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Eigenfunction Expansions Associated with
the Schrodinger Operator with
a Complex Potential and the Scattering Theory*

By
Kiyoshi MocHIzUKIt

Introduction

The present paper is devoted to a detailed description of the
results summarized in the author’s preceding note [1]. The purpose
of [1] was a generalization to the non-selfadjoint case of the eigen-
function expansion and the scattering theory developed by Povzner
[2, 3], Faddeev [4], and Ikebe [5, 6] for the selfadjoint Schrodinger
operator in the 3-dimensional Euclidean space E..

We shall study the operator L obtained by closure in L*(E,)
of the differential operator defined by

0.1 —Af+qx)f  for feC(E),

where x=(x,, x,, x,)€E,, and A denotes the Laplace operator.
Everywhere, unless specifically stated otherwise, the potential g(x)
is assumed to be a complex valued function satisfying the condition

(A) A+ [x))*PPgx)eL E)  6>0.

Some results concerning the spectrum of the operator L can be
obtained as a consequence of more general theorems concerning the
index theory for closed operators investigated by Gohberg-Krein [7],
Schechter [8], and others. In particular, we can show that the
essential spectrum of L fills the half-axis [0, ) (Theorem 1.1).
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The distorted plane waves @, (x, k)=exp {ik-x} +v.(x, k) and the
adjoint waves @¥(x, k)=exp {ik-x} +0v¥(x, k) for the operator L are
bounded, continuous functions of x&E, for each fixed k€E, (+0)
satisfying the Schrodinger equations

0.2) —Ap+g(x)p = pp )
in E,
(0. 2)* —Ap* +q(x)p* = up*
with p=|k|%. The scattered waves v.(x, k) and v¥(x, k) both behave
like O(]x|"") at infinity, where the subscripts “+” and “—” denote

the incoming and outgoing waves, respectively.
So far as a real potential is concerned, ¢.(x, k)=¢¥(x, k) can
be found for each p= [£]|?>0 as unique solutions of the Lippmann-

Schwinger equation

©.3) .G k) = exp {it-x} | ZPAZ] | k o 3 ()., By

under a condition® similar to (A) on g(x) (see Ikebe [5], Eidus [9]).
This mainly follows from the fact that the solution of (0.2) for
w>0 is unique (p=0) if it is assumed to satisfy the (incoming or
outgoing) Sommerfeld radiation condition at infinity :

0.9 @ =0(z7; lim | %”—*iNF%ZdS:&

lzi=p, 0| x|

As for a complex potential, however, this uniqueness theorem
can not always be concluded except for the case of the “small
perturbation” (cf. J. Schwartz [10], Pavlov [11]). Let o (L)[c¥(L)]
denote the set of values p=0 and x>0 for which equation (0.2)
[ (0. 2)*7] has non-trivial solutions satisfying the (incoming or outgoing)
Sommerfeld radiation condition at infinity. We shall show that
o (L)=0c¥(L), and is compact in [0, ) (Theorem 2. 1), and then that
the distorted plane waves ¢, (x, #) and the adjoint waves ¢¥(x, k)
are uniquely determined for each |k|*&o (L) (Theorem 4.1).

We denote by I" the set of (possibly infinte) subintervals e=(«, 3)

1) In [5], g(x) is assumed to be in L% (F;) and to behave like 0(|x|-2-8) (§>0) at
infinity. Our assumption (A) is essentially the same.
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of [0, =) whose closure does not contain any point of o,(L). In §5,
we shall derive that the weak limit
0. 5) E(e) = w-lim 2“1*5 {ROv+i€) — R(L—i€)} dn

E>40 LTl e
with R()=(L—¢I)™" exists for any e=TI. Although E(¢) are not
uniformly bounded in the class T, (0.5) will define the so-called
‘“spectral projection” permutable with L for each fixed eI". Now

the expansion formula of an arbitrary function f(x)eL*E,) can be
obtained in the following sense: Let Z,(¢) and W_(¢) be defined by

0.6) [Z.(e)g1k) = @2m)*" SE Pix, kgx)dx  (geC7(E));
0.7 [W.le)glx)=@2n)"" SK p(x, R)gR)dk  (g€Cm(K)),

where K,={keE,; |k|’*ce}. Then Z,(¢) can be extended to a con-
tinuous mapping of L*(E,) onto L*(K,), while W_(¢) can be extended
to a continuous mapping of L*(K,) onto E(e)L*E,), and we have

(0.8) E(e) = W.(e)Z.(e);
©.9) Efe) = Z.(e)W_.(e),

where E,(¢) =E,;—E,, with E,, denoting the resolution of the
identity of the selfadjoint operator L, determined by the expression
—A (Theorem 5. 1).

These relations with ¢=(0, ) are already proved by Ikebe [5]
(cf. also Povzner [3]) when ¢(x) is a real potential. In [5], (0.9)
was established with the aid of the time-dependent scattering theory.
In our case, however, we can not prove this along Ikebe’s line because
the operators Z,(¢) and W, (e) in L*(E,) are not in general related to
the timedependent theory. So the proof will be done by use of a
different method (cf. the author [12]).

In §6, we shall discuss the time-dependent scattering theory
restricting L and L, to the invariant subspaces E(¢)L*(E,) and
E (e)L*(E)), respectively. E(e)L*(E,) forms a Banach space with respect
to the L*norm, and its dual space is given by E(e)*L*(E,), where
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E(e)* is the adjoint operator of E(e¢). It can be shown that the
operator —iL acting in E(¢)L*(E,) is the infinitesimal generator of a
group exp {—itL} =W _(e)exp {—itL,}Z.(¢) (—oo<t<+ o) of type
zero, and that W,(e) coinside with the wave operators in the time-
dependent formulation (Theorem 6.1). Then the scattering operators
S(e) is given by (Theorem 6. 2)

(0. 10) Se) = Z.()W_(e) .

The discussion presented in §6 will be closely related to Kato
[13].

Finally, in §7, we shall restrict ourselves to the case where
q(x) satisfies the condition
(A) L+ [x])eqx)ELNE),  §>0.
Under this assumption on ¢(x), the distorted plane waves . (x, k)
have the following asymptotic expansions for large |x]:

0. 11) %(x,k):exp{ik-x}ﬁ"p{if}'ﬂ’?"'x]}el(n,y;1k5)+o(1xr’),

where n=x/|x|, v==Fk/|k|, and 0,(n, v; |k]|) is the so-called scattering

amplitude. We can show that the scattering operator S(e) is repre-
sented in the Fourier space as (Theorem 7.1)

0.12)  [SE)f1(Ik12)
=R+ RI0-(=n, —s (kDS kimdn, ke,

T

and then that the potential ¢(x) is uniquely determined by the
asymptotic behavior for large |k| of a given 0_(n, v;|k|) (Theorem
7.2). This establishes the uniqueness of the solution for the scat-
tering inverse problem. For a given potential, we can obtain, by
(0.12), the scattering matrix S, attached to a fixed value |k|® of
the kinetic energy that is not in the compact set o (L). In this
sense, the results obtained in this paper are of a local character.
However, it may be of interest that we can determine the potential
g(x) from the scattering amplitude 6_(n, v; |k|) given only for large
|k].
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A different method of obtaining the scattering operator in the
above form has been developed by Ikebe [6] for the real potential
case. The chief concern of [6], however, is not in the investigation
of the inverse problem but in the determination of the phase shift.
On the other hand, the inverse problem has been studied by Faddeev
[4], though relation (0.12) is not proved there, when g(x) (real) is
additionally assumed to be a smooth function.

In conclusion, the author wishes to thank Professor T. Ikebe
for his kind advices and discussions.

I. Properties of the Resolvent

§1. Essential spectrum and the resolvent kernel.

We shall consider the Schrodinger operator —A +g¢(x) with the
complex valued potential function ¢(x) defined on E,, where x denotes
a point in E, with its length |[x|. In this § we are enough to
assume that ¢(x) is square integrable (g(x)=L*(E))).

Let L, be the selfadjoint operator in the Hilbert space $=L*E,)?
defined by the differential expression —A with the domain 9(L,)=
Di(E,).> It is well known that L, has purely the continuous spectrum
[0, o). The resolvent R,(¢) = (L,—¢I)™, ¢ [0, o) is an integral
operator with the kernel exp {i\/¢ |x—y|} /4= |x—y|, where by / 4
is meant the branch of the square root of ¢ with Im+/¢ >0 Let
V denote the operator of multiplication by ¢g(x). As is known ([14]),
D(V)DID(L,) under the assumption g(x)=L*(E,). The adjoint operator
V* is also the multiplicative operator and is given by the complex
conjugate g(x) of g(x).

Lemma 1.1. Let q(x) be in LXE,). Then the integral operator

2) We denote the inner product and the norm in $ by
.0 =, f@gdx and |171=(S, ).

3) D%(E,) is the completion of C§(E;) with respect to the norm || f||+||Af]l, where
C¢ (Es) consists of all functions which are infinitely differentiable and have compact
supports.

4) For a complex number x, Im £ and Re £ respectively mean the imaginary and real
parts of x.
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VR,(©), ¢[00, o) is of Hilbert-Schmidt type. Moreover, its operator
norm satisfies the inequality

1.1 VRl < const (Im+\/ ¢ ).

Proof. We have
S S 4OV L 12—93F g ay
E3JE3 4r lx—y( Q

<Un | lg)rds | exp{—2Im /T 5/}dly|
— &) llglm v/ £) < oo

Since the norm of an integral operator does not exceed its Hilbert-
Schmidt norm, we conclude the assertions of the lemma. Q.E.D.
Now we define the Schridinger operator L by

1.2) L=L+V, 9DL)=Di(E,).

Then we see that L is a closed operator in © since the relation
(1.3) L—¢I=L,—tI+V = {I+VR(@)}L,—¢I)

is valid for any ¢e[0, o). Moreover, we have the

Lemma 1.2. (1) L is the closure of the differential operator
—A+q(x) defined initially over funmctions in C,*(E,).
(2) The adjoint operator L* of L is given by

(1.4) L* = L+ V*, 9DL*) = D3(E,) .
Proof. (1) Let f(x)e9(L). Then, since f(x)<= Di(E,)=D(L,),
there exists for any fixed €>0 an f,(x)C,*(E, such that
;]fv—ff|+I|Lo(fv_f);l<e-
On the other hand, we have for any ¢&[0, o)
VA=K ITVROI - (Lo — D=
<const (Im /) 7#{1¢ | - [/ —fII+1L(fo— I}

by (1.1). These inequalities imply that 9j:(E,) is the closure of
C,”(E,) in the sense of the graph norm of —A+g¢(x).
(2) By virtue of (1.1), there exists a complex value {e[0, )
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such that || VR,(¢)||<1. For an arbitrary fixed such value ¢, (L —¢I)™
exists and admits the Neumann series expansion

(1.5) Lt = R®) B[ VRO
On the other hand, since
Lo+ VE—FI = (L,—ZD){I+R,) V*} < (L,—EL){I+ [ VR,(5)1*},

we have similarly
(Lot VE=ED) = 33— VROTRO*

Comparing this with (1.5), we find the relation (L—¢I)™'* =
(Ly+ V¥—EI)™, which implies (1. 4). Q.E.D.

Following the definition given by Schechter [8], we define the
essential spectrum of a closed operator as the complement in the
complex plane of its Fredholm set. Here the Fredholm set of a
closed operator T in a Hilbert space 9 is composed of the values
¢ for which T—¢I has the finite dimensional null space and closed
range with the finite dimensional ortho-complement in . Then the
following theorem is a direct consequence of Theorem 3.1 of
Gohberg-Krein [7] and Lemma 1.1 given above.

Theorem 1.1. The essential spectrum of L fills the half-axis
[0, o), while the spectrum in the complement of [0, o) consists of
discrete eigenvalues of finite multiplicity. A value [ &[0, ) is an
eigenvalue of L if and only if T is an eigenvalue of L*.

Remark 1.1. In the case where ¢(x)=L*(E,) is assumed to be
continuous for large !x| and behave like o(|x!™") at infinity, we can
say more: The residual spectrum of L is empty, i.e. (0, =) consists
of the continuous spectrum, and {=0 is either an eigenvalue or in
the continuous spectrum.

Proof. By a result of Kato [15], we see that both L and L*
have no positive eigenvalues under the above conditions on ¢(x).
Since a value in the residual spectrum of L is an eigenvalue of
L*, all positive numbers must be in the continuous spectrum of
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L. Moreover, since {=0 becomes an eigenvalue of L if and only if
it is an eigenvalue of L*, the rest of the assertion of the remark can
be concluded by the same reasoning. Q.E.D.

The above theorem shows that the resolvent R(¢)=(L—¢I)™*
can be defined for all £« [0, o) outside the discrete eigenvalues of
L. From (1.2) we have the following resolvent equation :

(1.6) R(E) = R(©)—R() VR(E) = R(©)—RE)VR() .

As we proved in Lemma 1.1, VR() is an integral operator of
Hilbert-Schmidt type. R({) being a bounded operator, R({)VR,(¢)
is also of Hilbert-Schmidt type. Since R,(() is known to be an
integral operator of Carleman type, it follows from the third member
of (1.6) that R(f) is of the same type, too. Let us denote by
R(x, y;\/ ¢) the kernel of R(). Then we have from (1. 6)

exp {ivV ¢ [x—yl}
dr|(x—Yy|

.7 Rx»n\VE)=

_ SESR(x, 25V 1)) {i;/l Z;—yl} %

for a.e.” y with a.e. fixed x.
We put R*E¢)=(L*—¢I)™*. Then we have, corresponding to
(1.6) and (1.7),

1.8) R*({) = RO —REV*R*{) = R(5)—R*©) V*R,(¢) ,

exp {{v ¢ [x—yl}

(L9) R*@ 3V E) = =4y

-, Rz v D@ ERAVEIE g

where R*(x,y;+\/T) is the kernel of R*(§). Since

(1.10) R*() = R(©)*,

it follows that

(1.11) R*@x,9;VE) =Ry, x;\/¢) for ae. (x,9) in E,XE,.

5) “a.e.” means “almost every” or “almost everywhere”.
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With this identity, we can follow the same line of proof as
Ikebe ([6]; Theorem 1) to show the following theorem :

Theorem 1.2. (1) R() is an integral operator of Carleman
type, and its kernel R(x,y;\/¢) satisfies the integral equation
. ey exp iV g |2y}

_S exp iV ¢ [x—z|}
Es dr|x—2z2|

9(@)R(z, y; V¢ )dz
for ae. (x,9) in E;XE,. Moreover, R(x,y;\/¢) is symmetric in x
and y:

(1.13) Rx,y;vV¢) =Ry, x;vVE), ae

(@) R(x,y;\/t) is absolutely integrable in y for a.e. fixed
x€E,.

(2) R*() has the same properties: R*(x, y;\/ ¢ ) satisfies (1.12)
with q(x) replaced by q(x), is symmetric in x and v, and is absolutely
integrable in y.

§ 2. Factorization of the potential.

In the following ¢(x) is assumed to be a complex valued
function satisfying condition (A):

(A) A+ [x ) Prg(x)eL(E,), 8>0.

Under this condition, ¢(x)eL**(E)NL*E,) since we have
3/4
en | la@ira<]] 1a@ i izl
E, Es
<[ vy ewdr <o
Ej

We put g(x)=>b(x)a(x), where a(x) is chosen as one of the fol-
lowing two functions:

2.2) a,(x) = |q(x)|"*, or a,(x) = A+ |x]|)P2q(x).

Let A, B respectively denote the operators of multiplication by
a(x), b(x). It should be noted that if a(x)=a,(x), then a(x)=L*E,)
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and b(x)=b,(x)=(1+ |x|)"**®” is a bounded function. Hence, in this
case, D(A)DID(L,) and D(B)=9. On the other hand, if a(x)=a,(x),
then b(x)=0b,(x)=[g(x)/|q(x)|]a(x), and in this case D(A)=D(B)
D 9D(L,). For we have for each f(x)eD(L,)

2/3
[, la@ - 7@ Pax<[ | 1a6)1vax " max )| - 1£172 < + o0
E3 E3 z
taking into account that 9D(L,) = Di:(E,) C L~ (E,). Thus, for any
choice of a(x), we conclude
2.3 DA NDB)DID(L,) .
Moreover, we see easily
2.4 D(A)DBID(L,), and DB)DAD(L,)

for each choice of a(x). Hence V is a product V=BA=AB® on

D(Ly)-
Now applying A to (1.6) from the left, we have

(2.5) AR(@) = AR()—AR()BAR() = AR\(£) —ARE)BAR(Y) -

Lemma 2.1. For a value ¢ in the resolvent set of L, if there exists
a bounded operator T({) satisfying the equation

2.6) T@) = AR)—AROBT(),

then T()D is contained in D(B), and T()=ARE).

Proof. It is evident from (2. 4) and (2. 6) that the range of T(¢)
is contained in D(B). Put T=T()—AR({). Then for any f=9,
TfeDB) and Tf=—AR(5)BTf. Putting g=R,()BTf, we have
g=—R(©) Vg, ie., (L—tI)g=0. Since ¢ is in the resolvent set of
L, it follows that g=0, and hence Tf=—-Ag=0 for each f&9.
This implies T=T(¢)— AR()=0. Q. E.D.

Let us consider the integral operator @,(x) with the kernel

6) The factorization of V as given above will be essentially required in §5 to prove
lemmas 5.1~5 which play an important role in the following all discussions. A
general theory of perturbation by a product operator has been developed by J.
Schwartz [10], Kato [137] and Kuroda [16], [17].
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2.7 Qu(x, ¥ &) = a(x) exp {ic|x—y[}b(y) ) Im x>0.
Y dr|x—y| B

Lemma 2.2.” (1) For each fixed « in Im k>0, Q,(«) is an integral
operator of Hilbert-Schmidt type.

@) Q(v) is a bounded, and uniformly continuous function of « in
Im «>0 in the sense of the operator norm.

Proof. If a(x)=|q(x)|*, then we have, using the Sobolev
inequality,”

Joe

a(x)b(3)

’ — (4e)? lg(®) |- 14(3)]
o axdy = (4z) SEg dxdy

VB |x—y|?

< const [SE lg(x) |3/2dx]4/3< + o0,

If a(x)=1+|x])**®*g(x), then we have

S Es S E3 4‘jz(f;7)€b—(3_;?f

drdy<(@n)*| (4 |x0)7g()

X sup SE [x—y|*A+ [y]) " Pdy< +oo.
x 3

These inequalities show that the kernel @,(x,y;0)=a(x)x
4z x—y|)'b(y) is of Hilbert-Schmidt type for each choice of a(x).
Then assertion (1) is obvious since |Q,(x, ¥; #)| <|Q,(x, y; 0)| for
each « in Im #>0. Moreover, we see that ||Q,(«)|| is bounded by
[1Q,(0){]. Next, given any €>0, we choose an R=R(&)>0 such that

<S!xi>RSE3+SE3S|y|>R)iQo(x» y; 0)Pdxdy<é/4.
Then, by use of the inequality

lexp {ix|x—y|} —exp {ic’ [x—y|} | <|k—&'|- |x—Y],

we have for a fixed such R

|a(x) |*|exp {ix| x—3|} —exp {ix' |2 —y|} |*|b(9) |’
SIxI<RSIyI<R ()| x—y|? dxdy

<Unle—e 1P| jewrdx| jpo)dy<e

ly

7) Similar results are already given in [13] and [17].
8) See Mizohata [18]; Lemma 7.1.
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since a(x) and b(x) are both locally square integrable. Taking «
and «’ so near to each other that the right member is bounded by
€/2, we have finally ||Q,(x)—@Q,(«")|[’<é&. This proves the uniform
continuity of Q,(«) in Imx>0. Q.E.D.
From (1) of the above lemma, we can apply the Fredholm theory
to see that I+Q,(x) has a bounded inverse if and only if the
homogeneous equation
2.8 {I+Q,()}r =0, e
has no non-trivial solution +r(+0). We call a value x (Im«>0) a
singular point of @,(-) for which equation (2.8) has non-trivial
solutions, and denote by X the set of all singular points.
We can now state the following results which will be required

below.

Theorem 2.1. (1) = forms in Im x>0 a compact set.

(2) = is independent of the choice of a(x): k=0 belongs to = if
and only if there exists a non-trivial solution ¢ (x) of the equation

@.9) pw) = —[ ST () )y

which is bounded and satisfies the Sommerfeld radiation condition at
infinity :

@10 phe) =0z, tim{ [0 ip,(r)as ~ 0.

Hence, when Im x>0, « belongs to 3 if and only if n=«*is a discrete
eigenvalue of L. However, u=1«* with real x> is not necessarily an
eigenvalue of L (¢f. Remark 1.1). We denote by o (L) the set of such
values p. Then this also forms a compact set in [0, ).”

3) {I+Q.(x)} " depends continuously on x except for v, and
is bounded in the complement in Im x>0 of a neighborhood of = in
the sense of operator norm.

(4) For any ¢ in the resolvent set of L, {I+Q,\/t )} *AR,?)
has the range contained in D(B), and hence R() is represented as

9) In [11], Pavlov investigated the structure of o (L).
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@.11) R(&) = Ry(£) = R(©OB{I+Q,(/ ¢ )} "ARKC) -

(B) The set 3* corresponding to the starred operator Qf(x) with
the kernel

.\ ax)exp {irjx—y|}b()
(2- 12) QBk(x;y:’C) = 47r|x—y|

is composed of values —r with k€3, and R*() is represented as
(2.13) R*(§) = R(&)—R,QB*{I+QF(/ ¢ )} "A*R(©) ,
where A* and B* are the multiplicative operators given by a(x) and

b(x), respectively. If we denote by c¥(L) the set of values p=r1* with
real kE3*, then we have

2.14) oH (L) = o (L).

Remark 2.1. If ¢(x) is assumed to satisfy in addition to (A)
the following “smallness” condition

(2.15) [0, 0@ x 1z =y 190 dzdy <1,

then I+ Q,(x) is invertible in  for any « in Im «>0, i.e., = is empty.
Remark 2.2. If ¢(x) is assumed to satisfy a stronger condition :
(2.16) g(x)ELL(E) , g(x) = O(exp {—8x}), >0, as [x|—>co,

then Q,(«) can be continued analytically into the “non-physical sheet”
Im x> —38/2, preserving the complete continuity (cf. Ladyzenskaja
[19] or Kiyama [20]). Therefore we see that no limit point of =
exists in Im #>0, i.e., 3 forms a finite set. Consequently, in this
case the total multiplicity of the root subspace corresponding to the
discrete eigenvalues of L is finite.

Remark 2.3. Let ¢g(x) satisfy in addition to (A) the following
“dissipativity” condition :

and let ¢,(x) =Re[q¢(x)] satisfy the “smallness” condition (2.15).
Then X lies in {«¢; Rex<0 and Imx>0}.
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Proof. We denote by V, and A the multiplicative operators
given by g¢,(x) and a(x)=(—gq,(x))"*, respectively, i.e., V=V,—iA%
Let k=p—+é7 be in =. Then (2.9) has a non-trivial solution satis-
fying (2.10). First assume 7>0. Then (2.9) can be written as
P(x) + [Ry(c) Vo, ] (x) =0 (p.=9). Multiplying by g(x),(x) both sides
and integrating over E,, we get

(¢x ’ Vq)x) + (RO(MZ) V¢x > V¢K) = O °

This implies that the imaginary part of the left side also equals
Zero :

- 2uT
— || Ap|*— 14 dE, V., Vo) = 0.
H P, |' So (7\‘_”‘2_}_7.2)2_‘_(2,[‘“_)2 ( 0,A VP CP)

Here E,, is the resolution of the identity of the selfadjoint
operator L,. This equality shows that a(x)p (x)=0 if x>0. Hence
@+ R(&*) Vip,=0 if x>0 and 7>0. However, since L,=L,+V, is
selfadjoint, this implies that ¢ (x)=0. Next, if 7=0, i.e., k=g, then
non-trivial solutions of (2.9) are no longer in . However, we see
from (2.10) that a(x)p.(x) is in . Hence we can follow a way
similar to that given above to get

g lf—n 9 (& ] -0
lap et & Eorane awd | =0,

which also implies a(x)@(x)=0 if x>0. On the other hand, by
Remark 2.1, we see that the operator function @,(x) corresponding
to L,=L,+V, has no singular point. Hence we get ¢.(x)=0, and
the proof of Remark 2.3 is completed. Q.E.D.
§3. Proof of Theorem 2.1.

Lemma 3.1. Suppose that 0<a<3, a+B>3, and B+3. Then
we have

3.1) SE lx—y|~*(1+ |y])Pdy<const 1+ |x|)7,
v = min(a, a+6—3).

Proof. It is evident that the integral is bounded in x€E,. So
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we have only to show (3.1) in the case where |x|>1. If B8<3,
putting y/|x| =2z, we have

[, lx=y1-=s ly)ray = 121 “lz|dz

<const |x|"®7FF,

If 8>3, taking account of the inequality

(3.2) |x—y|*A+lyH)<const(X+ lx))*{lx—y|*+Q+ [y},

we get
[ 1x=sima+ 19D rdy

<const (1+ le)“”SE {lx—y| A+ 1y P+ 1+ |y]) Ptdy
<const(1+ |x]|)~*.

These prove inequality (3.1). Q.E.D.
If we denote by Q{(x,y; ) the kernel of Q,(x)" (n=1,2, ),
then it is represented as follows :

3.3) Q5 (x, y; ©) = alx)P§ (x, ¥ ; ©)b(y),

where PiP(x,y; x)=@r|x—y|) "exp {ix|x—y|}, and

B.49) PP@x,y;x) = SE %q(ﬁﬂ"‘“(z,y; k)dz .

Lemma 3.2. Let & be an arbitrary constant such that 0<&
<min (1, 8). Then we have

| P& (x,y; k)| <constllgll s {1+ | 2) '+ (1 + |x) "+ x —y |1,

(3.5) . i)y gl
| P§(x, 35 ) | <constlgilys {(L+ |9) 7+ L4+ x —y[ 71,

where the “const” is independent of « and
1/2
(3.6) lailes = [ 1210 rax ]

Proof. Since P{P(x,y; «) is symmetric in ¥ and y, we have
only to show the first inequality. Without loss of generality, we can
assume 8<1. By use of the Schwarz inequality, it follows that
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PPG,y; 0| @) | x-2]719@)1 12— dz

1/2
<) gl [ 15—21720+ 120 12— y1 ]
We use (3.2) to obtain
[x—z| A+ [z])7 P |z—y|*
<const (1+ |x|) " ¥ {|x—z |2+ |x—2z| A+ |z]) %} |z—y| 2
<const (1+ |x )" % |x—z]|?|z—y]|
+const (L+ [x)*{|x—z| @A+ |z]) 2+ A+ |2]) %} [z—y]*.
It is not difficult to see that § |x—z|2|z—y| *dz <const |[x—y| "
E3

On the other hand, since §<1, we have
S {lx—z| 7"+ |z2])®+A+|2]) %} |z—y]| *dz<const< + co.
E3

Summarizing these inequalities, we finally get the inequality

3.7) L \x—z| 1+ |z])"}|z2—yp| dz
<const (1+ |x|)™*"8|x—y| *+const 1+ |x])72,

which proves the first inequality of (3.5). Q.E.D.
Using estimates (3.5), we can prove the following two lemmas.

Lemma 3.3. For any f(x)€9 we have
3.9 [[Qu(x)' f 1(x) | <comst|a(x) |(L+ [x)"IIfII,
where v=1/2 when a(x)=a,(x), and 0<vy<min(1/2, 6/2) when
a(x)=a,(x). Hence Q,(x)'f€D(B). Moreover, if a positive integer n
is taken sufficiently large, then we have
3.9 [[Qs(%)"f 1(x) | <const|a(x) |(L+ [x )7 f]]
for any choice of a(x). The ‘“const” in the above inequalities is

independent of «.

Proof. P®(x,y; «) being estimated by (3.5), we can make use
of the Fubini theorem to represent (3.4) for =4 as follows :

PP (x,y;x) = S PP(x, z; k)q(2)PP (2, y; k)dz .
E3
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Let us estimate this integral with respect to x. By virtue of (3.5),
we have

|P®(x,5; 1)
<const (1+ [x1)7{_ 10@) | {1+ [21) 7" (Lt 1)) |z —y| " de
+const (1+ |x])~ ™ 8')/ZSE3lx—ZI‘1/2M(Z)1 {@A+1z0)"+
+ @+ [2]) e z—y | Y dz
By use of the Schwarz inequality, we see that the first integral in the
right member is bounded in y. The second integral is estimated as
[, Jx=2"1a@I @+ [z de<[ [ x—zi @ 12D dz] Yl
<const (1+ |x])""*,
[, lr—21Pla@ A+ 21) w50 2 —y| e dz

S[SEslx~zl‘2(1+ Izl)‘s‘l*s”dz]w[SE lz—y| A+ lzl)““s’dz]ml]cIIIﬁs'
<const (1+ [x])7'2,

with the aid of Lemma 3.1. Thus we get

[P (x, y; k)| <const (L+ |x|) " +const (1+ |x|) "7
<const (1+ |x|)™".

This inequality is also valid with (1+ |x|)~* replaced by (1+ |y])~%
So we have

[P (x,y; k)| <const 1+ |x[)7Y(A+ )
for an arbitrary constant v such that 0<y<1. If we choose vy as
given in the lemma, then both a(x)(1+ |x|)™" and b(x)A+ |x|)~ "
are in L*E,) for each choice of a(x). Hence we have from (3.3)
I[Qq(x)*f 1(x) | <comst|a(x)| 1+ |x|)~ SE b()A+ [y f(y)dy

<const|a(x)| A+ [xDS] -

This proves the first half of the lemma. Inequality (3.9) is proved
by iteration with the aid of the Schwarz inequality and Lemma 3. 1.

Q.E.D.
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Lemma 3.4. Q,(«)* vanishes as x| —oo, i.e., given any €>0 there
exists a constant x,(€)>0 such that

(3.10) 1Qu(e)i<E,  if  |r]=r(E).

Proof. We choose g¢,(x)=Cy(E,), and put g7(x)=q(x)—gq,(x).
Obviously g(x) satisfies condition (A). Since Cg(E,) is dense in 9,
we can choose ¢,(x)=C5(E,) such that ||g||,.s becomes as small as

we wish. We write

PP, y;6) = PR, y; )+ P&, 5; k)

_( exp{ic(lx—2z|+[2—y])}
_SE3 Ur)|5—z|- lz—y] q,(2)dz

exp {ie(1x—2|+ 12—y} 2yg
+SE3 Azl |x—z|-iz—y| g(2)dz .

It is known by a Lemma of Faddeev [4] that'”
|PiY(x, y; ©)| <const (1+ |« )AL+ [x—y)7",

where the “const” depends only on the choice of ¢,(x). Using this

we have
@1 [ | 1a@Pg@ v 0b0) rdrdy <1+ k).

On the other hand, choosing v (y<1/2) as given in Lemma 3.3,
we have
la(x)PZ(x, v ; ©)b(y)|*
=la(x) | P§Z(x, y; ) | P& (x, y; ) |77 b(y) |?
<const ||gl[{+s2{la(®) A+ [x )" [b(y) "L+ [y][)™>*"7
+ la(®) 1A+ |2 )" [ x—y | 7 b(y) "L+ |p]) P}
by (3.5). Taking into account that a(x)(1+ |x])7, bx)(1+ |x|) e
L*E,) and |a(x)|-|lx—y|™"|b(y)! eL*(E,X E,), we then have

@12 | | 1awPEE v; 000) I "drdy< const gt ,,

with the “const” independent of «. (3.11) and (3.12) imply ine-
quality (3.10).

10) See also Ladyzenskaja [19].
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We can now prove Theorem 2. 1. Q. E.D.

Proof of Theorem 2.1. (1) By virtue of (3.10), the bounded
inverse of I+@Q,(x) can be constructed as

B.13) {I+Qu()} " = {I=Qu()} {/+ Q) = {I—Qu(x)} ZQO(M)Z"

for each |x|>«,(1). Hence 3 forms a bounded set contained in the
disk {x;|«x|<wx,(1)}. The closedness of 3 follows from the fact that
@Q,(x) is a completely continuous operator which depends continuously
on « (cf. Povzner [2]; II, Theorem 4).

(2) Put v (x)=a(x)p(x) for any non-trivial bounded solution
@«(x) of equation (2.9) satisfying (2.10). Then  (x)=0, and €9 by
(2.10). Multiplying both sides of (2.9) by a(x), we get r,= — Q,(¥)r,,
which shows «x=3.

Conversely, let x40 be in 3, and (x)E9 be a non-trivial
solution of equation (2.8). Then, since

Y, = _Qo(’t)\b'x = = (_1)"Qo(’c)n‘px =

we have from Lemma 3.3

(3.14) ()| < const | a(x) | (1 + | x) vl -

Put

(3.15) p@) = —| SRUTI g0y ()ay.
E;  dr|x—y|

Then we have  (x)=a(x)p(x), and hence ¢ (x)=0. With the aid
of Lemma 3.1, it follows from (3.14) and (3.15) that

(o) | <cost liglh-s[ | @150 12—y -ay]"
<const (1+ |x])™",

ie., @ (x) is bounded and behaves like O(|x|™") at infinity. To
proceed with the proof, we use the following lemma due to Eidus
([9]; Lemma 4).

Lemma 3.5. Let f(x) be a function such that
(3.16) A+ |z )2 (x)e LX(E,) .
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Then the function g(x)st EBX—iiil—m—iic;(i‘}f(y)a'y satisfies the ine-
3 T|X—

quality

(3.17) Slxlzp}ai(’i)—ixg(x) "dS<const p~7, where v=min(l, 25/(2+9)).

0|x|

Now we have from (3. 14)

[+ [ )2 b(x)r () | <comst (L+ [x])* >/ g(x) | € LXE,) -

Hence, from (3.15) and the above lemma, ¢ (x) is shown to satisfy
the radiation condition (2.10). Substituting vr () =a(x)@.(x) in (3.15),
we conclude that ¢ (x) is a non-trivial solution of (2.9), (2.10).

Finally, in the case Im«>0, every bounded solution of (2.9)
belongs to 9(L,), and hence we can rewrite (2.9) as @,=R,(x°) Vop,.
This implies that «* is an eigenvalue of L if and only if (29) has
a non-trivial bounded solution. Consequently «=3 (Im «>0) if and
only if «* is an eigenvalue of L.

(3) Since @,(«x) depends continuously on «, and 3 is closed, given
any #€3 and 0<&<1, there exists a constant §=238(x, &) >0 such that

Qo) = Qo()} {I+Qu(w)} II<E/2,  if  [#/—k|<3.

For each such «/, {I+Q,(«')} * exists and admits the Neumann series

expansion :
U+Q()} ' — {I+@Qy(w)}
= {1+ 00} T L{Q0) ~ Qo) I+ Qu)} 1"
Thus we have
I+ @)} ' — {I+Qu()} II<E{I+Qu()} I, if |+ —r[<5.

This implies that {/+Q,(x)} ' is a continuous function of « except
for k3. The boundedness of {/+Q,(x)} " in the complement in
Im « >0 of a neighborhood of X follows from (3.13) and the continuity
of {I+Q,(x)} "

(4) Let t=#* (Im«>0) be in the resolvent set of L, and put
(3.18) T(9) = {1+Quw)} AR .

Then we have
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3

T(©) = 22 (—1)"Qu(x)" AR, () + Qu(x)* T(Y) -

n=0

It is proved in Lemma 3.3 that the range of Q,(«)* is included in
D(B). On the other hand, since also AR({)OCD(B) by (2.4), we
have

Qu(1)"AR(£) = Qy(k)" AR VR (L) = -+ = ARGLVR()]",
n=20,12 .

Thus we see that 7(¢) has the range included in 9(B), and then
gives a solution of equation (2.6). Consequently we have from
Lemma 2.1 T()=AR(). Substituting (3. 18) in the second member
of (2.5), we have finally (2. 11).

(5) We have only to prove the assertion that «=3= if and only if
—rE3*, which is obvious since we have for any f&€9

(@71 = |, 2D il 2y B0 3y — (@371 -
Q.E.D.

II. Eigenfunction Expansions

§4. Distorted plane waves.

Let us consider the conjugate Fourier transform »(x, k; ) of the
resolvent kernel R(x, vy, ) with defining equation

4.1) r(x, b k) = (2m)% SE R(x, y; x) exp {ik-y} dy™

for each x and Im x>0 (¢€&3), noting that R(x, -; «)L'(E,) NL*(E,)
(see Theorem 1.2). Since

exp {ik| X =91} oo bt gy — EXD {ik-2}
4. 2) SEa e exp {ik-y}dy P

and exp {ic|x—y|} |x—y| '¢(y)=L(E,) as function of ¥y, we get from
(1.12)

11) k-x denotes the scalar product of 2 and x.
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4.3) 7 km):(zn)*ﬂ‘ﬁ{ik‘x}_g exp {ixlx—y[}
T [k|”—&’ Es dmlx—y]|

xXqgW)r(y, k; ©)dy,

where we have used the Fubini theorem to interchange the inte-
gration order in the last integral.

Now we fix the factorization g(x)=0(x)a(x) by choosing a(x)=
a(x)=0+ 1x|)*¥?q(x)= L*E,). Then it follows from Lemma 1.1
that AR) = {I+Q,(x)} "AR,(), ¢ =1«% is an integral operator of
Hilbert-Schmidt type. So the Parseval equality shows that
a,(x)r(x, k; k) e LX(E,x E;) for each Im x>0 («&3). Putting

(4. 4) V(x, k5 &) = Cz)*(|k1*—)a,(x)r(x, k; k),
we have (-, k; x)eL*E,), and from (4. 3)
4.5) Ve, k5 1) = Yo+, B) = Que)r(+, k5 1) ;

Uo(%, k) = a,(x) exp {Zk'x} .
As discussed in §2, this equation has a unique solution in © for

each £ and Imx>0 (x€£3X). Thus we can extend the definition of
Jr(x, k5 k) to the case where Imx=0 (x&3) by the solution of (4.5).

Lemma 4.1. (-, k; ) is an ©-valued bounded, continuous func-
tion of kEE, and x<ps, where ps is the complement in Imrx>0 of
a neighborhood of 3.

Proof. Since we have |l(-, k)||<||a,/| and

(e D=, P2 (e P (k12
I>R lx!

lx x

<Riaz(x)!2|xlzdx,

it follows that +,(-, %) is an $-valued bounded and uniformly

continuous function of k. Hence the lemma is proved by (3) of

Theorem 2.1. Q. E.D.
We put

4.6) @(x, k; k) = exp {ik-x} +v(x, k; k) ;

@D ok =~ SEHITI 4 ()5, k5 0y

Then we have the
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Lemma 4.2. (1) v(x, k; ) is bounded, continuous in x<E,, ke E,,
and k< ps, where ps is as given in Lemma 4.1. Moreover, we have

4.8)  |v(x, k; k)| <const (1+ |x1)7¥7~, 0< & <min (2, 8),

where the “const” depends only on the choice of ps.
(2) @(x,k; k) is a unique bounded solution of the integral equation

] — oyl
(4.9) pn,k;0) =exp ko) — | EPANEIg(3)g3, k5 0y, .

Proof. (1) Noting b,(x)=1+ |x|)"“'®” we have

0w, k5 91 <@ [ | 1=y 19D [, B0l

Hence we get (4.8) by Lemma 3.1. By Lemma 4.1 and the inequality

S lexp {ix|x—y|} —exp {ir' | x—y|} lzlbz(y)lzd}’
£ lx—y]?

<he—w ] ariphtdyee] eyt iy,

ly

we see that v(x, k; ) is uniformly continuous in k, x. The conti-
nuity in x follows from the inequality

b,

< (mizlx—x’|2553|x~yl“2(1+ ly) 7 2dy+

exp {ix|x—y|} _exp {ixlx'—y[} :zlb(y)|2dy
Exsl St 2

+la—2 [ ey =y A+ (3]0 dy

in virtue of (3.7).

(2) Multiplying (4.6) by a,x), we see from (4.5) that
a,(x)p(x, k; K)=(x, k; k). Substituting this in (4.7), we find that
@(x, k; k) is a solution of (4.9). Conversely, let @ be a bounded
solution of (4.9). Then, since ¥ = a,(x)¢ satisfies (4.5), and the
solution of (4.5) is unique if x&S, we find that Jr=+), and hence
that p=ep. Q.E.D.

Now from (4.3), (4.4) and (4.6) it follows that

4.10)  #(x, b5 0) = @n) (k1P — ) p(x, ks ), if Ime>0 (keS).
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Similarly, we can construct the function ¢*(x, k; x)=exp {tk-x} +
v¥(x, k; k), Ime>0 (—=<EX; cf. (5) of Theorem 2.1) as a unique
bounded solution of (4.9) with ¢(x) replaced by g(x). Then we have
also the following representation of r*(x, k; «) :
(4.11) r*(x, k; k) = ) (1k|*— k") p*(x, k5 &) ,

if Ime>0 (—r&E),

where 7*(x, k; x) is the conjugate Fourier transform of R*(x,y; «):
(4.12) r#(x, k; k) = 2rx)7%* SESR*(x, y; k) exp {ik-yldy.

Finally we put
4.13) @.(x, k) = exp {ik-x} +o.(x, )=p(x, k; F k), FIk|ES,
(4.14) o@*(x, k) = exp {ik-x} +0¥(x, B)=p*(x, k; F|k|), =+ |k|ES.
Then we arrive at the following

Theorem 4.1."” o@_(x, k) and ¢_(x, k) are the so-called distorted
plane waves, having the forms (plane wave)+ (incoming wave) and
(plane wave) + (outgoing wave), respectively, and satisfying the
Lippmann-Schwinger equation

. (== AN NN — vl
(4.15) . (x, k) = exp {ik-x} — | FRATLELIEI g1 (5, gy,
E; drlx—y|

that is, satisfying the Schridinger
(4.16) —Ap.+qX)p. = kP,

in the distribution sense. @*(x, k) and *(x, k) are the corresponding
adjoint waves satisfying (4.15) and (4.16) with q(x) replaced by q(x).

Remark 4.1. It should be noted that under our assumption (A)
on ¢(x), the incoming or outgoing wave

@1D vt k) = | SRR () (0, )y

does not always satisfy the Sommerfeld radiation condition (2.10)

12) Cf. Ikebe [5]; Theorem 3.
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for k== |k{. The radiation condition is satisfied if we assume the
stronger condition (A4,):

A+ [x )P g(x)eL(E),  3>0.

§5. Expansion theorem.

Let us consider the bi-linear form E,(f, g) in © given by
6.1 Eff, 9 =lim L | (Rovtie)~Ru—ig}f, )i (£, g9)

for a subinterval e=(a, B) of (—oo, o0). We denote by I'; the class
of (possibly infinite) subintervals e=(«, 8) of (—oo, o) such that
the closure of {/x+70; AEe} does not contain any point of 3, and
by I the class of e such that the closure of {v/A—i0; r=e} does
not contain any point of 3, where VA=xi0=+VA if A>0, and
=i/ —x if A<0. Note that if we choose « sufficiently large,
then both (a, o) and (—oco, —a) belong with any of their subinter-
vals to I', NT'_ since = forms a bounded set in Im«x>0 (see (1) of
Theorem 2.1). Our first aim in this § is to show that (5.1) defines
for each e=I',NT"_ a bounded bi-linear form in 9.

We begin with proving the following lemma due essentially to
Kato [13].

Lemma 5.1. Let a(x)=a,(x)=|q(x)|"". Then we have the follow-
ing inequalities : for fE9

6.2 | {HARN+EfF+IARN—iE)f < CAIFIF,
6.3 | IARG+igfIFNSCalfIF, i €= (@ BeT.,
6.3 | IARG—ifIFNCallfIF,  if o= (@, T,

where C, and C,, are positive constants independent of €>0 suf-
ficiently small. Moreover, there exist the strong limits as E—+0 of
AR (A £ i8)f and AR\ xi&)f respectively in L* (— oo, ;D) and
L¥e; D), e, for any f<9. If we denote the limits by AR\ =+i0)f
and AR\ x10)f, then they also satisfy (5.2) and (5.3). with the same
constants.
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Proof. The assertions for AR,(\+i&)f are already proved by
Kato under a more general assumption on ¢(x) (it is sufficient to
assume ¢(x)=L¥*(E,), see [13]; Theorems 5.1, 6.1, and Remark 6. 5).
For AR(\x:8)f, we have in virtue of (2.11)

(6.4) AR\ +i€) = {I+Q(/\=xie)} "ARMNxi),  Im+/Axie>0.

For a fixed e=(a, B)=I',, there exists a small &>0 such that the
closure of Nf={x=+/A=xic; ME(a, B), (0, &)} does not intersect
with =. So, by (3) of Theorem 2.1, {/+Q,(\/x=+:¢6)} ' is bounded,
continuous in (A, & € (a, B) x(0, &), and converges as &€—-+0 to
{I+Q,(v/x=%40)} " in the sense of the uniform topology of operators,
where \/\ +70= £/ N if A>0,and =i/ —x if A<0. Thus AR\ %i€)f
satisfies (5.3). with C,,=C,- sup )H {+Q,(/rA=x:8} Y5 and

AE(a, B, EE0,8,
converges as &—+0 to AR\ =%i0)f in L*e; ). Q.E.D.
Using this lemma, we can prove the

Lemma 5.2 For each e=(a,B) in I' ' NT'_ (5.1) defines a
bounded bilinear form in . Hence, by the Riez theorem, there exists
a bounded operator E(e) satisfying

6.5 (EOf, & = lim L[ ({Ra+i—Ra i} f, dr (f,g29).
In particular
(5.6) Ee =0 if e=(a,B)C(—0o0,0).

Proof. It follows from the resolvent equation (1.6) that
RO\ +i8)—R(A—18)
= R\ +i€)— R(\ —i€) — Ry(\ +i€) VR(\ +i€) + R,(A —i€) VR(\ —i§) .
Substituting this in (5.1) and noting the relation

6.7 lim L (RO+io—RO—io}f, g)ir = B@S, ),

i

where E(¢)=E,;—E,,, we have for f, g in ©

13) Cf. J. Schwartz [10]. He obtained results in which ¢(x¥)EL'NL* was assumed
together with the existence of an ecsT, NT_.
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5.8) E.f,2)—(E(of, g)—hmw—g (AR +i€)f, B*R,(\ +i€)*2)dn.
+l1m2—— S (AR(\ —i6)f, B*R,(\ —i&)*g)d .

E>+0 471

We have factored V as BA choosing a(x) =a,(x). Then, since
|IB*R,(n £i8)*g||=||AR,(Ax Fi&)g||, we can use the above lemma to see
that the limits in the right member of (5.8) exist and are estimated as

tim L | (4ROxiof, BROEi ) dn ;<const £+ llgll -

Hence we conclude that E,(f, g) is a bounded bi-linear form in 9.

(5.6) is evident from (5.8) if we note that both R,() and R(Y) are

analytic in a neighborhood of eI’ NI'_ when eC(— o0, 0). Q.E.D.
We put I'=T",NT_, where

G.9) T, = {fecl;ec(0, =)}, I'. = {ecl_ ;ec(0, =)} .

Then e<T if and only if its closure does not contain any point of
os(L). We shall show that E(¢), e=T constitutes the so-called “spectral
projection” of L, and that an arbitrary function in E(e)9 is expanded
in terms of the distorted plane waves and the adjoint waves.

The following lemma can be proved by the same reasoning as
in the proof of the above lemma.

Lemma 5.3. There exist bounded operators X_(e¢) (e€Tz) and
Y. (¢) (¢ ET,) satisfying the following relations for f, g in 9.

(5.10) (X.(e)f, g)
- lim—2—g (R0 +i8) — RL —i6)} f, VER(\Fi€)*g)dn

(6.11) (Yi(e')f , &)
— lim -1 S R\ +i8) — R —i6)} VRO i€) £, g)d. .

E€>40 7[

We define the bounded operators W.(¢) (eT=) and Z,(¢') (¢'<T",)
by

(5.12) W.(e) = Efe)—X.(e), Z.(¢) = Eye)—Y.(),
and define the transforms fi and f;‘; of f in CF(E,) by
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6.13 AW =] e@mBr@dr,  Fkies,
6.1 fi= @ | oHEBf@ds,  x k&S,

where ¢, (x,k) and @*(x, k) are defined by (4.13) and (4.14),
respectively.

Lemma 5.4. (1) Let K, denote the domain in E, such that
K,={k€E,; |ki*ce}. Then we have

SK | LB PdR<CJIfIF (e€TY),
(5.15) o
SKJf k) Pdk<C/fIP  (€ET.).

Hence, we can extend the maps f— fi and f— f * to continuous maps
of © into L*(K,) and L (Ky),* respectively, taking the integrals (5.13)
and (5.14) in the sense of the limit in the mean.

Q) W.,(e) and Z.(¢') are represented as

(5.16) [W(e)f 1) = @) | o.w F Wk,
’ for ae. x<E,,
(6.17) [Z)f1) = @) | exp {ik-a} F1(byar,

where f denotes the Fourier transform of fE9:
5.18) F) = (27r)--3/2SE f(x) exp {—ik-x}dx .

Proof. Since W_.(¢) and Z_(¢’) are both bounded operators, and
Cy(E,) is dense in 9, (5.15), (5.16) and (5.17) are immediate if we
show the following relations for f, g in C3(E,):

6:19) (W.@f 9 = |, fW&Wde, Z.)f,g) =, f1@dEar.

Moreover, we have only to show (5.19) in the case when e and ¢’ are
finite. For, if e=(a, =), ¢ =(a’, =), then we can choose e¢,=(a, 3,),
en=(a’, B,) such that 8,—co and W.(e,) >W.(e), Z.(er)—>Z.(¢) in

14) We shall prove later in Theorem 5.1 that these are onto maps.
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the weak topology of operators.
First note that for each e (0, ) E,(¢) can be represented as

(6.20)  [Ef1@) = @) _exp {ik-x} f)dk

(F;urier inversion formula).
Applying the Parseval equality to (5.10), we have for ecT';
®G.21) (X.@f, 8)

— lim L 2 ¢ &) g 1" k)dk .
!lffloz,,i SedXSE;;O\_ lk|2)2+82f(k)[V*R(x;le) ¢I'®

Here we choose f, g from Cy(E,). Then, by the Fubini theorem, it
follows that

LV*ROFig)*g 1 (k)

= (27z)‘3’2$E exp {—ik-x}q(x)dx SE R(y, x5 /2 Fie)g(y)dy

= @) gdy| RO, 5 VAT exp ik dx
Noting the relation
(5.22)  R(©)B = R(£)B{I—AR()B}
CR()B—R,()B{I+Q,( T} "AR(})B
= R()B—R(&)B{I+Q,(v/ )} {I+AR(£)B}
+R@B{I+Q(/T)}
= R&B{I+Q,( )},
we have from (4.5), (4.6) and (4.7)

(5.23) [V*ROFie)g1'(0) = 40— @n) " | 20, ki /AT iDg()dy -

Substitute this in (5.21). Then we can once again use the Fubini
theorem and obtain for f, g in C5(E,)

(X.()f, &)
L fon e 1 2i€ B T(h N g -
= 1im [ f@ar | ke OV VAT

V(s Vaie) = @0 | o0 ks VaFigO)dy .
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By Lemma 4.2 we see that ¥(k; /) F:i€) is bounded, continuous in
k=E,, n€e, and £>0 sufficiently small, and tends as /A Fi&—F | k|
to g.(k). Hence the bounded convergence theorem shows that

6:2) (X0 = | f@iwde—| F®g. ek,
where we have used the well known relation

1 2 co edn — {

im L[ 2 if [k|*e
0271 Je(A— |k [D)P+6€

0
f(kI%0) if  [kI*Ee,

in which F(», €&) is a continuous functions of r€e and &= [0, &]
(&>0).

By virtue of (5.20) and (5. 24), we get the first relation of (5. 19)
for each finite e=T: and f, g=C$(E,). The second relation can be
proved quite in the same way. Q. E.D.

We can now prove the

Lemma 5.5. If e is in T'=T_NT_, then both W.(e) and Z (e
can be defined by (5.12), and we have

(6.25) E(e) = Wile)Z.(e) ,
(5. 26) EJe) = Z.(e) W.(e).
Proof. The resolvent equation
RO\ +i6)— RO\ —1&) = 2iER(\ Fi&)R(\ i) = 2i1ER\Fi&) R*(\ Fi€)*
implies that
R(x, y; VA+i8)—R(x, y; /A —i€)
- 2i$SE3R(x, 2 VAT Ry, 2; VA TFiddz .

Making use of the Parseval equality, and taking (4.10) and (4.11)
into account, we obtain

R, y; VN+i&)—R(x, y; VA—if)

_ (2”)_3S 2icp(x, ks NNFi€) p*(y, k3 VA Fi€) g1
Eq v— | k|2 + & '

Substitute this in (5.5). Then we have for f, g in C7(E,)
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1 2i¢ —

E =1lim —\dn| 2 wk;VrFie

(E@f, 8) sﬂzﬂge SEa(h_W)w( i€)
X WU*(k; VNxi€)dk;

Wk ; /N TFiE) = (27z)-3/2SE o (%, ks VAFiE) f(x)dx

Tk VNTF ) — (27,)-2/ng o(x, ki VAT ig(x)dx .

By the same reasoning as in the proof of Lemma 5.4, we find for
each finite ¢ in T the following relation :

G.2)  (BOf, g = | F1ws.Cdk, f eeCiE).

It is already proved in Lemma 5.4 that both f* and g. are in
L*K,) for any e in T. So, we can extend (5.27) to infinite e.
Since C7(E,) is dense in 9, (5.27) proves with expression (5.16) and
(5.17) the first relation (5.25).

Next we proceed to derive (5.26). It follows from (5.12) that

Z.(e)W.(e) = Ey(e)— Y.(e)Ey(e) — E(€) X.(e) + Y.(e) X.(e) -
So, we have only to show the relation
(5. 28) Y.(e)X.(e) = Y.(e)E(e) + Ey(e)X.(e) -
For the sake of simplicity, we put
v, (x, k) = p(x, k; V/ [k]*+i€)—exp {ik-x} ,
v¥(x, k) = @*(x, k; V |k|*+i)—exp {ik-x},
ke (x, k) = q(x)p(x, k5 / [k |*+i€),
B (x, k) = q(x)p*(x, k5 [k]*+i€) .

Then these functions are all in L*(E,) as functions of x for each
|k|’ce and |&| =40 sufficiently small. It follows from (4.9) that

(5. 29) v, = —R(|k|*+i&h,, vi= —R/(|k|*+i&h¥.
We put

m(0) = @[ v B A®d,

@) = @0 ok, Dg®dk,
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for 7, g in C3(K,). Then, as €&—F0, we have, taking Lemma 4.2
and (5.24) into account,

(5.30) T.(x)—>—[X.(e)f1(x), TF¥x)—>—-[Y.()*g]kx), ae. x€E,.
By the Fubini theorem

[, @t dx

= ©2n)"° Sxe Fk)dk gKeg“f(k’)dk’ SE v,(x, Yo (x, B)dx
= @)+, Fdk|,_ 0dk Rk +ie)h, R(K 7+ %) = ().
Using the resolvent equation R,(£)R,(&)= (& —&) H{R,(&)—R,()}, we

have

— -3 g T_I ’ (hsy vﬂ;’) —(vs) hﬂ;/)
() = @), fdr|_gwrar e Co I

by (5.29). Here we can use the Fubini theorem to exchange the
order of the integration. Then

vi(x, ) g(R) ar’
K |B|*— |k|?+i(&+E)

(%) = (zn)-SSEa dx { SKehE(x, k) f(k)dkg

_ v, k) f (k) TN B
jKe VA |k§2_i(el+6)dkSKeh"; (x, &) 5(')dk }

where we have, taking (4.2) into account,
[ oveRAE) gy [ ot K VIFTTRE) g
Ko |k 12— |k|?+i(€+8) Ko R |P— k|*+i(€+6)
— @r)"LR(1k1*—i(€ +€)g](x) ,

v (%, k) f (k) _( @, ks VIO f(R)
SKe]k’lz—|k|2—i(6'+e) dk_SKe | |2— k| P —i(€ + &) dk
+ @) [R(|E |’ —i(€ +6)f (%),

since £, ¢ are in C;(K,). Noting (5.29) and exchanging the inte-
gration order, we finally get

[, @rtdx

= —@n|_f®de| s, HIR(EF—iE€+o)g 1w
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_(27[)_3,28 2 (k) dk SE LR (1% |*—i(& +&)f 1)k (x, K)dx

Ke

— —(2n)~3/28 {SK [R,(1k|*+i(€ +e)h](x, k) f(k)dk}g(?)dx

Ej

- (27r)‘3’ZSE f(x){ SK LR,(|F|*+i(& + &)t )(x, k’)g“(k’)dk’} dx .
We make &—>7F0 and &—>+0. Then
LR,(|&[*+i(e + &) ](x, k) — v.(x, k) = @ (x, k) —exp {ik-x} ,
LR,(1F |*+i(& + )t (x, k) — vi(x, ) = p¥(x, k') —exp {ik'-x} .
Thus we obtain, using the Lebesgue theorem,

[, X0 IV 07 g1@ds = | [X.0f 0@z
+ [, F @IV @7 1@z

in virtue of (5.24) and (5.30). This implies (5.28) if we note that
{f; f€Cs(K)} is dense in E,(e)0 = {f; feL¥K,)}. Q.E.D.

It remains for us to add a few more facts in order to prove
the following expansion theorem.

Theorem 5.1.> (1) (spectral projection) For each e in T, the
bounded operator E(e) defined in Lemma 5.2 gives the “spectral
brojection” (not mecessary orthogonal) of L:

(5.31) E(e)* = E(e), E()LCLE().

(2) (similarity between L, and L) The following relations hold

for each e in T, and ¢ in the resolvent set of L.

(6.32)  REW.(e) = W.(R((), R()Z.(e)=Z.(e)R().

Hence the parts of L, and L respectively in E,(e)9 and E(e)® are
similar to each other :

(5.33) LE(e)C W.o(e)LE(e)W.(e)”', W.(e)" = Z.(e).

Moreover, we have

(5. 34) DL)NEE)D = E@)DL) .

15) Cf. Ikebe [5]; Theorem 5 and Povzner [3]; Theorem 1.
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3) (genmeralized Fourier inversion formula) The transform
(6. 35) fHE) = (27r)‘3’ZSE PE(x, k) f(x)dx

gives a bounded map of E(e)D one-to-ome onto L*(K,) for each e in
T. We have the following inversion formula :

6.36) [E@f1w) = @) _p.x, 2@k,

(4) (diagonal representation of L) f(x)EE(@)D(L) if and only
if |k1*f *kyeL(K,). We have the following representation of L :

6.37)  [LE@S1() = @0 k1. (x DStk

Proof. (1) Since R(¢) is permutable with L, the second relation
of (5.31) is immediate from (5.5). On the other hand, we have in
virtue of Lemma 5.5

E(e) = Wo(e)Z.(e) W.(e)Z.(e) = W.(e)E(e)Z.(e) ,

where (5.17) and (5.20) show that E,(e)Z.(¢)=Z.(¢). Hence we
have the first equality of (5. 31).
(2) For f,g in Cy(E), it follows from (5.10) and (5.12) that

(ROE©)f, 8)— (RO W.(e)f, g) = (X.(e)f, R(¢)*g)
- nmig L (ROv+ie)— B —i8)} £, VF{RO\Fi€)*

>0 270 Je A TFiE—§
—R()*} g)dr
= SKemf—_—gf(k) {8(k)—.()) —[V*R©)*g 1" (&)} dk

= (ROE()f, &) —(W.QR(L) S, §)— (R(L)Ey(e)f, V*R()*g)
= (RQOE()f, &) —(W.(RQ) S, 8),

where we have made use of the Parseval equality, relation (5.24)
and the resolvent equation (1.6). Thus we have

(ROW.(e)f, &) = (W.(R)S, &)

proving the first equality of (5.32). Applying Z,.(¢) to the first
equality from the both sides and noting the relation Z.(e)=E,(¢)Z.(e)
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=Z7.(e)E(e), we get the second equality. (5.33) is immediate from
(5.32). Finally, since D(L)=9D(L,), (5.32) implies that W, (e)f and
Z_(e)f are both in D) if f=D(L). Hence, by (b.25) we see that
El)fed(L) if fePD(L). This proves (5. 34).

(3) This statement is already proved implicitly in Lemma 5. 5.
For (5.25) and (5. 26) show that W_.(¢) maps E,(¢)® one-to-one onto
E(e)D, while Z.(¢) maps E(e)© one-to-one onto E,(¢)9. Thus, if we
note that the Fourier transformation gives a unitary map of E,(¢)
onto L*(K,), f* is nothing but [Z,.(e)f]" (k) and (5.36) follows from
(5.16) and (5. 25).

(4) For e=(a, BT we put e =(a, ), a<ir<B, and E, ,
=E(e,). Obviosly E, s=FE(e). Let f(x) be in E(e)9D(L). Then we
have from (5. 33) that for any g in

6.38)  (Lf,g) = LEOS, &) = (WOLEOZ.OF, 8)
= | MEZOF, W(0*0) = | ME..1. ).

Thus we have (5.35) taking (5.36) into account. The domain
characterization of L is immediate from representation (5.37) of L.

Q. E.D.

Remark 5.1. We may replace FE(e), ¢¥(x, k) and o_(x, k) by
E*(e), p,(x, k) and ¢*(x, k), respectively, in the above statements in
order to get similar results for L*, where E*(e) is defined by

(5.39) (E*@)f, ) = lim = | ({R*(v+i8) = R*\—i)} £, £)d

27i
for each ¢ in T". It is easy to verify that
(5. 40) E*(e) = E(e)*.

Remark 5.2. If ¢g(x) is assumed to satisfy in addition to (A)
the smallness condition (2. 15), then the spectral projection E(e¢) can
be constructed for any subinterval of (—oo, o0). Put E,=E(e,),
where ¢,=(—o0, \). Then the following relations hold.

5. 41) E.—1I, L— S”mEA.
0
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Proof. We showed in Remark 2.1 that under condition (2.15),
S is empty, that is, (—oo, 0)eI', NT'.. Hence by (5.3), we have

|"_war+iofiP+IARN—io f I aAZCAlFIF, €20,

for each f in ©. This and (5.2) imply that ARE)f and ARE)f
both belong to the Hardy class %*(Q. ; 9),”” where Q.= {¢; Im {=0},
for each f in 9. Since E,((— oo, o))=1, we have from (5. 8)

6.42) (E-f,0) = (f,8)—5| (ARN+i0)f, BR(—i0)g)d

o (ARM=i0)f, BER(v+i0)2)aN .
2miJ-=

AR\ xi0)f and B*R,(AFi0)g are boundary functions of the class

Q. ;D) and H(Q-; D), respectively. Hence, both the second and

the third terms in the right member of (5.42) are zero, and the

first relation of (5.41) is proved. The second relation is obvious

from (5. 38). Q.E.D.

IT1. Scattering Theory

86. Wave operators.

In this § we shall develop the time dependent scattering theory
restricting L, and L to the invariant subspaces E,(¢)® and E(e)9,
respectively, where ¢ may be any interval in T.

We set 9,(6)=E,(¢)® and D(e)=E(e)®. Then 9,(¢) is a Hibert
space with respect to the L*-norm, and $(¢) is a Banach space with
the dual space 9*(¢)=E*(¢)D, where E*(¢)=E(e)*. Put

(6.1) Lie) = LEe), L(e) = LE(e).

Then L)) is a selfadjoint operator in $,(¢) with the domain
E(e)9D(L,) and generates the wunitary group exp {—itL,(e)}
=exp {— L} E(¢) (— oo <t< ), while L(e) is a closed operator in
$(e) with the domain E(e) D(L)=E(e)9D(L,). Note that L(e) has

16) See Kato [13]; Remark 1.4.
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purely the continuous spectrum which fills the closure of e. Let us
consider the operator U.(f; ¢) defined in $(¢) by

6.2) Udlt;e) = Wo(@){—itL}Z.(e), —oo<t<oo.

It is obvious that {U.(¢; ¢)} forms a strongly continuous group of
type zero.
Moreover, we have the

Lemma 6.1. —iL(e) is the infinitesimal generator of the group
{U.¢; 0} :

6.3) exp{—itL(e)} = U (t;e)=U_(;e), — oot o0,

Proof. We have only to show that R(¢ ; ¢)=(L(e)—¢I)'=R()E(e)
is the Laplace transform of U,(¢;e¢). For example, we assume
Im¢>0. Then for each f=9(¢) and g9, we have, using the
Parseval equality

i | exp (LB (UL 0)F, gt
= i("exp ittt | _exo {~it |H1VLZ.F POIW. @ T @
ST EACT ROTRUAOI ROLL
= (W (R Z.(e)f, g) = (REK)E©), &)
by (5.25) and (5.32). This implies that
6.4 RC:e) = iS:exp GE UG odt if Ime>0.
Similarly we have
6.5 RE;e) = ——igo_wexp G Ut odt if Tme<0.
Thus, (6.3) is proved. Q.E.D.

Remark 6.1. We put L*(e)=L*E*(¢). Then L*(e) is a closed
operator in ©*(¢) with domain E*(e)D(L*)=E(e)*D(L), and

(6. 6) L*(e) = L(e)*.
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Thus, it follows that —iL*(e) is the infinitesimal generator of the
group

(6. 8) exp {—itL*(e)} = (exp {itL(e)})*, — oot oo,

Lemma 6.2. Put a(x)=a,(x)=q(x)|"%. Then AR ;e)f =A(L(e)
—¢I)7Yf and AR*(; e)g=A(L*(e)—tI)'g both belong to the Hardy
class Q. ; D) for each fFED(e) and g=D*(e):

(6. 8) Sl {|AR(\+i&; e)f |+ [|ARN —i€; e)f I} dN<C, I fI,
6.9 | {IAR(v+ige)gl P+ AR* (v —ige)gl}dr<Ca gl

with C, ,>0 independent of €>0.

Proof. Given any e=(a, B)€T" and f€9(), AR ; e)f =ARQ)f
(T &) and is an -valued analytic function of ¢ outside («, B),
and ||AR( ; e)fi|<const!|f]|| uniformly in Ret¢e&(a—3, 8+8) for a
fixed 8>0. We choose 8>0 small and N>0 large such that
(¢—8, B+8), (—oo, —N) and (IV, =) all belong to the class I', N1"..
Then we have

S_j"f—SzTZ-FS;HAR(X:tiE;e)f”zd)\,SCA,er“z, for €>0,
by Lemma 5.1. Thus, we get (6.8). (6.9) can be proved by the
same reasoning. Q.E.D.

Using this lemma, we can now prove the

Lemma 6.3. Put a(x)=a,(x). Then we have for arbitrary f, g
n 9
(6.10) (W.(a)f, g) = (E(e)f, E*(e)g)
1

o Sl(ARO(xiiO)EO(e) £, B¥R*(\+i0; e)E*(e)g)d

6.11) (Z.(e)f, &) = (El9)f, E)g)
+ 2—1— Sw (BR(\ %140 ; e)E(e)f, A*R,(A £10)E,(e)g)dN .

7Tl

— oo

Proof. Since both AR,()E,(e)f and B*R*( ; ¢e)E*(e)g are in the
Hardy class J2(Q. ; ) for each f, g in 9, it follows from (5.10) that
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(Xi(@E(e)f, E*(e)g)

= = ARO+10~RO—iO}E)f, B*R*(ni0; )E*(O)g)dn
iV~

— o0

- izi_ S‘” (AR,(A +i0)E,(¢)f, B*R*(\+i0; ¢)E*(e)g)d .

Tl

With the relation W_(e)=E(e) W, (e)E,(¢) and (5.12), this proves

(6.10). (6.11) can be proved by the same reasoning. Q.E.D.
The above representations of W_.(e) and Z_(¢) enable us to

follow the same way as Kato [13] to obtain the following theorem.

Theorem 6.1. W._(e) and Z_(e) satisfy the following relations :
(6.12) W_.(e) = s-limexp {itL(e)} E(e) exp {—itL,(e)} ,
t>oo
(6.13) Z . (e) = s-lim exp {itL,(e)} E,(¢) exp {—itL(e)} .
t>too
Hence, W_(e) are the wave operators for the pair L,(e), L(e) in the
time dependent formulation, and Z.(e) are the inverse wave operators.

Proof. (see [13]; Theorem 3.9) We sketch a proof for W_.(e).
Replace in (6.10) f and g respectively by exp {—isL,(e)} f (f€9,(e))
and exp {—isL*(e)} E*(e)g(g=P). Then we have, using (6.7) and
the Parseval equality,

(W (e)f, g) = (exp {isL(e)} E(e){—isL,(e)} f, &)
— S“’ (A exp {—itL(e)} f, B* exp {—itL*(e)} E*(e)g)dt .
Thus, we obtain
| (W.(e) f —exp {isL(e)} E(e) exp {—isLy(e)} 1, g)|
<[( 14 exp (—itrien firat] |18 exp (—itLx@) E*@)glat]

<const [ |14 exp {~itL.() rikat ] Bl

1/2

Since |[|[E*(e)g||<const!|g|l, this proves that exp {isL(e)}E(e) exp
{—isL,(e)} strongly converges as s—-+oo to W.(e). Q.E.D.

Remark 6.2. For each fe9,(e), exp {—itL(e)} f gives a solu-
tion of the initial value problem
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6.14) iaitu(t) = Lu(t), u0) =f (—oco<t<oo).

It should be, however, noted that solutions in  of (6.14) are not
always unique. If we assume on ¢(x) in addition to (A) the condi-
tion that

(6.15) Im [¢(x)] is bound in x€E,,

then —iL is known to be the infinitesimal generator in  of the
group exp {—itL}. Hence, in this case exp {—itL(e)} f=exp {—itL} f
is a unique solution of (6.14). On the other hand, if ¢(x) is assumed
to satisfy in addition to (A) the ‘“‘smallness condition” (2. 15), then
L with such a g(x) also becomes the infinitesimal generator in 9
of the group exp {—itL} =W, exp {—itL} Z,, where W.= W_((0, «0))
and Z,=Z.((0, «)), since we proved in Remark 5. 2 that E((— co, o0))
=E((0, «))=1. So, the above condition (6.15) is not necessary to
verify that L is the infinitesimal generator of a strongly continuous
group.
Now we see from Lemma 6.1 that the initial value problem

6.16) i%—u(f) = Lu(t), #(0) = ()

has a unique solution u(¢)=exp {—itL(e)} f in $(¢). From the above
theorem, it follows that the solution satisfies the following asymptotic

conditions :
(6.17) Lim [l(t) —exp {—itLy(@} f.ll = 0,
where
(6.18) fe=Z.(0)f(EDe)) .
The scattering operator S(e) acting in 9,(¢) can be defined by
(6.19) S) =Z.(e)W_(e) = W.(le) ' W_(e):
Theorem 6.2. S(e) is permutable with L(e), i.e.,
(6. 20) S(e)L,(e) CL,(e)S(e) ,

and is a one-to-one mapping of De) onto itself with the inverse



Eigenfunction expansions 459

S(e)*=Z_(e) W.(e). Moreover, f. and f_ defined by (6.18) are
related to each other by the equality

(6. 21) f+=Sf-.
Proof. The proof of this theorem is immediate from (5. 25)
and (5. 26). Q.E.D.

Remark 6.3. If ¢(x) satisfy the conditions given in Remark
2.3: Im [¢(x)]<0 and Re[g(x)] is a small perturbation in the sense
of Remark 2.1, then both Z, =Z.((0, o)) and W_=W_((0, <)) exist,
and the solution #(f) for ¢>0 of the initial value problem

6.22) i~éat—u(t) — Lu(t), () = W_f(fed)

is unique and satisfies the following asymptotic condition :
(6. 23) lim |lu(¢) —exp {—itL,}Sf|| =0, S=Z . W_.
>0
Proof. We proved in Remark 2.3 that with our condition on
g(x) the set = is contained in {«; Re «<0, Im «>0}, ie., (0, )T,
Hence W_ and Z, both exist. Moreover, the “dissipativity condition”
Im [¢(x)]<0 shows that —iL is the infinitesimal generator of the

semi group exp {—itL} (¢>0). Hence, the solution for £>0 of (6. 22)
is unique and is given by

ut) = exp {—itL}u(0) = exp {—itL} W_f.

Applying exp {ifL,} to this from the left, and noting relation (6. 13),
we have

exp {itL}u@t)—Z . W_f—0 (as t— o)

which proves (6. 23) since exp {itL,} forms a unitary group. Q. E.D.

§7. Uniqueness of solutions for the scattering inverse problem.
In this § we require the following stronger assumption on g(x) :
(A) A+ |x[)ePrqx)eLXE),  §>0.

With this assumption on ¢(x), we can proceed along the same line
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of proof as given by Povzner ([2]; II, Lemma 1) or Ikebe ([5];
Lemma 4.2) to derive that the distorted plane waves ¢_(x, k),
F |k| &3, constructed in §5 have the following asymptotic expan-
sions for large |x|:'"

(1.1) ., k) = exp {ik-x} +EXP {*i”f‘ 1% g, v k)
X

+0(1x[77);

(7.2) 0. v; 1) =~ 0.0, |Iv) exp {ilkln-3}dy,

where n=x/|x|,v==Fk/|k| and y=38/2(2+3).

The purpose of this § is to represent the scattering operator
S(e) given by (6.19) explicitly in terms of the scattering amplitude
0_(n,v; k), and then to derive that the potential function ¢(x) is
uniquely determined from a given function 0_(#, v; k) if it is assumed
to satisfy assumption (A,).

We begin with showing the symmetricity in # and » of
0.(n,v;k|). It follows from (4.15) that

exp {xilk|-|x—yi}
E3 47z|x—y[

@.(x, —k) = exp {ik-x} —S 9 (y, —k)dy .

On the other hand, we see from (2) of Lemma 4.2 that this equa-
tion has a unique solution ¢@¥(x, 2). Hence we have

(7.3) PE(x, k) = p.(x, —Fk).

Note that each ¢*(x, k) also has the asymptotic form (7.1) with
0.(n,v; |k}) replaced by

(7. 4) 0%(n, v; |k|) = 0=(n, —v; |k]).
Moreover, we have the following

Lemma 7.1. 0.(n,v; |k|) satisfy the equalities
(7.5) 0.(n,v;|kl) =0.(v,n; k),

17) In [5], ¢(x) is assumed to be in L} (E;) and behave like 0(|x|)~3-8) (§>0) at
infinity in order to obtain this expansion with y=40/2. In our case, however, the

use of the Schwarz inequality makes 7 as given above.
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(7'6) 9_(",U;Ik|)=€_(*l), -n;ik‘)'
Proof. Put #'=|k|n. Then we have from (4.15) and (7.2)

0.m 03 1) = — L @.(3, Ba0) exp (i -s}dy
1 nol exp{—ilk|-|y—zl}
= P 0 DO (o )+ | SRR

X qR)p. (2, K)dz]dy .

Since ¢(z)eL'(E,) by assumption (A,), we can exchange the order
of the integrations to obtain

0 (nv;lk|) = _ZI,ZSE exp {ik-2}q(2)p. (2, K)dz = 0 (v, n; |k|)

noting |#'|=|k|. This proves (7.5). We have similarly equality
(7.5) for 6%(m, v; k). Then it follows from (7.4) that

0_(n,v; k) =0%m, —v; k) =0%(—v,n; k) =0 (—v, —n; |k])
which proves (7. 6). Q.E.D.

We can now prove the following theorem :

Theorem 7.1.° For ecach ¢=T and fE9,(e), the scattering
operator S(e) is given the following representation in the Fourier
Space :

@.7) SOk = Ak + | 1k10.(=n, —v; k) A kIn)n

=f(k) | RO v TRD A1k I,
T =1

Inl
|k|*ce.

Proof. Since W_(e) =E(e) W_(e)= W.(e)S(e) by (5.25) and (6. 19),
we have, taking (5.16) into account,

7.8  [W.@EO-1}1 1@ = [{W-©-W.@} (1)
~ @) o D—p.(n DY B, FED0).

It follows from (4.13) and (4.17) that

18) Cf. Ikebe [6]; Theorem 1.
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P_(%, k) — . (x, k)

B _S exp {ifkl'lx—yl}b(y)q,_(y kE)dy
Es dz{x—y| ’ ,

+S exp {—i|k|- lx“y[}b(y)1p+(y k)dy
E; 47:“.’)6-*}’] ’ ’

_ #S exp {i|k|-|x—yi}—exp{—ilk|-|x—y]|}
Es

(y, b)d.
drlzy] 9(e-(y, k)dy

+ (SRR D4 5) (5, 90, By
=)+
where . (x, k) =a,(x)p. (x, k)= L¥E,) as a function of x, and
(7.9) LI+ Qu(F &N} 1(x, k) = a,(x) exp {ik-x} .
Put ¥ = |k|v, |v|=1, and note the relation

(7.10) S,‘ _ exp {ik -2} dv
2

= mﬁ;}{exp {iik|-|x|} —exp {—ilk||x[}}.
Then
Ji= —%‘—f;;[ Sm:lexp {ik’-x} dv gESq(y)rp_(y, k) exp {—il|k|v-y}dy

_ i1kl

S 0_(v, n;lk|)exp {{k-x}dv,
2 Jivim

where we put k= |k|n. On the other hand, it follows from (7.9)
and (7.10) that

CU+Q(— 1R} =) I(x, B)
= a,(x) exp {ik-x} —[{I+Qu(— |k} _1(x, k)
= [{Qo(]kx)_Qo(_ |k|)}1,b_](x, k)

BRSNS ULREEI LT CHLBESY
Es dr|x—y|

g(»p_(y, B)dy

= %ﬁ} Slul—»laZ(x) exp {ik'-x} dv jE a(»p_(9, k) exp {—i|k|v-ytdy
— ikl

2 SIV;Zl[{I+QO(— [ DY (x, )0 (v, n; k| )dv .
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Since |k |=|k| and I+@Q,(—|k|) is invertible in © except for
— |k| €=, this shows that

b, B)— (3, B) = —%ji AR YRCN DS
Summing up we have now
ot )= (5 B) = LEL| 9 (o, 5 k1) exp (k) -
2 Jivi=1

_S exp { —i|K[-1%=YI}p )y (y k’>dy]d”
Es dr|x—y| ’ ,

_ ilk]

S 0_(v, m; |k )ps (%, K)dv .
271' lvl=1

Substitute this in (7.8). Then
[W.@180 -1} 1) = @) | _p.(x DUSEO 1111 @k

= @)L { (krain |

T

Skimdn | 66, n5 kD k1)

|7l v

=@ o k)l | kO, kD (kmdn, K=kl
271,' Ke lnl=1

This yields the representation (7.7) in virtue of (7.4) and (7.6)
since the transform S @.(x, k) f (k)dk gives a one-to-one mapping of
K,

e

L*(K,) onto D(e). Q.E.D.

Remark 7.1.” If g(x) is assumed to satisfy the stronger con-
dition (2.17) in Remark 2.2, then the scattering operator can be
continued analytically into Imx>—8/2 and it is in this region a
meromorphic function. The poles in Im« >0 correspond to the
discrete eigenvalues of L with ¢ =«

Proof. As we noted in Remark 2.2, @,(x) can be continued
analytically into Im «> —§/2 preserving the complete continuity in 9.
Let @,(«) denote the extended operator. Put a(x)=|g(x)|*%. Since

19) Cf. Lax-Phillips [21]. They developed a different method to get, among other
things, a result concerning the analytic continuation of the scattering matrix under
the assumption that g(x) (real) is smooth and has a compact support (see Theorem
5.2).
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la(x)| <Cexp {—(8/2)| x|} for large | x|, we see that a(x) exp {ix'v-x},
v| =1, is in © whenever Im «'>—§/2. Thus

(7.11)  P(x, €'v; k) = a(x) exp {ix'v-x} —[Qu( )T ](x, v ; &)

has a unique solution (-, ¥'v; x)€9 which depends analytically on

# in Im &’ > —§/2 and meromorphically on « in Imx«< —8/2. We put
0_(n,v;x) = ;—1 SE b9V (9, wv; k) exp {—ixn-y}dy,

(7.12) T n) =1.

0,(n,v;e) = —;;1- SE b(y)V(y, kv ; —k) exp {ikn-y}dy,

The right members make sense for each « in Im x> —3/2 except
at the poles of {I+Q,(x)} ! because b(x) exp {ixn-x} =9 for such a «.
It is obvious that (3, |k|v; |k])=v_(3, k) and ¥(y, |klv; — k)=
V.(y, k) with v=Fk/|k|. Thus, 0.(n, v;«) defined by (7.12) gives
an analytic continuation into Im x> —8/2 of 0.(n, v; |k|) which re-
presents the scattering operator. Q.E.D.

Next, let us prove that the potential g(x) is uniquely determined
by the asymptotic behavior for large |k| of a given 6.(n, v;|kl).

We choose a so large that the interval (@, o) is in T'. It is
obvious with assumption (A,) that 8.(n, v; |k|) is bounded and con-
tinuous in #,v and |k!*€[a, o). In order to obtain an asymptotic
representation for |k|—>oco of the function 0.(n, v; |k|), we rewrite
it as follows:

(1.13) 0.6 w3 1k) = - | a(y) exp {il kI (n+v)-3} dy

1 j‘ [ exp {Filk|-[y—z}
4+ =
4z an(y) SEa Az |y—2z2|

%q@)p.(e, Hdz | exp {=i|k|n-3}dy

taking (4.15) into account. For given and &>0, we choose g,(x)=
C3(E,) such that ||g—g,|l,-s<&, where ||-||,.s is defined by (3.6) and
put g(x)=q,(x)+g(x). As is shown by Faddeev [4], we have

[ exedFilkl- =2}y ) (o, kydz = O(18I™)  (uniformly in ).
E; Ariy—2z|
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On the other hand, we have

sup |
|

|k —z|} . l
[, S e a0 e, bz
3 |y —2|

1/2
gconst-sup[g ly—z172(1+ | 2| )-1—.st] [1G]!,+s<const-&
y Es

since @, (x, k) is bounded in xE, and |k|’E[a, ) (see Lemma 4. 2).
Thus, we have, noting that ¢(x)eL'(E,) N L*E,),

(19 0-(nv; k1) = — L q() exp {il kI (£nt0)-s}dy o),

as |k|—oo,
uniformly in # and ».

For an arbitrary vector meE, we can choose |k|, n and v so
that m=|k|(n+v). We let |k|—oco changing # and » and preserving
the relation m= |k|(n+v). Then the limit of the right hand side
of (7.14) exists and

@.15) Lm0, i [B) = — = | a(y) exp {zim-s}bdy.
E3

[kl(rV)=m |k]->o0 A

Hence, we get the following uniqueness theorem for the scatter-
ing inverse problem, which slightly generalizes a result of Faddeev [4].

Theorem 7.2. If the potential q(x) is assumed to satisfy con-
dition (A,), then it is uniquely determined by (7.15) from the scattering
amplitude 0. (n, v;|k|) given for large |k|* of the kinetic energy.
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