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On contingent equations satisfying
the Caratheodory type conditions

By

Norio Kixucur*

0. Introduction

In [1] we have proved a bang-bang type property for the non-
linear contingent equation which is continuous in two variables. We
shall prove the same property for the Carathéodory type contingent
equation. For this proof we use a proposition which roughly says
that the Carathéodory type function is approximately continuous in
two variables.

First we prove this property for the set-valued function. While
preparing this manuscript, the author noticed that a similar theorem
had been proved in [3] for the vector-valued function. Also in [2]
this property has been used in order to prove that the Carathéodory
type differential equation has absolutely continuous solutions whose
derivatives exist at almost every point common to all these sclutions.
We extend this theorem to the Carathéodory type contingent equation.

The author wishes here to express his thanks to Professor Masuo
Hukuhara for his suggestion of the before mentioned problem and

his warm encouragement.

1. Notations and definitions

We denote by R™ an m-dimensional Euclidean space.
By
Comp(R™), (resp. Conv(R™))
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362 Norio Kikuchi

we denote the collection of all nonempty compact (resp. compact and
convex) subsets of R™.
By
dist(x, y) and dist(x, A) =inf{dist(x, y); y A4}

we denote the distance of a point x from a point y= R" and a set

AcC R*, respectively.
Dist(4, B) =inf{s>0; ACc V(B,s), BC V(4,s)}

is the Hausdorff’s distance of two compact sets A and B, where V(A4,s)
denotes the closed neighborhood of a set A of radius s, i.e.

V(A4, s) ={xe R"; dist(x, A)<s}.

For a set A in R™ we put
| A| =Dist(0, A),

where O is the origin of R” and we denote by bdry A the boundary
of A.

Let T be a topological and measurable space. A map N(t) of T
into Comp(R™) will be called an orientor field.

The continuity of the orientor field N(#) in the sense of Hausdorff
is defined in a usual way.

N(?) is said to be measurable on T if the set {{€ T;N (@) CC}
is measurable for every C< Comp(R").

For a measurable set £ we denote by meas (E) the measure of
E. The abbreviation a.e. £ means almost everywhere in E.

Let I be a compact interval [f,%,+a] and x(¢)=R” be a func-
tion defined on 1.

Let g be a vector in R" for which there exists a sequence
{t;} —t, t,=ct, t,= 1 such that

x@)—x@®)/t—t)—g as i—>oo,

The set of all such g will be called the contingent derivative of
x(¢) at t and we denote it by D*x ().
For the function F (%, x) €Conv(R") defined on IX R" we assume

the following
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Hypothesis H(F). F(f,x) is measurable in ¢ for each fixed
x< R™ and continuous in x for each fixed t=I There exists an in-
tegrable function %2(#)=0 such that

|F(t, 2) | k() a.e I
An absolutely continuous function x(#) defined on I will be called
a trajectory of F(t, x) if the following relation holds
dx(t)/dtes F(t, x(t)) a.e. I
For a set A in R" we denote by
Z(A, F)

the union of the graphs of trajectories x(#) (on I) of F (¢, x) which
satisfy the initial condition x(f,) & A.

2. Propositions

Proposition 1. Let {F,(#)} (n=1,2,--+) be a sequence of compact-
set valued functions defined and wmeasurable on a wmeasurable
set E, and suppose that lim F,(t)=F(t) and meas(E)<oo. Then
for every positive numbe;_;mwe can choose a compact set Ee such
that {F,(t)} converges wuniformly to F(t) on E. and meas
(E—E¢)<e.

Proof. For every positive number 4 we put

E, ()= él{teE; Dist(F,..(2), F(£))<a}.

E= GEn(/I) holds from the hypothesis. Since E,(A)CE,.(2)(n=

n=1
1,2,--+) hold,
lim meas(E,(1)) =meas(DE,,(/l)) =meas(E).
n->co n=1
Hence for every positive number 3 we can choose an integer N such
that
meas(E— Ey(2)) <.

The corresponding N and Ey(1) to 2=1/p, y=27% are denoted
respectively by N, and H,.
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From the definition of H, and N, we have
Dist(F,(¢), F(t))<<1/p, meas(E— H,)<2 ¢
for every te H, and every n=N, We put
H: ﬁ HP;
=1
and then we have

E~H:;L°Jl (E—H,), meas(E—H)<<> meas(E— H,) <.
= =1

Let ¢ be any positive number and we can chocse an integer p
such that
1/p<6<1/(p—1).

If te H teH, for p and
Dist(F,(t), F(t))<1/p=<s

holds for every #=N,. N, depends only on & but not on x in H and
hence {F,(#)} converges uniformly on H. Further we can choose in
H a compact set E¢ such that meas(H—FE¢) is as small as desired.
This completes the proof of Proposition 1.

Proposition 2. Let k(1) be a nommegative function which is
defined and integrable on an interval I, and let E be a measurable
subset of I. Then for almost every < in the complement of E
with respect to I

lim—l—gk(t)dtzo

is0 R JEais

holds, where E,(z)=EN [c,c+1].
Proof. We define 2(¢) equal to k(¢) in E and to zero in the
complement of E. Then for almost every ¢ in [

. 1 TH+h___ —-__
1’}51781 E()dt =T ()

holds, and hence for almost every r in the complement of £

o
= =0
lim— SE,,J?@‘” .

holds.
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Propesition 3. Let K be a compact rectangle in R™ and E be
a measurable set in R'. If F({,x)=Comp(R") is defined on EXK
and measurable in t for each fixed x= K and continuous in x for
each fixed t€ E, then for every positive number ¢ theve is a compact
subset E: of E such that meas(E—E¢)<c¢ and such that the func-
tion F(t,x), when considered as defined on E<xX K only, is uniformly
continuous in (t, x).

Proof. Let K be the rectangle consisting of points (%1, Zo,**, Xm)
in K" such that

aigxigbi, i:1’2, (L m.

For each n (n=1,2,---) we now divide each interval [a, 8],
1<i<m, by points

a,=x0<--<<x*=b,
where x"=a;+1(b;—a;)/2", and we get 2" congruent compact sub-

rectangles K, ,(k=1,2,--+,2") whose barycenter we will denote by x,,.
We put

oo=min{(b;—a,)/2n ; 1<ui<m}.
Let F, (1) be the oscillation of F(¢, x) in K,, with respect to x, i.e.
F,.(t)=sup{Dist(F(t,x),F(t,y)); x,yeK,,},

and we put
Fn<t> =maxXx {Fn,k(t>; k: lgkgzm”}'
Then from the continuity of F(#,%) in x,F,(¢) can be verified to be

measurable on £ and also we conclude that

lim F,(£) =0

n->oc0

Let ¢ be an arbitrary positive number. We take a sequence of
positive numbers {¢;} (1=1,2,--+) such that

8/2:i €.
1=1

Since F(¢, x,,)(k=1,2,---,2") are measurable on E, we can select a
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compact set E; such that F(%, x.,,), restricted to E;, are continuous in £,
and meas(E— E,)<¢e;. We define inductively {E,} (#=1,2,--+) as follows.
Suppose that we have defined E, such that F(¢, x,,) (k=1,2,---,2",
p=1,2,-+,n) are continuous on E,, and meas(E —E,,)<Z_§ e, then, since
F(t, %1, (k=1,2,---,2¢"9") are measurable on E, 'We can find a
compact subset E,,, of E, such that F(£,%,.1,) (k=1,2,---,2"") are
continuous on E,,;, and meas(E,— E, ;) <le.... We put

Ei=NE.,.
n=1
E¢{ is a compact set and we have
meas(E—Ee');uZ meas (£— E,‘);i e.=¢/2.
n=1 n=1

F(t, x,,)(k=1,2,--+,2*", p=1,2,--+) are all continuous on E..

Further by Egoroff’'s Theorem we can find a compact subset E¢
of E. such that {F,(¢)} converges uniformly to zero on E and
meas(E¢— E¢)<e/2.

Let » be an arbitrary positive number. From the uniform con-
vergence of {F,(t)} on E¢we can find a positive integer N such that
3Fy(t)<<p/2 for every t on E.. Take any (%, x,) € Ee¢X K, and then
we can find a set

S={xwn.}(¢=12,---,2")

T T
1 !
{ Kz |
______ P RIS, VU
| &z
1 |
a x
T . T
|
X i
1 g !

! 1
______ O H______cls__.___,.__
| {

] 1
1 !
| !

such that
x= Ky,

for every x€ K, dist(x,x,)<<pv... Hence the relation

Dist(F(t,x), F(t,S))<<2"Fy(t)<<z/3
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holds for every {€E: and x= K, dist(x, x,)<lov.. Further we can

find a positive number & such that
Dist(F(t,S), F(t, S))<n/3
holds every t€Es |t—£,|<6. Consequently if (¢, x) € E:X K satisfies
dist(x, x0) <<owss, |E—120]<<6,
the following relations hold
Dist(F(t, x), F(t, %))
<Dist (F(t,x), F(t,S))+Dist (F(¢,S), F(t,S))
+Dist (F(4,S), F(t,, %))
<2"Fy(%,) +Dist (F(t,S), F(t,S)) +2"Fy(t))<z.
Since Ee¢x K is a compact set, F({,x) is uniformly continuous

on E:x K. From the construction of E¢ the relation meas (E— E¢)<le
holds.

3. Theorems

Theorem 1. Let F(¢,x) satisfy the hypothesis H(F). Then
for every trajectory x(t) of F(t,x) which lies on bdry Z(A, F)
for every t in I, dx(t)/dt is on bdry F(¢, x(t)) for almost every t
in I

Proof. We can find a compact rectangle K such that Z(A4, F)
is contained in IX K. Let L be an integral of £2(¢) on I.

Let D, be the set of the density points of E,;,, where E,, is as
in Proposition 3. D:,,QD" is a subset of I whose measure is equal
to that of I. If f belongs to D, there exists an integer # such that
teD, Then ¢ is a density point of Ey, and F(f, x), considered on
E,,x K, is continuous in (Z, x).

Let ¢, be a point of D such that dx(#,)/dt belongs to the interior
of F(t,%(t)) for some trajectory %(¢) of F(¢ x) which lies on
bdry Z(A, F) for every ¢ in I, and so V(dx(t,)/dt, 4c) is contained
in F(¢, %(#,)) for some positive number e.



368 Norio Kikuchi

Let [z, %] be a union PUQ of two measurable sets P, Q. If the
ratio
meas(®)/meas(P)
is sufficiently small with # —r, there exists a positive number 8, such

that the following relation
S V(dz(t)/dt, 3s>dz+gof<z>dt3sg"wdﬂtl)/dz, 2%)dt

holds for r, #,—0,<r<{f;, where f(¢) is a measurable function which
lies in F(¢, x(¢)) for any trajectory x(¢) of F(¢, x).
On the other hand, since %(¢) is differentiable at ¢, there exists

a positive number g, such that the relation
&)%)/ c—1t)e V(dx () /dte)

holds for every r, #—8,<r<t.
We take r such that
b—o<r<<ty,
where 0=min(d,, d,).

As stated above, in [z, #,] there exists a compact set E,, [r, £,
which we will denote by J, such that £ is a density point of J and
F(t, x) is continuous in (¢, x), when it is considered on JXx K only.
By taking r sufficiently near #, we can assume that V(dx({,)/dt, 3e)
is contained in F(%, x(¢)) for every t&J and for every function x(%)
which has the Lipschitz constant L and coincides with Z(¢) at =.
[+, #;] can be expressed as a union of J and @ 1I,-, where {I;} (:=1,2,--+)
is a sequence of compact intervals. -

The union CJI is composed of a finite number of disjoint compact
intervals Which‘;:/e will denote by [ry, 61], [7s 62, -+ from left to right.
The complement of Qll‘ with respect(r,#] is composed of a finite
number of disjoint in{érvals which we will denote by Ji= (61, %), Jo=
(62, 73), - or by J=[r,71), Jo=C(0y,72), -~ according as 7;=rt or r;=r.

Let & be in V({dx(t,)/dt, 3c). We define a curve on [z, 4] as

follows. If ¢#7;, we define on [z, 7]
2P =%(@)+k({E—1).
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On [cy, 6] we define xP(#) as a solution of the contingent equation
through %(z) +k&(z;—7). On [oy, v.] we define

x,(.k) (t) :x;k) <61> +k<t_61>.

Similarly, if =7, we define 2’ (¢) as follows. On [r,s] we define
xP(t) as a solution of the contingent equation through %(r). On
[o1, 2] we define

2P =2P (6) +E(t—ay).

In this way we define a curve 2 (#) on the whole interval [z, #].
When £ goes round all over the set V(dZ(%,)/dt, 3<), we get a
family of curves. This family can be verified to be a normal family
and to have the same Lipschitz constant L.
From the construction of & (8<(4,), the set

G={Z()+k{—7);keV(dx(t)/dt, 2¢)}
is contained in the set
G.={x (1) ; ke V(dx(t,)/dt,3e)}

for sufficiently large #. Hence, for every x&G there exists a curve
x¥(¢), which we denote by x,(f), such that x,(¢,)) =x. We can select
a subsequence of {x,(#)} which converges uniformly to a curve x*(¢)
with the Lipschitz constant L. Since the relation

n®)ex@+3| Fe xwya+s| varw/a, soa

7,t1nl7i. 0.1

holds for every #, we have
x*(t)ef<r>+g F, x*(t))dt+8 V(dx(t)/dt, 3¢)dt
[z.t1-7 [=z.tInJ

C%(o) +S:F(t, (D) dt.

This relation implies
x*(r) =%(z)
and
dx*(t)/die F(t, x*(1)) a.e. [r, 1]
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because x*(¢) is absolutely continuous. x*(¢) is a trajectory which
connects A and x. Hence G is contained in Z(A4, F), and hence
x(t,) belongs to the interior of Z(A, F), which is a contradiction.

Theorem 2. Let F(t,x) satisfy the hypothesis H(F). Then
every trajectory of F(t,x) satisfies the contingent equation almost
everywhere in I except for a common set of measure zero.

Proof. For any positive number ¢ we let E be a set E¢ as in
Proposition 3. Let H be the complement of E with respect to I and
E’ be the set of density points of E and E”"(CE’) be the set of r
for which there holds
1im—}t_g E(H)dt =0,

h=>0 Hy (1)
as in Proposition 2. We get
meas (E) =meas (E') =meas (E"")>meas () —e.
Let = belong to E” and x(¢) be any trajectory of the contingent

equation. For a sufficiently small 2 we get

x(c+h)—x(7) 1 (7
A el S F(t, (D)) dL.

Hence
dist((x(zc+h)—x())/h, F(z, x(z)))

gDism}l—g”"F(t, X(D)dt, F(z, x()))
gnisw—; Swf ¢, () )dt,lTSEh(T)F@, x())db)
+ Dist (% SM)FQ, £(0) dt,_}l—gymF@, x())db)

S-,—Z——S Dist(F(Z, x(8)), F(z, £(c)))dt
| l Eu(7)

-

meas (H,(z))
!—h—]SHh(T{e(t)dt—t— | F(s, 2()| eas ()

Since the last term tends to zero with %, the following relation holds
D*x(r) CF(-:, x(r))
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A positive number ¢ is arbitrary, and hence for almost every =
in I the relation

D*x(z) CF(z, x(z))

holds for every trajectory x(¢) of F(¢, x).
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