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On the Stability of Finite Difference
Schemes Which Approximate
Regularly Hyperbolic Systems with
Nearly Constant Coefficients

By
Yoshinori KaMETAKA*

1. Introduction

Consider a first order hyperbolic system of partial differential equa-
tions

(1.1) %:ézg(@ g;‘ t, ) e0, T] xR

and initial data at {=0
1.2) u(0, x)=u,(x) xRy

We approximate the Cauchy problem (1.1) (1.2) by finite dif-
ference scheme

(1.3) u(t+k x)=Su(, x)
1.4) u(0, x) =u,(x).
Here 2>0 is a time-step and 42>>0 is a mesh-width, as usual we assume

that %k/Z=21=constant.

We call the approximation (1.3) is stable if S7 is uniformly
bounded on L*(R") for 0<mh<T.

In constant coefficient case there are many usefull criteria on the
stability of finite difference approximation. (Kreiss [3], Parlett [4],
Yamaguti [7]).
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In variable coefficient case Kreiss obtained sufficient condition for
stability for symmetric hyperbolic systems. But for non-symmetric
hyperbolic systems with variable coefficients there are much less results,
except for few special examples (Friedrichs scheme, modified Lax-
Wendroff scheme. (Yamaguti and Nogi [8]).

We obtained some kind of sufficient conditions for stability of
primary type schemes which approximate regularly hyperbolic systems
with nearly constant coefficients.

2. Pseudo Difference Scheme

To obtain energy inequality for non-symmetric hyperbolic partial
differential equations with variable coefficients pseudo differential opera-
tors was a very usefull tool. Here following the ideas of Yamaguti
and Nogi [8] we introduce pseudo difference scheme to obtain local
energy inequality for finite difference schemes which approximate non-
symmetric hyperbolic partial differential equations.

Let K(x,&) eC~(R"X R*— {0}) be homogeneous degree 0 in & and
K(x,6)=K(oo,¢&) for |x|>R. We define pseudo difference scheme
K, with symbol K(x, &) as follows:

Definition 2.1.
2.1 Ku(x)— I.i.m.Se"’fK(x, sinhe)a(e)de

4(8) = Fu(e) = (Zﬂ)""’zge“"’su(x) dx

sin hé= (sin k¢, -+, sinh&,).

Corresponding to the operator 4 in the theory of pseudo differen-
tial operators we define the operator 4, as follows:

Definition 2.2.
2.2) Au=SF""|sin hé|Fu
Isinhg| = (|sinhg;|*+ -+ |sin kg, |2,

We call one parameter family of bounded operators {H,; 2>-0}
null scheme and write H,€J], if [|H,|]|=0(k) as h—0.
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Following Yamaguti and Nogi we list up some fundamental pro-
perties of pseudo difference schemes.

Lemma 2.1. Let a(x) be a smooth function and constant for
lx|>R. Let K,, Kt, K,, and K,, be pseudo difference schemes with
symbols K(x,¢&), K*(x,£), K,(x,£), and K,(x,&) respectively and 77
be translation operator. Then pseudo difference schemes of following

forms are all null schemes.
(2' 3) a<x>Ah—Aha<x>J KItAh_AhKhr [a<x>Kh_lea(x>]Alu
(Kh*Kl#r)Alu (Kl,hKZ,h—KI,hOKZ‘IJAh; Kth_Tan-

3. Primary Type Scheme

We define the primary type scheme correspond to the hyperbolic
system (1.1) by

Definition 3.1.
T’
3.1 S 3 LT Ve

A DT _Shg iy T Tid

Here T,=(T:,, -, T.,) is translation operator, C;(T,) are polynomials
in 7, and C;(¢**) are real valued functions in £¢ER”. Let introduce

the pseudo difference scheme A, with symbol

3.2) Alx)-&¢= ZA(x) IS]
and write (3.1)
(3.3) S,,:%(i/IA,,A,,)fC,-,,,.

Assumption 3.1. We assume that (1.1) is regularly hyperbolic
system with nearly constant coefficients, that is

3.4 Ay (x) =Ae it Aos(x) j=1,n

Here A..,; are constants, A,;(x) are smooth functions with compact
supports and |4, ;(x)]|® are sufficiently small. A(x)-£ has real dis-
tinct eigenvalues d;(x,¢&) j=1, -, N and
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(3.5) }25 ld;(x, &) —d.(x,8)]=6>0.
1§l=1
JFk
It is well known from the theory of regularly hyperbolic partial
differential equations that there exist the diagonalizer N(x, &) with fol-

lowing properties
(3.6) N(x,8)A(x)-&=D(x,&)N(x,&) D(x,&= <d1 (%8 0 )

0 dylix, &
3.7 N(x,&)=N,.(&)+ Ny(x, &

(38.8) INZ'(®|, |IN.(&!, | Ny(x, & |<constant independent of x and
€. By |x|—occ we get the relation
(3.9 N.(®A.-&€=D..(6)N..(&) Dw(é)=<d1,w.($) 0 )

0 dya(®
Here d;..(&) are eigenvalues of A..-& and we put

(3.10) d;(x,8)= d;, (&) +d;o(x, ).
Now we call
(3.11) S(x, &) = 2 (124 (x)sin€)C, (&)

the symbol (or amplification matrix) of S, of the form (3.1). Here
C;(&) are abbreviation of C;(¢**). By the spectral mapping theorem
eigenvalues of S(x, &) are

(3.12) (%, &) =§ {iad,(x, sin€) |sin&]}C;(&) k=1, -+, N.

4. Stability

Theorem 4.1. Suppose that the assumption 3.1 is satisfied and
for eigenvalues of the symbol S(oo, &) we assume

(4.1 lo,(&) *<1—6.|siné|* k=1, -, N.

Then the scheme (3.1) is stable if 2 is sufficiently small and if coeffi-
cients C;(&) of the symbol S(x, &) satisfy following relations

(4.2) 12'_';‘[)(— 1)7C, () Cary (€) + (—1)! C2(€) | < const. | sin |
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5. Accuracy

Definition 5.1. The difference scheme S, with symbol S(x, &) is
accurate of order p if

(5.1) S(x, &) =e™ ¢ +0(]g]*™)  [£]—0

Proposition 5.1. Necessary and sufficient condition for that the
primary type scheme (3.1) is accurate of order p (uniformly in 4, 0<C
2<4,) is in the case p=1

(5.2) C(®=1+0(]¢]» } o
(5.3) C.(®=1+0(l¢D)

and in the case p=2

(5.4 C(®)=1+0(I¢]D 1
(5.5) C.(&)=1+0(]¢1" 1§]—0.
(5.6) C.(&)=1+0(|¢D) J

Remark 5.1. In general it is impossible to obtain the primary
type scheme S, of the form (3.1) with accuracy p>>3.

6. Proof of Theorem 4.1

Let N, be pseudo difference scheme with symbol N(x, &) the dia-
gonalizer of A(x)-£¢. We introduce new norm on L*(R"*) by use of
N, which is equivalent to usual L*norm.

Lemma 6.1. Under the assumption 3.1 we have
(6.1) ou[ul| <[ Nyul| < ouflul| YuesL*(R).
Here 4, and §. are constants independent of /2>0.

Let N., and N,, be pseudo difference scheme with symbols N..(&)
and N,(x, &) respectively. We have

(6. 2) Nh:NM';,_*_.Ng,},.



6 Yoshinori Kametaka

Remember that N,(x, &) is homogeneous degree 0 in & and can be ex-
panded by means of spherical harmonics

(6. 3) NO (x, E) = §'n0,1,7»1<x> Yl.m (5)'

Here {Y,.(&)}n-1,...ncr is a base of spherical harmonics of degree /.
Following properties are well known (Calder6én and Zygmund [1]):

6.4 | 'Y, ..(&) | <const. [
(6.5) n(l)<const.["*
(6.6) 170, 1,» (%) | const. 7223 sup.(—%)llNo(x, E)l-

lv|<2n x=R"
1g=1

By (6.4), (6.5) and (6.6) the expansion (6.3) converges absolutely
and uniformly in (x, &) €R"X {¢€R*; |¢|=1}. Therefore pseudo dif-
ference scheme N,, can be expressed as

6.7 Noath =23 70,1,n(K)F [ Vo, m(sin A () ].

Proof of Lemma 6.1.
[ Nl < 0.l afl

is obvious.
[ Nutt| = Neo, ]| — || No s
=|[N.(sinhg)a ()| — H%%o.:,m(x)ff‘l [Y,,.(sinhe)d(] ]
=28 ul =3 170,10 (2) | 801 Y50 (6) | 0l u]
2{261~con;t. > sup.

lv[<2n x=R"
1§21

(%)”Nm, s)%} [ull.

In assumption 3.1 if we take |[A,(x) |4 sufficiently small, we can

assume

const. > sup. <6%>vNo(x, E)l<81.

[v|<2n x=R"
l€lz1

Therefore we obtain
[ Nl >6,]ul| vusL(R").
This completes the proof of lemma 6. 1.

Proof of Theorem 4.1. It is sufficient for the stability of the
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scheme (3.1) to show that
(6.8) INSull*<<{1+O0M)} | Nuu|* vueL*(R").

By use of lemma 2.1 we can calculate N,S, modulo null scheme I,
as

N,S,— z N,(i2A.4,) fc,.,,,zg (iaD,4,)'N,C;
Eg(izDhAh)fc,,hm.

The inequality (6.8) is reduced to more simple form

6.9 [A— (S@da)Criy* (5 @2duts) Cui} 10, 0)=— 0 0]

for any scalar valued function v=L*(R"). Here d, is pseudo differ-
ence scheme whose symbol is any one of eigenvalues d;(x, & of
A(x)-¢. Let j+k=2I+1, where j, £ and ! are non-negative in-
tegers, therefore j is even and % is odd or conversely j is odd and %

is even.

C;..(12d,4,) ¥ (12d, 4,)*C 1+ Co i (82d, A,) ¥ (12d 4,) °C 4
=C;,(—iad . 4,)' (02d, 4)"Cy s+ Co i (—i2d,4,) * (i2d,4,) °C;
= {(—1)+ (=" (ad,4,)"**C; ,C,.,=0.

Next in the case j+k=2/, 0<j<I[-1

C;..(32d,4,)% (12d,4,)*C,  + C,. 1 (224, 4,) ¥ (12d, 4,) °C; 4

=(—1)'0Gd,4,)¥2(—1)’C; ,Cor_j s

and in the case j=k=I/

C..(02d,4,)* (12d,4,)'C. = (—1)' Qd,4)* (—1)'C} ..
Thus we have

{z (024,4)Cy.* (512 1) Ci}
=31 ) 23 (~1)'CpuCopat (—1'CLb.

Let d..., and d,, be pseudo difference schemes with symbols d..(¢) and
dy(x, &) respectively. We have
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dy=d..,+d,;
1= {35304 1)Ca} * (3, i3, 40)Ci)
=1— ((idosds)’ C1.0 (2 (i1dor1)Cu)

— D (A — (s )} 25 (1o sa+ (—1'CL.
From the assumption (4.1) of theorem 4.1 we obtain the estimate
(1= {500 s s * (33 (i)' Ci} 0, )

=({1—lo=(h&) |7} 9, 9)
>d(|sinhs|>0, 0) =o| L]
On the other hand
Qdid)¥ — Q8o s ) =27 {(duc s+ do,1)* — A2 3} AV
=210 { (ot o)+ -+ d A
If /<<7r—1 by the assumption of theorem 4.1, we have
1253~ 1)7C, (h8) Cur s () + (—1)'C(he) | <const. | sin ] <.
Finally by taking 1 and |A,(x)| s sufficiently small we have
| S (=D{0dit)* — (2d 1 4)"} {2 g(—l)’ca,hczz-,-,h
+(=D'Cl v, 0) | < - il

We obtain therefore the desired estimate (6.9). This completes the
proof of theorem 4.1.

Remark 6.1. We can replace the inequality (4.1) by
I-1
(6.10) 1—21(—1)’(de (siné) |sin&|)* {2 a(——l)"C;(E)sz_;(E)

+(—1)'Ci(&)} >const. |sin&|*.

7. Schemes with High Order of Accuracy

If we wish to consider schemes with higher order of accuracy we
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must replace sinfé by

T s® =S (sind)™1=£+0([E1™)  [§]-0

B (21—2)!
T T Tl D 2EE (=) D

Now the finite difference scheme with symbol of the following form
we shall again call primary type.

(7.2) S(x,8) =314 -5, C(®)
$4(8) = (84 (62, -+, 5,(8.)).

We must change the definition of pseudo difference scheme.
Definition 7.1.
(7.3) Au=F[|s,(he) 4 (E)]
|5:(8) [ = (Ise (&) P+ -+ [ 5,60 [
Definition 7.2.
(7. 4) Kau=Lim oK (x, 5, (he))a@ de.
Fundamental properties of pseudo difference schemes of section 2 remain
unchanged.

Proposition 7.1. Let p»<2g, necessary and sufficient condition
for that the finite difference scheme S, with symbol (7.2) is accurate
of order p uniformly in 2, 0<<1<2,, is

(7.5) C,-(é)=].i!+0(]syﬂ+l-f) j=0,1, -, p.

Theorem 7.1. The finite difference scheme S, with symbol (7.2)
is stable under the same assumption of theorem 4.1.
Proof is quite similar to that of theorem 4.1. It is sufficient only
to see
const. |sin&| <{|s,(&) | <const.|siné&].
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8. Remarks on Symmetric Hyperbolic Case

Let (1.1) be symmetric hyperbolic system with variable coeffi-
cients, that is, we assume that A;(x) are all hermitian N X N matrices.
As before we approximate the Cauchy problem (1.1) (1.2) by finite
difference scheme (1.3) (1.4). Here S, is again the primary type
scheme of the form (3.1).

Theorem 8.1. In this case the von Neumann condition is necessary

and sufficient for stability.

Proof. Necessity of the von Neumann condition for finite dif-
ference scheme with variable coefficients is due to G. Strang [5]. It
is sufficient for stability to establish the inequality

8.1 (I—=S¥SDu, W>—0W) fjul* YusL*(R").

Neglecting null scheme we can regard I—S*(x, £)S(x, &) is the symbol
(in the sense of Lax-Nirenberg [6]) of [—S¥S,. In this case S*(x, &)
S(x,6) and S(x,¢&) are diagonalized in the same time by unitary
matrix and consequently ¢(S*S)=14(S)|% Here ¢(S) means eigen-
value of matrix S. Therefore the von Neumann condition

(8.2) l6(S(x, &))<l VY(x,&)ER'XR"

assures that the hermitian matrix I—S*(x, £)S(x, &) is non-negative.
In this case S(x, &) is trigonometric polynomial in & By the theorem
of Lax-Nirenberg [6] we can establish the desired inequality (8.1).
The proof of the theorem is complete.

9. Remarks on Regularly Hyperbolic System
of One Space Variable

Let (1.1) be regularly hyperbolic system of one space variable
(n=1). There exists the diagonalizer N(x) of A(x) such that

(9.1) Nx)Ax)=D(x)N(x) D(x)= a’l(_x) 0>
(0 dy(x)
di(x), -+, dy(x) are eigen values of A(x)
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9.2) IN*(x)|, |N(x)|<const.
By multiplying £ R" on both sides of (9.1) we get
(9.3) N(x)A(x)-é=D(x)-¢N(x).

In this case |[N(x)u| defines an equivalent norm on L*(R") without
the assumption of nearly constant coefficients.

Theorem 9.1. In this case the von Neumann condition is neces-
sary and sufficient for the stability of the scheme of the primary type
(3.1).

Proof. Attention that the symbol
20 (i2d,(x)sin &} °C;(8)

is trigonometric polynomial in & and the theorem of Lax-Nirenberg is
applicable.

10. Examples

Example 10.1. The main theorem 4.1 is applicable for Friedrichs
scheme

(10.1) S(,6) == 3 cose,+irA(x) sine
7=1
and modified Lax-Wendroff scheme
(10.2)  S(x, & =[+i2A(x)- sing—- Slcosé,+ - (A() sin©)*.
ji=1
But in these cases there are more sharper results by Yamaguti and
Nogi [8].
Example 10.2.

(10.3) S(x, &) =I+i2A(x) -sin&-+ —;—(i/lA(x) -sing)?

+C;(12A(x) -siné)?.

Let assume that C3=const.>%, infld; ..(¢)|>0. Then this scheme
=1

is accurate of order 2 and
|60 (E) |°<1—0..|sing]*
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Therefore this scheme is stable under the assumption 3.1 and if 2 is

small enough.
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