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Note on the Spectrum of Some Schrodinger
Operators®

By
Teruo UsHIJIMAT

§0. Introduction

Recently S. T. Kuroda has developed a new stationary method
of perturbation of continuous spectra using the technique of factori-
zation of the perturbation term ([2], [3]). The object of this note is
to show that his theory can be applied to n-dimensional Schrodinger
operators which have first order differentiations with variable co-
efficients. Namely we consider the differential operator :

L= ,E <%xj+bj(x)>2+q(x)

where b; and ¢ are real valued functions. The case of #>3 will
be treated in this note. This problem has been already treated by
Kuroda ([4]) in the case of b;(x)=0. In this case our work agrees
with his result.

The author expresses his hearty thanks to Professor S. T. Kuroda
and Professor T. Ikebe who kindly read the draft of this note and
gave him valuable advices.

§1. Statement of the Results

Let H, be the self-adjoint realization of —A in L*(R"), where
domain D(H,)=Di2(R"). We consider the following conditions :
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(X) For some constants a, p, and p, satisfying
a>%, 2n>p.>n and 2n>p2>max<2, %)

it holds that

{(1+ |2))*b;(x) el (R  (A<j<n),
A+ [x)*¢'(x)sL*(R"),

where b, (x) are continuously differentiable functions and

=

7 = 2 (20,16 ) +a).

(II) For some p, with n>p,>2, it holds that

{ A+ [x))*b(x) LK) (A<j<n),
1+ 121)"¢ (x) L") .

Theorem. (a) Under assumption (1), we have:

The restriction L on S, the totality of rapidly decreasing fumnc-
tions, has a unique selfadjoint extension H,, with D(H))=Di(R").
The absolutely continuous part of H, is unmitarily equivalent to H,.

(b) Assuming further (1), we have :

The singular spectrum of H, comsists of non zero eigenvalues of
finite multiplicity and possibly zero. Negative eigenvalues have not
a finite limiting point. Zero is the only possible finite limiting point
for positive eigenvalues if they exist.

Now we resume results of Kuroda. Let H; (=0,1) be self-
adjoint in a separable Hilbert space 9, R;(z)=(H,—z2)"' be its re-
solvent for nonreal z. Let o(H;) be its spectrum. Let 9,,.(9;,) be
the subspace of absolute continuity (of singularity) with respect to
H;. These concepts have been defined in Chapt. X of [1]. Then
9, . and 9;, are closed linear subspaces of ©, are orthogonal
complements to each other and reduce H;. If 9,,=9, H; is said
to be absolutely continuous. H;,(H;,) be the restriction of H; to
D, «(D;). Theset o(H; ,)(o(H;,) is the absolutely continuous (the
singular) spectrum of H; and is denoted by o,.(H;)(c,(H,). We
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denote by B the space of all bounded linear operators from 9 into
9 having the uniform operator topology. For any linear operator T
its domain (or range) is represented as D(7T) (or R(T)).

Consider the following conditions on H;.

K.1) DH)=D(H,)="2.

(K.2) There exist linear operators A and B such that: (a) A
lies in B, and is invertible with the range being dense in O, (b) D(B)
DR(R(2)A) for any nonreal z, (¢) (H,—H)u=ABu for uc®B)ND.

(K.3) S@)=A*{R()—R,(2)}A lies in B, lelgl S(v+18)=S)
exists in B, and this convengence is locally uniform in n of the real axis.

(K.4) Q()=BR,(2)A is in B, and completely continuous for
nonreal z.

(K.5) lalgl Q\xi8)=QN\=x:0) exists in B for any real £, and
Q(2) is a B-valued continuous function on either the upper or the lower
half-plane, including the corresponding edge of the real axis.

(K.6) The operator {%S(x)}ll2 is Holder continmous with Holder
exponent 6>1/2 on a closed interval I of rcal axis, and Q(2) is also
Holder continuous with exponeni 0 on I or I, where
I'={z: Rezel, Imz>0} and I"={z2: Rezel, Im 2<0}.

We can deduce the following theorem as a corollary of Kuroda’s
theory ([2], [3]). The outline of the proof will be sketched in §3.

Theorem K. Under conditions (K.1) to (K.5) we have:

1° H, is absolutely continuous.

2° o, (H)=0(H,), and o,(H,) is a closed null set.

3° There exist wave operators W,.EB such that: WHW,. =1,
W W*=P, HW.=W_H, and W, =s-lim ¢*"1¢e"#Ho where

trmee

1 is the identity operator, and where P, is the projection to
D10+

Assuming further (K.6), we oblain :

4° o (H)NI consists of at most a countable number of cigen-

values of finite multiplicity which have no accumulation point
interior to I.
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§2. Proof of the Theorem

First we write

L= —A+a(x) <§=11 B,-(x)%ﬂL Bo(x)>

where a(x)BD(x)=q’(x)=g(%bj(x)wj(x)z)—kq(x) and a(x)B;(x)=
—2ib;(x) (1<j<n). Define (AJJ‘ YE)=a(x) - f(x), (Bof)(x)=RB(x)f(x)
(ij)(x)EBj(x)%f(x) (1<j<mn) then we have formally H,=H,+AB
for B= Z: B;. ’

Fro;n now on we will take a(x)=(1+ |x]|)"% then the operator
A belongs to B and satisfies conditions (a) of (K.2). Operators B;
with domains {f(x)|f(x)eL’ (B;f)(x)=L’} have closed extensions,
which are also denoted by B;. For the proof of the first part of
(a), we have only to show that ®(H,) is contained in D(AB) and
that for any &£>0 there exists C.,>0 such that for any x=D(H,)

IABu|| < &||Hgul|| +c.llul|
(Chapt. V of [1]).
Assume that D(B;)D D(H}i) for u; with 0<u;<1, then we have
for uD(H,) and k>1
[[Bull = [|B;R,(—1)"(Hy+1)*iR,(— k) (H,+ k)ul|
< B R(—1)¥il« [ (H, +1)*5 Ry(—kR)!| {|| Houl| + Fliu|} -
By the closed graph theorem, B;R,(—1)"/ is bounded. Noticing that

for £>1
H(H,+ D" R(—k)|| < k",

we have the estimate that there exists C,>0
1Bull < &llHoul|+ Cilull

for €>0 and #=D(H,). Since A is bounded, we will obtain the
desired statements if D(B,)DD(H,").

Now we will show the validity of this inclusion for 1<j<un.
n

%, —1 and

Since p,>n (condition I), we can choose p; such that p,>
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<p;<1. If ueD(H}"), the Fourier transform of u(x), #(¢) satisfies
(1+ig)maE) €L (R™. Since p,>n, we have £;(1+|£|) " €L"(R").

As Ei=F,(L+|EH) (L + | E[)*a, £,4e Ly(R" for %:%Jr%. There-
0 o1 14 1.1 1 elLtand 1411
fore 6x]ueL with 7 =1 2 b As B;€L* and p1+ 5

we have Bu=p4; quLz(R”).
Next we treat the case j=0. Since pz>%, we can choose u,

2,L and 0<p,<1. Then (1+|£|9) "o L2(R™.
— (L |E])Ho(L+ |E|9)%d, 4= LR for ?_Lrl. Therefore

1 1 1 1 P,
#usLY(R") with —=1——=+ And finally we have B,u=Bu

g 2 P
eL*(R"). Thus the first part of (a) has been proved.
Now we start to check conditions (K.1) to (K.5). For >0

we define

satlsfymg b,>

R,(r,2) =c,/ 2" r "™ Hg, . (V27)
with

C, = 127D =YD Im\/z>0
and the »-th Hankel function of first kind H,(¢). Then it holds
that for a nonreal or negative number z,

(Hy=2)"f) = | R.(1x=31, DF()dy.
The following asymptotic representations are well known :
(H.1) H®@)=—=z"2"T@E¢>+0¢™ as [£|—=0 with Im¢=>0,
(H.2) HSQ) =/ 2rh) 0o @m0 o)
as |{|—oco with Im¢>0.
Taking ¢(£) =C~ such that ¢(&)=1 for |¢| <1 and ¢()=0 for [{]|>2,

we have

R,(r,2) = (/2 1)R,(7, 2) +(1—p(\/ 2 1) R, (7, 2)
S, (7, z)+Sn(r, 2)

_72__ y=/2 .

Let IT be the complex plane which has a cut along the positive real
axis from O to oo, including both edges of the cut. Then S,®(r, 2)
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can be regarded to be continuous in (7, 2)=(0, o) X (II— {0}). From
(H.1) and (H.2) it holds that:

IS, (7, 2)| < const, S,%(,2)=0 for |\/zr|>2,

and that:
[S,P(r, 2)| < const |z|"*2" S, @, z) =0 for |Vzr|<l1l.
By the identity E;%(;“”HV(”(O) =—¢r"HN(E), we deduce that for

n
r=(1%9",
j=1

iRn(ri Z) = —fn °£C—1'Rn*2(7) Z)
0x;

J n+2

— Snyja)(x’ Z) +Sn,.i(2)(7, Z)
rn~1 7,(n—1)/2

where S, ;#(x; z)E—cn/cn.zn%"s,ﬁ;")(r, 2) (k=1,2,1<j<n).

These functions satisfy the estimates of the same type as S, ,”.
Define TIz={z: N'<|z|<N, Imz>0} for N>1, and similarly Iy
for Im 2<0. Noticing that S,V(r, 2)=r""*¢(/27)R,(r, 2) and that
S, 2@, 2)=r"*"*1—¢\/27)) R, (7, 2), using the identity %({“Hf“(g‘))

=¢H,_ ), we have the following estimates :
0 @ 0 @
=S5, 8(r,2)| <cy, and |—=S,P@F, 2)| < cyr
02 0z

for 211 where ¢, is some constant depending only on N. There-
fore we have

@Sn jkl)(x, Z)' < c/N and IQS,, j(z)(x, 2)) < C/Nr
0z 9z "

for zeIl and 1<j<n.
Letting S, ®(x, 2)=S,®(| x|, 2), we define integral kernels:

Q, ®(x,y;2) = Bj(x)snf.;:i(;;jy; 2)a(y) (k=1,2, 0<j<n)

n—1

where X, ,=2—2, 7, =n—1 (1A<j<n) and r;,=="—— O<j<n)
» 7, 7, 2

and integral operators:
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QPN @ = | Q% 337y
Formally we have Q(z)=BR,(2) A= Enwé Q;(2). We need:

Lemma. For a given N satisfying n>\>0, assume that there
1 1 _1 1,1 A .

—, =<= and —+—=1—2. Consider an
P’ g 2 P q n Z
integral operator . (K, f )(x)=SRnB (x)lf};(f’yj?}\a(y ) f(»)dy, where v(x,y)
is continuous and bounded on R™— {k= y}.

If a(x)eL?(R") and B(x)=L(R"), then K, is a bounded operator
in L*(R") satisfying

exist p, q such that

K< C(D, VIl 1IBlla-ilell,

s
where |vil.=sup v(x, )1, lull,=( |x, iu(x)17dx) "
Moreover if we assume further that o(x)EL?(R") and B(x)E
LY (R™) where p’' and q' satisfy ——Ji\l<_ and l+ 1 <1 A
n Py 2 o n’

then K, is completely continuous (due to Kuroda, see 1emma 5.3 of

L4D.

Proof. Sobolev’s inequality shows that

S "S mdxdyl

* [x—y[*
<C@, Qlgllell Il for P>1,Q>1, 5+ >1 and A=n(2—F, =)
x ’ Q P ’ ’ P Q P Q
([6]. Let %=%+% and %~%+%. Substituting the above

inequility for g=/Bv and f=au where u, v L*(R"), we have readily
the first part of the lemma.
Let Xy(x) be the characteristic function of Dy={x||x|<N}.

Define (K, f)(x)= SR” Xu(x) B(x) Y;jﬁj?ka(y) Xn(9) F(3)dy.
By our assumption on p’ and ¢/, Kondrasev’s Theorem ([7]) asserts

that an integral kernel, 1—(%3)1—),\, determins a completely continuous

| x

integral operator from LF'(Dy) to L9(Dy) for N<oo with ;, ;,
+—1— and@ %—% Since we can regard «a-X, as a bounded

operator from L*(R") to L¥/(Dy) and B-X, as that from L9 (D) to



504 Teruo Ushijima

L*(R™), we have that K,“V'M is completely continuous from L*(R")
to (L*(R"). But from the first part of the lemma, we have

K=KV < G — BG4 (KGN — KV

< C(p, D {IA—Xx) el 1Bl + 11Xy el , 111 —Xn) Bllg}
—-0 (as N tends to o).

Therefore K, is completely continuous. Thus the lemma has been
proved.

In the above lemma, if we take a(x)=1+ {x|)"“ where a>%,

1 1 1

7 - 1 r 1 A
and B(x)eL?’ where g satisfies 5 < 7 5 >0 and
1 A 1

A . 1_1
il R ____< F4 < .
p <1 " for > 0, then a(x)eL? for any p with —- 5
Since we can choose p and p’ appropriately, the above lemma asserts

1
<7 for

that K, is completely continuous in L*(R*). More precisely, if G(x)
€L? where ¢; satisfy that:

for N, =n-1, q,>n,
for N,=un—2, if =3, then 6>¢,>2,
if #>3, then q2>% )

for 7\43 = 11;_1, 2n>q:5>2;

then K, are completely continuous. Therefore @,%(z) are complete-
ly continuous if B,(x)L%NL% and if B;(x)eL™NL?” (1<j<n).
These being assumed in condition (I), we will obtain (K. 4) if the
operator Q(z), treated above, coincides with BR,(2)A. We will show
this fact. From Sobolev’s inequality it holds that if f=L? then

S "—a—Rn(lx—yl,z)oc(y)f(y)dyeL" for 1>Lx1.
R"0x; p 2
This implies that D(B)DR(R,(2)A) ((b) of (K.2)) and that our
integral operator Q(z) is equal to BR,(2)A.

Naturally we can define @(A £:0) for A >0 as the integral opera-
tor with the kernel ; Q;P(x,y; x:i:'iO)zlgifxol g Q;®(x, y; Axi€) for

x=y. Also @(0) can be defined by putting R, (r, 0)=(n—2)""(2z)""/»
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X I‘(%)rz‘". We denote by Q“¥’(2) the operator which is obtained

by the replacing B3,(x) by Xy(x)B,;(x) and a(x) by Xy(x)a(x) in Q(2).
As in the proof of the lemma, we can show llvim QM(2)=Q(2) in B

uniformly in z belonging to a bounded set of either the upper or
the lower half-plane including the real axis. The asymptotic formula
(H.1) asserts that if Imz,, Imz,>0 (or <0) and if |z, |2,| and

|7| <N, we have R,(», z,)—R,(, 22)—0( ) uniformly as |z,—2z,| tends

to zero. This assures that Q“V°(2) is a B-valued continuous function
on Imz>0 (or Im 2<0). Therefore Q(2) is a B-valued continuous
function, which implies (K. 5).

As for (K. 3), we must consider integral operators A%(z) with

() S B(g_
kemels: A%(z, y; 2)= 2D 2 DA ¢y 9 since A

behave similarly to Q,®(z), we omit to describe the check of this
condition.

Finally we will show that (K. 6) holds under conditions (I) and
(II). Let I be a closed interval on the real axis which does not

contain zero. Since ba—zS,,,jm(x, z) is bounded in ze<Ily, @;7()

(0<j<m) is Lipschitz continuous on I/*. Next we notice that for
z,, 2,15

[Sn.]@)(x’ 21)—5,,,](2)(.27, Zz)lu — l S 0 S (2)(x Z) dZ
|;,le 7 2
< const |zl—zzl"
since ‘a—zS,,,,-@ <Cylr|. Putting ¢9=%+6 and Mz—g——l—e &>0),

the integral kernel of Q,®(z)—@Q;®(z,) is estimated by const

|z —2, |<1/2)+5M

[x—y|™
1+¢ 1 1 .
———< <?’ the above kernel defines a bounded operator €.
Smce we can choose & arbitrarily small, condition (II) asserts that

Q,®(z) is Holder continuous on I} with the exponent greater than 1/2.
The Holder continuity of { S(x)} has been shown by Kuroda

in case #=3 ([2]). He used the spherical coordinate representation

for z, z,€Ily. By the lemma if B;&L with
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of S(A). His method is also valid for »>3 if we take the #-dimen-

sional spherical harmonics instead of the 3-dimensional.
Since lim Q(\)=@Q(0) holds, applying Theorem 1 of [5] to our
A0
A0
case, we know that negative eigenvalues do not accumulate at zero.

Another conclusions of our theorem follow from the result of
Kuroda.

§83. Remarks

1. Outline of the proof of Theorem K.
By (K.1) we have the second resolvent equation :

Rx(z) = Ro(z)_Rx(z) (H1_Ho) Ro(z) .
Since A is bounded ((a) of (K. 2)), it holds that

R.(2)A = R(2)A—R\(2) (H,—H,)R,(2)A .
Noticing that D(B) NDDOR(R,(2)A) ((b) of (K.2)), we have

(H,—H)Ry(2)A = ABR,(2)A ((c) of (K.2))

= AQ(2) (K. 3)).

Therefore the following identity is obtained.
3.1) R(2)AQ+&(2)) = R(2)A.

Define G,(2)=1+Q(2) for Imz=+0. If u=$9 satisfies that
u+Q)u=0 then v=R,(2)Au satisfies Hp=zv. Since Im z=0,
self-adjointness of H, implies that v=0. Hence #=0. Moreover
Q(z) is completely continuous ((K.4)). Therefore there exists a
bounded inverse of (1+Q(z2)). We write G,(2)=(1+Q(2))" for
Im z+0. Then we have from (3.1) identities
[ R(R)AG,() = R() A,

R(z) AG,z) = R(2)A.

Let S;(z)=A*{R;(2)—R;(Z)} A for j=0,1 and Imz+0. We have
A*{R;(2)—R;(2)} A = 2—2)A*R;(Z) R;(2)A
= (2—2) (R;(2) A)*R,;(2)A

(3.2)
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= (2—2) (Ry(2) AG,(2))*R,(2) AG,(2) (by (3.2))
= G(2)*A* {Ry(2) — R,(2)} AG () .

This relation is rewritten as

3.3) S;(2) = G;(2)*S,(2)G;(2)

where (4, £)=(0, 1) or (1, O).
On the other hand it is well known that for ¢ and B with
—ocoLa<B<K oo,

S dE,(\) = s-hmé——g (R,(\ +i€) — R,(n —i€)) dn. .
From this identity we obtain that for u, v,
(3. 4) Szd(Ej(x)Au, Av)dr — ilgi{? SZ(Sj(k+i6)u, v)dn .
For j=0 condition (K. 3) assures that

S d(EM) Au, Av) = S (SO, v)dx .

By the continuity of S(\), we can conclude that for any measurable
set w of the real line

A*E,(w)A = _LS SO\ dn
27
(the integration can be performed in the operator topology). This
identity implies that R(A) is contained in 9,,.. But R(A4) is dense
in  and 9, ,, is closed. We know 9,,.=9. This means conclusion
1° of Theorem K.
By (K.5) there exists

G,(Ax10) = lsigl G\ %8 = 1+Q(\=x1:0).

Since G,(2)—1=Q(2) is completely continuous for Im z%0 ((K.4)),
G,(Axi0)—1 is also completely continuous. And G,(2)=G,(2)* for
Im 2+0. Therefore lemma 6.2 of [3] (or lemma 5.2 of [2]) assures
that there exists a bounded inverse of G,(\+10), G,(A £10), for almost
every A of the real axis. We denote by ¢ the subset of the real
line which consists of points A such that G,(A+£:i0) can not be
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invertible. Since G,(A%{0) is continuous in A of the real axis, the
complement of ¢, ¢’ is open. Moreover G,(2) is continuous on ¢ and
¢~ respectively, where ¢*(¢")={z: Rezee¢, Imz>0 (Im z<0)}.
Therefore we have for Aee

G,(A+10) = lsifgl G, (A %18 in B.

Define S,(A £i0)=x£G,(A £i0)*S(\)G,(A :0) for nee. By (3.3) it is
obtained that for Aee

S,(v+£i0) = lim S,(\+i€)  in B.
€40

If (a, B)Ne=¢, the equality (3.4) implies that for u, vED

8

S d(E,(0) Au, Av) = E1 SB(Sl(kzi:z'O) u, 0)dx.

@ 27” o
From this identity we conclude that for any closed set w such that
wNe=¢, it holds that

A*E(0) A = il,g S,(\£i0)dn .
2t Jo

Using this relation we can conclude that o,.(H,)=o(H,), and that
o (H,)Ce. This means conclusion 2 of Theorem K. We can also
deduce conclusion 3° of Theorem K as in the proof of Theorems 5.1
to 5.4 of [3] (or Theorem 4.1 of [2]). Finally conclusion 4° of
Theorem K follows from Theorem 7.1 of [3] (Professor Kuroda
kindly informed the author that the condition of Holder continuity
of Q(z) was missing in [3]).

2. Eigenfunction expansions.

Under conditions (K.1) to (K.5), we have more concrete know-
ledge concerning the spectral representation of H,,, by Kuroda’s
criterion. Consider the following integral equation :

pE(x, £) = e — SR,, Py, &)

x {23 (bj(y)ai+m+b,-(y)2)+q(y)}
ji=1 Y ; 8y]

X R,(|x—y|: |EI*Fi0)dy
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If |E|°&o,(H,), we can find the unique (x, £)-measurable solution of
P, B) with | (+12)7* |9 (x, B)|*dx <oo. Define (F*f)(®)=
(27:)"‘”/Z)SR” f@)p=(x, E)dx for f with (1+ |x|)*f=L*(R"). Kuroda’s
abstract theorem (shown in [2]) asserts that F' can be extended to an
isometric operator from 9, ,, onto L*(R"), satisfying (F*P.E,\)f)(&)

=X\E)(F*P.f) () where X,(¥) is the characteristic function of
{€] |EI°’<\}. Moreover if it holds that (1+ |x|)*H,fL* for f€S,

then we have for |&|*¢o (H,), [S”‘_, (%—Mj(x)) +q(x)]¢>i(x, £)=
j=1 7
|E|%p*(x, £) in the sense of distribution. Some additional information

of regularity of @*(x, £) will be obtained under appropriate condi-
tions on b; and gq.

3. After this work was completed, the author heard the work of
Ikebe-Tayoshi ([8]) from Professor Ikebe They treated a 3—dimen-

sional Schrédinger operator : L= —A+Z LX) ——— P ax + kZ Bk o +9.
k = k

They have established the unitary equlvalence of L and —A chiefly
using the condition of a,,, 8, and yeL'(R®). Their method is based
on the fact that if R*(2g)—R/j(2) is an operator of the trace class,
then the part (a) of our Theorem follows from Kato’s criterion
(Chapt. X of [1]).
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