally defined by
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@D EHH@=VE @+ Kanf(Ddy

= (Vo) () + (Kof) () (2€0).

Then for any f, g€D(V,)={f(x) eL*(0); V(x)f(x) eL*(w)}, K.fE
L*(w), (Kuof, 8)o=(f, Kug)u, and H,fEL*(0).”

Moreover, if H and H, are selfadjoint operators with D(H) =
D(V)cL*(2) and D(H,)=D(V,) cL*(w), respectively, then

(4.2) S(H,: —o0,0)<S(H: —o0,0).
Proof. We define f(x)=L*(@) by
~  ([(x): xE0w
f(x)_{ 0 : 200

for feD(V,), then feD(V)=D(K). Thus KfcL*(2) yields K.f
€L*(w), and (K.f,8)o=(Kf,2)=(f, K& =(f, K.g)o by Assump-
tion 3.

We prove (4.2). First let S(H,: —o0,0)=n<+oco. By Lemma
2.1, we can choose an #-dimensional subspace M CD(H,) such that
for any feM(f+0), (H.f,f).<<0 holds. With fe[}(g) defined as
above, the subspace M CD(H) spanned by f for feM is an n-di-
mensional subspace of L2(£), and (Hf: f )=(H.f,f)o<<O for any f~ IS
M(fth). By Lemma 2.1 S(H: —oo,0)>n. In case #=oco, we ob-
tain S(H: —oo,0)>n for any # in the same way. (q. e. d.)

Remark 4.1. If wCQ is a bounded domain and V(x) is bounded
on o, then with D(H,) =L*(w), H, is a bounded selfadjoint operator
in L*(w). In fact, V, is a bounded selfadjoint operator in L*(w), and
by Lemma 4.1 K, is a bounded selfadjoint operator.

Remark 4.2. If for some ¢(0<¢<C1) and some constant c(c)
depending only on ¢ ||Kg|<el| Vgl +c(e)| gl holds for any g&D(V),
then H is a selfadjoint operator in L*(2), and H, is a selfadjoint
operator in L*(w). In fact, for any f€D(V,) we have |[K.f o< Kf|l

13) Here and in the sequel, we write (f, g2)o= Smf(x)’g'(x)dx and || flle=(f,f)4? for
fr8€L¥(w).
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<e| VFll+c@) | fll =ell Vofllo+¢(&) | flla, from which, by a Lemma in
Kato [7], it follows that H, is a selfadjoint operator in L*(w) with
domain D(H,)=D(V,).

4.2. Here is a sufficient condition for the infiniteness of the discrete
eigenvalues of H in (—oo,0).

Theorem 4.1. Let H be a selfadjoint operator in L*(2). Assume
that for some point x%,=2 and some domain o= {x: x belongs to
a cone whose vertex is %, and |x—x,|<<r¢ C2, there exists real
numbers V>07 Bi} Tis 61‘ (Z:]-; ) N)) Btla T;y 61’ (i:‘l; ot N’)) 620)
d; i=1,---,N), ¢>0, and functions M(x,y), and N(x,y) with M(x,
¥)=M(y, %), N(x,)=N(y, x), such that:

(4.3) o<V <clx—x|"(xEw);
4. 4) K(x,9)=M(x,y) +N(x,9);

where Re(M(x, 9))< —3d,| 2 —|®| 2 — x| y—x|%, for |x—1x| <

|ly—x,| and xEaw, yEw:=1
Re(N(x,y))gconsti%|x~y]3"lx~x.,)7"]y—xolst’, for |x— ]

<|y—%. and ¥*€0, yEo;

(4.5) Bi+rit+oi=v—m (=1,---,N) and

min(ﬁ;-*-r:-i—t?;)—‘:u—m—i—e';
1<i<N/
(4. 6) inf {cg 127 g(%) |%dx
ZEW () "]

N
—233,{ | |x—y1%1 115 g (0 g () dxds <0,
|x|< 5]
where &= {x:x=x"—x,, ' €0} and W(a) = {gx)eLl*(®): |gls=1,
g(x)>0 for a. e. x=a@}; and
4.7 min g=min 1=0,
wn€oo(Hao) A€o (H)

Then there exists at least one negative discrete eigenvalue of H.
Moreover, if we assume that

4.8) K9 =\ K@K, ) a2
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is a kernel of an integral operator which is bounded in L%*(»), and
that there exist real numbers B!, ¢/, 8/ (i=1, -, N"'), and ¢'>0 such
that

N7

(4.9) K3 (x, y)<const > |x—y|8" | x—x,| V" | y—2,]%"
i=1
for |x—x,|<|y—2x,] and xS0, yEw, where

(4.10) min (B +¢i +8;) =v—m+¢”,

1<i<NI1
then there exist an infinite number of negative discrete eigenvalues
of H.

4.3. Proof. First let the conditions (4.3)-(4.7) be satisfied. Ac-
cording to Remark 4.1, H, is a bounded selfadjoint operator in L*(w).
By (4.6) we can choose some function g;(x) such that

@11 o [2171700 dx

N
—21';1 diS:,Su,)x—y]B"li Yi|y|8g (%) 8 () dxdy=— k<0,
=<yl
and
(4.12) Swlél(x)fzdle, 2:(x)>0 for a.e. x€®, and g, (x)=0 for
Setting rE@.

(4.13)  g(x)=I""g,(Ix) (I=>1) and g,(x)=g:/(x—%0),
we have

(4.14) S lg/(x)|*dx=1, g,(x)>0 for a.e. xEw, and g,(x)=0 for
Then rEo.
4.15) (Vg g,)mgcg 121" 12(%) Idezcz—vSﬁ| 2|z () |%dx,

and by (4.4) and (4.5),

4.16)  (Kugi, 82.~2| | Re(M(2,9))8.()g.()dxdy

w
[x~z0[< [y =0l

+zg Re(N(x,9))8/()g.(9)dxdy

[}
[x~x0|<[y—70o
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<—25d{ | |x—y121 2115120 ()dxdy

)
I=<ly|

N7
+const§18 Sml x—y|% x| | y]% g.(x) g (y)dxdy

@
[=] <1yl

N
— _22 d-l—('”+B'+7'+8')
t
1=1

XS S~Ix—ylB'lx]y']y]5‘51(x>g1(y)dxdy+const J-when

w
l=[< 1]

Therefore, if we choose / large enough, by (4.5) and (4.11) we have
(4. 17) (ngl,gl)m:<Vmgl, gl)m+(ngl’gl)u
= — k™ +const [7¥€°<0.

By (4.7) and the inequality (4.17), there exists at least one negative
discrete eigenvalue of H,. Now it follows by (4.7) and by Lemma
4.1 that H has at least one negative discrete eigenvalue.

4.4. (Proof of Theorem 4.1 continued) Now let the condition (4. 3)
—(4.10) be satisfied. We assume that there exist p negative discrete
eigenvalues of H,. Call them {A}.-y..s, and denote the associated

eigenfunctions by {¢,(%)},-1,...» (these form an orthonormal system
in L*(w)). Setting

@18) 00 =g~ (x), where §=(gi, .,
we have

(4.19) W1, 0)u=0 (k=1, -, p)

By the orthonormality of {¢.}-s..», We have

(4.20) (Hov, 00 0= (Hogi, @)= 2101801

On the other hand, since 1,70, and

1287 = (g1, Hop)al = | (Hog1, 04)al

é' (Vmgly (Dk)m[ + l (ngh §0k)w[ (kzly "')p)v
we have

(4. 21) | 85 |*<const|| V. g.||2 +const|| K. g2,
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where the constant is independent of I. By (4.3), just as (4.15)
was obtained,

(4.22) | Vogil|Z<const I-%.

Since by (4.8) we can make use of Fubini’s theorem, it follows from
(4.9), (4.10) and Lemma 4.1 that

(4. 23) ”ngl”uz»: (K.K.g, &)
gg S K (x,y)8:(x)g:(y)dxdy<const I-¢*¥".
Therefore, by (4.17) and (4.20)-(4. 23),

(4.24) (Hw,,v),<<0 for large [>0.

The relations (4.7), (4.19) and (4.24) show that at least (p+1)
negative discrete eigenvalues of H, exist. Then by mathematical
induction, an infinite number of negative discrete eigenvalues of H,
therefore exist. Thus, by (4.7) and Lemma 4.1, H has an infinite
number of negative discrete eigenvalues. (q. e. d.)

§5. Applications

5.1. Theorem 5.1. The Boltzmann operator H which appears in
the mono-atomic gas model for the neutron scattering problem in an
infinite homogeneous medium is given by

6D EH@=V@@ -+ K@
=V () + (KP)@) (50, =),

where

(5.2) V(x) :b[<x+ - >I(1/ﬁx>+ ViM e"M"z],

(5.3)  K(x,9)= b [ (I(9x—Cy) + I(0x-+C3)}
+ gl20o2=sD {I(oy—¢Cx) FI(6y+Cx)}]

for y=x,

(5. 4) I(x) = 1/275 edt.
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M+1 M—-1

Here M and b a ositive constants f=-—-=, and {= .
e an re p 2/ M ¢ 2/ M

Then we have the following results:
(i) If the operator H has the domain D(H)={p: (1+x)pE
L%(0, =)}, H is a lower semi-bounded selfadjoint operator in L*(0, o).

(ii) If we put x=V(+0)= 1/72:77 >0,

(5.5) a(H)= s o).

(iii) H has an infinite number of discrete eigenvalues in (— oo,
ﬂ) .14)

To show the above theorem we make use of the next lemma.

Lemma 5.1. For V(x) and K(x,y) given by (5.2) and (5.3),
we have

(5.6)  V)=utext W), where c=2pY] VM g

vV
| W(x)|<const x* (0<<x<<1),
(.7 V(x) is continuous in (0, eo), monotone increasing with
lim__V_(_x_)_:b’
Z>00 X
(5.8) | K(x,y) | <e % for some €£>0, (0<<x,y<<+oo),

(5.9 K(x,9)=K(y,x), and K(x,y) is a real function, and

(5.10) K(x, ) =—dx+q(x, ),

(M+1)2 b,

where d= M)

b(a OD=—"r "

1/” and |g(x,y)|<const x(x?+ y?)

for 0<<x<ly<l.

Proof. The assertions (5.6)—(5.9) are easily verified. The
relation (5.10) obtains from the fact that for y>x,

0x—Gy 0x+Gy

Ko, ) = =20 [l el
0 0

0y—¢x Oy+Gx

+ g2 {Se‘”d t— Se‘”d t} }
0 0

14) Shizuta [10] has shown that >0, and that 0 is a simple eigenvalue of H.
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o 0x+Cy 6y +G6x
B (o v
T Cy—6z 6y-Gx
(227
— AL el mcosh (2t yhrat
%3 )

$x
_ e”"z“zge‘”cosh (2098 dt} ,

=

where p="——=—+=F—F. (q. e d.)

5.2. Proof of Theorem 5.1. Set V(x)z V(x) —u. Assumptions 1
-3 of (3.1) (with H for the H of (3.1)) are satisfied by H=V+
K, and 2=(0,)CR. By (5.7), D(V)={p; A1 +2x)pcL*(0, )}.
By (5.8), with a=1+¢(1>¢>0), for any >0 there exists c¢(a)>0
such that | V(%) |*<a?| V() |*+c(a)? and

(T LE@EN g <const| — P ("emrigra oo,
SS (V(y)+1)°‘ y=-con S A+y )“S

Therefore, by Theorem 3.1, assertions (i) and (ii) follow directly.
Now, by (5.6), for any =0 there exists 6(0<<6<<1) such that 0<C
mV(x)g(chv;)xz for 0<<x<<9. Then (4.3)—(4.6) of Theorem 4.1
follow from Lemma 5.1 (x,=0, o= (0,8) C2=(0, o) CR*, v=2, B,=0,
ri=1, 0;=0, =2, m=1). In fact, putting g(x)=1 (x€w) in (4.6),

since for a sufficiently small >0

(c—l—n)g xidx— 2d8dy8xdx———(c+r; )

_ —gﬂ/;,’;f/s_ <M2+6M+3————31g" M3’277><0,
s

(4.6) is satisfied. The relation (4.7) is easily verified by using
Lemma 3.1 and Theorem 3.1. Finally, since from (5.10) follows
| K(x,y) ] <const x(1>y>x>0), we have with §>y>x>0,

K& (x, y) =Sa | K(x, 2)K(z, y) | dz— {S+ S+ dez}

<const {S:zzdz <+ szxdz + S:xydz}

<const {#*+x(¥*+ x5 +xy+xy%.
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For ¢"=1 these results entail (4. 8)—(4.10). Therefore, since Theorem
4.1 implies that H has an infinite number of negative discrete eigen-
values, assertion (iii) is completely proved. (q. e. d.)

5.3. As another application of our method we consider the negative
discrete eigenvalues of the Schrddinger operator in L*(K®).

Definition 5.1. Let A and B be symmetric in a Hilbert space
9, and D(A)cD(B). If (Af,f)=(Bf,f) for any feD(A), A>B.
The following fact is well-known.

Lemma 5.2. If A>B and both operators are selfadjoint in 9,
then we have S(B: —o0,0)>S(A4: —oo,0).

Proof. Let McD(A) be an n-dimensional subspace of $ such
that for any feM(f+0), (Af,f)<<0 holds. Then for any fe M(f+
0), (Bf,f)<<0. By Lemma 2.1, Lemma 5.2 follows. (q. e. d.)

We consider the Schrddinger operator which involving external
magnetic field, which can be written in the form (5.11) below.

Theorem 5.2. Define L, by
61D L)@ =2ipo+0.0) )F @) + e (),

where

(5.12) b(x)e P (R*) and q,(x)e=L}.(R®) are real valued func-
tions,”™ and

(5.13) b.(x), %bk(x) and ¢,(x) converge uniformly to zero as
k

| ] —>co.
Then:
(i) If the domain of L, is 9%.(R®), L, is a lower semi-bounded
selfadjoint operator in L*(R?).®

15) f(x)eB'(R®) means that f(x) has continuous derivatives of first order in R?

and sup| f(x)|+ f.' sup —HL(x) |<+00.
ZER3 k=1 z€R3| 0Xk

16) Di(R®) is the completion of the space CT(R?*) with the norm

' 3 of f |2
llfllz,zzczza>={Hf1122<133)+l§1 e Gxiox;

2 3 12
,
} L2

where CT(R?) is the space of all C* functions with compact support.

L2(R3) k,i=1
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(ii)  0.(Lo) = [0, o=).
(iii) (a) If there exist a>>0 and R,>0 such that for all |x|>
R,.

LIS+ am<-

MP

2 2 g(x)g(y) - _
(Where c>génfw{ S 2] g(®) | dx(Smwadxdy> } o= {xe
R*:|x|<<1} and W(w)={gEL2(w): lgle=1, g(x)=>0 for a. e. x=

w}), then L, has an infinite number of negative discrete eigen-
values.
(b) If there exist &/(1>a'>0) and ¢.(x)=L*(R®) such that

Tlarq()(x) sz(x)2(12(x) and if qlzolcf JP is either a kernel

of a completely continuous selfadjoint integral operator in L*(R®) or
is a bounded selfadjoint integral operator with norm smaller than 4#?%
then L, has at most a finite number of negative discrete eigenvalues.'”

Proof of Theorem 5.2. Assertion (i) is clear by results of
Ikebe-Kato [5] or Jorgens [6]. Assertion (ii) is also clear by a result
of Jorgens [6]. We shall show that assertion (iii) (a) holds.

For any fe95.(K%),

610 w2 n) (oons), .

0X,

+ (o Frtan< (1 +a) { (= ASo e

(L g ahis) .k

Let
@)+ - au(®) ¢ 2] <R
(5- 15) qx(x> = c
L'— |x|2 : lxIZRo
and
(5.16) Li=— A +q:(x),

17) 4¢:(¢) denotes the Fourier transform of ¢.(x), which is given by (5.17).
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so that (1+a)L,>L,. With D(L,)=9%(R*), L, is selfadjoint in
L*(R®. On the other hand, the Fourier transform
(5.17) (FH@=Ff@=1 _i).mm.g Fx)ermi=tdy

|x|<R
(where f(x)=L*(R*) and x-5=ix£;) is a unitary transformation on
L*(RY). And for any fE9L(RY), f(€)eL'(R?). Indeed, Du(R®)=
{fHel(R): A+|&]D f (& eL*(R)}, so that

S]f(s) ldsgﬂm Vlaviem 7o e <ie.

By the definition of ¢,(x), we have gq.(x)€L*(R®). Let (H,f) (&)=
(FLFf) (). Then for f€DL(R),

618)  HEHO = eF O+ (g -niwady

It follows easily that Assumptions 1-3 of (3.1) (with H, as H) are
satisfied for H; and 2= K® and that H, is a selfadjoint operator with
the domain D(H,) = {feL*(R*); 1+ &|)f () Ll*(R*)}. We have

R>o 7?

—~27rize& 2 o
(5.19) }eims elx] dx—lim 2ng ridy Se~2mrmwso sin 040

Ry<|s]<R Ry

0
R R
=lim andrS 2T gy —1i S 2 sin(2nr |£]) dr
R->c0 R—”eR !S [ 7

Ry -1 o

2 R|€|

]

. . sin
Since hmg—rdr =T
R>co v 2
1]

2T Ry €]

Slsu;ﬂ dr<const for |&]<2.

1. S e——ZTriz-E d g
im

lim |- dr =
RoSfI’SR

[€]
Since ¢,(x) € L*(R®), ¢:(x) €L},.(R*). And for |6—y|<2

(5. 20) G(e—n) = ——C”ﬂ— +p(E—n)

|&—
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(where |[p(¢é—y)|<const).

It is clear that H, satisfies conditions (4.3)—(4.6) of Theorem 4.1
with %,=0, v=2, gi=—1, ,=06,=0, m=3, =1, and o= {x=k*: |x]|
<1}. As for (4.7), in view of the inequality

|g:(6—») [*dédy  _ |g:(§—) |*dédy
L] L

WAt EDAT D ede At DA 0D

1€]=m]

dy

2 e oo

<2

6.(H)=[0,00) and ¢.(H,.,)=1[0,4r*] by Theorem 2.1 and Lemma
3.1. Conditions (4.8)— (4. 10) are satisfied for ¢”=1, since by (5. 20),
for &, 7€,

{12.c-one—»] dCSconstS—IE—j-E%%—_;l—

Ig1<1 45

< const.

Thus H; has an infinite number of negative discrete eigenvalues, and
hence the same is true for L,. In view of Lemma 5.2 and (ii), (iii)
(a) follows.

Now we shall show that assertion (iii) (b) holds.
With
(5.21) Ly=— A +¢,(x),
the relation Li>(1—a')L, follows in a way similar to (5.14). With
D(L) =9 (R*), L, is selfadjoint in L*(K®). Therefore, if we define
(H,f) () = (FL,F£)(€) for f€ D0(R?), H, is selfadjoint in L*(R®),
and

6.2 HAO—41e7® +| a.6-nfmay

holds for f€9;.(K*). Thus by Theorem 3.2 or Corollary 2.1, there
exist at most a finite number of negative discrete eigenvalues of H,
and, hence, of L,. Thus in view of (ii) and Lemma 5.2, we have

(iii) (b). (q. e. d.)
Remark 5.1. If there exist &’'(1>a'>0) and R;>0 such that
for all |x|>Ry,
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3
T—l—,%(x) - 1,
— a i

2 () >— f;r,lsi (>0,

then the conditions of Theorem 5.2 (iii) (b) are satisfied. In fact,

set

@ - 2@ |2 <R,
6.23) @)= °
_ ‘xrllie (x| >R;.

Then ¢.(x) satisfies the conditions of Theorem 5.2 (iii) (b). Indeed.
we have similarly to (5.19).

mRle]
. '“”‘* 2(2 sin 7
}al_g:g |2+e l—‘l lgf}e 12_) S F17E d?’l
Ro!<jz[<R 2Ry’ €]
oo 1
const dr sin7z const
<smtff 4 ofsnrof s
1 0

Since ¢.(x) € L*(R?) C LL.(R?), for [¢—y|<1.

(5. 24) PAGE)) lﬁ"lsio-riie—

Setting G,(&,3) = qlzég], ? gives

SS[G(E,v)Izden g S+zg S+S S=L+IZ+L.

[e1<1 Il <1 el 21 [l <1 [{] 21 [l 21

By (5.24) and the fact that ¢,(&) € L*(R?),

de S d, S_ s
Lgconstg HRNTE G <const %—5!2}511_25 <+ oo,

lef <1 Il <1 e <1

<2l 27 (. 'de<+oo, and
I}

M
20—
Iagzg S_qu('i_)])l_dsdvgzg ;*S‘QZ(E ) |dE< 1 oo,
16l > Inl >1 > >1 g

Thus G, is a completely continuous operator in L*(R®) with kernel
G,(x, y) of Hilbert-Schmidt type, and the assertion is proved. (q.e.d.)

5.4. Finally we consider the so-called Friedrichs model.
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Theorem 5.3. Let

620 HH@ =2+ K& nfdy (0<r<eo),

where
j K(x,9)=K(y, x),
(5.25) ¢ |K(x,9)|<const(1+x+y)° (6>1/2)
I | K(x, ) |<const|x]|* (z=>0) for 0<<x, y<<l.
Then:

(i) With D(H)={feL*(0,=); xf(x) €L*(0, =)}, H defines a
lower semi-bounded selfadjoint operator in L?(0, o).

(ii) o.(H) =0, o).

(iii) There exist at most a finite number of negative discrete

eigenvalues of H.

Proof. In this case £=(0,)CR. For any f€D(H), Kfe
L%(0, o) because, by (5.25),

const = dy 2 const
(BN <22/ | sy 1y £,

Thus, if D(H) is taken to be the domain of K, K is a symmetric
operator in L?*(0, o0). Then Assumptions 1-3 of (3.1) are satisfied
by H. If a satisfies 1<<a<C2, then for any >0, we can choose a
c(@)>0 so that x*<{a’x*-+c(a)? for all x= (0, o).

Also by (5.25),

(= 1K (x, ) |2 dx (" dy oo
Sogo A+y)- dxdygconStS (1+x)298 A+y)- =+

Now Theorem 3.1 and Lemma 3.1 imply the truth of assertions (i)

and (ii). Setting G,(x, y):qg%, we have

S S 1Go(x, 9) |*dxdy — S S '—K(Lyy)—hdxdy

:SES:_I_I_{—(_’;’;VJ—dxdy +2S de —‘ﬁ%”—)f—dy

(= | K(x,9)* _
+SISI——-———W dxdy—TL+IL+1,.
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But we also have |K(x,y)|<lconst|y|* for 0<<x, y<<1 by the first
and third relations in (5.25). Hence, the following estimates hold:

Lgcons’cg1 ‘ff Sl cf'_v <<+ oo,
0 XTH Jo Yy
' dx S“ | K (x,9) | Sl dx S“’ dy oo
Izgconstg0 ), ) dy=<const\ - . =-\ S 1) <+oo,
and
= dxdy
IagconStgl Sx xy(1+x+y)%¥
> dx S“ dy
Scons‘cg1 xA+07 % 3 +y)? <+oo

Thus G, is completely continuous. Corollary 2.1 and Theorem 3.2
now lead to the required result (iii). (q. e. d.)

Remark 5.2. The spectrum of the above operator has been in-
vestigated by Faddeev [2]. He introduced a Banach space consisting
of Holder-continuous functions, and used it to show the above results.
But in studying the discrete spectrum, we may make use of the above
method to by-pass the introduction of such a Banach space.

Theorem 5.4. Let
6.26)  (HH@ =2l @+| K@ nfdy eRn=3),

where

(5.27)

{ K(x,9)=K(y, x)

K9 | <q f;rf;i),,+e (e=0).
Then;

(i) With domain D(H)={f(x); A+ |x|>)f (x)el*(R)}, H
defines a selfadjoint operator in L2*(R*);

(i) e.(H)=1[0,0);

(iii) There exist at most a finite number of negative discrete
eigenvalues of H.

Proof. Here, 2=R". Assertion (i) is clear because (5. 27)
implies that K is a bounded selfadjoint operator. And Assumptions
1-3 of (3.1) are also satisfied. We set
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G =§ LB r()ay=3360P) @,

x|y
where {G{%}:..,... are integral operators with kernels

Go(x,3): |x], [yI<R

ciicon- |
ok (2, ) 0 : otherwise,
Gonce )_{G(x 9 x| >R>]y]
: otherwise,
3 Go(%,): |y|>R>|x|
GEr(x,9) = { : otherwise
Go(x,9): |x|, |y|>R
(4) =
x(%, ¥) { : otherwise.

Then
S S Gk (x, y)ﬁdxdygconstg ldTZS djl’z <+ oo,
Rn Rn |zl <R <R Iy
And for any feL*(R"),
{ax1{ctcn nrenay:

Rn R

=% t §dx<§ ly1*a +dlyx yme )<§ ¢l L{rfvyc)—:;%l* )
<% S‘“‘(S alirso ><)S|;dyyi *S ax =557

const . dx const
g R2 ISn!f(y) ’ dylgn (1+ |x_yDn+5 ”f], L2(R")

In a similar fashion we have

1G8 ey <2225E | £ lcon

and (GS8 S || ocam=<< const 1 f lzzcems-

Let McL*(R") satisfy | f|12en<<C for any f€M. For any »>>0 there
exists an R large enough to satisfy [[(G%k+ G+ G§)f lzey<<y. But,
because G§'% is completely continuous, there exists a sequence of ele-
ments  {fu} s-1...CM such that hm[]Gél}ef,, G full2eny=0.  Since

ym—>co
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Hm|Gofi—Gofulli2xm<<n, application of the diagonal method gives a

subsequence {f%,} C{fs such that {G.f.} is a Cauchy sequence.
Corsequently, G, is a completely continuous operator in L?*(R"), and
so by Corollary 2.1 and Theorem 3.2 statements (ii) and (iii) hold.
(q. e. d.)

Remark 5.3. Ushijima [13] has investigated the spectra of the
operators of the type given in Theorem 5.4. But for the discrete
spectrum he has only shown that ¢,(H) () (—oo, 0) =0.

In conclusion, the writer wishes to express his sincere gratitude
to Professor T. Ikebe for his kind advice.
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