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On Type Classification of Factors Constructed
as Infinite Tensor Products

By
Osamu TAKENOUCHI*

Let H, (v=1,2, ---) be Hilbert spaces, to each of which is assigned
a reference vector ¢, with |le.]|=1. Then an infinite tensor product
(incomplete infinite direct product of von Neumann [4]) H=II®

(H,, e,) is formed. Suppose further that a von Neumann algebra
M, be given on each H,. Each operator T in M, is extended over
all of H, which will be denoted as 7. All these operators T together
form a von Neumann algebra on H, which we write as M,. The
von Neumann algebra M on H generated by these M,)’s (v»=1,2, -:+)
is what we call as the infinite tensor product of M,.

Suppose now that each M, given is a factor of type I. Then,
H, can be decomposed as a direct product of two Hilbert spaces
H.,, H.,: H,=H,,®H,,, and M, is thereby identified with B(H,,)®1,,,
where B(H,) is the total operator algebra on H,, and I,, is a von
Neumann algebra consisting of all scalar multiples of the identity
operator on H,,. With respect to this direct product decomposition,
e, can be expressed as

my

(1) e, = ;Mﬂ’zﬂmlj@ﬂuzj,

where

(2) My >0 for all j, and An=h,=--, i}xw:l;
(3) Vr,,;s form a normalized orthogonal sysjgem in H,;
(4) Yr,;’s form a normalized orthogonal system in H,,.
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The expression may exist in many ways, but the set of A,,’s including
the multiplicity of each \,; remains fixed in all these expressions.
So we may ask whether the type of the von Neumann algebra M,
which is in this case a factor, can be determined explicitly in terms
of these \,;’s. The following theorem constitutes an answer to this
problem.

Theorem. As to the type of factor of M,
Type 1 occurs if and only if

(5) >TA-N) < oo

Type II, occurs if and only if n’s are all finite and n,>1 for
infinitely many n,, and

(6) S (1) n) < e

n,
where n,=dim H,,, and \,;’s are considered to be O for j>m,;
Type III occurs if and only if

My q

M

(7)

ny 2
> A\, min { , c} = oo
="

v

vk

for some, and hence for all c¢>0.

Type I condition is first given by Araki [1], and Bures [2].
A simple proof is given in Moore [3]. Type II, condition is given
partly by Bures [2], and in a slightly restricted form by Moore [3].
(See below the end of Section 1.) Type III condition was only
treated under a subsidiary condition that the \.,’s are bounded below
by a positive constant. (Bures [2], Moore [3]) So our contribu-
tion is that we have removed this restriction. Note that, under the
subsidiary condition mentioned above, our condition is reduced to
that of Moore [3].

Our result is thus a refinement of that of Moore, and we follow
his method to a great extent in the proof of “if” part. The proof
of “only if” part is independent of his.

For the simplicity of writing, >, IT denote the summation and
v v
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product over v=1,2, ---. >, > mean the summations over j, k=1,
j k

.-, m, when m,<oo, and over j, k=1, 2, --- when m,=oo. In some

places, we use I(») to mean the set {1, ---, m,} for m,<oco and

{1,2, ---} for m,=oo.

1. First we prepare some properties which will be needed.

Lemma 1. Let HY be the closed subspace of H,, spanned by
{¥v;; j€I()}, E, be the projection operator in H, on the closed
subspace H,” = H),®H,, - E,,eM,,.

Let the extention of E,, to H be E,,, and E:IVIEW. EceM,
EH:IV'I®(HV°, e,), and (M)g, the part of M in EH, is the infinite
tensor product of (M)g,,.

Suppose that the type of factor of (M)g; is already settled.
(Observe that the determination of the type of factor of (M)g is
rather easy due to the fact that the length of the expression (1) and
dim HY, are equal, or, in other words, {y,,;; j€I(v)} is a complete
normalized orthogonal system in HY,, and this fact makes strict the
relation between the infinite tensor product and the measure theoretic
construction. (See the first few passages in Section 2.))

According to that the type of (M)g is I, II, or III, we know the
type of M is I, II, or III

When (M)g is a finite factor, M is a finite factor if and only
if all n’s are finite, and

;(1—%> < oo,

v

Proof. The last assertion only is to be proved.
It is clear that, if one of #,s is oo, M is an infinite factor. So

we suppose that all the #»,’s are finite, and Z(l—%l‘>=oo. This

v

implies that II Peo. T herefore, there exist disjoint finite subsets

v
A, of positive integers such that IIé1 %22 for each %k (=1, 2, ---).
vedy, My
Then, 1} ®H,, contains a projection F,, such that F,=F, QI,= 11
ve4, 'MEAL,

®M,, dim range (F,,) = I m,, F, II QE, =0. Consider projections
ved4, ved,
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G, (k=1,2,--+) in H defined by Gk:FhE,;E“' Then, E, G,, G,, -
are mutually orthogonal projections in M which are mutually equiva-
lent with respect to M. So M cannot be finite.

Suppose now 2 (1—73—“>< . M is in any way semi-finite, and
we consider a dime;lsion fuvncsion d on M. As (M)g is finite, E is
a finite projection, so that 0<d(E)<oo. Normalize d in such a way

that d(E)=1;I%. Now by the construction of infinite tensor product
IvI(X)(Hv, e,), we have I= ‘?—" E.,, where (&)=(§,¢,, ---) is a sequence
consisting of 0’s and a ﬁn(itvé number of 1’s, and E@v):I\‘I@Emv with
E.=E,, E,,=1,—FE.,. These E. s are all finite projections with
d(E@‘,)):d(E)l}(&#)% =< I ﬂ‘)( I (1—%». Thus, summed

vigy=0 M, / \vigy—1 n,
up all together, d(/)=1, and M is finite.
Lemma 2. For each » (=1, 2, -), consider a subset I'(») of 1(»)
such that

(8) ST, < w.

v jerw
The v’s such as I'(v)=I(v) amount only finite, and we may leave

them out of consideration. So, let

J0) =10)-T0) *+ ¢.
Define for jE]J(v)
)\f;j = 7%]'/ 2 Ak s

EEJ(V

ev/ = 2 ijl/z‘#wj@\l"vzj-

S (0]

Then
H = H®(Hw ev) = H®(Hw e)’).

Therefore, M is also not affected by this change of reference
vectors, and moreover, convergence conditions (5), (6), (7) are affected
neither.

Proof. The condition that two sets of reference vectors {e,; v=
1,2, -} and {e,); v=1, 2, ---} determine the same infinite tensor
product is the convergence of > (1—(e,, ¢,)). (von Neumann [4])

v
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In our case, this certainly holds as
2 (A=(e, €)= 20— 33 A V05,7)
= 31A-( 33 07
=210 23Ny =23 20 Ay < oo

jiE€J v jeI’(W
For the proof of the latter part, we remark first that, from (8),
(9) DTN = % for large ».

JEJV)

So, we restrict ourselves to those »’s which satisfy (9).

Ad (5). In this case, A}, is to be considered as the largest
member among A; (F€J(@)).

When Zv} A—n,) < oo, lim A, =1. And by (9), 1€]J(») for large
v. For such », \),= 1,1/ Z xy,zxm, and E(l A < oo,

Suppose now that Z (1 M) <oco. Letj, be the smallest integer
in J(v). Then, M,=x\,;)/ 2] Ay

EEJV)
As
I=N+ 203 Met2( 27 A

EEI' (D) keI’ (V)

Nusy
— 1—~zj + 3 A+ 20 3 AL

7\vk rELW REL'(V)
REID
= 21 At 2 7\Wk (23 M) 22 M2 20 A)°
EETOD - Gy} RET (W REJV) EEL’ (W)
=1-n,;, =1—2,,

ST (1 —2ny) < oo, the condition (8) being taken into consideration.

Ad (6). #,/s must be considered as finite for all » (=1,2,---).
Now, setting A};=0 for je]J(v),

(G ) =@ RG) )
%

=z

v

/2 2\1/2
< - }/2)) + AL V2
=(zx P S (2 3 )

REJV)

z/ 1/2 1/2)2)1/2
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= (3,3, 5 (3 ) 3

v e’
rEJD
= (2 A= 2 M)+ (20 2 M)
v EETV) v jer’m

= (R0 3 02 (3 M)+ (D 3] 0
S @2 A-( 2 MNP 2 M)V
v EEJOV) v jEI'(W
And, because > > A,=>"1— X A,) and 1A —( 2 A5 con-
v REJVD

v REI’(VY v REJO
verge at the same time, the last member in the above sequence
ny 1/2
of expressions is finite. Therefore, if one of > > <<%) —xvjlfz)z
12 2 v o= v
and 2 Z(( ) M,-I/Z> is convergent, so is the other.

Ad (7). Under (9), we have

Aihe S MG S AN, for j,k€]@).
Therefore,
2
PIDID D W min{ My q , c}
Vo gk vE
_ Ny 1|
=21 2} A\, min 1{,¢
v \7/HEEJW ka
. by 2
SiD MW I WA mln{ Sy ,c}
JET(Y) T REJW V&
. A z
+ 20 Ay M]-mm{ LTy | ,c}
KEL'OD JEIM vE
X 2
+ Z Ayj Ao mm{ —1 ,c})
s kEI/ (W) vE
A1
=21 21 MM, min 1{(,c
Vo7 k€T kik
+2c27 23 A+ 20 (20 N8
v jET/(W) v JET(W
And,
2
M Z PRPONM mln{ -1, c}
IR IS de)) )‘Vk
< in {21
=437 3 A, mind|2¥ -1 ¢
v, REIO) i .

Thus, by taking (8) into account, the condition on A
A{; are equivalent.

and that of

vi
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Here we add a comment concerning the type II, condition of
our Theorem. Indeed, a direct application of Moore’s result and
Lemma 1 in the above will establish that M is of type II, if and

only if infinitely many m,’s are >1 and following two conditions
are satisfied :

w 23 ((i) " n) < oo,
(11) 2(1—%) <o
n,

v

(2G) ) = 2 )

=x2(G) -G )

=3 ((; )"2 ) ) (i =

=32 () )2 0

<22(-()") 2 ()
B2 (1),

conditions (6) and (10) are equivalent when (11) holds.
And (11) will surely hold when (6) is valid, because

ny <l) x 1/2
I=1i\n|,

23 3 2 =3(1-m)
Vo j=my+1 g, v n,/ -

In this case, infinitely many m,’s are >1, for we have lim m,/n,=1

from the convergence of >} (1—m,/n,) and infinitely many #»,’s are
v
supposed >1.

2. As Bures has stated, the type classification problem of M is
reduced to the following form.
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Suppose that Q, is a space containing 2, points ., , wy,, ***, Wy, -
(We here give an exposition valid when m, is finite. By adding a
minor modification, the case where m,=co is also easily treated.)
Consider a discrete measure wp, on €, such that u,({w,;})=Xxy;
(=1, -, m,), and a group of transformation G,= {g.,, &u1» ***» Gumy-1}
such that w,; gy, =w.+», Where, of course, j+k is considered modulo
m,. Let Qzlv'lﬂv, and consider on Q the product measure ,u=IVI Iy

Let G be the restricted direct product IT'G,, which acts naturally

on () as a measurable transformation group.

Now M is of type III if and only if this measure p is not
equivalent to any G-invariant o-finite measure on Q provided with
a natural Borel field of subsets. Indeed, though a precise copy of
his assertion will need the restriction dim H,,=m,, it is not indis-
pensable owing to Lemma 1. Therefore, the “if” part is proved
when one shows that, in case there exists a G-invariant measure p
on ) equivalent to u, the series in (7) converges.

Let x(w)=g—p—(w), so that x is a Borel function on , unique up
y72

to p null sets and >0 almost everywhere. We have p=p,Xp,*,
where p, is a measure on Q, giving mass 1 to each point and p,*
is a measure on Qv*=£ﬂ” invariant under G,* =LEV,G“ And, since
T dp _dp, . dp.*
dp dp, dp*
if wEQ, v=(,0,%), then x(w)=2x,(w,) x,*(w,*) for almost all pairs

To be precise,

=y X gy, m*=£v,uu we see that

__de _dp* * ; :
(wy»,%), where x,(w,)= (w,) and x,*(w,*)=22_(w,*). Since p, is
dﬂ‘v d:u"‘*

discrete, this holds for almost all x,* for each x,Q,. We can
repeat this argument to find that, for any positive integer N,
p=v1=—.[1pv><p;{<f for some measure p# on Qﬁ:vﬁmﬂ” invariant under
VI;I;G.,. Thus, x(w)z(vl;llxv(mv))x;{‘,(w;‘f,), where o=(0,, =+, 0x, 0.
Now let Xf, X, X¥* denote respectively the functions exp (2rit
log (+)), where () is x, x,, x¥. These functions are of absolute

value 1 and

N
(o) = X 0) X o).
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We view each of these functions as an element of L*Q, x) by making
them constant in the variables on which they do not depend. Since
w(Q)=1, these are all unit vectors.

Now denote by Py the orthogonal projection of L*(Q) onto L*(Qy)
where Qy= fVIQ\, and we view L*Q,) as the subspace of L*(Q) of
v=1

all functions which depend only on the coordinates o, (v=1, ---, N)
of the point w=Q. It is immediate that

Py(xt) = (1), 1),

where 1 denotes the function equal to one everywhere. Then,
lim || Py () =] = 0,

where ||-|| is the norm in L*). Therefore,

(12) Py = [(XF, DI —1,

and in particular (X3, 1)30 for large N. It follows at once that
(X}, 1)=0 can hold for only a finite number of ». Now let us
choose constants «.,'=exp (2zit3,!) such that

(X, 1) = 0.
We write then
N N
Py(X) = (L, X,))- (T o) (X}, 1),
v=1 v=1
and put
N
7h = (M) (X8, 1).
We observe that by our construction, for large N, the argument of
v#% independent of N. If we put
6 = /vyl
for large N, then
N
Py(*XY) = v Tt X,k
v=1

According to (12), we have lim |y5%]|=1, and we immediately con-
N-»oo
clude that
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a3 vlivlla,tx,,t converges in L*Q).
But (13) is equivalent to that

; A—af (X5 1) converges ,
which in turn is equivalent to that
14) 2 [[1—aXfP< oo, and

2 Jat(X)5 1) converges .

Thus (14) is valid for every real {. Now we explicit in this
relation the functions X,.. We have then

(15) Zv‘, 23\, exp (2zit (B, —log N, ;) —1]* < oo

Just up to this point, we followed exactly Moore. As our aim
is to show the convergence of the series in (7), we consider here
the following sum :

(16) V;kxw Avel €Xp (2rit (log A, ;—log A,,)) —1[%.
As
|exp (2zit (log A, ;—log A,p))—1]?
= |exp (2rit (B,) —log \,p) —2mit (B, —log A,;)) —1|°
= 2(|exp (2zit (8,'—log A, ;) —1|”
+ |exp (2rit (B,)—log Ap)—117),
we immediately see that the expression (16) is dominated by
4v§k Ay Ny | €XD (27t (B,F —log \,;))—1}°
=4 ZJ N\y;|exp (2zit (B, —log N, ;) —1|*
which converges by the grace of (15).
Now the tool of which Moore made use to attain the goal can
be applied here. Namely he states that the convergence of
221‘ £,(1—cos in,)= 2; £,|exp itn,—1|* (the £/ s are supposed positive)
for all real ¢ is equivalent to the convergence of Sy_‘gv min {|»,|? ¢}

for a ¢>0. Applied to our case, the convergence of (16) for every
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real # is equivalent to the convergence of
2 MM min {[log n,;—log A, |% ¢} for a ¢>0,
Vs js k

which in turn is equivalent to the convergence of

2
el

Thus (7) does not hold, and this completes the proof of “if” part.

M
vk

20 Ay A min{
Vsisk

3. Now, we proceed to the proof of “only if” part. To do
this, we leave from the measure theoretic version of Section 2, and
we treat the problem in its original form.

We assume that

a7 S min{ My g
Vs s b

2
,c}<o<>
vk

for some, and hence for all ¢>0,

and we contend that M is a semi-finite factor.
Assume first that there exists an €>0 such that

(18) ;l*_fge for any »=1,2, -, and j,ksI).

vk

This condition being imposed, we no more need to take in (17) the
minimum with some ¢>0, and so

My q
A

vk

19 Vz_jk Ay Mo < oo,

Now (18) implies that \,;=¢&n,, for any j, k=1, ---,m,. Added with
respect to 7, 1=m,EN,,, SO m,’s are all finite. Added with respect
to k, m,\,;=¢€, so that \,;=€&/m, for any j=1, -, m,. Using also
the fact that the mean square deviation becomes the least when we
take the mean value as the center, we reform the series in (19).

2

My g

Z 7\'vj>"‘uk
Vsirk

vk

2

niy 7\‘ 5
= E 7Wj 2 Ao =1
Vs j k=1

273
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2

A
g 2 7\vj Z ka w_mvxvj
Vs J k vE
_ Mus 1p
= Z Ayj > Ayj [ 72, Ny |
Vv, j k 7\'1412
=

€300, L (-1
Vs i kM

v

1/2
(%) _ kvkllz
v

2

I

e
Vo k

So, we obtain the convergence of the series standing last, which
implies by the type II, criterion that (M) of Lemma 1 is a type
II, factor. (Or, it may happen that it is a finite type I factor.)
Thus M is a semi-finite factor, and is not of type IIL

Our assertion being thus quite easily settled when (18) is satis-
fied, what we must do next is to reduce the general case to this
case. To this end we will make repeated use of Lemma 2.

The last paragraph of Section 2 states that the condition (17)
is equivalent to the validity of

(20) vgk i Ny [€Xp (it (log Ay ;—1og ) — 1] < o0

for any real number f.
Put now

NS 2 Avg €XP (_"27[”‘ log 7\'1:[@) .
k

Then, using again the fact that the mean square deviation becomes
the least when one takes the mean value as the center, we see that

v;}k Ay Mg |€Xp (2rit (log A, ;—log A,p)) — 17
= g Ayj Ak‘;‘ M | €XD (—2rit log \,,) —exp (—2rit log A,;) |?
Z 20 Moy 20 Mo |€xp (—2it log M) — |
= ;‘, Ay; |€xp (—2rit log \,;)) — .t |”.
By virtue of (20), we have
21) ; Ny; |€XD (—27it log N, ;) — @, |* < oo,

and
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22 D a-les)
= S, 1= 9/
< VZJ] Ny; lexp (—2zit log \,,) — @, |* < oo
Define B,* as a real number satisfying
P! = |p,t| exp (—2xit B)) .
Then (21) and (22) together imply
(23) ; Ny; lexp (2xit (B, —log ;) —1|°
= g Ny; | exp (—2xit log N, ;) —exp (—2zit B,) |
<2 vz;, Ny, |exp (—2mit log Mj)—%t12+2§_,‘j Miil— @t P < oo
Fix now a value of #. Later we will take £=1/3, but for a

while, we don’t specify #. For this value of #, we consider the set
I'(v) of j satisfying

1

lexp (2zit (B, —log \,;))—1| = 5

Then, by virtue of (23),
23 IZ(] RS 2] EIZ,()M,- |exp (27t (B, —log \,;)) —11°
v jEI/(V v g v
=4 37\, lexp 2rit (B, —log 1) —1]* < oo,
Vs j

According to Lemma 2, we may thus leave those \,;’'s with j&I'(»)
out of consideration, and we henceforth assume that

|exp (2mit (B, —log M) —1| < %

for »=1,2,---, and j=1, ---, m,.
Under this assumption,
|exp (2zit (log A, ;—log A,,)) —1|
= |exp (2rit (B, —log \.,)) —exp (27zit (B, —log \,;)) |
=< |exp (2rit (B,) —log ) —1| + lexp (2nit (B, —log N, ;))—1]
1.

A
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From this, we conclude that for a suitable integer #;,
|27t (log Ny;—10g Nyp) — 27 | < —g— .

We take #=1/3 in this consideration, and then

[(log \,;—log N\,,) —3m,,| < —é—

So the A,,’s (€1(v)) are classed into several groups {\,;; j€I(v, p)}
(p=1, -+, 4,) such that

(24) [log n,;—log .| < 1 within a group,
(25) llog A, ;—log \,,| > 1 between different groups.
We may consider that I(v, 1), ---, I(», /,) are numbered so that
(26) J€I@, p), k€l(v,q) and p<gq, then j<k.
Now we show that, except for a finite number of »’s, we can

find a p=p, (=1, ---,1,) such that

1
27 > M.zg.

FEIM, by -

Indeed, let A be the set of » for which one cannot find such a p,.
For v A, we are then able to take a ¢, (=1, ---,/,) so that

3 > L, 5 = L
Ay > Ayi = —.
=1 jEI M = 3 ’ p=ay+1 FJEIH ) = 3

qy Iy

Writing PU I, p)=L@F), U I, p)=L(»), we have by (2), (25), and
=1 =gy +1

(26) that \,;/n,,>2 for j€L(v), k€L(v), and, using (17),

el
7\'vk

e
Ay

v

00 > DTNy Ay min{
Vs jsk

=25 35 o min

T VER JELW KETW

SO IRWPI LW

VEA FELM

1

T vea 32 ’

Therefore, A is a finite set.
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Now we many leave the »’s in A out of consideration. And we
assume that (27) is valid for all » (=1,2, ---). We claim then
(28) 20— > A =20 23 n; < oo
v FEIW, by) Vv &I By)

Indeed, according to (17), (25), (26), (27),

2, 1}

Ay e min{

Mi_q
A

o >3 Mj?»ykmin{
Y, k vE

=X

v <ﬁ<ﬁv FEIW, 1) REIYV: by

el
7\uk
: vaj :
+ >y A Aoy DL | =—11,1
FEIC by) 6>by kEICH 1) Avg

=20(2 > 3 4+ 3 3 M)

b<by JEIL ) REICL 0y FEIM, by 5>by KEIH

= 2( 2 7\'uj) (ke§p‘,)>\wk)

Vo &I By

> 1

vy *
3 Y ieltry

Now that the validity of (28) is thus established, we may let
those \,;’s with je&I(v, p,) out of consideration by Lemma 2. But
among A,;’s with j€l(v, p,), we have by (24) that

|log 7\uj_10g Ml <1,

or \,;/\y, is bounded below by a positive constant irrespective of ».
We thus have reduced the general case to the case where (17)
holds, and the proof is complete.

4. We have shown that the condition (17) implies the semi-
finiteness of M. But actually we had more. Indeed, an integral
and precise examination of our proof reveals that a type II factor
constructed as an infinite tensor product of type I factors is neces-
sarily a hyperfinite II, factor or a temsor product of a hyperfinite
II, factor with a type I. factor. (This remark is due to H. Araki.)

5. Finally, we add a few words about the relation with Moore’s
type classification of measures.

Moore’s classification of the measure p considered in Section 2
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is perfectly in accord with that of the corresponding infinite tensor
product when #,=m, for every ». Thus the condition (17) assures
the existence of a o-finite measure p on Q which is invariant under
the action of G, and is equivalent to x. To construct explicitly the
measure p, we can apply Moore’s notion of restricted direct product
of measures.

To establish that (17) implies the semi-finiteness of M, we had
first to leave a finite number of H, (wA) out of consideration, and
for each remaining index » to limit the set I(») to a smaller finite
set J(»). As the measure p, on Q, for A, we take a measure
giving mass 1 to each point. We denote by Q,” an arbitrary one
point subset of Q,. As the measure p, for v& A, we take a measure
such that p,({w,;})=1/m, for jIl(v), where m,” denotes the number
of elements in J(»). Define Q,” to be the subset of Q, whose points
are o,; (7€J(¥)). Then form the restricted direct product p of these
measures p, using the sets ,. p will be the measure sought.
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