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Asymptotically Abelian 74-Factors

By
Shoichird SAKAT* *

1. Introduction

Recently, physicists (cf. [2], [4], [5], [7], [8], [12], [13], [14])
have introduced the notion of asymptotic abelianness into the theory
of operator algebras and obtained various interesting results. In
the present paper, we shall extend this notion to finite factors, and
by using it, we shall show the existence of a new If—factor. For
type III-factors, we shall discuss in another paper.

2. Theorems

First of all, we shall define

Definition 1. Let M be a finite factor and let 7 be the unique
normalized trace on M. M is called asymptotically abelian, if
there exists a sequence of *-automorphisms {p,} on M such that
%Erg]}[p”(a), 01ll,=0 for a, b&M, where [x, y]=xy—yx and |||, =
T(x*x)* for x, ye M.

Let A be a finite factor, and let @ be the normalized trace on 9.
Let €= éﬁ’l" with 2,=%U be the infinite C*-tensor product (cf. [3]),
and let x[r=§él<p,, with ¢,=¢ be the infinite product trace on 9.

Let G be the group of finite permutations of positive integers N, i.e.
an element g=G is a one-to-one mapping of N onto itself which
leaves all but a finite number of positive integers fixed.

Then, g will define a *-automorphism, also denoted by g of €
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by g(=Qa,)=3SQa,,, where a,=1 for all but a finite number of
indices.
For each integer #, we denote by g, the permutation
2" '+ k if 1<k<2"!
g (k) =< k—=2"" if 2" '<kL2”
k if 2"<k.
Then, we can easily show that lim |'[ g,(a), &]||=0 for a,b=%. Clearly,

the trace » on ¥ is G-invariant—that is, Jr(g(a))=+v(a) for g=G
and a=<.

Let {II,;, ©,} be the *-representation of £ on a Hilbert space 9,
constructed via +, then there exists a unitary representation g—U,
of G on 9, such that U,21,=1, for g&CG and II,(g(@))=U,I(@)U*
for a=®, where 1, is the image of 1 in ;. Let M be the weak
closure of IIy(€) on $y, then M is a finite factor (cf. [3]). The
mapping x— U,z U, *(x €M) will define a *-automorphism p, on M.

Definition 2. The finite factor It is called the canonical infinite

W#*—tensor product of finite factors {2,} and denoted by 521,,.

n=1

Proposition 1. é)?l,, is asymptotically abelian.

n=1

Proof. Let 7 be the normalized trace on 91,,. We shall

identify € with the image I1,(2). Then, 7=+ on L. et 1, yE 21,,,
then by Kaplansky’s density theorem, there exist two seque_111(:es
(*,,) and (»,,) in € such that |x,,[i<|xll, [[¥.l=Ilyl and |x,,—x[,—0,
N Ym—l:—0 (m—o0), where |jv]l,=T@*v)'* for ve Ql,,.

Then -

|ILPe, (), 31— Pz, (Xm)s Y lllz

=<IILre,(x); ¥1—LpPe, (%), Y]+ [Pe, (%), Il —L[Ps,(%,), 3,1l

<|ILee,(x); y—Imlll.+ 1Pz, (%) — p2, (%), Y ll2

=llpe, () (¥ =yl + (3= Im)pe (X)Io+ || e, (X — £,) V.l |,
Y mpe, (£ — 2l

= llpg, Y=Yl la 11 ¥ = Y ul ol | o2, () + [ p2,, (X — 2,) 21 3]
+ 11 Vmlll p2, (£ — X ,) ]2

= 2% [| = Yol 1+ 201 Yl |[| % — sl |, > O (m— o).
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Hence, for arbitrary £>0, there exists an m, such that
[11Cpe,(x), ¥11l:—ILpe,(Xmy)s Im,ll.] <€  for all n.

On the other hand, ||[ps,(%,,), Ym ]Il <E for n=mn, where n, is
some integer; hence |[|[ps,(x), ¥],<2¢ for n=n, This completes
the proof.

Now let @ be a countable discrete group, and let ¥(®) be the
W+-algebra generated by the left regular representation of ®. We
show examples of asymptotically abelian finite factors.

Example 1. Let &, be the type I-factor, then clearly it is
asymptotically abelian.

Example 2. Let II be the countable discrete group of all finite
permutations on the set of all positive integers, then the W#*-algebra
) is a hyperfinite II,-factor (cf. [6]). Since all hyperfinite I/,—
factors on separable Hilbert spaces are *-isomorphic (cf. [6]), 2(IT)

is *-isomorphic to 82,,,, with &, ,=2%,, where &, is the type I,-factor.
n=1

Since the asymptotic abelianness is preserved under a *-isomor-
phism, by Proposition 1, €(II) is asymptotically abelian.

Example 3. Let @, be the countable discrete, free group with
two generators, then the W*-algebra £(®,) is a II,-factor (cf. [6]).

Let ®9, with 9,=2(®,), then by Proposition 1, ®9, is

asymptotically abelian.

Now, we shall show examples of finite factors which are not
asymptotically abelian.

Example 4. Let 2, be the type [,-factor with 2<p <+ o
(p integer), then ¥, is not asymptotically abelian.

Proof. Let (p,) be a sequence of *-automorphisms on €,. Let
B(®,) be the Banach algebra of all bounded operators on ¢, then
B@,) is finite-dimensional ; therefore there exists a subsequence (pa;)
of (p,) such that ||p,,— T|[—=>0 (j—>o0), where T is a bounded operator
on ¢, It is easy to show that T is also a *-automorphism on 8,;
hence clearly €, is not asymptotically abelian.
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Example 5. Let @, be the countable discrete, free group with
two generators, then ¥(®,) is not asymptotically abelian.

Proof. Suppose that €(®d,) is asymptotically abelian, and iet (p,,)
be a family of *-automorphisms such that ||[p,(@), &]|l,—0 (n—o0)
for a, beQ(D,).

Clearly, there exists a unitary element # in ¢(®,) such that
7(u)=0, where 7 is the normalized trace on €(®,). Then [|[p,(«),b]ll,
=lpa()b—bp, )|l = llp()bp,()* —bll,— 0 (n—>o0) for bEL(D,).

Since p,(#) is unitary and 7(p,(%))=7(x)=0, ¥(®P,) has the pro-
perty T'; this is a contradiction (cf. [6]).

Example 6. Let IT be the group of all finite permutations on
the set of all positive integers, and let ®, be the free group of two
generators, and let ®,xII be the direct product group of ®, and II.
Then, (®, x IT) is *~isomorphic to the W*-tensor product 2(d,)QL(II)
of &(®,) and ¥(II) (cf. [6], [9]).

In the following considerations, we shall show that ¥(®,xII) is
not asymptotically abelian.

Lemma 1. Let © be a group and let E be a subset of &.
Suppose there exist a subset FCFE and two elements g,, g,® such
that (i) FUgFgi'=E; (ii) F, g5'Fg, and g,Fg:;' are contained in E
and mutually disjoint. Let f(g) be a complex valued function on ®
such that 331/ (g)[*<+co and (3}|f(2:g:)—f(g)])"*<e (=1, 2).
Then, (gé,' f(g)|)*< K¢, where K does not depend on & and f.

Proof. v(x)=31/f(g)|* for a subset XC®. Then,
EEX
E>(g§lf(g1gg1“) —f(@) )= |v(gF g —v(F)"|.
Putting v(E)=s, then

|v(g.Fgi) —v(F)| = |v(g Fgi") " +v(F)"| - [v(gFgi?)"* —v(F)"|
<2s¢ and so v(gFgrh)<v(F)+2s§;
hence
s*=v(gFgi") +v(F)<2((F)+s¢),
so that
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v (F)> % _se.
Since
(X1 (ggg:") — @) 1) = (21 f(g.g2"g8.82") — fg2g8) 1),

analogously we have

|v(g, Fgi")—v(F)| <2s¢

and
lv(g7'Fg,) —v(F)| <2Zs¢;
hence
w(g,Fa7?)>v(F)—2s6> ;— _3s¢
and
v(gz ' Fg,)> % —3s€.
Therefore,
& = o) 20(F)+v(g'Fg) + e Fgr)> 5= Tse

hence

s<14¢.

This completes the proof.

Now, let us consider the group ®,xII. Let %, k, be the genera-
tors of the group @, and let F, be the set of elements =®, which,
when written as a power of k, k, of minimum length, end with

on==+1, +2,-.-. Let F=F,xII and let a,=(k, ¢) and a,=(k, ¢),
where ¢ is the unit of II.
Then,
a.Fat = (B F kT, 1)
and
a,Faz* = (kF k3, 1) ;
moreover

FuU alFal—l = (Fv H) U (k1F1k1_1, H) = (Fl U lekl_ls H) = (6, H)c ’

where (-)° is the complement of (-); F, az'Fa, and a,Faz;' are con-
tained in (e, I1)° and mutually disjoint, Hence by Lemma 1, we have
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Lemma 2. Suppose that (f,) be a sequence of complex valued
functions on ®,xII such that ( >} |f,.(@)]|)"*<+ oo and
eEP, XTI

lim (31 |f@aa)—£@19" =0  (=12).

npoo @

Then,
Hm( > [f.(@)])*=0.

E(e, ¢

Now we shall show
Theorem 1. %(®,xII) is not asymptotically abelian.

Proef. Suppose that €(®,=II) is asymptotically abelian, and let
(p,) be a sequence of *-automorphisms on £(®,xII) such that

ILpa(x), ¥1Ml.—0  (m—o0)

for x, ye&(®,x II).

Let &,(=®,xII) be the unitary element of ¥(®,xII) such that
& f)a)=f(t"a) for fEl¥(®,xII) and a=P,xII, where [}(®,xII) is
the Hilbert space of all complex valued square summable functions
on ®,xII.

Since all elements of ¥(®,xII) are realized as left convolution
operators by elements of a subset of [*(®,xII) (cf. [6]), we shall
embed ¥(®,xII) into [A(®,xII). Then, x=¥(P,xII) is a complex
valued square summable function on ®, X II.

Now let x,, x,,-*-, x, be a finite subset of elements of 2(®d, X II).
Then,

H[pn(xj); ea,']Hz——)O (n—_) oo)
for i=1,2 and j=1, 2, ---, p.

||[Pn(xj)’ ea;:lllz = ||Pn(xj)5a,~‘5a,~Pn(xj)||z
= &5/ pu(8 80— pal® Il = ( 2 _|palx)@aar’) —pa(x,)(@) )"

Hence, by Lemma 2,

<aE§H>c lpa(x,)(@) )" =0 (n—>0).
Put
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B j pa(x;)(@) if ac(e II)
f”(x")(a)_l 0 if ac(e, I0)

then we can easily show that f,(x;)€%(®,x1II). Let N={{|{(a)=0
for ac(e, II) and 1={(P,x 1)}, then N is a WH*-subalgebra of
Q(d,x II); moreover put I(k)=I(e, k) for hIl and IEN, then the
mapping [—1 is a *-isomorphism of N onto the Il—factor {(II);
hence M is a hyperfinite II,-factor.

For arbitrary €>0, there exists a positive integer #, such that

(2 (pux)@|DP<e  for j=1,2,-,p.

acs(e, ¢

Then,
ou(t) —Fr(® <€ for j=1,2,-,p.

Since 9t is a hyperfinite II,-factor, there exist a type /,, sub-
factor ¢,, of N and elements 7, 7,, ---,7, €%,, such that

ano(xj)_rj[|z<8 for ].:1, 2, cee ,p-
Therefore,

lpw(®)—7,ll,<26  for j=1,2,+,p.

Since p,, is a *-automorphism, i|x;—p;'(7;)Il,<2¢& and p;\(r;)E
pr®,,) for j=1,2,--,p. p(&,,) is a type I, factor and &(®,xII)
is a II,-factor on a separable Hilbert space ; hence by the result of
Murray and von Neumann [6], (®, X II) is a hyperfinite I1,-factor.

On the other hand, by Schwartz’s theorem [10], ¥(®, X II) is not
hyperfinite. This is a contradication and completes the proof.

Now we shall show the existence of the fifth example of II-
factors on separable Hilbert spaces.

Corollary 1. 2(®, x II) is not *-isomorphic to Q,, with
n=1
D,=2(D,).
Proof. Clearly the asymptotic abelianness is preserved under
*—isomorphisms ; hence ¥(®,x II) is not *~isomorphic to ﬂ),,. This
n=1
completes the proof.
Proposition 2. ®9,R%(N)=©9,, where 9,=2(®,) and (-)Q(--)
n=1 n=1
is the W#*-tensor product of (-) and (--).
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Proof. Since &(®,) is a Il—factor, there exists a type I,—factor
g, such that (®,) =<, RQ8,/, where 8’ is the commutant of £, in
8(®,) ; hence e@,,=82,,.®8;,,,, where ¢, ,=%, and &/ ,=%/.
n=1 n=1

Hence

89,821 = (B2,.)B B2, B

s

= 82,n,®82 n ‘@n ’

n

If

because 82‘,, and ¥(IT) are hyperfinite and so 82,,,@8(1'1) is also

hyperfinite.
This completes the proof.
The following defintion is due to Ching [1].

Definition 3. A finite factor M is said to have property C, if
for each sequence u,(n=1, 2, ---) of unitary elements in M with the
property that

o, *x0y— ]|, >0 (n—>o0)
for each xr<= M, there exists a uniformly bounded sequence v,
(n=1, 2,---) of mutually commuting elements in M such that
|6 —0,ll.—>0 (—>00).

Then, Ching [1] proved that {(II) and ¥(®,xII) do not have
property C and also there exists a type II,-factor M, which has both
of properties C and T.

It is not so difficult to see that ¥(®,) has property C, although
we do not need it here.

Corollary 2. Q),, with 9,=%(®,) does not have property C.

Let g; be the element in II which permutes 7 and i+1 and
leaves all other positive integers fixed, for each i=1, 2,---.

Clearly |(6¢,*x€s,” ' — x|,—0 for x=%(II). Hence let 1 be the unit
of @,,, then [|1Q¢&*¢,y1R¢Ee,—yll,—>0 for ye Q,,@S!(H). Suppose
1£D,, has property C, then .@,,6_98(1'1) has property C.

Let {v;} be a uniformly bounded sequence of mutually com-
muting elements in .Q),,@i!(l’[) such that [|[1®&,—v;l,—0 (i—>o0).

Then, since g8+ +gi8i»
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V2= ”1®5cgig.-+1)—‘1®5(é’u1&’;3”2
= |[1Q0E,1REe;.,—1REz;, 1R Es,|l,
S (1QR8—v)1R6e; |l + [0.(1QEe;., —v:.) .
+ 10— 186, 0, +1RQE,., (0, —1R¢&e)|l. >0 (n—>00).

This is a contradiction and completes the proof.

Proposition 3. There are five examples of II—factors with
different algebraical types on separable Hilbert spaces.

Proof. Q,, with 9, =%(d,)+=2(II), because ¥(II) can not con-
tain the IIl—f.;ctor which is *-isomorphic to £(®,) as W*-subalgebra
(cf. [10]).

Clearly lﬂ),,:i:% (®,), because 1.Q,,zl‘Q,,@)S(H) has property
T'; by Theorem 1 .@n¢8(®2>< 1) : by Co;ollary 2, 1£D,,zi=M,.

This completes —the proof. .
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