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On the Stability of Modified Friedrichs Scheme
for the Mixed Problem for Symmetric
Hyperbolic System

By
Yoshinori KAMETAKA*

1. Imtroduction

It is well known that the well posed Cauchy problem admits
the consistent stable finite difference scheme. By the Lax’s equi-
valence theorem the solutions of that scheme converge to the true
solutions of the Cauchy problem.

In the case of mixed problem these general theory is not yet
established. Especially in the case of m-space variable we can find
no example of consistent stable finite difference scheme. But we
can say in the case of well posed mixed problem consistency and
stability assures L? convergence of approximate solutions to the true
solution. Many authors obtained the condition for the stability of
finite difference scheme with boundary condition (Strang [1], Kreiss
[2], Osher [3]). But they did not find consistent stable scheme
which approximate well posed mixed problem for hyperbolic system.

We consider in a half space first order symmetric hyperbolic
system. On the plane boundary we set dissipative boundary condi-
tion. In the interior of the region we must take the consistent
scheme which is stable for the Cauchy problem. Here we consider
a modified Friedrichs scheme as a most simple explicit scheme which
is stable for the Cauchy problem. We can find consistent boundary
scheme which assures the stability of the whole scheme.
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2. Symmetric Hyperbolic System

Consider a mixed problem for symmetric hyperbolic system in
the half space R%
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Assumption 1.
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is a real diagonal NX N matrix,
a(9) -, d(0)>8>0>—-8>d,.,(3) -, dy(y) p+q=N Fi(x,p)i=1,--,
m—1 are real symmetric Nx N matrices
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I, are identity matrices of order p and ¢ respectively, 8(y) is gxp

real matrix.
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Under the assumption 1 the mixed problem (1), (2), (3) is well
posed.

As a finite difference approximation to the mixed problem (1),
(2), (3) we take the modified Friedrichs scheme

(1) w R = G+ B raG-1 0+ LS uG, ke 1)+
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(2) w0, k) = %B‘l(k)P{z(m_l)

; {u(0, k+1,)+u(0, k—1,)} +
+au(l, k)]

(3) w(j, k) =u(j, k).

Here we use the abbreviation #«"(J, k):u(nxh, jh, kh), (7, B)=(J, k. ,-*+,
k.- 7j,k; are integers, 1,~:(0,---,i,~-,0,), % is mesh-width, Az is
time-step and A is mesh ratio. This scheme (1), (2'), (3") is accurate
of order 1 to the mixed problem (1), (2), (3).

Assumption 2.
B (DPY*B(»P)=I+272DQ, y)
that is 0*(9)b(y)<2AD.(y), I,+2)xD_(y)=0.

Assumption 3.

1

1
S SN D(x, y)|| <+
Vsm—1) MR IDP&Nl=

A sup [|F(x,5) 7]l =
x,v)
Theorem 1.
Under the assumption 1, 2, 3 the modified Friedrichs scheme
1), @), (3) is stable, and the solution of (1), (2, (3) satisfies
following energy inequality

HunHchsz)é const. Huo”chRg") .

In the constant coefficient case we may take the constant in the
above inequality equal to 1. Here

(e = B[+ 3 100, B) 17+ 2 LG

Remark.

To clarify the meaning of the condition in the assumption 2
we shall remark the following fact. In the case of constant coef-
ficients if we take too small value of the mesh ratio A, we can
construct the solution of the modified Friedrichs scheme which
violates the local energy inequality of the form

[[2']] 2 < (1 -+ O |02l 2crems -
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3. Proof of Theorem 1

We shall prove the theorem 1 only in the case of constant
coefficient. Proof in the case of variable coefficient is reduced to
that of the constant coefficient case by usual technique.

First we shall introduce the discrete Fourier transform of the
function which is defined only on the mesh point in the half space R7

= a(E,n) = ;e d; = a,(n) = S uj, k) e

j21

By the Parseval’s equality
2 ” 1 A 2 A 2
[[2e]* L2cremy = (—Z:T‘,H[—Z‘Iuo| + E ;] ]
Here
= | amea,man.  i=1,m-1.

n;1<%

Let remark following relations

(4) 21 %(ﬁj+1+ﬁj_1) e/t = cos gﬁ—é—(ﬁl—e“"‘f )

iz

1, oy e e L
(5) jzg}lz(ujﬂ—uj_l)e g = zsmEu—E(uﬁLe £, .
Under the discrete Fourier transform with respect to ¥ the modified
Friedrichs scheme is written as

(6) @3 = |y, -+, +—17 i,

1 Zmz—lcos 7;
_[ m—1 ’]
+%x[D(ﬁjﬂ—ﬁj_l)+iF-sin nii;] = E;+S,

1 S cos 7;
(7) ar = 58“P+['L1—ﬁ0+12,]

we abbreviate hereafter #; as #;.
The amplification matrix of (1’) is
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(8) C=— C(E,n)——<cos§+——1——2cosn>+i>\(Dsin£+F-sin77)

F-.sinnp = F,sinn,+ - +F,,_,sin7,,_,

(9) cC*C= 1<cos§+—}—§‘_,cosn) +A¥(Dsin £+ F-sin n)°

— ,~1

1
2(m—1)
|sin 7|* = sin® %, + --- +sin’7,,_, .

<1——2—31 F—— = |sinn|*+2\°D? sin® 7 + 2\*(F-sin 7)°

By Parseval’s equality it is sufficient to show
o) (Fia i 3 1) = (Sl 3 14,19 <0.
j=1

Replacing 47" in (10) by the right hand side member of (6) and
(7), and restrlcting A as assumption 3 we calculate as follows

an  DE -3 lul

1, L g 1 : A 1 .
S_ ;[g!uj+l_uj_1! +m|31n77[ u]‘u]]_,_Zluol
1,
qull
12) 215,17

i=1

< 3 [ I NUDIF sty 1 2AVF I sin e,
Using relation (4) and (5) and by Parseval’s equality
1 1 == _ L s
(13) I 2ReE;-S; - Zzza(%(cos g+—L Scos n;)u—%(ul—e a2

iM(D'sin £+ F-sin n)a—%wml feit ﬂo)>

L¥EI<n, |n;i<md

- —%wﬁo-m-%wﬁl-m
1
—Re om 1)Zcosnu xDu0+Re§uo <iANF-sin 74, .

By the assumption 2



274 Yoshinori Kametaka

(14) % | g%(uzw)(— S cos nd,+4, )
. (—mi 1 2 cos 7,4, + ﬁ1>
< 1 I . R 1 1 m—1 . N
<—(I+2rD)d,-1t,+ Re— (I+2AD)—— > cos 7,2, %,
8 4 m—1i=
+% (I+2\D)i, -4,

It follows that

) (Flan e+ g ) (51w 3 1s0°)
=~ 2T A= ADID) 80—y, |

iz

—12212(7” 1)(1 Am— I\ F|P) | sin 7 |, —
__lﬁolz—'l—l721I2+R€ 1 Zcoslmu u1+
8 8 4m—1) =

TRe% 4, inF-sin 71,

=-— Z(Iul + |, |*—2Re cos 7,1, 4,) +

8(m —1)

+Re———— 4(m & Z (28, — 2 cos n;4,) «iNF-sin ni, —

— = (A—4(m—1)A}F1]*) | sinn |
2( 2(m—1)
IR S = T NP RTINS NP g g
8(m—1)§<21u° e 1, | +2.u0 e i | >—|—
1
+
4(m—1)

«iAF-sin nid, —

Re'SS {(d,— e i)+ (d,— e )}

2m _1)(1 4(m—DNA|F|P) | sin 7 |d

=- (—_—1—)(1 S(m—DN||F|I)| sinn "4, & =0.

This completes the proof of the theorem 1.
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4. Non Symmetric Perturbation

Next we consider the case in which (1) is constant coefficient
symmetric and simultaneously regularly hyperbolic outside some
compact set K in R7, on the compact set K (1) is variable coefficient
and regularly hyperbolic, and on the neighbourhood of the plane
boundary of the region R7 (1) is symmetric hyperbolic.

Theorem 2.
In this case theorem 1 is also true. But we must modify the

assumption 3 on the non symmetric region K as follows

Assumption 3.

A osup |upi(x, 3, E )| =
1I<j=N

(z,9)EK
g2+ ly]2=1

1
V2(m—1)"
Here p; is the eigenvalues of

D(x, y)& +m§‘f Fi(x, y)n; .

5. Hyperbolic System with One Space Variable

In this case Friedrichs scheme is as follows

A"y wi(j) = % (G +1)+u(G—1)} +§—w<]‘> @G+ 1)—u" (j—1)}

(7=1).
@) w(0) = BP.u"(1).

@) wH)=wG  G=0).
Assumption 2”.
(B'P)*B'P.<I+AD(0).
Assumption 3.

Asup [ID@)II=1.

Theorem 3.
Under the assumption 1, 2, 3 the Friedrichs scheme (1), (27),
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(3”) is stable and same energy inequality as that of theorem 1 is

true.

The author thanks Professor M. Yamaguti for his kind advice

and encouragement.
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