Publ. RIMS, Kyoto Univ. Ser. A
Vol. 3 (1968), pp. 271—287

On the essential spectrum of the
many-particle Schrodinger operator
with combined Zeeman
and Stark effect

By

Masaharu Arar®

1. Introduction

Let us consider a system consisting of N, infinitely heavy nuclei
and N electrons which is exposed to an external electromagnetic field,
and thus whose Schrodinger operator H is given by

(1.1) Hu(x) =Zj”=123=0<z'—a—+b,(x)>2u(x) _

0%
A.
_ W Ng i
Z]=1Zx=1 :7’j—d,- | u(x> +
+ Dicicren _11’_1;—}—“(@ — > Bxau(x),
i 7|

where 7;= (Xs;_s, Xsj_1, X3;) and @;= (ay_, @51, @5 ) are the position vec-
tors of the j-th electron and of the i-th nucleus, respectively, and A4; and
B are positive constants, 6,(x) are real functions of class C.

H is formally selfadjoint, and moreover, it determines a unique
selfadjoint operator in Hilbert space = L,(K*); see [3].

\Z/islin [9], Jorgens [4] and others have investigated the spectrum
of H when the external electric field (the last term in (1.1)) does
not exist. But as for the spectrum of H with the external electric
field, no complete study seems to have been made yet except a work
of Titchmarsh [8] (p. 134). He considered a special case of (1.1)
with Ny=N=1, and b,(x)=0, that is,
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(1.2) Hu(x)=—gu(x) ——%u(x) —Bxu(x),

where x= (%, %,, ;) ER®, and A and B are positive constants. He
showed that the spectrum of H defined by (1.2) is continuous on the
entire real axis.

In this paper we shall study the spectrum of A, (1.1), with ar-
bitrary IV, and N, and show that the essential spectrum of H is the
entire real axis. It is still unknown whether A has a point spectrum

or not.

2. Statement of the result

Let us consider the operator of the form

@21 Tu) =Sl b () uln) +a@ua),

in the whole space R"(m=3). Denote by T the most general opera-
tor that is significant whenever the right-hand side of (2.1) is defined
in the distribution sense.

Before writing down our assumptions on 7, we shall give some
definitions.

Definition 1. For a fixed constant &0, let us denote by Qq 1.

the set of all functions p(x) for each of which

M’(x>:S () [? dy

pesis1 | X —y |

is locally bounded. Let us denote by @« the set of all p=Qq .. such
that M,(x) is uniformly bounded over R”".

Definition 2. Let «;, B; (=1, 2,---,m) be constants such that
0<<a;<<B;, and y is a positive constant. Let

(2° 2) D: {x: (xl) x2’ Tty x'n’L); wjtnggﬁjt, j=17 2) Tty m; tZT}-

Let us call a domain D of this type a “cone”.

We assume:

(A) b;(x) are real valued functions of class C.
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(B) q(x)=¢®(x)+qg®(x), where ¢, . and ¢®=Q. such that
there exists a positive non-decreasing function ¢*(7) of =0 such that
@@z —g*([x]) and | g*()rdr = oo,
(C) There exist a “cone” D with a;, §; and 7 as in Definition 2, and
a constant ¢, 0<(e<(2, and non-empty subset J of the indices {1, 2, ---, m},
such that the following conditions are fulfilled:

(Cy) In D, g*®(x) is reduced to the sum of one-dimensional func-
tions ¢;(x;), j=1,2, -, m, of class C* defined on x;=a;r, that is,

(2.3) g (x) =2071q;(%5) x={%y, %oy, X)) ED

such that each ¢;{%x;) with j=J is non-increasing tending to —oo as
X;—+ oo, and satisfies

2.4 Const. =>¢;(x;)=—Const. x2¢ »

and

2.5 - q:-’@‘) __5_ q;(ﬂz dt<+°°, 2)
@ e e

and such that each ¢;(x;) with je& J, if it exists, converges to a finite
value p; as x; tends to +oo;
(C,) 1In D, g®(x) is continuous and converges to zero as | x| — +oo;
(Cs) In D, there exist constants 59 such that

2.6) b —B=0(1x]) as |x]—+os,
and furthermore

2.7) r,008)

j=1 axj — 0 as lx]‘—)+°°.

The list of our assumptions is over.

Let A be an arbitrary differential operator interpreted in the distri-
bution sense. Lect A, be the restriction of A with domain Cy(R™)
(the set of all functions of class C~ on R" with compact support).

1) Here and henceforth Const. signifies any positive constant. not necessarily the
same.

2) The similar condition to (2.5) is imposed by N. Dunford and J.T. Schwartz to
study the essential spectrum of Strum-Liouville problem;see [1] chap. XIII §:6.22.
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As is well known, if A, is essentially sslfadjoint, its unigue szifadjoiat
extension, its closure and its adjoint AF coincide with each other.
Henceforth we shall use AF to deaote any of them.

Let only (A) and (B) be satisfied. By (B), g=L. .., and thus
T, is a symmetric operator in 9=L,(R"). Here we recall a theorem
of Ikebe and Kato [3].

Theorem 1. (Ikebe-Kato)® Let (A) and (B) be satisfied.
Then T, is essentially selfadjoint, and its unique selfadjoint exten-
sion T§ is the restriction of T with domain

DTH={ucsl,;ucH,,.* TucL,}.
Our aim is to show

Theorem 2. Under the assumptions (A), (B) and (C), the
essential spectrum of T § is the entive real axis.

Let us return to the operator H defined in (1.1). We can apply
Theorem 2 to this operator, and have the following result.

Theorem 3. If b,(x) are real valued functions of class C' and
there exist real constants b such that
b,(x) —by=0(1x]|7"%) as |x]—>+oo,
and

0b,(x)
ax3l—v

21}0

- —0 as |x|—+oo, for any j,

then the essential spectrum of H§ is the entive real axis.
Proof. Put
g@(x) = — 3 LBxy,

42 (x) = — 3, 4,

1=1 lr _a l

B S
|7;—74]

+ 21<k

b

and let us show that conditions (A), (B) and (C) are satisfied. (A)

3) See [3], Theorem 3 and Lemma 4.
4) H,.. is the set of all locally H,-functions, where H, is the completion of C¢
with the second-order Dirichlet norm

lalla={ 250,

2% | ! I lz 172
— u' ot u| 1
?Xj0X;  ||La(R™ ox; ilzacg™ ' | \Lz(R -
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is assumed here. q®(x)EQ. .. with ¢g*(r)=N-B-r which satisfies
g®P(x)=—q*(|x}) and qu*(r)*”dr: +oo. As to the interaction po-
tential ¢®(x), Stummel [7] (p. 163) has shown that ¢®(x)=Q.. Thus
(B) is satisfied, and by Theorem 1 H, has a unique selfadjoint exten-
sion H §.

Put /=1{3j; j=1,2,---, N}, and e=1. Then for any choice of a
“cone” D, (C,) and (C;) can be scen to be satisfied. It is easy to see
that there exists a “cone” D satisfying (C,). Thus (C) is satisfied,
and Theorem 2 yields the result.

Remark. Let (A) and (B) are satisfied. Since assumption (C)
depends upon the choice of the Cartesian coordinate axes, but (A) and
(B) do not, we note that under the change of Cartesian coordinate
axes, 1 remairs of type (2.1), and thus if (C) is satisfied under a
suitable choice of the Cartesian coordinate axes, then the conclusion
of Theorem 2 is true.

3. One dimensional problem

Let A be a selfadjoint operator acting in an abstract Hilbert space
with the norm || [[. We introduce ¢(A) to denote the spectrum of A,
and ¢,(A), its essential spectrum.

The next lemma will be of frequent use.

Lemma 1.° i<0,(A) if and only if there exists a sequence
{0 in D(A) sucn that

(@ lull=1,

(b) {u.; has no strongly convergent subsequence,

(¢) Au,—iu,—0 strongly as n— +oo.

Let us call this sequence {u#,} a singular sequence of A corres-
ponding to 2.

If ¢®(x)=0, b,(x)=0 and the decomposition (2.3) is true in the
whole space R”, then our operator becomes

—du(x) +>7% q,(x)ulx),

5) See [1]. XIII, §7.12.
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and this operator is separable. Therefore in this section we shall in-

vestigate ordinary differential operators.
Let

Lu(t) == —%—u(t) +4(Du(®)

in a<{<+ oo, where —oo<lg<(+oo and ¢g(¢) is a real valued conti-
nuous function. Let L, be the restriction of L with domain Ci(a, +
oo) (the set of all functions of class C* on (@, +oo) with compact sup-
port). Since L, is a real symmetric operator in $=L,[@, + ), it has
selfadjoint extensions. Let us denote one of them by Za.

In the remainder of this section let $=L,[a, +oo) and denote by
(,) and || || the ordinary inner product and norm in 9.

The following lemmata are known.

Lemma 2.° All the selfadjoint extensions of L, have the same
essential spectvum.

Lemma 3.7 8,_,(1':) does not depend upon the choice of a, as
far as q=Cla, + o).

By the last two lemmata, we can write ¢,(L) instead of a,(z,,).
The last lemma shows that when the essential spectrum of L. is con-
cerned, the left end point @ of the interval on which the operator is
considered can be chosen as large as necessary. Henceforth, a is taken

as large as necessary without notice.

Lemma 4.° Let K,= [na,npl, K.= [nd, ng]l, for 0<a<la'<<
58'<<B. If the equation L f=if in t=a has a non-trvivial solution of
class C* satisfying that

6) See [6] Kap. V §19 Satz 2 (s. 203).

7) See Ibid. §19 Bemerkung 2 (s. 200), or see [5] Theorem 22.

8) This lemma is a modification of the following theorem proved by Hartman and
Wintner [2]. But our proof is different from theirs, for we want to gain a sin-
gular sequence with the properties (3.1) and (3.2).

Theorem: If the equation Lf=Af has a solution f(¢)=0, satisfying

[Lirr ) 1ras=0e,

then either f(¢) is of class L. or A is in the essential spectrum of L.



Essential spectrum of the many-particle Schridinger operator 277

(F.1) f(£) is bounded i.e. | f(£)|<M,
(F.2) Ml(n)ESK, | F(£) |°dt—+ oo as n—s-+oo,

F.3) Mw=\_17/®1dt=00n) as—-+os,
then there exists a singular sequence {u,(t)} corrvesponding to 2,
whose terms ave as smooth as f, and have the following properties:
(3.1 The supports of u,(t) ave contained in K, for large n,
(3.2) (112 < const. 1+ 1,00y 100>
In particular 1€q¢,(L).

Proof. Let o(#) and p,(¢) be C; functions with the following
properties: 0<p(#)<1, o(£)=0 if {<a or =B, o()=1 if <t<pB':
p.(t)=p(t/m). Let n be as large as na=a. Put f,({)=f(1)p.(t), then

N A N L e WL VAR

We put u,(2)=£,(&)/|f.], which evidently satisfies conditions (a), (b)

of Lemma 1, and (3.1). Let us show that {u,(¢)} satisfies (¢) of
Lemma 1.

f:,x,:(f'p:)”:f”'pn_‘—zf,'p;+f'p:;’y
Lf,—af,=(Lf—=2f)-0.—2f 0.~ f"0.
=—2f"0.—f"0..
Since
loe(2) | < Const. #7%, {p. |< Const. n7%
it follows from (F.3) and (3.3) that

”J;[;;pl;’,z”z g Co;lzst. SK..!fllzdt'M1(1’l)'l~>0;

and from (F.1), (F.2) and (3.3) that

[ f- o0l Const.
=

\, 17 1atmn

; COI’lSt. ]‘{;{B—a}n M] <n>_1__)0
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as n—+oco. Thus we have

Lu,—iu,= — 20 S L0 ag >t oo,

A (171

and hence r1€q,(L).
Now we shall show property (3.2).

.(8) = (0.(Df ) +0.(D S @D/,
|u,(£) | <(Const./n+ | f'(&) /I full,

3.4

and thus

Qo ae={ ey rar< Comst (Eagn

[ 7.2
'|2dt
Const-j,[,,f | <Const. (1+ M,(n)) - My(n)™ q.e.d.

[ £all?

Lemma 5. Let q(t) be continuous and tend to a finite value p
as t—-+oo, and let K,= [na,np] for constants a and B, 0<<a<<B.
Then o,(L) = [y, +o0), and for any ice,(L) there exists a singular
sequence {u,(t)} of class Cy with properties (3.1) and

(3.5) S |, (2) |2dt<Const.

Proof. For any c<Tu, there exists @, such that for all f=a,
q(t)=c. As the spectrum of an operator is contained in the closure
of its numerical range,

6.(L)=0,(L,) Co(L,) C closure of {1=(L.,u);ucD(L,),|ull=1}.
Since

(Lo, w) = — (u"u) + (quu) =cllu|*=c for |[u]=1,
we have ¢.(L)C[c,+ o) for any ¢<gu, which implies
0.(L) C [p,+0).

Next let us show the reverse inclusion. We put

, d:
L =—————dt2 -+ u.

Then L=L'+q(t), where §(¢)=q(¢)—p tends to zero as ¢ tends to
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infinity. Let K,= [na', np'] with 0<<a<la'<<f'<<B. For any i=gp,
the equation L'f=Af has a solution f(#)=sin(y/2— ut), which satisfies
the conditions of Lemma 4. Hence i€q,(L').

Let f,(¢) and u,(¢) be functions constructed in the same way as
in the proof of Lemma 4 with the solution f(#)=sin(y/2—ut) of
L'f=if. Then {u,(t)} has properties (a), (b) of Lemma 1, and
(3.1). By (3.1),

qu,—0 strongly in L,,
and thus
Lu,—u,=L'u,— u,+qu,—~0 strongly in L.
This shows that 1, and {«,} are also a point of the essential spectrum

and a singular sequence of L, respectively. Thus ¢,(L)= [z, + ).
Since

”fnﬂzgglﬂzdtgconst. n,

Kn
it follows from (3.4) that

Ju.(2) ’<\(Const./n+ | f'(®) )*/[ f.lI’< Const. n™
Integrating both side over K,, we have (3.5). q.e.d.

Lemma 6. Let q(2) be of class C* and be non-increasing tending
to —oo, and statisfy

(3.6) Const.=q(#)=—Const. 1¥¢ (0<<e<<2)
and

T_g"@® 5 4@ +oo
3.7 eyt~ oty <+

Let K,= [na, ng] with 0<<a<<p. Then o¢,(L)=(—o0, +oo), and
for any rveal 1 there exists a singulav sequence of class Ci with
properties:

(3.1) The supports of u#,(f) are contained in K, for large #, and
(3.8 lu|2=0(n**%) as n— + oo,

Proof. For any real 1, p(¢)=i—q(¢) is a positive function for
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sufficiently large ?, say {=e¢. And (4.7) is also true for g(Z¢) replaced
by p(¢). Lf=2a1f becomes
3.9 @ +p@f@=0.

It is known® that if p(¢) is positive and satisfies (3. 7), for ¢(¢) replaced
by p(¢) then the above equation (3.9) has a solution f (Z) such that

{ F@®=p@"(sins(®)) (A +0(1)),
S (@) =p (@) (cos s(#))(1+0(1)),

as {—oo, where

(3.10)

s =\ pyeat YORFIOM

Let K,=[na,ng'] with 0<<a<<la'<<f<B.

Let us show that this solution f(#) satisfies assumptions (F.1),
(F.2) and (F.3) of Lemma 4. If this is shown, we can see by the
arbitrariness of A, that o,(L)=(—oco,+0o0), and that there exists a
singular sequence with property (3.1). Let # be as large as na=a. As
p(t) is non-decreasing (F.1) is obviously satisfied. As p(¢#)=0(*9%),

(3.11) M,(n) ESJ{f’(t) }ZdthSKpU)l/zdt:O(nz—ele),

and thus (F.3) holds.
In order to show (F.2), it is sufficient to show the inequality

(3.12) Ml(n)ES]f]Zdt_Z_Const. ne? for large #.
&

put
I,,ES () sint s(2) di,
K'n

and

J "ES p(H)dL,

K'n

9) Cf. [1], XIII, §§6.18-6.20, where only the first line of (3.10) is given. The second
one can be seen by calculating the behavior of the derivative in each step of
the proof loc. cit.
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Using the triangle inequality in L.(K,),

(3.13) Mi(n)t= { g 170 dty = {S ’p(t)"”zsinzs(t}dt}llz—

/2
—0(1){S p(t)"”zsinzs(t)dt}l g%~ IR for large .
K'n

Changing the variable,

I, = SB"sinz s p(£(S)) R p(E(s))ds

SB"sinZs H(2(s))ds,

where the function #(s) is defined by £(s(#))={, and «, and B, are
defined by

a,=s (na' )=

na! nB’
Sa p(lf)l/zdl‘, B":s<nﬁ'>:§n p<t>1l2dt.

Since

n

aB?
s—e=|" s idt—roo as notos,

we can assume that B8,—a,=n/2. Since p(¢) and £(s) are non-de-
creasing,
B,
{ cos's: pt()ds=| Sint(s—r/2)-p(4())7ds
Ap+m/2 &+ [2

B,
gg _sind(s—/2)  p(t(s—n/2))ds
Buy—ml2

=§ sin’s- p(t(s))‘ldsggsﬂ sin’s- p(£(s))*ds=L..

Considering the fact that

Sanwmp (t(s))*ds<Const.

we have

(3.14) 7. =S POy Hdt= SB“ (sin’s + costs) p(£(s)) ds

Kn
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<Const.+21,.
On the other hand

(3.15) ],,=S p’(t)"ua’thonst.g:i:t””éfdt
K
=Const. 72
By (3.14) and (3.15) we have
I,=(J,—Const.) /2=Const. #n¢",
for large #. By this and (3.13) we have
M, (n)*=Const. nt"*,

and thus (3.12) holds.

Let f,(¢) and #,(¢) be functions constructed in the same way as
in the proof of Lemma 4 with the above solution f(#) and given K,
and K,.
Then from (3.2), (3.11) and (3.12)

li]P= (1+O(m*m)} - O (&) =0 ().

Thus (3.8) holds and {#,(f)} is a desired sequence. g.e. d.
It should be noted that in Lemmata 5 and 6 the choice of a and B
which define the family of intervals K, are arbitrary, if only 0<<a<ZRB.

4. Proof of Theorem 2

Let
(4' 1) K’(lj) = {t;nd,gtgnﬁ,} ’ j: 1;2;-'-7m>
K=KPxKPx- XK,
where «; and ; are the numbers which define the “cone” D in assump-
tion (C). We give the proof in several steps.

Ist step. Suppose b;(x)=0 and ¢®(x)=0. Then our operator

becomes
(4.2) Su=—du(x) +q®(x)u(x).

In this step we shall show that ¢,(SF)=(—oco,+o0) and for any 1
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there exists a singular sequence {#,(x)} with the properties:
(4.3) The supports of #,(x) are contained in K,.

4. 4) S[grad u,(x) 1’ dx=0@m"%), as n—>-+oo,

where ¢ is the constant in condition (C).

For any real 2, let us choose 4;, j=1,2,...,m, such that 3,=;
if j& J and such that the equation 1=2>]7,4; is satisfied.

If je= J, then by Lemma 5, and if j& J, then by Lemma 6, 4; is
a point of the essential spectrum of the operator

(4.5) Lu(t)—— jzz w(d) +q,(Dud).

Let us denote by {u{’(#)} the singular szquence of L; corresponding
to 4;, constructed in the same way as in the proof of Lemma 5 or 6,
where K’ can be taken as in (4.1) by what was noted at the end
of the previous section. Put

() =" () - (%) =+ (X))
Then #,(x) has property (4.3). Since uY(x;,)eC, u.(x)=Ci(R™),
and so by virtue of Theorem 1 #,(x)=D(SF).
Let us show that {#,(x)} is a singular sequence corresponding
to 1 of the operator S¢§, that is, it has properties (a), (b) and (c)

of lemma 1. Properties (a) and (b) hold obviously. To prove (c)
we consider

SO* - = Aun<x) + Z;" 141 \xJ)urx<x> _'{uﬂ(x>

m

e d p m”(x,) Huﬁ”’(xk)JrZ;”.lq,(x,) Hu,”’(xk)—

m

—2 klgluff) (x)
=0 (Lo (x5) — 2 (%)) - T ()
kxj

where we used (4.3) and that ¢®(x)=>7.¢;(x;) in x= UK,CD.

Since
4.6) {”u;(;j)HLZ(RI)Zl for j=1,2,...,m; n=1,2, .

|Lus DN zy—>0 as n—>+oo, for j=1,2,..., m,
we have
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”S(;kzln—— Xun”Lz(R’")‘)O as N—> + oo,

and thus (C) holds and {,} is a singular sequence.
Next let us show property (4.4). Since

|gradu, (x) | *=>37

-7 u, (x)\

_ "
= i=1

d () (k) 1‘2
,, - I1 \u X
dx u <x]> = < ) ‘ )

considering (4. 6), we have

lgrad u, || 2 m =S |gradu,(x)|*dx

d . 2
22'3:_1 u(:) X I1 u®
- " ley el ey
— m d (/);
=2 ax, LA
Each ’{ = u|’ ., s estimated by (3.5) if jeJ, and by (3.8) if

j€J, and thus (4.4) holds.
2nd step. Assume that all b} are zero, then our operator becomes

T'=S+2i55b,(6) - L +isy, B s ()40 ().

Let us show that the singular sequence {#,(x)} of S& constructed in
the Ist step is also a singular sequence of 7¢* corresponding to the
same A As u,(x)=9D(Ty*) follows from Theorem 1 and the fact that
u,(x)eC;, it is sufficient to show that

4.7 b G A

(4.8) = ;“ w ()| 0.

(4.9) 18,2, (%) se—0, for j=1,2, ..., m
(4.10) [lg® () 14, (%) || ocamy—0,

as n—> oo,

Assertion (4.7) follows from (2.6), (4.3) and (4.4). In fact, as-
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sumption (2.6) with 5)=0 shows that for any >0, there exists a
real number R; such that for any x in DU {|x|>R;}

[6;(x) |

By (4.3), the supports of 5;(x) gu are contained in K,CDN

j

{x;|x|=na}, where «=min a;. Fix a number N; such that aN;=R;.

1<j<m

For any #n>N;, from (4.11) we have

(lnb gi{l,z <§ for xeK,.

Considering (4. 4), we have

ou,
0X;

2 ou
— R N2, n
'Lz(R”’) S}!{?, (] 0;x dx<

g52n~2+fa—z+ég Ot 'dxgconst 5

for any #>N;. As 8 is arbitrary, this shows that (4.7) holds.
Assertion (4. 8) follows from (2.7) and (4.3). In fact, for any
6>0, by (2.7), there exists a real number R; such that

6b \.Z)

l P T 0x;

[<a in x€DU {|x|=Ry.

For large z such that #na=R;, considering (4.3) we have
m  0b;(x) “ r -
S B @) Solwlan=o.

Thus (4.8) holds.
Finally, let us show (4.9) and (4.10) using (2.6) and (C,).
From (2.6) with =0 and «<<2, it follows that

(4.12) b;(x)—0 as |x|—+oco within D.

(4.12) and (C,) imply that for any >0, there exists a real number
R; such that

16;(x) [ <0 and [¢®(x)[<0

in x€DU {'x|=R;s}. For large #n such that na=R;, considering (4. 3),
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we have
18522 20, () || Lacrm 8% 0] 2™ = 8,

and
19%0, () || 1acrm =8| 8| ogrmy = 6.

Thus (4.9) and (4.10) hold.

37d step. Let us consider the general case. Put

b;(x) =b;(x) — b5,
b x=>1.bx;,

and

T’u:z;"=1<l' Tz__l_bj )2u+q(1)u+q(2)u,

then T satisfies assumptions in 2nd step, and thus ¢,( T¢*) = (— o0, + o0).
Let 2 be an arbitrary real number and let {#,} be a singular sequence
of T’ corresponding to 4. Put

v,(x)=e€""*u,(x).

Since
n '_a_ 2( Hib%zx
> (e ox, +0;(x))*(e"*u)
= e S -2+ B )|
7= axi b b
we have

Tv,—w,=e*(T'u,—iu,)—0 in L,(R™),

which shows that {v,(x)} is a singular sequence of T'§ corresponding
to an arbitrarily given real A. Therefore ¢,(7T§) is (—oo,+o0) and
we complete the proof of Theorem 2.

In conclusion, the writer wishes to express his sincere gratitude
to Professor T. Ikebe for his enduring encouragements and kind in-

structions.
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Note added in proof (October 25, 1967):

Recently, Professor M.S.P. Eastham studied some interesting

“conditions for the spectrum in eigenfunction theory to consist of
(—oo,00)”, Quart. J. Math. (2), 18 (1967), 147-153. One of them,
that is, his Theorem 2 seems to be similar to our result. But when

I want to apply his result to (1.1), I can only apply to the case
reduced to (1.2). His Theorem 2 neither implies nor is implied by
ours.






