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A remark on complex analytic families
of complex tori

By
Takashi Oxano*

1. It is well known that the field of meromorphic functions on
an irreducible compact complex space is an algebraic function field
whose transcendence degree over the complex number field € is not
greater than the dimension of the space (for example, see [4] or [6]).

Let X and Y be complex spaces and = a proper holomorphic
mapping of X onto Y with irreducible fibers. For a point ¢ of Y we
put K, the meromorphic function field of the fiber = *(¢). We ask
how many functions of K, can be extended to meromorphic functions
on neighborhoods of the fiber.

In this paper, we solve this problem only in a special case, the
case of complex analytic families of complex tori (Corollary 1 of
Theorem 2).

Let Y be an irreducible complex space and 2= (w;;) be a (%, 2n)-
matrix, where o;; (=1,2,---,%; j=1,2, ---,2n) are holomorphic functions
on Y. We suppose that the (2n, 2x)-matrix (‘g) (where £ means
the complex conjugate of the matrix £) is non-singular for each point
of Y.

z

Let €C* be the space of # complex variables z= [
2y

and G be

the discontinuous abelian group of analytic automorphisms of C*X Y
generated by

8i: (z)t)e(z—'—wJ(t)) t)’ j:]-y”')zn)
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6’11"@) ]

J

’kw,,f(t) J
complex analytic family of complex tori over the space Y. We denote
the natural projection of X to Y by =. The fiber X,=="({) is the
complex torus with periods w;(%), j=1,...,2%.

where o;(f)= Then the factor space X=(C"XY)/G is a

2. From now on, we denote by /d(K,) the transcendence degree
of the field K, over the complex number field.

We put Y,={{cY|td(K,) =k}, k=0. Let ¢, be a point of Y,,
where we assume 4#>0. Then there is a linear transformation of the
variables z,

7

Q11y, Q125 0 evy A1)
w; (2] - :
[ P =Q| : , where @=|a, aw, ..., .| is a non-singular (n, n)-
w, Zn)’ : : :

o1 Quzy ooy G

matrix, such that any function of K, is independent of the n—k variables

(dn, ---alnw
Wity =y W,y We put P:l : .

\ Gy« J.
Then clearly,
(i) rank P=kFk,
and 2n vectors Pw;(t,), j=1,...,2n, of the space C* (of the variables

w:} : |) form a lattice G* in the space C* (see [5], p. 103).
W,

Hence we obtain a k-dimensional complex torus €*/G* and a
natural holomorphic mapping of X,, onto the torus €*/G* which is in-
duced from the linear mapping w= Pz. Further, the field K,, is naturally
isomorphic to the field of meromorphic functions on C*/G* and hence
the torus C*/G* is an abelian variety.

Let @, @ ..., @ be a free base of the group G* where @;,=

ﬁil
[ ] Then there are (2x, 2k)-matrix H; and a (2k, 2n)-matrix H,
(T),'k.
with integral elements such that;

P‘Q<t0>-ly1= (@1, ceey C‘EZIa)) Where 'Q<t0) = (a’ij<t0>>!

and,
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(ii) Pe(t,) H.H,=Po(t,).

Further, since C*/G* is abelian, there is a non-singular skew-
symmetric (2k, 2k)-matrix A with integral elements such that,

(iii) Pe(t) HL/A(Pa (t,) H,)'=0,

(iv) + —1P2(t) HLA(P9(t,)H,)'<<0, where ' means the trans-
position.

3. We assume that the set Y, is of second category.
With each point ¢ of Y,, we associate a non-singular skew-sym-
metric (27,2n)-matrix A with integral elements such that

20ty AQ(t,)'=0 and,
v/ —10(t) A9(t,)'<0.

Let %A be the set of those matrices A. For each A of A we
consider the analytic set Y(A)={({e Y |2(#)AL({#)'=0} in Y. Then
there is a matrix A of ¥, such that Y(A)=Y. By the definition of
A, there is a point Z, of Y, such that 1/ —1.2(f,)A2(¢,)'<<0. Hence
v/ —12(1)A2(t)'<<0 for each point ¢ of Y, as Y is connected.
Therefore Y=Y(A)=Y..

In this case, using the theory of ¢ functions, we see, for each
teY, that any function of K, can be extended to a meromorphic
function on a neighborhood of X,.

4. Lemma 1. Let F, be a (I, p)-matrix and F, be a (p,1)-
matrix, wherve I=p. Then the vrank of the (I, 1)-matrix F.F,—E®™
is not smaller than |—p, where E® is the identity matvix of rank l.

Proof. Let g be the number of multiplicity of the root 1 of the
characteristic polynomial of the matrix F; F,. Then there is a non-
71
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where a;#1,
]F1 F2]—1: 1

2

i=q+1,...,1L
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singular (/, I)-matrix J such that
Hence the rank (FiF,—E®)=l—q.
0

L0
q vectors JF,F, ] 'u; are independent. Hence ¢<p and therefore rank
(FyF,— E®) =1—p.
Lemma 2. Let T be a real (2n, 2n)-matrix and S be a (n, 2n)-
matvix.

Then 2 rank ST= rank (g) T.

Proof. The rank of a matrix is the dimension of the image of
the linear mapping defined by the matrix.

(
Let uw; be the z-th unit column vector {1 \z, i=1,...,q. Then

We consider the matrices S7° and S7 as the linear mappings
from the vector space C** to the vector space C* respectively. Since
T is freal, the rank of ST and the rank of ST are equal. Ona the

other hand the image of <%> T:. C*»—>C*PC" is contained in the

(direct) sum of the images of ST and ST. Hence we have 2 rank

ST= rank <§> T.

Now %, let be a point of Y,, where £>0. Then, as mentioned in
§2, there is a system of matrices H;, H, and A (with integral elements)
and P of types described in § 2 such that,

(i) rank P=k,

(ii) Po(t,)H.H,=Po(,),

(iii) Pe(t,) HLA(P2(t,) H,)' =0,

(iv) +/—1Pa(t) HA(P2(t,) H,)'<0.

Conversely, let ¢ be a point of Y and assume that there are in-
tegral matrices H;, H, and P with properties (i) rank P=Fk and (ii)
Po(t)H,H,=Po(t), then the 2n column vectors of PQ(t) generate a
lattice in €C* and the 2k column vectors of P2(¢)H, give a system of
a free base of this lattice.

We fix a system of matrices A, H, and A with integral elements
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and consider the set Y(H,, H,)={t€ Y| there is a (&, n)-matrix P
such that the above conditions (i) and (ii) are satisfied at the point
t} and the set Y(H,H,, A)={{€Y | there is a (&, n)-matrix P such
that the above conditions (i), (ii), (iii) and (iv) are satisfied at £}.

Let II be the vector space of all (&, #)-matrices, and % the
analytic subspace of IIX Y defined by the equation P2(%) (H.H,—
Ee) =0 (Pel,teY) with the natural projection p to Y. Then
p(t) is linear subspace of I for each point # of Y. Further, the
space p*(¢) contains a matrix of rank £ if and only if the rank of
the matrix 2(¢t) (H,H,— E®”) is not greater than #—£k, because the
equation Po(¢)(H.H,—E®)=0 is a system of %2 independent equa-
tions «;2(¢t) (HH,— E®>)=0, {=1,...,k, where a; is the ¢-th row
vector of the matrix P.

Proposition 1. The set Y(H, H,) is an analytic subset of Y
defined by the equation rank(t) (H H,— E®)=n—Fk, and | Y (H,, H;)
is a complex analytic vector bundle of dimension k.

Further, let t, be a point of Y(H,, H,) and P, be a matrix of
Pty of rank k. Then, for each matvizx P, of p'(t.), there is a
(k, k)-matrixz L with LP,=P,.

Proof. Since the matrix (ﬁ%g) is non-singular for each point

t of Y the rank of 2(¢)(H,H,—E®) is not smaller than n—#k by
Lemma 1 and Lemma 2. Thus the set Y(H, H.) is defined by the
equation rank Q) (H,H,— E®)=n—k.

Let € be the space of all (%, k2)-matrices and b the linear map
of ® to the vector space p~*(#,) defined by L—LP,, then it is trivial
that the map & is surjective.

Proposition 2. The set Y(H,, H,, A) is an analytic subset of
Y(H, H,).

Proof. Let ¢, be a point of Y(H,;, H,). Then there is an open
neighborhood U of # in the space Y(H,, H,) and a holomorphic sec-
tion P(¢) of the vector bundle B|Y(H, H,) over U such that the
rank of P(¢) is & for any ¢ of U.

We consider the equation P(2)Q(t) HHA(P()2(t)H,)'=0 on U.



294 Takashi Okano

Then the solution of this equation is an analytic subset of U and it
is independent of the choise of the section P(f) by the last assertion
of Proposition 1. Therefore the set {{€ Y(H,, H,)| there is a (k, n)-
matrix P of p7*(#) such that the condition (i) and (iii) are satisfied}
is an analytic subset N of Y(H,, H,).

Let N, N,... be the connected components of N. Then the
signature of the Hermitian matrix / —1 P()2(t) HLA(P(t)e(t) H,)'
is constant on N, i=1,2,..., because the determinant of the matrix
can not be zero at any point of N. Therefore the set Y(H,, H, A)
is an analytic subset of Y(H,, H,).

Theorem 1. We suppose that Y, +¢ for some j,n>j=0. Then,
for g>j, the set Y(¢)=Y,UY, .U --- UY, is a countable union
of thin analytic sets.

Proof. Let £, be a point of Y(q). Then {, is a point of Y,,
where kZ=q, and there are matrices H;,, H, and A as before such
that ¢, Y(H, H,, A). Thus the set Y(q) is equal to the union of
such thin analytic sets of Y.

5. We put p=ti_nlf {td(K,)}. Then the set Y, is of second

category by Theorem 1.

Let ¢, be a point of Y, We assume p=>0. Then we obtain, as
mentioned in §4, three integral matrices H;, H, and A of type
(2n, 2p), (2P, 2n) and (2p, 2p) respectively such that ¢, Y(H, H,, A).
The analyticity of Y(H,, H,  A) and the fact that Y, is of second
category imply the existence of matrices H;, H, and A, of type de-
scribed above, such that Y=Y(H, H,, A).

We fix such a system of matrices {H, H,, A}. Then we obtain
a complex analytic vector bundle % on Y of dimension »* which is
embedded in the space IIX Y (where II is the vector space of all
(p, n)-matrices).

Let #, be a point of Y. Then tkere are an open neighborhood
U of ¢, and a holomorphic section P(¢) of LB on U such that rank
P(t)=p for each f of U. Using this section P(¢), we can construct,
as mentioned in §1, a complex analytic family X; of abelian varie-
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ties over U whose period matrices are P(#)2(¢)H;, and we obtain
naturally a holomorphic mapping sy of X|U onto X, which is induced

w,
by the linear mapping { : ]zP(t)
\Wp

2y

Z,

Another such section of P over U defines the same family X
and the mapping oy but alters only the holomorphic coordinates w.
Hence we have;

Theorem 2. Let pzting {td(K,)}, p==0. Then we have a complex
analytic vector bundle %iY of dimension p and a holomorphic
mapping s of C'XY onto B such that s is locally defined by
(z,)—=(P(t)z,t), where P(t) is a (p, n)-matrix of holomorphic
Sfunctions on an open set U of Y, and P(t)2(t) gives a discontinuous
abelian group G’ of analytic automorphisms of B|U and the factor
space X'=B/G' is a family of abelian varieties of dimension p
over the space Y.

The map o induces naturally a holomorphic mapping ¢ of X

o
onto X' such that X — X' is commutative.

™~ A
Y

Corollary 1. We denote by K, the subfield of K, consisting
of all elements of K, which can be extended to wmeromorphic
Sfunctions on some neighborhoods of X,.

Then, for each point t of X;

(a) the transcendence degree of the field K. is equal to %nﬁ
{td(K,)}, and -

(b) the field K, is algebraically closed in K,.

Proof. Let f4,...,f, be meromophic functions on a neighborhood
of X, such that the analytic restriction of fj,...,f, to the fiber X, are
independent. Then, for ¢ sufficiently near to #, the restriction of
Su....fs to X are independent. Hence we see that the f7. degree of
K:<p by Theorem 1.

Now let K,” be the subfield of K, obtained from the field of
meromorphic functions on X;=z"(¢) by 6.:X,—~X:. Then K./ CK;,
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because the family X'>Y is a family of abelian varieties (see §2).
Hence (a) is proved.

If a meromorghic function on the torus X, is dependent on
meromorphic functions on X, which are independent of the variables
Wsea, ..., W, then it is also independent of ®w,., ..., w,. The assertion
(b) follows from this.

Remark. In [3], we considered the property (b) of the corollary
in the case of general complex analytic fiber spaces. There we ob-
tained;

Let X and Y be normal and connected complex spaces and
X>Y a proper holomorphic mapping of X onto Y with irreducible
fibers. Then the set {t< Y| the field K, is not algebraically closed
n K.} is nowhere dense in Y.

Corollary 2. We assume that Yi=¢ and Y,#+Y. Then every
abelian variety of a member of the family X>Y is always ‘sin-
gular’ (in the sense of [1]).

Let M be a connected complex manifold and B->M be a complex
analytic family, in the sense of Kodaira-Spencer [2], of complex tori.
Then, by Theorem 18.6 in (2], the family B-5>M is locally the same
as our family of complex tori constructed in § 1.

Hence we get:

Theorem 3. Let B>M be a complex analytic family, in the
sense of Kodaira-Spencer, of complex tori. We put p=tien1£ {td(K,)}

and assume p=>0. Then there exists a complex analytic family B M
of abelian varieties of dimension p over M and a holomorphic mapp-
ing o of B onto B with n=rn"cs, such that ¢ is locally the same as
mentioned in Theorvem 2.
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