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Introduction

In the present paper we concern ourselves with the study of linear
equations of types

(1 u—T(Du=f
and
2 T(2u=f,

where z is a complex parameter. As is well-known, integral equations
of type (1) have been studied succesfully by making use of the (clas-
sical) Fredholm determinants. One of the important results is the
fact that the so called resolvent kernel is a meromorphic function of
z.

To treat linear equations of type (1) in a Hilbert space, it is
necessary to give another definition of the Fredholm determinants, for
the original Fredholm’s definition of determinants can not be used any
more in an abstract theory. An extension of Fredholm’s determinant
theory has been carried out by several authors. Among recent works
we mention Dunford-Schwartz [3], Gohberg-Krein [6] and Kuroda [9].
Especially the treatment in [6] is a very elegant one. The generalized
Fredholm determinant det,(1—2z7) is defined for any compact operator
T belonging to the class €, of von Neumann and Schatten. This fact
enables us to obtain an abstract version of the classical Fredholm
theory.

The study of linear equations of type (2) requires somewhat

Received November 14, 1967.



418 Kiyoshi Asano and Yasushi Shizuta

different approach. Our method is essentially along the lines of
Gohberg-Krein [5].

In §1 we give preliminaries to the whole study. The contents of
this section is essentially included, e.g., in [3] except for Lemma 1. 1.
In §2 we define the generalized Fredholm determinant det,(1—2z7)
and derive some of its fundamental properties. Our treatment resem-
bles in many points to that of [6]. However some results (for
example, Lemma 2.7 (ii) and Corollary (i) to Theorem 2.5) are
stated in more general forms than those which have appeared in the
literature. In §3 we study linear equations of type (2). Osne of main
results can be described as follows: let $,(9) be the set of all bounded
Fredholm operators with index O in a Hilbert space © and T(z) be
a B,(9H)-valued meromorphic function with finite rank singular parts.”
Then T(z)™ (if exists) has the same property.

In the forthcoming papers, we shall study some related problems
to this subiject.

§1. Preliminaries

1. Notations. Let 9,9, --- be Hilbert spaces and the set of all
closed linear operators 7T with domain 9(7T)C® and range R(T) 9,
be denoted by L(9,9). Lo(H D) and B(H, D)) denote the subset
of L(9,9.) consisting of all T L(D, &) with D(T) derse in O and
D(T) =9, respectively. All 1€ B(DH,,) are bounded and the bound
(norm) of T is denoted by ||T|. B(9, %) is a Banach space with
norm | ||. For T (9 9), N(T) denotes the null space of T,
NR(D={ucP(T); Tu=0}. N(T) is a closed subspacc of . If
Te £,(9,9,), the adjoint operator 7* exists and belongs to -L,(9:, ),
and T*=T.

We call T £,(9, %) a Fredholm operator from $ to 9., if
a(T)=dimN(T)<<oo, R(T) is closed, and B(T)=dimR(T)*<<co.?
a(T) and B(T) are called nullity and deficiency of 7, respectively.

1) See p. 442.
2) R(T)* denotes the orthogonal complement of R(T) in 9.
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We define the index x(T) of T by «(T)=a(T)—p(T). 0(D, D)
denotes the set of all Fredholm operators from £ to £, and we put
0,(9,0) ={T€0(D,9); «(T)=j}, j=0, £1, ---. If T€0,(D, 1), then
T*c0_;(9, D) with a(T)=p(T*) and g(T) =a(T*). We write L(D)
for L(9,9) and define similarly L£4(9), B(D), @(H) and 0,(D).

For Te Ly(9), we put 0,(T)={EC; 21—~ T<0,(D)} and o(T)
={eC; i:—T=eo(D)} =Uo,(T). The resolvert set, the spectrum, the
set of all eigenvalves ard the set of all isorated eigenvalues with finite
multiplicities of T are dencted by o(T), o(T), ¢,(T) and o,(T),
respectively. We put o(T)=p.T)Ue,(T) and o¢,(T)=0(T)". o.(T)
is called the essertial spectrum of 7. Clearly »(7T)C@,(T) and
o(T)=0€0,(T); ala—T)=C}. o(T), o(T), 0;(T) and 0(T) are
open. We denote by %n(1; T)(<eo) the algebraic multiplicity of
1€ 0,(T), and by 3,(T) (resp.5,(T)) the set of 1€6,(T) (resp.a,(T))
each repeated #(2; T)-times. We put #(1; T) =0 for io(T).

For a set M whoese elements are complex numbers, M° denotes
the set of all non-zero elements of M, and M*={1; 2 M}. For
Te L, we have that ¢.(T)*=06,(T*%), 0,(T)*=0,(T*) (j=0, =1, ---),
o(TY*=p(T*), 6,(T)*=06,(T*) and 3,(T)*=3,(T*). The following
lemma will be sometimes usefull.

Lemma 1.1. Let Te B(D, D) and S€B(H, D). Then, s.(TS)°
=0,(ST) and 5,(TS)’=3,(ST)". For 2€0(TS)=0(ST)%, a(2—T8S)
=a(A—ST) and BG—TS)=pA—ST). Thus, 0,(TS)=0,(ST)°
(7=0, £1, ), o(TS)°=p(ST)" and 5,(TS)"'=3,(ST)".

For the proof, see Shizuta [14].

If X is a Banach space and U is an open set in €C”, we denote
by A(U; X) and H(U; X) the set of all X-valued analytic functions
defined in U and the set of all X-valued meromorphic functions in U,
respectively. If U is an open set in R”, we denote by C*(U; X) the
set of all X-valued functions defined in U which are kA-times continu-
ously differentiable, £=0,1,---. If X is the complex plane C, we
simply write A(U) for A(U; €C), and define similarly H(U) and
C:H(U). If ¢ is an arbitrary set in C”, A(¢) denctes the set of all
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functions (&) which are analytic in some neighbourhood of . Let U
be an open set in €. For f& M(U), the order of f at a point ac U

is denoted by #(a; f). In other words, if f(z)=%a,-(z—a)", a,#0,
—oo<n<Ioo, is Laurent’s expansion of f(z) at z=z]z, then n(e; f) =mn.
We denote by C(a,7) a circle in the complex plane with center
¢ and radius 7.
Let © be a finite dimensional Hilbert space and S€$(D). If
{o;; 7=1, -+, [}, I=dim®, is a base of ©, S¢; has the expansion:
qu,-zgsquak, j=1,---,1. We define detS by detS=det(s;,). detS does

not depened on the employed base and is determined only by S. It
is called the (usual) determinant of S. If 3,(S)={; j=1, -, 1},
then detS=14;.

2. CLASSES OF COMPACT OPERATORS. We denote by C.(9, ;) the set
of all compact linear operators from O to .. If T&C.(9 D),
| T|=(T*T)" is a compact and non-negative self-adjoint operator in
9. Let {u,(T)}=23,(] T])® be the set of non-zero eigenvalues of | 7T
numbered in the decreasing order. We say T<C,(9, ), 0<<p<loo,
if [T|,={3u;(T)?}**<<oo, Note that

a.1) w; (T = min max | Tul,

wyee, -1} (z,u1)=--=(2j_1)=0
where {u,, ---,#;,} runs over the set of all orthonormal systems con-
sisting of (j—1) vectors of £. We call »;(T) the j-th characteristic
value of 7. If we put ||T|.=supuy(T)=p(T), then we have

IT-=ITI<ITI,,  0<p<eo.
For p<<q, €,($,%) CC,(9,90) with [ T[T T3 If TeC, (%,

©) and SEC,(9,, D), then STEC.(D,9,) with %=%+% and
1.2) ISTI,<2|SILIT|,, 0<<r<oo,
(1.3) ISTIL<ISI T, 1<r<<oo®

For 1< p<leo, C,(9, D) is a Banach space with norm || |[,. Moreover,

3) This follows from (1.11) and Riesz convexity theorem.
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if we denote by Co(9,9) the set of all T€B(H, O;) with finite
dimensional R(7T) (dimR(T) is sometimes called the rank of T),
C,(D,9) is the completion of €,(9, ) with norm || ||,. In fact,
suppose that TC,(9,$,), 1< p<loco. Then

| TI =2 u(T)P,

where P;=(,¢;)¢; and {p;} is an orthonormal system (in ) consisting
of eigenvectors of | T|. We put

E~xP, E=1-E.,
(1.4) T,=TE,.
Then we have
(T—-T)XT-T,)=E.T*TE,=E,| TI’E,
= > w(T)P;.

izn+l

Hence
| T=Tol={ 33 w(TY}=0  (n=>o0).

The case p=oo is treated similarly. We call {7T,} defined by (1.4)
the standard approximation of 7€C,(9,9,). Note that 3,(|T,])°=
{w(TDY=4{w(T); j=1, -, n}.

Let TeB(H, ). Then Lemma 1.1 shows that X,(T*7T)°=
3, (TT* ie. 5,(1T1)'=2,(]| T*|*)". Hence T=C,(9,D,) if and only
if T*€C,(9,9) (0<<p<Loo), and [ T],=[T*[, (0<pLoo).

If A= B9y, D), T=C,(H, %) and BE B(H1, D), then (1.1) im-
plies that »(BT)<[[B[x(T) and p(TA)=p(A*T*)<|A*[n(T*)
=|Alu;(T). Hence TA=C,(Do, ) and BT, (£, ©.) with

L5 ITAILZITI.IIAf,
' IBTIL<IBIITI,.

Now we give the definition of the trace of 7T€C,(9)=C(D, D).
Let F={f.; a=%} is a complete orthonormal system in . We put

F(T) =5 (T, fo).
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Since R(T)** is a separable subspace of 9, (Tf«, f«) vanishes except
for at most countable numbers of a, and that 7= C,(9) ensures the

absolute convergence of the above series:
S (Tfa, f | <3u(T) = Tl

This shows that F(T) is a continuous linear form on the Banach
space C.(D). Let SeC€,(D, D), A= B (D, D) and G be a complete
orthonormal system in ©,. Then F(AS)=G(SA). Hence, if U= B(D)
is unitary, we have F(U*TU)=F(UU*T)=F(T). This shows that
F(T) depends only on T and nct on F employed. Thus we define
tr(T) by

tr(T)=F(T).
Obviously we have

lte(THI<I T,

(1.6) tr(AS) =tr(SA),

for Te (D), SEC.(H,D,) and A€ B(D, D).
Let T=C,(9) and P be a (not necessarily orthogonal) projection
such that R(P)DR(T). Then

a.7 tr(T) =tr(PT)=tr(PTP).
Let T=C€,(9) and P be a projection such that R(P)DR(T). Then

(1.8) Z(T)=3,(PTP)",
1.9) tr(T)= > i= > A
ASIJ(PTPYY  AS5L(T,0

Hence, if P=C,(9) is a projection and NeC°(D) is nilpotent, i.e.,
N'=0 for an integer I, we have
tr(P)=dimR(P),

(1.10) tr(IV) =0.

One of important properties of trace is the following duality: if
TeC,(9,9,), 1< p<Too, then

4) R(T)* denotes the closure of R(T).
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(1.11) IT,= sup [tr(ST)]I,
S%ﬁ@f@
isllg=

where %Jr-cl]—:l and g=oo is permitted.

3. OperaTOR CALCULUS. Let T€B(H). A subset ¢ of o(7T) is
called a spectral set, if ¢ is both open and closed in (7). Let
feA(s), and let D be an open set in € whese boundary y consists
of a finite number of rectifiable Jordan curves, oriented in the positive
sense customary in the theory of complex variables. We call such an
open set D J-type. Suppose that DDe¢ and DN\ {6(T)—0} =¢, and
that D° is contained in the domain of analyticity of f. Then we can
define the operator f(T).”= B(DH) by the following formula:

(1.12) FT)em e\ £ (6= T) e

i

Since (¢—T)'eA(o(T); B(H)), it follows from Cauchy integral
theorem that (7). depends only on ¢ and f, and not on D (or y).
If 6, and o, are two spectral sets of o(7T), fEA(s) and ge (o),
then ¢,(e, is also a spectral set of ¢(7), and

(1.13) F(T)eg(T)oy=(f2)(Taine, -
For f(&)=1 and g(&)=¢ we put f(T),=P(s; T)=P, and g(T).
=7,. Clearly P, is a projection, and P, T=TP,=7,. If we put

d=o¢(T)—0, then Ps=1-—P,. Hence, putting D.=R(P,) and D
=R(P.), we have the following decomposition of © and T

O=9.4+9s (direct sum),
T=T,+T..
In the above decomposition we denote by 7T, and 7T, the restriction
of T in ©, and 9.r, respectively. This convention will cause no con-
fusion. For £¢€9(T) we have
E—T)'=(E—-T) P+ (E—-T) Py
=(§—T)™"+ &~ T

5) We define f(T)s=0 for empty set ¢ for the sake of convenience.
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Considering analytic continuation of the resolvents of T, and T, we
see that ¢(7,)=¢ and ¢(7T»)=¢". If T, is considered as an operator
in $, we have ¢(T,) =0 {0} (if ¢'#¢) and

(1.14) (E—T)'=(E—T) P, +£"Por.

We write f(T) for f(T)ouy. Clearly Toey=T and P(c(T); T)=1.
From (1.13) and (1.14), we obtain
(D) P=P.f(T)=f(T).,

(T =f(T)s+f(0) P
for any spectral set ¢ of o(7T).

If i€6,(T), we write P(a; T) for P({3}; T). Clearly n(2; T)
=dim R(PQ; T))=tc(P; T)), 2€6,(T). Note that Laurent’s ex-
pansion of (6—T)™ at é=1€4,(T) has the form
(1.16) E-T)7'=E-1T)"P(x; DHY+E-T)"PHn"; T)

-1
:%7+...+ (gﬁ[@‘l + Efl + = To) P T,

where P=P(1; T), and N=(T—)PQ; T) with R(N)CcR(P) and
N'=0, 0<<I<n(a; T).

If TeB(9) and feA((T)), we have
1.17) s(f(T))=f((T)).
This is so called spectral mapping theorem. Let fe A((T)),
and g€ A(f(T))) and (gof ) (&) =g(f(¢)). Then gofeA((T))
and
(1.18) g(f(T))=gof(T).
More generally, if s is a spectral set of ¢(f(T)), then f*(e)Nao(T)
is a spectral set of ¢(T), and
(1.18) g(f(T2)e={(gf )(T) s xo>ocr -

Let TeC,(D), 0< p<oo, and f=e A((T)). Suppose that £(0)=0.
Then g(&)=f(&)/é€A((T)) and f(T)=g(T)EC,(H). Under this
situation, we have the following spectral mapping property of another
type:

(1.15)
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2,(f(T))=f(5.(T)) (¢f dimH<Teo),
(f(T)=f(5.(T))  (if dimO=00).
In fact, if 2€a,(f(T)), o=F({2})Ne(T) is a spectral set of

s(T) and a finite set of points in ¢,(T): ¢={&, ---,&,}. By (1.18")
we have PQ1; f(T))=P(e; T)=3P(&; T). Hence

(1.19)

n(2; f(T))=tc(P(a; f(T))) =3 tc(P(&;; T))=23n(é; T).

Lemma 1.2. Let D be an open set of J-type and fe A(D).

(i) Let U be an open set in R" and T(x)=C(U; B(N)).
Suppose that «(T(x)) is divided into two spectral sets o(x) and
o(x) so that ¢(x)CD and o(x)ND*=¢. Then f(T(x))srsC*
(U; B(D)).

(ii) Let U be an open set in C™ and T(z)eA(U; B:D)).
Suppose that o(T(2)) is divided into two spectral sets ¢(z) and o(z)’
so that ¢(2)CD and ¢(2)’ ND*=¢. Then f(T(2))e=A(U; B(D)).

(iii) Let U and T(z) be as in (ii). Suppose that T,(2)&
AU; BD)), 1=1,2, -+, and T;(2)—>T(2) in B(D) uniformly in U.
Then each ¢(T;(2)) is divided into two specival sets o;(2) and ¢;(z)’
so that o;(2)CD, 6;,(2))ND*=¢ and o¢;(2)—e(2) as j—o,° and
F(Ti(2)) e, f(T(2))owy in B(D) uniformly in U.

4. SoMe LEMMAS. We define a subclass A,(U; €, (D)) of JA(U;
B(D)) and the corresponding subclasses M, (U; €,(£)) and Ci(U;
€, (D)), through C,(9) is not a Banach space. By T(z) €A (U; €,(D))
we mean that i) T(z)e=A(U; B(D)), ii) for each a< U there exists

a neighbourhood U(a) of @ so that in U(e) T(z) has the expansion
of the form

(1.20) T(@) =33, 1202 = B @n (),

where ¢;(2)eA(U(@); ©) and x,(2)*=( ,ny)eA(Ula); D),
H*=B($, C), and iii) {¢;(2)} are linearly independent for z& U(a).
M(U; Co(D)) and Ci(U; €(D)) are defined similarly. However, for

6) This means that sup [A=A"|—>0 as j—>oo.
AE0(2),AE0j(2)
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T(2)e M,(U; C,(D)) we always assume that in the expansion (1.20)
9;(2)eA(U(a); ©) and 1;(2)*€ H(U(a); £F).

Lemma 1.3. A(U; €,(D)) cA(U; €C.(9)), and HA(U; C(D))
XAU; BD)) cA(U; C(D)). The same inclusion relations hold
if A is replaced by M or C. If T(z)e A(U; B(D)) and T(z)™*
e AU; B(D)) exists, then T(2) x A,(U; Co(D)) C A (U; Ci(D)) and
T(2) X HM(U; Co(D)) T M, (U; €(D)).

Lemma 1.4. (i) Suppose T(2) e A(U; B(D)). Then T(z)e
A(U; C(D)) if and only if for each a= U a neighbourhood U(a)
and P(2)e A(U(a); B(D)) are attached so that P(z)eC,(D), P(z)
is a (not mnecessarily orthogonal) projection (ie. P(z)*=P(z)) and
R(T(2))CR(P(2)) for each z= U(a).

(ii) Let U be a domain in C". Suppose P(z)e A(U; B(D))
and P(z) is a projection for each z€ U. Then P(z)eA,(U; C,(9D))
if and only if T(z2)eC,(D) for some (or equivalently any) z< U.

(iii) If we replace A by M or C* the assertions of (i) and
(ii) hold in the corresponding sense.

Proof. First we prove the if part of (ii). We note that if P,
and P, are projections and [[P,— Py<<1, then dim R(P,) =dim R(P,).
Therefore we have dim R(P(z))=const=k< oo for z& U. Take acU
and a neighbourhood U(a) of a so that [|P(2) —P(a)|<<1 for ze U(a).
Take a base {p:;i=1,-+,k} of R(P(a)). Since [[P(z)—Pla)|<1,
{P(z)p;} are linearly independent and form a base of R(P(z)),
ze U(a). We put

(1.21) 0. (2)=P(2)q,, i=1,-, k.

We take a biorthogonal base {yr;; j=1, -, B} for {p.(a) =g} : (0., ¥;)
=49,;, and put

<1‘22> P”'(Z):<§0,-(Z), ‘l”i); i!jzl; "')k-

Clearly p;;(z)e A(U(a)) ard p;;(a)=6,;. Hence if we take a suffi-
ciently small neighbourhocd V(a) of a, the inverse matrix (g;;(2)) =
(p:;(2))™ of (p;;(2)) exists, and each ¢;;(z) e A(V(a)). We put
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(1.23) W@ =30, @v, =1,k

Then by (1.21), (1.22) and (1.23), ¢;(2)=A(V(a); D), (2)*s
A(V(a); ©*) and (¢;(2), yr;(2)) =6,; for z& V(a). Thus we have

(1.24) P(z) =§’1( s ¥ri(2))0;(2) = Z¢;(2)yri(2) %, z2€ V(a),
and hence P(z)e A,(U; C,(D)).

The if part of (i) follows easily from (ii) and Lemma 1. 3, since
P(z)T(z)=T(z). To prove the only if part of (i), we have only to
construct a biorthogonal base {y~;(2)} of {p;(2)} of (1.20) in a similar
way to (1.22)—(1.23) and define P(z) by (1.24).

Note that if we put

1i(2) =(T(2)e;(2), ¥:(2)) = (¢;(2),%(2)),
then we have
T(2)P(2) =3¢, (2)t,;(2)9(2) "
The proof of (iii) is carried over similarly.

Lemma 1.5. Let P,(z2)eA(U; B(D)), n=0,1, -+, and each
P,(2) is a projection for z€U. Suppose that P,(2)=C,(D) and
P,(2)—>Py(z2) (n—>o0) in B(D) uniformly on any compact set of U.
Then P,(2)eA(U; €,(D)) and P,(z2)—P,(z) (n—oo) in C.,(D)
uniformly on any compact set of U.

The proof is quite similar to that of Lemma 1.4 (ii).

§2. Generalized Fredholm determinants

1. DEFINITION OF THE GENERALIZED FREDHOLM DETERMINANT OF ORDER v.
Let T=C,(9), 0<<p<co and let v be an integer not smaller than p.
Set

6 (2; T)=—tr%{(l—/l)"l—(lJr/ITﬂL---+/1””1T”‘1)}
=—tr T —-2T)7"}.
Since 17" C,, (D) CC(D), a(4; T) is a well-defined function on C.
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We note that ¢,(1; T)EM(C). The only singularities of ¢,(1; T)
are simple poles at 17'({A} =0,(7T)) and residues are positive integers
n(2; T) by (1.16) and (1.10). We define the function 8,(4; 7) on
C by

(2.1) —g:—g%:w; T,
(2.2) 5,(0: T)=1.

Thus defined entire function 6,(4; T') is called the generalized Fredholm
determinant of order y associated with 7. When there is no possibility
of confusion we write simply §,(1) instead of 6,(1; 7).

Theorem 2.1. Let T=C,(D), 0<<p<loo and let v be an integer
not smaller than p. Then 6,(; T) defined as above is an entive
Sfunction of 2. We have 6,(2; T)#0 if and only if 1€o(T).
Hence 6,(a; T)=0 if and only if 1*<e,(T). Moreover we have
n T)=n;0,(-; T)), 2€C, and hence 6,(2; T)(1—2T)*eA(C;
B(ON.

2. EXPLICIT FORM OF THE GENERALIZED FREDHOLM DETERMINANT. Since
our definition of 8,(4; T) is implicit, it is desirable to write it in a
concrete form.

Let T=C,(9), 0<p<ioo. For the moment we assume that
1€o(T). Let D be an open set of J-type containing ¢(7). We
further assume that 0D and 1€ D°. Define the single-valued analytic
function Log(1—¢) on D as follows. On the component of D contain-
ing 0, Log(1—¢) is taken to be on the branch of log(1—¢) such that
log 1=0. Denoting the components of D not containing 0 by D,
(k=1,2,--,n), Log(1—£) on D, is taken to be on an arbitrary branch
of log(1—¢) depending on k. Put

2.3) fy($)=Log(1—$)+<5+...+ uil :)
and
2.4 2O =1 £,0.

S

Noting that Log(1—¢£), f,(¢) and g.(&) € A((T)), we have
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(2.5) f,,(T):Log(l—T)—1-<T+...+ yil Tu—1>
and
(2.6) f(T)=T"g(T)=g,(T)T".

If v>>p, then f,(T)=C,(D), and it is easily seen that exp[tr{f,(T)}]
does not depend on the arbitrariness in defining Log(1—¢). In fact,

let Log(1—¢&) and £,(¢) be corresponding to another choice of the
branches of log(1—¢). Then we have

Log(1—T) —Log(1—T) =3"2rim; P(is; T),
where X' is a finite sum and ;s are integers. Hence
tr {f,(T)} —tr { f,(T)} =3 2mim;n(iy; T).

This proves the above assertion. It should be noted that the choice
of D is also arbitrary.

Let now T=C,(9) be arbitrary and v be an integer >p. Then
det,(1— T) will be defined by the formula

2.7 det,(1—T)=exp[tr{f,(T)}], if 1€o(T),
—0, if 1€4(T).

We shall state two lemmas on some properties of det,(1—T)
thus defined.

Lemma 2.1. Let T=C,(D) and let v be an integer not smaller
than p. Let y, be a closed contour such that i) v, is contained in
o(T), i1) 7, is entirely inside C(0,1) and iii) 0 is inside y,. Denole
the set of all points in o(T) which are inside y, by oo and the set
of all points in «(T) which are outside v, by o1. Put P;=P(s;; T)
and T;=TP;, j=0,1. Then we have

(2.8) det,(1—T) =det,(1— T)det,(1—To),

where

det,(1— T)) —det,(1— T,)exp[tr(Tl) ey L : tr(TI‘l)]
.

and
det,(1—T) =exptr{f,(Ty)}].
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Proof. Let 1€o(T). Then by (1.15) we have

() =1f.(T) P+ f.(T)P,
=£,(T) +f.(Ty).
Hence it follows that
det,(1—T) =exp [tr {/,(T)}]
=det,(1— Ty)det,(1—T,).

Since T, Log(1— Ty)=C,(D), we obtain

det,(1—T) =exp]‘:tr {Log(1—TD} +te(T) + -+ yil tr(T{“l)]

1
v—1

=det,(1— Tl)exp}:tr(Tl)_p..._f_ tr(Tlll—1>].

If 1€6(T), then both sides of (2.8) will vanish. Thus we have the
asserted equality.
Next we shall examine det,;(1—7) for T=C,(D).

Lemma 2.2, (i) Let S=C,(D) and let {i;; j=1, -, n} be the
set of all non-zevo eigenvalues of S rvepeated according to multi-
plicities. Let P=C\(D) be a (not necessarily orthogonal) projection
such that R(P)DR(S). Then we have

(2.9)  det,(1—S)=det,(1—PSP) =det(Lo—S») =1 (14,

where 1, is the identity in R(P) and Sy is the restriction of SP
=PSP to R(P).

(ii) Let S and {1} be as in (i). Let, furthermore, {p;; i=1,
<, I} be a base of R(P) and suppose that {;; j=1, -, 1} is bi-
Orthogonal tO {405}, i-e-, ((Dii "P’J} :6”" P%t sii: (S<0ia r‘!”:) = (PS‘P(OJ: "l"i)'
Then we have
(2. 10) detl(l_‘s> :det<6[j_s,'j>.

Proof. Suppose that 1p(S). Then we have by definition

det,;(1—S) =exp[tr{Log(1—S)}].

Since Se=C,(9), it is seen that Log(1—S)=£1(S)=Sg.(S)=C,(D).
By (1.9) and (1.19) (the spectral mapping theorem), we obtain
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tr{Log(1—S)} =J_§=1L0g(1*x,-).
Hence
det,(1-8) =TT (1-1).
We have also :
detu(1—PSP) =11 (1-4)
and

det(Le—S») =1 (1—4).

If 1€6(S), each member of (2.9) is zero. Thus (i) is established.
(ii) follows at once from (i). The proof of Lemma 2.2 is completed.

Let T=C,(9) and » be an integer not smaller than p. We shall
show that det,(1—2T)=0,(1; T), 2=C. Put

8(2) =det,(1—2T).

Clearly thus defined (1) is single-valued on €. Moreover §(1) is an
entire function of A by virtue of Theorem 2.3, since in the proof of
Theorem 2.3 we need only the expression (2.8) of det,(1—217). Fix
H»EC so that 1€p(4T). Let D be an open set of J-type such that
o(uT)cCD, 0D and 1€ D*. For any A belonging to a sufficiently
small neighbourhood U(%,) of 1,, we have also s(AT)CD. Let us fix
Log(1—¢) on D. Then Log(1—¢£), f.(8), g.(&)eA(c(aT)) for all
i€ U(%). Note that D is independent of i1 U(2,). Thus we obtain

£.(1T) =Log(1—aT) + {4T+---+——yi1 (zT)v-l}

and

LAT)=QT)g,QT)=g,QT)T)".

It is obvious that g, 1T)eA(U(x); B(H)) (Lemma 1.2 (ii)) and
Ty e AUk ; €(D)). Hence we see that f,(AT) e AU); €C.(D)).
Clearly we have

%fv<3T> =—QA-2T)*T+{T+--+2172T"%

—— L@ Ty,
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d Ty =tr 4 }— :
E,Itr{fv(AT)}—tr{dlf,,(/lT) —a,(2; T).
Thus 6(2) is an entire function satisfying the following equalities
FD s T,

a(2)
6(0) =1.

Herce 0(1) =det,(1—2T) coincides with the generalized Fredholm

determinant 0,(4; 7). These facts may be summed up as follows.

Theorem 2.2. Let T=C,(D) and let v be an integer not smaller
than p. Suppose that i*&e(T). Then we have

(2.1 0,(2; T) =exp[tr{Log(1—/IT) +aT+-- +VT11—(AT)"*IH .

3. DEPENDENCE OF THE GENERALIZED FREDHOLM DETERMINANT ON T.

Theorem 2.3. Let 1<p<<oo and let v be an integer not smaller
than p. Then, if U is an open set in C" and T(z)= A(U; C,(D)),
we have det,(1—T(2))eA(U). Similarly, if U is an open set in
R and T(x)eCU; €,(D)) (0<k<o), we have det,(1—T(x)) e
C*(U).

Proof. Let T(2)eA(U; C,(9)). Let us fix a= U, and choose
7, 0<<r<<l1, such that C(0,7) Cp(T(a)). If U(e) is a sufficiently small
neighbourhood of @, we have also C(0,7) Cp(T(2)) for any z€ U(a).
Let 6,(2) = {21€6(T(2)); |A|>7} and let ¢,(2) = {1ss(T(2)); |al<r}.
We put P;(2)=P(o;(2); T(2)) and T;(2)=T(2)P;(z)=P;(2) T(2),
7=0,1. Clearly Pi(2)eC,(9). In view of Lemma 1.2, we have
P(2)e A(U(a); B(D)). Hence it follows from Lemma 1.4 that
P.(2), Ti(z2)e A,(Ula); C,(D)). It is easily seen that P,(z) e A(U(a);
B(0)) and Ty(2)eA(U(@); €,(D)).

In virtue of Lemma 2.2, det,(1— 7(2)) is expressible as

det,(1— T(2)) =det,(1— T1<2>)eXp[tr(Tl(2)> R

(@) [expltr (AT @) 1.
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Since £,(T,(2)) =g.,(T,(2)) T,(2) € A(U(a); C,(H)) (Lemma 1. 2),
we see that exp[tr{f,(T,(2))}1eA(U(a)). It is also seen that
exp| tr(T@) -+ tr(T(2)™) |€AU@). Now it remains
to show that det,(1— 73(z)) depends analytically on z in some neigh-
bourhood V(a) of a. Using the expression (1.24) of P,(z) and putting
t.;(2)=(T(2)p;(2),y:(2)), we have by Lemma 2.1 det,(1—7:(2))
=det(d;;,—#,(z)). Since i,;(z2)ed(V(a)), it follows at once that
det,(1—Ty(2))e A(V{a)). Thus det,(1— T(2)) is analytic in V(@)
and consequently in U. The other part of the theorem can be proved

in a similar way.

Theorem 2.4. Let 1<p<<oo and let v be an integer not smaller
than p. Suppose that T(z), T,(z) n=12,--YeA(U; C,(D)). If
T,(2)—>T(z) (n—>oo) in C,(D) uniformly on any compact set in U,
then

det,(1— T,(2))—det,(1—T(2))

uniformly on any compact set in U. In particular, if T,—~T in
C,(D), then
o,(4; T.)—6,(2; T)

uniformly on any compact set in C.

Proof. The proof of this theorem can be done in a similar way
as that of Theorem 2. 3.

As a consequence of the above theorem, we obtain the fellowing
Corollary. ([6], [9)) Let T,, T.=C.,(D). Then

(2.12) det,(1— T¥) =det(1— 1Y),

(2.13) det,((1—T) (1—T,)) =det,(1— T)det,(1— T3).

4. POWER SERIES EXPANSION. Since 8,(4; T) is an entire function of
A, we can expand it in an everywhere convergent power series in A

We write
(2.14) 8,(4; T):iaf.”’;\"
n=0

and want to obtain explicit formulas for &%
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Theorem 2.5. (Plemelj’s formula, [6],[11],[15]) Let T=C,(D),
1<p<<oo and let v be an integer not smaller than p. Then

(2.15) W=, o= =0,
| sw— (D10 n—1
n! n_? 0
| (m=a 1, )
oy .
Do 1
PR P | 0
where

a=tr(T*) (k=y,v+1, ).

Proof. First we assume that |1] is sufficiently small. Then we

have a convergent series in B(9),
A—aT)*=1+-2T+-QT)*~---.
It follows at once that
T A 2T =T T+
the series being convergent in C,(9). Hence we get

o T)=—tr@ T+ T +--)
=— (6,2 + ol +-),
so that
a4 T) _ <

e Ty~ 2mA

Next let us put

v—1

d) =exp{—2 %anl“}&(/l; ),

n=1

where {oy, -+, 0,4} are arbitrary but fixed complex numbers. Then it
is obvious that

@) S e
d(l) - "Eglo‘nZ ’

when |1] is sufficiently small. We also have

d() =3d, .

n=0
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Combining the last two equations, we obtain
(2. 16) i(%—l— 1>dﬂ+1l": —kde/lklEo‘Hlll.
n=0 =0 =0

Equate the coefficients of 1" on the two sides of (2.16). This gives

n—1
(2. 17) nan—kZ]dko',,_k, ﬂ=1, 2, °tt .
=0

Solving the first # of these equations, we have

d.— (=" |y n—1
" n!
O [} n——2 0
: aE T . ’ n= 1) 2,

1

6" ------------------ ; 0‘1
Since {gy, -+, 0,_1} are arbitrary complex numbers, we may choose
6=0,=++=0,,=0, so that d(1)=6,(a; T). Thus the generalized

Plemelj’s formula (2.14) is obtained.

Corollary. ([9]) Let T=C,(D), 1< p<< oo and let v be an integer
not smaller than p. Suppose that P, Q= B(D) are (not necessrily
orthogonal) projections such that PT=7T and TQ=7, respectively.
Then we have

det,(1—T)=det,(1—PTP)=det,(1—-QTQ).
5. INFINITE PRODUCT REPRESENTATION.

Theorem 2.6. ([2], [6], [10]) Let TeC,(D), 1< p<<oo, and let
v be an integer not smalley than p. Let {3} be an enumeration of

non-zevo eigenvalues of T with repetition according to multiplicities.
Then we have

(2.18) o T)=ﬁl(l—zzf)eXp{zijr---+—y_1—1(/1/1j)”—1}.

To prove the above theorem, we need to prepare a series of lemmas.
The first lemma is due to Weyl.
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Lemma 2.3. ([16]) Let O be a Hilbert space of finite dimen-
sion 1. Let {,(S)} and {1;(S)} be eigenvalues and characteristic
values of S, respectively. Then we have

2.19) T13,(S) | <TT(S),
(2.20) 2 14(8) <3 (T,

Proof. See Weyl [16].
By means of the inequalities in the above lemma we obtain the
following estimation of det,;(1— T), which plays a crucial role in the

proof of Theorem 2. 6.
Lemma 2.4. ([3], [6]) Let TeC,(D) and let {1;(T)} be charac-
teristic values of T. Then we have

(2. 21) |dety(1— T) | <TT (14, (T)).

Proof. Let T,=TE, be the standard approximation of 7 defined
by (1.4). Applying (2.19) toc (1—E,T,) restricted on R(E,) and
noting Lemma 2.2, we have

% detl<1“ Tn> l ggl/lj(Cl_En Tn) 1 Q'(En))'
It follows by the min-max principle (1.1) that

w(A=E,THIRENLI+u(T), j=1,2,-,n

Since u#;(T,) =u;(T), j=1, -+, n, we have
|dets(1— T) | <T (1+45(T)).

Letting #—oo, we arrive at the asserted inequality.

Lemma 2.5. ([3], [6], [13]) Let T=C,(9D), 0<<p<oo, and let
{4;(T)} be an enumeration of non-zero eigenvalues of T repeated
according to multiplicities. Then we have

(2.22) ST 1<ITI;.
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Proof. Since non-zero eigenvalues of T, and E,TE, coincide by
(1.8), it is shown by (2.20) that

34T <3 (B TE, | R(ED)".

If follows from the definition of 7, and the min-max principle (1.1)
that
ui(E,TE,|R(E,)) =w(E,TE,)
<w(TE,)=p(T,)=w(T), j=1,-,n
Hence

ST < S (T

Since there exist enumerations of eigenvalues 1;(7T,) and A,(7T) such
that 4,(T,)—2(T) (n—>o0) for every j=1,2, -+, we have at once

4D < TS

Going to the limit A—oco, we obtain the required result (2.22).
Now we turn to the proof of a special case of Theorem 2.6. We
state it as the following

Lemma 2.6. Let T=C,(D) and let {2} be an enumeration of
eigenvalues of T repeated according to multiplicities. Then we have

(2.23) 5 T)= 11(1 )

Proof. The following argument is essentially due to Carlemann
[1]. By Lemma 2.4 we have

1025 T I<T A+ [21( T expi2] 33 (T},

Let us fix e=>0 arbitrarily. Choosing N sufficiently large, we get
(2.24) [6:(2; T)|<lexp(el])

for sufficiently large |i]. Noting that ilz,-]gl[Tlll<oo, we put
i=1

3D = f31<1~zzi>.
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Then we have also
(2.25) [8(0) | <exp(ela])

for sufficiently large |2].
Now define r(z) by

r(2) =02, (Do),

where z=2 and o®*=1, w#1. Consequently,
r(2) =T (1—22)"
i=1

Since 3|A3|'®<Coo, the order of the entire function r(z) does not exceed
1/2. Then, by Wimann’s theorem there exists a sequence of circles
centered at 0 and with radius 7, tending to infinity, so that

(2. 26) lr(2) | =18 18(wd)|]6(a®) | >1

for |z|=|a|°=7,, k=1,2,---. Using the estimate (2.25) and (2.26),
1/3

we get for || =7i
[6C2) |7*<lexp(2e]1]),

when |21] is sufficiently large. Hence it follows that

0.(4; T)
)

for |A]=7"®, || being sufficiently large. Since Lemma 2.4 implies

lgexp@elll)

that the entire function 0,(1; T) is of order not exceeding 1, we have

by making use of Hadamard’s theorem
0(a; T)=e"8(2).
Thus we obtain for |1]=r}"?
lew"** | <exp(3elal),

|2] being sufficiently large. This gives |61<(3e. Since ¢ is arbitrary,
we have $=0. In view of 6(0; T)=6(0)=1, we see a=0.

Lemma 2.7. (i) Let T€C.,(D) and let {3;(T)} be an enume-
ration of non-zero eigenvalues of T with repetition according to
multiplicities. Then we have
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(2.27) tr(T):éx,(T).

(ii) Let TEeB(D, D) and S€ B(Dy, D). Assume that STe C,(D)
and TS=C,(9). Then we have

(2.28) tr(ST) =tr (TS).

Proof. By Theorem 2.5, we have ”=tr(7T). On the other hand
Lemma 2. 6 shows that 6’=34(T). Hence (i) holds. (ii) is an easy
consequence of (i) and Lemma 1. 1.

Proof of Therem 2.6. Let 1p(1T). Then by Theorem 2.2 the
entire function 6*°(1; T) is expressible as

3(; T)=expltr{f,(1T)}].

By virtue of the spectral mapping theorem (1.19) and Lemma 2.7 (i),
it follows that

te{£,(2T)} zgfy(u,-)
:%{Log<1~u,.>+wj)+...+7%1_(M,_1}.

Hence (2.18) holds. When 1€6(17T), both sides of (2.18) will be
zero. This completes the proof of Theorem 2.5.

As a direct consequence of Theorem 2.5 and Lemma 1. 1, we have
the following

Corollary. (i) Let T B(D, D) and let S= B(D, D). Assume
that ST=C,(D) and TSeC,(D,), 0<<p<loo. Then we have

det,(1—-ST)=det,(1—-T8S),

where v is an integer not smaller than p.
(ii) Let TeC, (D), 0<<p<<loo, and let v be an integer not smaller
than p. Then we have

det,(1— T*)=det,(1—T).

6. REPRESENTATION OF (1—27)-'. Using a B(9)-valued entire function
4,02; TY=0,02; T)(A—2T)7?, (1—2T)™* can be expressible as
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Y e

We write

4,5 T) =349,

a=0

the series being convergent in B(9) for all :&C. We wish to give
explicit formulas for 4.

Theorem 2. 8. (Plemelj’s formula, [6],[11], [15]) Let T=C,(D)

and let v be an integer not smaller than p. Then

N (___l)n 1 n 0 ............ 0
(2. 29) A,(.)—T
T 0 n-1
: ° 6 (12::(L 1’..->_
Oy
i 1
Tr gyeenenes Gy oeerrrene 0

Proof. It is obvious that
A—=aT)-4,2; TY)=0,(2; T).
In this equation we replace 0,(2; T) and 4,(2; T) by the power series
expansions. It follows that

(2.30) SUADP — ST TAD 1 =S50,
n=0 n=0 n=0

Equating the coefficients of two sides of (2.30), we obtain
ap=1,
AP =80+ TAX, .

Let the expression of the right hand side of (2.29) be denoted

by 4”. Then we have 4”=1. By expanding the determinant in
terms of its first row, we get

T =50 —n(—%) TA, =69 + TA®, .

Thus we see that both 4% and A% satisfy the same recurrence formula
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and AB"’zZ&")zL Hence we have
AP =42 (n=0,1,2, ).
The proof of Theorem 2.8 is completed.
Sometimes it is useful to write
A=aT)=1+rQ; T),
o N T
I D=5
The C,()-valved entire function N,(1; T) can be expanded in an
everywhere convergent power series

N,(i; T)=>IN®x.

=0
It is easy to see that
NP=T4Y=4T n=0,1,2,--).
7. DZPENDENCE OF 4,(; T) AND N,(2; T) ON T.
Theorem 2.9. Let 1< p<co and let v be an integer not smaller
than p. Suppose that U is an open set in €™ and let T(z)e AU,

C,(9D)). Then we have 4,(1; T(2))e A(U; B(D)) and N,(1; T(z))
eJAU; €,(D)).

Proof. According to a result of Dunford-Schwartz [3], the gene-
ralized Carlemann’s inequality holds for any T=C,(9),

[4,(2; T)l[<exp(T121*] T3,

where I' is a constant depending only on p. By means of this inequality
we have

L exorrl T,

a2 (D<

It follows immediately that

lap (D I<(Lri 7).

For an arbitrary compact set KC U, we put

r=sup|| T(2) [[;<ce.
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Hence we have

. ep nlp
149 (7@ I<(Lre)"
Since z‘j‘_(,)(epl’x/n)””<oo, the series

4,(1; T(@) =342 (T()

is convergent in B(D) uniformly on K. Thus we have established
that 4,(1; T(2)) AU, B(D)). It readily follows that N,(1; T(2))
=T(2)4,1; T(2))eA(U; €C,()). The proof of Theorem 2.9 is now
complete.

Theorem 2.10. Let 1<<p<oo and let v be an integer not smaller
than p. Suppose that U is an open set in C" and let T(z2), T,(z)
(n=1,2,-)€A(U; C,(D)). If T.(2)—>T(2) (n—>o) in C,(D) uni-
formly on any compact set in U, then

4,(1; T.(2)—4,(1; T(2))
in B and
N,(1; T.(2))—>N,1; T(2))

in C,(9D), the convergence being uniform on any compact set in U.

Proof. The assertion of this theorem can be proved in a similar
way as that of Theorem 2. 9.

§3. Analytic properties of T(2)™

1. DEFINITIONS OF Sy (U; €p($)), Mo(U; B(H)) AND Ho(U; Bo(H)).

Let U be an open set in €” and let T(2)eM(U; C,(D)),
1< p<oo, and w, be the set of all singularities of 7(z). We say
T(z)e M,(U; €,(D)), if for each eE w, there exists a neighbourhcod
U of a so that T,(2)e A(U(a); €,(D)) and Ti(z)e M, (U(a);
C,(D)) exist and T(2) = T,(2) + T1(2) for ze U(a) —w,. M,(U; B(D))
is defined in a similar way. We define a subclass 5,(9) of B(D) by
Bo(D)=BOH)N0, (D). Of course B,(H) is not a Banach space and
it is an open set in B(9) (Lemma 3.2). By T(2) e AU; B,(D))
we mean that i) T()eA(U; B(D)) and ii) T(z)=.B,(D) for each
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ze U. By T(z) € My(U; B,(H)) we mean that i) T(z) e M(U; B(D)),
ii) if @, denotes the set of all singularities of 7T(2), T(2)=.5,(D)
for ze U—w, and iii) for each a=w, there exists a neighbourhood
U(@) of a so that T, (2)e A(U(a); By(D)) and Ti(z)e M,(U(a);
C,(D)) exist and T(2) =T,(2) + Ty(2) for ze U(a) —w,.

Theorem 3.1. (i) A(U; B(9)) NIM(U; €,(9)) =AU; C,(D)),
1< p<Coo.

(ii) Let T()eM(U; B(D)) and o, be the singularities of
T(). If TEReMU—wo; C(D)), 1< p<oo, then T(2)= M, (U,
C,(9)).

Proof. (i) Let T() e A(U; D) NMHU; C,(D)). Take ac U.
Then there exist a neighbourhood U(@) of @ and f(z)eA(U(a))
such that f(z2)#0 in U(a) and f(2)T()eA(U(a); C,(D)). Let
w=1{zeU(a); f(2)=0}. If ackw,, T A(V(a); C,(D)) for a
sufficiently small neighbourhood V(2) of a If a€=w,, we take
b= U(a) —w,. By translation and rotation of the coordinate we may
assume that ¢=0 and 6=(0, -+, 0,b,). Since f(0,:+,0,0)=0 and
fQ, -+, 0, b,) #0, there exist e,=>0 and >0 such that f(zy, -**, Zm_s, Zm)
#0 for zer={zeC™; |z;|=¢c (j=1,-,m—1), |2n| =en}. Hence
rcU(a) —w,, and T(2)e A(V; €,(9)) for some neighbourhood V of
r. Since T(2) e A(U(a); B(D)), we have

1 T@ 6
T =y Vo o o ey e

for ze V(a) ={zeC"; |z;|<<e; (j=1,--,m—1), |z,|<e,}. The right
hand side belongs to A(V(a); C,($)). Hence T(z) e A(V(a); C,(D))
and the proof is completed.

(ii) The assumtion and (i) implies T(z) e A(U—w;; C,(D)).
Let a=w,. Then for a neighbourhood U(a) of a there exist 7,(2)
cAUa); B®)) and T, (2)eM(Ula); C,(H)) so that T(z)=
T,(2) + Ty(2) for ze U(a) —w,. Clearly T,(2) e A(U(a) —wy; C.(D)).
We may assume that there exists f(2) € A(U(a)) such that f(z)=0
in U(a), f(2) Ty(2) e A(U(a); C,()) and o\ U(@) Cowy={z€ U(a);
f(z2)=0}. By the same method as in the proof of (i) we can show
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that Ty, (2)e A(V(a); C,(D)) for some neighbourhood V(a) of a.
Hence 7(z) = M,(U; C,(D)).

Lemma 3.1. Let U be a domain in C". Let T(2) € HM,(U; C,(D))
and o, be the set of all singularities of T(z). Suppose that there
exists z0& U—w, such that 1€o(T(2,)). Then det;(1—T(2)) = M(U)
with singularities contained in o,, (1— T(2))*€M(U; B:(9)), and
r(T2)eM(U; C,(D)), where

G.D r(T@)=—{1-TE) -1} =—T@A-T)™

The singularities of (1—T(2))™ and 1(T(z)) are contained in
o Uo, o= {z€U—~wy; 1€6(T(2)), ie det,(1—T(2))=0}.

Proof. Take a point ¢=U. Then 7(z) has the expression of
the form (1.20) in a neighbourhood U(a) of a. By virtue of Lemma
1.4, we may assume that there exists P(z)e A(U(a); C,(D)) with
P(2)*=P(2) and R(T(2)) cR(P(2)) for each ze U(a@) —w;. We may
also assume that P(z) has the expression of the form (1.24). We put
P,(2)=1—-P(2), z€ U(@). Then Py () A(U(a); B(®)) and P,(z)*
=P,(2). For ze U(a) —w;, 1€p(T(2)) if and only if 1€o(T(2) P(2)),
and

B.2) A-T@)'=P@A-T@P) A+ T()P(2))+ P (2)
=P {P)A-TEPE))'A+T(2)P,(2))—1} +1.
We put

B.3) 1D =(T@e¢i(2), ¥:(2)) = (¢9s(2), %:(2)), 4, 7=1, -k,

using the expression (1.20) or (1.24). Clearly {;(2)eMN(U(a)).
Note that 1€p(T(2) P(z)) if and orly if det(s;;—¢,;(2))#0. If we
assume that det(d;;—17,;(z))=0 in U(a) —w,, then by analytic continu-
ation we have 16 (7T (2)) for each z€ U—w,, since U—w,; is connected.
This contradicts to that 1€p(7(z,)). Hence det(s;—£;(2))#0 in
U@ —w,. We put

3.4) (5:;(2)) = (0 —1t:;(2))7.
Then s;;(z2) e M(U(a)), and
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(3.5) P(2)A—T(2)P(2))" =3¢ (2)s:;(2)drs(2) .

Hence P(2) 1—T()P(2))*eM,(Ula); C,(D)). This, together with
(3. 2), completes the proof except that of the assertion on det;(1— 7(2)).

By virtue of Theorem 2.3 det;(1—T(2))eA(U—w;). Since
det,(1— T(2)) =det(9;;—t;;(2)) in U(a) by virtue of Lemma 2.2,
det;(1—T(2))eM(U(a)). Hence det,(1— T(2)) € M(U), and o U(a)
= {ze U(a) —w,; det(s,;—¢;;(z)) =0}.

2. ANALYTIC PRORERTIES OF T(z)-!. To consider the inverse of

T(2)e AU; By(DH)) (or T(2)eM(U; By(H))) we need the following

lemma.

Lemma 3.2. ([5], [8], [12])

(i) Let Teo(D,9). Then there exists a positive number
e(T) with the following property: if S€B(D, D) and ||S||<<e(T),
then T+S€0(9,9) O(T+S)=W@D(T)), «(T+8)=k(T) and
a(T+S)<a(T).

(ii) Let T€o(9D,9,) and S€C.(9,9). Then T+S<so(D, D)
(D(T+8S)=D(T)) and «(T+S)=«(T).

Now we state our main results in this section.

Theorem 3.2. Let U be a domain in C™.

(i) Let T(eA(U; B,(D)) and suppose that there exists
z,c U such that a(T(z,))=0, ie. 0€p(T(2,)). Then T(z)7'e
M(U; B(D)) exists, and the singularities of T(2)™ coincides with
w=1{ze€U; a(T(2))>0} (o is locally represemied as the zeros of
an analytic function).

(ii) Let T(2) be as in (i) and T;(z2) e A(U; B®)), j=1,2, ---.
Suppose T;(2)—>T(z) in B(D) (j—>oo) uniformly on each compact
set of U. Then on each compact set K of U, T;(z2)7 e M,(K; B,(D))
exists for sufficiently large j (i.e. =>N(K)) and converges to T(z)™
in B(D) uniformly on each compact set of U—ow.

(iii) Let T(z) be as in (i) and m=1. Then o is a discrete
set of points in U. Each acw is a pole of T(z)7'eM,(U; B,(D)),
and Laurent’s expansion of T(2)™ at z=a has the form
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T, Loeee b Tl

(z—a)’ ha i + Ty (2),

(3.6) T(z)*=

where T,€C(D), j=1, -, 1, Ty()ed(U(a); Bi(D)) for some
neighbourhood U(a) of a, and

3.7 T,=§klz,-( y Urs) @;

WZth xf>0’ T(“)("j:O’ T(“) *"l"i:O’ (lnd (@i’ §0J') = ("["i: "l”!) =6i1-
Proof. First we prove (i). If z€ U—w(+#¢), then T(z)'es

B(D) exists. If we take a sufficiently small neighbourhood V(z,) of

z:, there holds [|T(z) — T'(z,) H<%H T(z) || for ze€ V(z,). Hence we

have
(3.8) T '={T(z)+(T(z)—T(z)}™
=T(z)7{1-(T(2) — T(z)) T(z)7}

= T(2)" S (T@ T @)Y

for z€ V(z:). Since [[(T(2) —T(z)) T(z.)7"[|<<1/2, the above series
converges uniformly on V(z,). Thus T(2)7eA(V(z); B(D)). If
a<w, then a(T(a))=p(T(a)) =n>0. We take a base {u;; j=1, ---, n}
of (T (@) and a base {g;; j=1, -, n} of a complementary subspace
m of R(T(@)) (e R(T(a)) +M=9). We take a biorthogonal
base {x;} for {#;} and put

(3.9 R=J_§:31( XD e
(3.10) T(z)=T() +R.

Then ?(z) c A(U; $,(H)) and ?(cz)“e.%o(@) exists. Hence there
exists a neighbourhood V(&) of @ such that T(z)‘ledl( Via); $,(D))
exists. Clearly T(2)=T(2)—R=Q1—-RT()*)T(2), z& V(a), and
0€p(T(2)) if and only if 1€p(RT(2)™). Since RT(2)*cA(V(a);
Co(D)), we have det,(1—RT(2)™) € A(V(a)). Clearly 1€p(RT(2)™)

7) D+ denotes the direct sum of the linear subspaces I and 9. of . Note
that the closedness of % and I: is always assumed in this definition.
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if and only if detl(l—R?(z)‘l) #0. If we assume detl(l—RT(z)‘l) =0
in V(a), then a(T(2))>0 for z€ V(a). By analytic continuation we
have a(7T(z))>0 for z€ U, since U is connected. This is a contradic-

tion, and hence detl(l—R?(z)")EEO in V(a). Hence we have (1—R7‘

(@DHFEM(V(@); Bu(9)) and I(RT (D)™ =—{1—RT(2)™")"~1}

eM,(V(a); C,(H)) by virtue of Lemma 3.1. Thus

(3.11) T(2)*=T(z)*(1-RT(z2)™™
=T(2)*—T(2)r(RT(2)™).

By Lemma 1.3 T(2)"I'(RT(2)™)eM,(V(a); C,(D)). Hence T(z)™
EM(V(a); By(9)). Clearly o\ V(a)={z€ V(a); det:(1—RT(2)™)
=0}.

Next we prove (ii). Fix a compact set K in U and take a com-
pact neighbourhood V of K. Since Bi={T(2); ze V} CB,(H) is
compact in B(D) and B,=B(D) —F(H) is closed in B(H), we have

inf  |[Ty— Tu||=8,>0.
T:€ By, T.€B,

By assumption there exists a positive number N,(V) such that
I T,(z)-T(z)}[g%ao for z&V and j>=N,(V). Then {T}(2); z€ V}
CB(D), and hence T;(z2)A(V; By(H)) for j=>N,(V). Take a

compact set K; contained in V—w, and put

0= in£ | T(z)7|[*>0.

If we take a sufficiently large N(V), we have [[T;(z) — T(z) [[g%B,
d=min (8, ), for z& V and j=>N(V). Since ||(T;(z) — T(2)) T(z)™|
<1/2 for ze K, and j=>N(V), T;(2)7*€B,(D) exists for such z and
7, and
(3.12) T;(z) =T {1 (T;(x) - T@) T)™™
=T (T~ T@) T,

Hence T;(2)'eM,(V; By(D)) exists for 7=>N(V) by virture of (i),
and T;(2)7'—=T(2)™" in $(D) uniformly on K.

Finally we prove (iii). Each a=w is a pole of I’(RT(Z)“‘) in
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(3.11), and every coefficient of Laurent’s expansion of f(z)"‘l’ (R T(z)"‘)
at z=a belongs to €,(9). This together with T(a) T,=T,T(a)=0
completes the proof.

Theorem 3.3. Let U be a domain in C" and T(z)< M,(U;
Bo(D)). Suppose that there exists z,=U such that «(T(z,))=0,
te. 09(T(2,)). Then there exists T(2) M, (U; B(D)) (and
a(T(z,)7)=0).

Proof. Let o be the singularities of 7(z). Then T(2)'e
M(U—~w; Bpy(D)) exists by virtue of Theorem 3.2 (i), since U—ow
is a domain in €”. Let e¢=w. By assumption for a neighbourhood
U(a) of a there exist T,(z)e A(U(a); By(D)) and Ti(z) e M, (U(a);
Cy(D)) so that T(2)=T,(z) + T:(2), z€U(a) —w. With no loss of
generality we may assume a(73(@))=0. In fact, suppose that a(7,(a))
=p(Ty(a)) =n=>0. By definition we may assume that 7;(z) has the ex-
pression of the form (1.18) with linearly independent {p;(2); j=1,---, &}
cA(U(a), D). Without any loss of generality we can assume that
¢i(@), -+, p,(@) are linearly independent modulo R(7y(@)) and ¢,4(a),
o(@eR(Ty(a)). Adding appropriate vectors ¢ui, ***, @sra 1O
{¢p;(@); ¢=1, ---, [} (if necessary), we can make a base {¢p,(@), -+, v.(@),
sty Oran—ty Of @ complementary subspace of R(7Ty,(a)). We put
¢0;(2)=¢; for z€U(a) and j=k+1, -, k+n—I[ Obviously {e;(a);
j=1,-, k+n—1} are linearly inderendent, and hence {p;(2); j=1, -,
k+mn—1} are linearly independent in a neighbourhood Vi(e)(cU(a))
of a. Let {u;; j=1,---,n} be a base of JI(T,(@)) and {x;; j=1, -, n}
a biorthogonal base for {u;}. We put

R@ =3, 1)o@+ 33 ( 2)ouso(2),

T.(2)=Ty(2) + R(2)
for z& Vi(a). Clearly Ty(2)e A(Vi(a); B(9)) and a(Ty(a))=0.
Since T(2)=Ty(2)+ (Ti(2)—R(2)) in V(a) and T.(2)—R(2e
My (V(a); C(D)), the assumption a(Ty(a))=0 is justified.
It follows from a(7Ty(a))=0 that there exists a neighbourhood
V(a) of @ such that T,(2)*e A(V(a); B,(D)) exists. Hence we have
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T()=0+ T Ty()™) Th(z, z€V(a).

Since Ti(2) T,(2)*e M, (V(a); C,(D)), the same argument as in the
proof of Theorem 3.2 (i) shows that (1+ T1(2) Th,(z) ™) e M (V(a);
B(D)) exists, and I'(—Ty(2)T(2)")=1-0+Ti(2)T(z) ™)'
My(V{a); €,(D)) by virtue of Lemma 3.1. Hence T(2)'=T,(2)™
XA+ T2 To(2)™) ' =Ty(2)" = Ty ()T (— Tu(2) To(2) ™D e My (V(a);
By(D)) by Lemma 1.3. Thus we have completed the proof.

Theorem 3.4. (i) Let U be a domain in C*, and let T(z)e
M (U; €,(D)), 1< p<loo. If there exists z,€ U such that 1€o(T(2,)),
then (1—T(2)'eM(U; By(D)) and r(T(2))eM,(U; C,(D)).

(ii) Let T(2)eM(U; C.(9D)). Then det,(1—T(2))=M(U).

Proof. To prove (i) we have only to show I'(T(z2))e M,(U,;
C,(9)). But thit is evident from Theorem 3.3 and 3.1 (ii), since
rNT=1-0-TE)*'=—T(A-TE)™

(ii) Let o be the singularities of 7(z). Then det;(1—T(2)) e
A(U—w) by virtue of Theorem 2.3. Let ¢=w. Then for a neigh-
bourhood U(a) of a there exists T,(2)e A(U(a); €C,(D)) and T:(2)
e M (Ula); C,(D)) so that T(2) = Ty(2) + T1(2) for z€ U(a) —w. By
the same argument as in the proof of Theorem 3.3 we may assume
that a(1— Ty(a)) =0, ie. 1€p(Ty(a)). Hence (1— T, (2))eA(V(a);
$y(D)) in a neighbourhood V(a) of @ (Theorem 3.2). Thus 1— T(z)
={1-T1(2)1-T,(2)™ (1—-Ty(2)), z=V(a), and det,(1—T(2))=
det,(1— T1(2) (1— Ty (2)) ™ det,;(1— T,(2)) by (2.12). Since Ti(z)
X (1—Ty(2)'eM(Via); C,(D)),det,(1— T(2)) e M(V(a)) by virtue
of Lemma 3. 1.

In addition we give a sufficient condition that makes 1— T .$,(D)
possible.

Lemma 3.3. Let T, B(D) with |[T,)<1l and T.€C.(D). If
we put T=T,+ T, then 1€0,(T). Indeed 2=C; |2|>1} co(T).

Remark. In the forthcoming papers, we shall give some appli-
cations of the results stated in this paper. We shall also give more
detailed argument on the problem of §3 in the case m=1. One of
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applications is a generalization of Weinstein-Aronszajn formula. Con-

cerning Theorem 3.2 (iii), for example, we can prove that ¢€w
is a simple pole of 7'(z)™* if and only if .ER(T(Q))-:L T (@) xNR(T(a))

=9.
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