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The Degenerate Case of Boundary Value
Problems Associated with Weakly
Nonlinear Differential Systems

By
Minoru URraBE

§0. Introduction

The present paper is concerned with the boundary value problem
of the form:

dx

(0.1) 7=A(t)x+f(t)+sX(t. x,e),
©0.2) S L) =1,

where x, f(¢) and X(%, x,¢) are vectors, A(¢) is a matrix, ¢ is a small
parameter, L; (¢=0,1,2,---, N) are given constant square matrices, [ is
a given constant vector, and

0= Fo<ldi<llp<loor<dy-1<<Iy=1.

As shown in [1], boundary condition (0.2) is of much generality.
Let 0(¢) be the fundamental matrix of the linear homogeneous
system

(0.3) D Ay

satisfying the initial condition ®(0)=FE (E is the unit matrix). The
case where the matrix

©.4) G=> Lot
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is non-singular was discussed already in [1]. Hence the case where
matrix G is singular will be discussed in the present paper.

First the boundary value problem with boundary condition (0. 2)
will be solved for the linear differential system

©.5) L — A+ D)

with the same A(¢) as in (0. 1).

Next by the use of the above result and an existence theorem of
a solution of the equation in Banach spaces established by the author
in [2], an existence theorem will be proved for the original boundary
value problem (0.1)~(0.2). The theorem obtained will be illustrated
with an example.

Lastly the theorem obtained will be applied to the boundary value
problem associated with the equation of the form

(0. 6) %: E(t,8)+e0(1, &, ¢).

The existence theorem obtained in the present paper is based not
on the common implicit function theorem but on the existence theorem
established by the author in [2]. Hence, in our existence theorem, is
given an explicit bound of a small parameter within which the ex-

istence of a solution is guaranteed.

§1. Boundary Value Problems Associated with
Linear Differential Systems

1.1. Lemma concerning linear algebraic equations. We shall
state a lemma concerning linear algebraic equations necessary for prov-
ing our theorem concerning boundary value problems associated with

linear differential systems.
Lemma. Given a system of linear algebraic equations
an Ax=b,

where A is an nxn matrix and x and b are both n-dimensional
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vectors. Suppose that the rank of A is n—m (A=<m=<n).
Then linear algebraic system (1.1) possesses a solution if and

only if
(1.2) 4b=0,

where 4 is an mXn matrix whose row vectors arve linearly inde-
pendent vectors d, (a=1,2, -, m) satisfying

1.3) d.A=0.
In case (1.2) holds, any solution of (1.1) can be given by
1.4) £=kaCat SO,
where k., (a=1,2,---,m) are arbitrary constants, ¢, (a=1,2, -, m)
are m linearly independent column vectors satisfying
(1.5) Ac,=0,
and S is an nxn matrix independent of b such that
(1.6) ASp=p
for any column vector p satisfying
a.n 4p=0.

The first conclusion of the lemma is well known, but, for the con-
venience of proving the second conclusion, the complete proof of the
lemma will be given below.

Proof. Without loss of generality, we may suppose that matrix
A is of the form

(1.8) A:[Au Amj[ s
An A,

where Ai; is an (n—m) X (n—m) matrix such that
(1. 9) det Au ;e()_

Then, since the rank of A is #n—m, there is an m X (#—m) matrix 4,
such that
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{Ao An + A21 = O,

1.10
( ) Ao A12+ Azzz 0.

Now put 4= [4, 4.], where 4, is an m X (n—m) matrix and 4, is an
m X m matrix. Then from (1.8) and (1.3), we see that

4y A+ 4, A =0.

Since A, = — 4, Ay from the first of (1.10), we then have
(4 —4:4,) A;; =0,

which, by (1.9), implies

(1.11) di=4: 4, .

Then we readily see that

(1.12) det 4, #0.

In fact, if det 4,=0, then there is a non-trivial m-dimensional row vector
g satisfying g4,=0. Then by (1.11) we have g4,=0 and hence g4=0,
which contradicts the assumption on the row vectors of 4.

Now let us rewrite the given linear system (1.1) as follows:

1.13) [An Am:['[xl-':[bl:!,
Az Ay, xz—l b
that is,

{Au X1+ A X.=bs,

1.14
( ) A21x1+A22x2:b2-

If (1.14) possesses a solution col(#i, x,), then from (1.10) it must
be that

(1. 15) Aobl+bzzo,

which, by (1.11) and (1.12), is equivalent to the equality

(1- 16) Alb1+Azb2=0.

This proves the necessity of condition (1.2).
Now suppose (1.16) holds. Then we have (1.15), consequently
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by (1.10) and (1.15), we have
A X1+ A Xy —bo= — 4y (A1 X1+ A1 %2—b1),
which shows that (1.14) is equivalent to the single equation
1.17) Az +Ax.=bs .
By (1.9), the above equation possesses always a solution of the form

(1.18) {xl:Aﬁl(bl_Alm’

x2=7’,
where 7 is an arbitrary m-dimensional column vector. This proves the
sufficiency of the condition (1.2).
From (1.18), it is seen that if we put

(1.19) Sz[ i — A4,
0 E
then
(1.20) AS[bljzrbl-{:[ b, ]
s Ls,d — 4oy
for an arbitrary m-dimensional vector ». Hence, if = —4,b,, that is,

4,0, + 4,7v=0, then we have

AS‘_b1_l = rb1J 5
L L
which proves the existence of a matrix S specified in the lemma.

Since Sb is a particular solution of the given system (1.1) under con-
dition (1.2), the general solution of (1.1) can be given by (1.4).

This completes the proof. Q. E.D.
If we put
(1.21) =rSu S12
521 SzzJ

corresponding to the partioning (1.8) of A, then by (1.6) and (1.15)
the condition for the matrix S can be written as follows:
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A Alz:l'l:su S12:|‘]: D1 ]:[ D1 ],

A21 A22 S.?.l Szz —Aop1 _Aop1
where p, is an arbitrary (#—m)-dimensional column vector. By (1. 10),
the above condition is equivalent to the condition

[Au (Su — S12 Ao) + A12(sz1 - 522 Ao) ] .171 =ﬁ1 .
Since p; is arbitrary, the above condition is equivalent to the condition
An (Sn - S1z Ao) + A12<821 - Szz Ao) = E:

where E is the (#—m) X (n—m) unit matrix. Since 4y= — A»A:" by
the first of (1.10), we readily see that the above condition can be
written as follows:
(1.22) [A, Ai:] -{Sn Sie TAu=41 .

LS, S}j [Azj

This is the sole condition necessary and sufficient for the matrix

S. Evidently matrix S of the form (1.19) satisfies (1.22), but matrix
S of the form \' i 07 also satisfies (1.22). It is thus clear that fhe

— 0 OJ
matrix S specified in the lemma is not unique.

1.2. Theorem concerning boundary value problems associated with
linear differential systems.

Theorem 1. Let

(1.23) %’%C—zA(t)x+ J10

be a given n-dimensional linear differential system where A(t) is
an nXn matrix continuous on the interval I110,1] and f(t) is an
n-dimensional vector continuous on I.

Let o(t) be the fundamental matvixz of the corrvesponding homo-
Zeneous system

(1. 24) %z/l(t)y

satisfying the initial condition 0(0)=E, and suppose that the rank
of the matrix
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(1.25) Gzi;; Lo(t)

is n—m Am=<n) for
02t0<t1<t2<"‘<tN_1<tN:1

and given square matrices L, (1=0,1,2,---, N).
Then the given system (1.23) possesses a solution satisfying
the boundary condition

(1. 26) > L) =1

if and only if

1.27) a1- 43 Lo o (D dt =0,

where 4 is an mXn matvix whose row vectors are linearly inde-
pendent vectors d, (a=1,2,---, m) satisfying

(1.28) d.G=0.

In case (1.27) is valid for givem [ and f(t), any solution of
(1.23) satisfying boundary condition (1.26) can be given by
(1. 29) 1) = Srasa(D) +o(OSI+ | HE, )f(5)ds,

where k. (a=1,2, -+, m) are arbitrary constants, ¢.(t) («=1,2, -, m)
are m linearly independent solutions of (1.24) satisfying the
boundary condition

(1. 30) 20 Liy(t)=0,

S is a matrix independent of f(t) and | such that
(1. 31) GSp=p

for any n-dimensional vector p satisfying

(1.32) 4p=0,

and H(t, s) is the piece-wise continuous matrix such that, for
tk—1§S<l‘k (k:l, 2, .. N))
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o(t) [E—SSLo(t)]0"(s) if s<t,
(1.33)  H(@, s)={ L
—(D(t)SéLi@(tg)‘(D‘l(s) if s=t.

Proof. Any solution of (1.23) can be written as
(1. 34) x=x(t) = w(t)mm(t)g'w—l(s) £(s)ds,
0

where ¢ is a constant vector. The solution (1.34) satisfies boundary
condition (1.26) if and only if
N N ¢
S Lo(t)-c+ 2 Lot | 07 ()f(s)ds =1,
i= i=0 0
that is,
N £
(1. 35) Gc=l—;’L,-a)(t,-)S 07 (s)f(s)ds.
i= 0
Now by assumption the rank of G is n—m. Therefore by the lemma
in 1.1 the constant vector ¢ satisfying (1.35) exists if and only if
(1.27) holds. This proves the first conclusion of the theorem.

When (1.27) holds, by the lemma of 1.1 the constant vector ¢
satisfying (1.35) can be given by

W3 e=Srcar S| -3 Lo 0 7ds |,

where &, (=1, 2,---,m) are arbitrary constants, ¢, (a=1,2,---, m) are
m linearly independent column vectors satisfying

(1.37) Ge.=0,

and S is an # X7 matrix independent of the right member of (1.35)
such that (1.31) holds for any vector p satisfying (1.32). Put

(1.38) 0(t)ca=a(t) (a=1,2, -, m),

then evidently ¢.(¢) (a=1,2, ---, m) are linearly independent and satisfy
(1.24). Moreover by (1.25) and (1.37), it holds that

(1.39) > Lgu(t) =3 L0(2) ¢
=Gc,=0.
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Now substitute (1.36) into (1.34), then making use of (1.38) and
(1. 33), we have successively

(1. 40) x(t) = éma(t) +0(8)SI
—o®)SE Lot o ()f()ds
o) 07 (s)s)ds
- z rada(t) +0(t)SI
—o®SE| £ Lo\ o ()()ds ]
+o®)| 0 ()(s)ds
= S rada() +0(OSI+ | H(t, 9)7(5)ds.
This completes the proof. Q. E.D.

As was mentioned before, the matrix S specified in Theorem 1 is
not unique, but after it has been chosen once in any way, it will be
fixed throughout the succeeding discussions. Hence we may suppose
that H(f,s) is a definite matrix and it depends only on matrices
A(t) and L, (:=0,1,2,---, N).

Remark. For an arbitrary z-dimensional continuous vector function

f(2), put

(1-41) u() = Ht, 9)7(s)ds.

By (1.40), the above equality means that

(1. 42) u(t)=—0(HS T Lo o ()f()ds

+m(t)S:m'1(s) F(s)ds.

Hence it is clear that

(1.43) dlD) — Ay +£(t)
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From (1.42) we have also
L) B Lut)=—GCSHLow)| o ()f()ds
+ 3 Lot [0 rrras

_(E— GS)% Lia)<t,.)g"m—l ()f(s)ds.
1f
A_Z:J L,-cb(t,-)g:m‘l(s) F(s)ds= Al

for some #-dimensional vector !/, then we have

A[ﬁ L,-q)(t,-)grm"l(s) f(s)ds—l’]zo

and hence
N

6| 31L0) o () r(srds— 1|

Li=

=§NOL;@(t,.)S;‘m—1(s) F(s)ds—1'.
Then from (1.44) we have
(1. 45) ﬁ* Loau(t)— (E—GS)I.

Now u#(#) defined by (1.41) is continuous as seen from (1.42),
therefore formula (1.41) defines a linear mapping in the space of con-
tinuous vector functions defined on /. Since the matrix H(Z,s) is de-
pendent only on matrices A(¢) and L, (:=1,2,---, N), the mapping
defined by (1.41) will be called hereafter the H-mapping correspond-
ing to matrices A(t) and L; (1=0,1,2,---, N).

§2. An Existence Theorem of a Solution
of the Equation in Banach Spaces

We shall state a thecrem necessary for proving our theorem con-
cerning the given boundary value problem (0.1)~(0.2).

Theorem 2. Let F(x) be a function mapping an open set D
of a Banach space B, into another Banach space B, which may co-
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incide with B,. Suppose that the Fréchet derivative J(x) of F(x)
is continuous on D and the equation
2.1 F(x)=0

possesses an approximate solution x=%<D, for which there are an
additive operator fmapping B, into B,, a positive number 5, and
a non-negative number k<<1 such that

2.2) f possesses an inverse linear operator f‘l,
(2.3) Ds={x||lx—Z%|<s, x= B} C D,

@4 [JG)—TI<k/M on Ds,

(2.5) Mr/(1—-Ek)<o.

Here v(=0) and M(>0) are numbers such that

(2.6) IF@) =7,

2.7 17 <M.

Then the given equation (2.1) possesses one and only one solu-
tion x=2% in Ds and moreover, for x=2, J(£) exists and

(2.8 £ =%<Mr/(Q—Fk).

This theorem has been already proved in [2] except the conclusion

on the existence of J~'(£). Hence only the outline of the proof will
be given here.

Proof. Putting ¥=x,, consider the Newton iterative process
2.9 Bai=Z—JF(x)  (2=0,1,2, ).
Then making use of the equality
2100 Foa— k= (B xa) — T F(2) — F(x,)]
T\ T T s+ 00— 50T G .,
by the induction we have
(2.11) s — 2l " [ 21— 20,
(2.12) (£ — x| <Mr/(1—E) <0 (n=0,1,2, ---).
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The above inequalities show that the sequence {x,} is a funda-

mental sequence in D;CB;. Hence we have

(2.13) 2=lim x,€D;

n->co

and moreover, by (2.12),
(2.14) £ —Z<Mr/(1—k).

We can see easily that £ is a solution of equation (2.1). Thus we
see the existence of a solution of (2.1) in D; and the validity of in-
equality (2.8). The uniqueness of a solution in D; can be proved
easily if we use an equality similar to (2.10).

Finally let us prove the existence of J~'(£). Write J(£) in the

following form:
(2.15) J@®=T+1J(#)~]]
~Tte+T1I®H T,
where e is the identical operator. In (2.15), by (2.4) and (2.7)

1T TE) —T1I<M- 7{-3-: E<1.

Hence by the well-known theorem we see that the operator e+ J [ J(%£)
ay

—J1 possesses an inverse. From this readily follows the existence of

J2(£). This completes the proof. Q. E.D.

As stated in [2], conditions (2.3)~(2.5) are related with the
accuracy of the given approximate solution x=%, in other words, they
prescribe the accuracy of the approximate solution which allows one to
assure the existence of an exact solution and the related conclusions

of the theorem.

§3. Boundary Value Problems Associated with Weakly
Nonlinear Differential Systems

In what follows, we shall denote by the symbol [---|] the Euclidean
norm of vectors and the corresponding norm of matrices. For continuous
vector functions defined on the interval [0, 1], we shall use the uniform
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norm and d-cte it by the symbol |[--+],. Namely let f(¢) be an arbi-
trary vector furction continuous oa I, then [[f(#)|, will mean supl|/f(#)|],
where [[f(¢)| is the Euclidean norm of vector f(%). !

In the present paragraph, our concern is about the boundary value
problem cf the following form:

(3.1 —gf—:A(t)x+ f() +eX(t, x, ),
(3.2) > L) =1,

where x, f(¢) and X (¢, x,¢) are n-dimensional vectors, A(%) is an 7 X#n
matrix, ¢ is a parameter, L; (:=0,1,2, ---, N) are given # X7 matrices,

! is a given n-dimensional vector, and

0= t0<t1<tz<"'<t1v—1<tzv: 1.

3.1. Setting of the problem and assumptions. In (3.1) we as-
sume that

A(t) and f(t) are continuous on I,

X, x,e)eCle for (t,x)E2, le]| <e,

v(t,x,e)ECle for (t,x)E8, || <Ze,

where ¢ is a positive number, # (¢, x,¢) is the Jacobian matrix of
X(t, x,¢) with respect to x, and 2 is the domain of the fx-space inter-
cepted by two hyperplanes {=0 and #=1 such that every section of 2
by an arbitrary hyperplane f=r (0<r<{1) is a non-empty open set of
the x-space.

We assume further that the rank of the wmatrix
N
3.3) G=>Lo()
is n—m (A<m=<n), where 0(t) is the fundamental matrix of the

linear homogeneous system

(3. 4) D 4wy

satisfying the initial condition 0(0)=E.
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By the latter assumption, as stated in Theorem 1, there are m
linearly independent solutiors ¢.(#) (a=1,2, -+, m) of (3.4) satisfying
the boundary condition

N
(3.5) goLiy(ti)zo
and m linearly independent row vectors d. (a=1,2, ---, m) satisfying

(3.6) d.G=0.

For these ¢.(¢) and d., by the normalization we may suppose without
loss of generality that

3.7 2 lgali=1,
(3.8) 3l =1.

Now by Theorem 1 our boundary value problem (3.1)~(3.2) pos-
sesses a solution for e=0 if and only if

(3.9) Al— Ag”a L;w(t;)gtim“(s) F(s)ds=0,

where 4 is the matrix whose row vectors are d, (a=1,2, ---, m). Then,
when (3.9) is valid for f(¢#) and [/, under what condition does our
boundary value problem (3.1)~(3.2) possess a solution for small
l[e]>07?

Suppose that for small |e|>>0, our boundary value problem (3.1)
~(3.2) has possessed a solution x=x(#) such that (¢, x(¢))=2. Then
by Theorem 1 we have

(3.10) £() =S kata(t) +0(DSI
+ S:H(t, ) {F(S) +eXIs, £(s), ]} ds,
(3.11) 41—4% L,-a)(t,-)S:m‘l(s) (F(s) +eXIs, x(s), e]} ds=0,

where &, (@=1,2, -+, m) are arbitrary constants, S is the matrix speci-
fied as in Theorem 1 corresponding to matrix G, and H(Z,s) is the
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matrix of the H-mapping corresponding to matrices A(¢#) and L; (¢
=0,1,2, -+, N). Since ¢#0, condition (3.11) is equivalent, by (3.9),
to the condition

(3.12) 43 Lo) S:(D‘l(s)X[s, x(s), e]ds=0.
If we substitute (3.10) into (3.12), then we have
(3.13) 43 Lm,.(t,-)g::m‘l(s)X[s, S rede(8) +0()S]
+{ B, 1o+ His,0) X1, 20), 145, e]ds= 0,
which, as «—0, tends to the equality
(3.14) 43 L,-m(t,-)g;'m“(s)X[s, 2k a(8) +0(5)S!
+ B, ) fCods, o]ds= 0.

Thus we see that if there do not exist k, (a=1,2, -, m) satisfying
(3.14), then our boundary value problem (3.1) ~ (3. 2) cannot possess
a solution for small |e|>0.

The problem is thus to examine whether or not our boundary
value problem (3.1)~(3.2) possesses a solution for small |¢|>0
when (3.9) is valid and in addition there exist x,=«% (a=1,2, .-+, m)
satisfying (3.14).

Our setting of the problem thus includes the assumptions that
(8.9) is valid for given vectors f(t) and I, and that there exist
ke=ry (a=1,2,---,m) satisfying (3.14) such that the graph of the
Sfunction

(3.15) x=x,(t) = zx b (1) +0(£)SI+ S:H(t, $)f(s)ds

lies in domain 2 for 0<t<1.

3.2. Various relating constants. Our theorem concerning boundary
value problem (3.1)~ (3. 2) necessitates to introduce various constants.
Hence the definitions of these constants will be given in advance in
the present section.
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1° Constant 6,>0. Constant §, is a positive number such that
(3.16) 20=A{C, 0 | lx—2.@)[<Zoo, teI} C 0

for x,(¢) given by (3.15). The existence of such positive number &,
follows from the definition of domain 2.

2° Constants K>0 (:1=0,1,2,3,4). Constants K,, K; and K,
are positive numbers such that
X, x,0)|<K,,
7, x| <Ky,

“g(t: x; E) ng
0Oe

(3.17)

for any ({,x)=%, and any e satisfying |e|<le,. Constants K; and K,
are the positive numbers such that

(3.18)  |w@, x ) -7 27, DISKsllx"— 2"+ Kil ' "]

for any (¢, %), ({,x”)€2, and any ¢, ¢’ satisfying ||, || <e,.
The existence of these positive constants is evident from the continuity
or the smoothness of the related functions and the compactness of the
domain of definition.

3° Constant H,>0. H, is a number not small than the uniform
norm of the H-mapping corresponding to matrices A(¢) and L; (=0,
1,2, .-, N), that is, a number such that

3.19) |V 2t ywas| < 1wl

for any vector function +(#) continuous on I, where H(Z,s) is the
matrix of the H-mapping corresponding to A(¢) and L; (:=0,1,2, -,
N). Number H, is always positive, because otherwise H,=0 and hence

(3.20) S:H(t, $)ur(s)ds=0

for any +(#)=C[I], which is a contradiction since (3.20) implies
Y(2)=0 by Remark in 1. 2.

4° Positive constants L, V and W. Constant L is the number
such that
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(3.21) 20 IL|=L.

If L=0, then L,=0 (/=0,1,2,---, N) and in such a case boundary
condition (3.2) loses its proper meaning. Hence we may suppose
naturally that Z>0.

Constants V and W are the numbers such that

(3.22) ggpria)(t)if= v, sgg)!@*(@”z W.

Since @(¢) is non-singular for any f{<17, it is evident that V, W>Q.
5° Constant K>>0. Cersider the eguation

(3.23) S kada(B) = 0(2),

then K is a positive number such that
(3.24) e[ <K|v].,

where £ is an m-dimensional vector whose components are g, (=1, 2,
e, ).

Number & can be obtained in a following way.

First, according to the definition of functions ¢.(¢) (@=1,2, ---, m),
rewrite (3.23) in the following form:

(3.25) O3 kaca=0(D),
a=1
where ¢, («=1,2, ---, m) are m linearly independent vectors satisfying
Ge,=0.

Next, take #—m linearly independent vectors ¢, b=m+1, m+2, ---, n)
so that ¢y, €3, ***, Cmy Cmss, ***, €. may be all linearly independent. Then,
if we denote by C the matrix whose column vectors are ¢; (1=1,2, ---,

n), we can write (3.25) as follows:

o(t)C-col(ky, £y =+, k£, 0, ===, 0) =0(2),
from which readily follows

col(ks, &2, ***, £my 0, ==+, 0) =C07 () v ().

Hence we have
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e ZNCH[- o @ - oI CH - W o]l
Thus we may take K so that
(3.26) K=W-|C.

3.3. Theorem concerning boundary value problem (3.1)~(3.2).

Theorem 3. For boundary value problem (3.1)~(3.2), assume
that the appearing functions have the smoothness mentioned in 3.1
and that the rank of matrix G defined by (3.3) is n—m (1<m=<n).
If (3.9) is valid for f(t) and | and there exist k.=«b (a=1,2, -, m)
satisfying (3.14) such that the graph of function x=x,(t) given by
(3.15) lies in 2 and the Jacobian matrix [, of the left member of
(3.14) with respect to k. (@a=1,2, -, m) is non-singular for re==«l
(@=1,2,:--,m), then given boundary value problem (3.1)~(3.2)
possesses an isolated solution® x=2%(t) for any ¢ such that

(3.27) 0<]e] <er,
where
3.28) e—minfeo o (1+ 2 VH K+ EVVV o g KK T
r MK,
ripr L KL H Ko+ LYW (H, K Ko KD
(KKK |
k

m(1+LVWK1)‘1}.

In (3.28), %k is an arbitrary positive number smaller than 1 and

(3.29) M=max[1, 2| J7|].

1) A solution x=x(#) of the boundary value problem

(1) 4E _X(t,%)
(ii) éﬂLi x(t) =1

N

is called to be isolated if the matrix 2, L;®:(¢;) is non-singular, where @:(¢) is
=0

the fundamental matrix of the first variation equation of (i) with respect to the

solution x=x(¢) satisfying the initial condition @#:(0)=E. For details, see [1].
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For the isolated solution x=%(t), it holds that

(3.30) =< (H Kot LVWCH, K Ko+ K] e

and moreover the solution of boundary value problem (3.1)~(3.2)
is unique in the region

(3.31) ux—xo;lngﬁ@— el H K, K)
for ¢ such that
(3.32) 0<e] <min<sl,

5 >

i
(3.33) 9—min {ao—al i, e (H K Ky + KD JI}.

K Mk
K, LLMVW
Proof. Let x=x(¢) ke an arbitrary solution of boundary value

problem (3.1)~ (3. 2) such that (£, x(¢))=2. Then by Theorem 1 we

have (3.10) and (3.11). However by the assumption we have (3.9).

Hence, if we replace &, by £2+ ., then for =0, using (3. 15), we have:

X(E) = 20(8) + 3 ko b8 +sSlH(t, $)X[s, x(s), elds,
(3.34) { y 7 °
) L,-w(t,-)g '01(s) X[s, x(s), €] ds=0,

which is evidently equivalent to the system of equations

Fy(#, 55 &)= 2x(8) — 2(8) — Sradal®)

—ESIH(t, $X[s, x(s), elds—0,
(3.35)

Fu(x, e o) -2 Aé L‘w(t:)gt'arl(s)X[s, 2o(s)

m

+o§l€a¢a<s> +€S:H<S’ )Xo, (o), elds, e]ds=0,

where & is an m-dimensional vector whose components are &, (a=1, 2,
---,m). From the derivation of (3. 34), it is clear that for ¢#0, {x(?), «}
with some « is a solution of (3.35) if and only if x(¢#) is a solution
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of boundary value problem (3.1)~(3.2).

Put

F(x, k5 e)={F(x,r; ¢), Fo(x,£; )},

then equation (3.35) can be written as
(3.36) F(x,r;¢)=0,
which can be regarded as an equation in a Banach space with unknown
{x(t), x}. Moreover, for small |¢],
(3.37) Fu(n, 05 ) = —e| H(t, ) X5, 1,(5), e] ds
is small and

(3.38) Fu(x,, 0; &) =A_§Z]0 L,m(tgg"m—l(s)

x X

s, %o(s) +581H(s, )Xo, %,(s), €] do, s}is
0

—

is also small as seen from (3.15) and (3.14). Hence {x,(¢),0} is an
approximate solution of (3.36). This suggests the application of
Theorem 2 to equation (3. 36) for assuring the existence of its solution.
Needless to say, the existence of a solution of (3.36) implies the exis-
tence of a solution of our boundary value problem (3.1)~(3.2).

Let us define the norms of {x(%),«} and F(x,«; ¢) respectively by

{ Hx (@), e} il =l [+ =]l

(3.39)
[FCx, 65 | =F:(x, k5 ) L+ [ Fo(x, &5 ],

and let us examine the conditions of Theorem 2 one by one.

(i) The domain of definition of F(x,r;¢). For [2—x,],=
and |e|<e, by (3.19), (3.17) and (3.7), we have

(3. 40) “ Srete(®) el Ht, ) X5, 2(5), ] ds“
<3kl - [gall+ ¢ Ho Ko

<(BJral?) " (S alt) e HL K,
ngll +ea H K, .
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Hence we see that F(x,«x; ¢) are certainly defined for

(3.41) [l —xol[, =00, &l|<0i—e:HK,,
and
(3.42) le]| Ze:.

Here it is needless to say that
(3. 43) 60'—81 Ho K0>O,
since (8.28) implies

M
1-%

<6,/ (H, Ky).

LMVW

) K

slga{(u (H,K, K1+K2>T

(ii) The Frechet derivative of F(x,«r;¢) and operator f Let
Ju(x,k;¢) and J.(x,k; ) (i=1,2) be respectively the Fréchet deriva-
tives of F;(x,x; ¢) with respect to x and &, and put

(3. 44) J(x, k; 5)2[]11(36,/:; e) Ji:(%, &; e)]
Ju(x, k5 6) Jaalx, 55 €)

Then evidently J(x,«; ¢) is the Fréchet derivative of F(x,«x;e) with
respect to {x,x}. By our definition, from (3.35), it readily follows
that, for any continuous vector function %4(¢) and any m-dimensional
vector 2 whose components are 1z (f=1,2, -+, m),

T, 63 h=h(E) ~ESZH<t, OP[s, £(s), e h(s)ds,
]12(-95; K; 5)/1: ‘B'Elfﬁqiﬁct);
Jus,m: Yh=ed % L) 07 () o] 5, 10 + (o)
(3. 45) ) =0 S o«
+ESOH(s, ) X1o, 2(s), ) do, e]. SOH@, s, %(5), <] h(a)da} ds,

Tor(, 53 e)z:A;: LJ(D(t,)g:d)"‘(s) {lﬂ[s £0(8) 3 kada(5)

+ES:H(S, )Xo, 2(s), eldo, e:i. éﬁ“”@“)} ds.
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By the definition of J,, it is then clear that

(3. 46) Je2 (%0, 05 0) = .

Let us take operator j\so that
(3.47) T=J(,,0; 0).
Then by (3.45) and (3.46), the equation
(3. 48) Tl 2=, 2}
means that

{h(t) — S tea(D) = (D),
Jaa=1,

which can be solved as

h(t) =H'(£) + 3 dads(2),
(3.49) =1
i=J.
This means that operator /]\ has an inverse f“‘ and
(3.50) 2 =T {0, 1}
From the second of (3.49) we have
a7 - 12

and from the first of (3.49) we have successively

V35 a1 - [l

m 12 [om 112
<1+ (B 07) " (Sloal?)
=17l + llll.
Hence, by (3.29), we have
[14h, 23 [= 2]+ l[2i]

<I#[.+2( - 14
<M-[[r[.+ 121
=M-|[{r, 2},



Thedegenerate case of boundary value problem 567

which by (3.50) implies
(3.51) 1T I<M.

This shows that inequality (2.7) in Theorem 2 is valid for f defined
by (3.47) and M given by (3. 29).

(iii) The bound r for the residual error of approximate solution
{x,(¢),0}. From (3.37) and (3.38), by (3.19), (3.17), (3.8), (3.21)
and (3.22), we have

1F (%0, 05 &) [[= [ Fi (%o, 05 ) [la+ [ Fo (0, 05 &) |
<le|H, K+ LVW(K,|e|H K+ K |el|)
=le|- [Hi Ko+ LVW(H,K,K,+ K>)].
Hence we may suppose that
(3.52) r=\e| - [HiK,+LVW(H,K,K:+ K:)].

(iv) The region Ds. We define the region D; by

(3.53) Ds={{x, e}

12— %ollo+ (el <3},

where ¢ is the number given by (3.33). Since (3.28) implies

k[ MK,
< | s |1, K+ LVW(H, K, Ko+ K))

(H, K, Ko+ K)_!
k .
<W(H0K0K3+K4) F)

it is clear that

(3. 54) ’fz%/w — e (H, K, Ko+ K)>0,

which together with (3. 43) implies
(3.55) 0>0.
Now for any {x, «} €Ds, by (3.33), we have

{Hx— %o, <08, —e1 Hy Ky<<0, ,
”’f”gag%_ﬁ Ho Ko .

This implies that any {x,x} D; satisfies the inequalities (3. 41), that
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is, region D; is contained in the region of definition of F(x,«;¢) for
[e]|<{e;. This means that our D; fulfills condition (2.3) of Theorem 2
for |e| <e.

(v) Condition (2.4) of Theorem 2. Let k(¢) be an arbitrary
vector function continuous on I/ and i be an arbitrary m-dimensional
vector whose components are i, (a=1,2, -, m). Then by (3.45) and
(3. 47), we have

[J(x, k5 ) — T th, 2}
- {—ES:H(L OP[s, x(s), e] h(s)ds,

e ﬁﬁ L,-m(t,-)S:m—l(s) {Wl:s £(8) + 2 (5)

+5S:H(s, ) Xls, x(s), c]do, e |- S:H(s, )la, 2(), €] h(g)da} ds

#4310 (079 o 5 20(9) + S masa(s)

+681H(s, ) Xls, %(c), cldo, ¢ |
0

Saaga(s)} ds
B=1
—4 gLiw(t,-)goitD‘l ()¥[s, x,(s), 0] -éxm(S)d&

Hence, if |e|<le;, for {x,x}=D;, by (3.19), (3.17), (3.8), (3.21),
(3.22), (3.18), (3.40) and (3.7), we have
(3. 56) TG w5 & =T 1, 3 |
<le|H Kil|h|l.+ || LVWK,- H, Ki|[ ]
+LVWIK: (el +le| Hy Ko) + Kile| {2
<eHK.(1+LVWK,)|h].
+LVWI[K,;0+ (Hy Ky K3+ Ku)ed] - [|2]].
However by (3. 28),
e HyK.(1+ LVWK,)<k/M,
and by (3.33),
LVWI[K;o+ (H Ky K+ K)e: 1 <k/M.

Hence for {x,x} €D;s and |¢|<le,, from (3.56), we have
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1L, w5 &= T1 0, 3 U< Ul D)
— el B,

which clearly implies
17Cx, w5 6) = JII<k/M
for {x,x} €D; and |e|<le;. This shows that condition (2.4) of Theorem
2 is fulfilled for |e!<le,.
(vi) Condition (2.5) of Theorem 2. For |e|<e, by (3.52) and
(3.28), we have

Mr
1— k*l k
_ . M LMVW T
‘[<1T——1*k)HoKo+—‘-“——l_k <HOKOK1+K2>_]..1 HgKoEl
gao"elHoKo;

(H K+ LVW(H,K, K, + K:) ] es

and

< P (H K+ LVW(H, K, K+ K> e

= 11{3 ]:{ ]kas‘ [H0K°+LLW<HDK0K1+K2)J

+(H KK+ Ko}sl— (H, K, K3+K4>el]

=% "_LMkVW —(H K, K“Ké)&]'

Hence by (3. 33), we see that

Mr
—f =0

which proves that condition (2.5) of Theorem 2 is fulfilled for |e] <.

Through (i) ~(vi), we have seen that for equation (3. 36) the con-
ditions of Theorem 2 are all fulfilled by the approximate solution
{x,(?), 0} provided |e|={e;. Thus by the conclusion of Theorem 2 we
see that for |e|=<(e;, equation (3. 36) possesses a unique solution {x,}
= {2 "), # in region Ds and moreover there exists J~'(%, £;¢) and
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@.57) =l 1< (Hy Ko+ LVWCH, K Ko+ K- |el.

By the remark made in the beginning of the proof, £(¢) is a
solution of boundary value problem (3.1)~(3.2). This proves the
existence of a solution of the given boundary value problem (3.1)~
(3.2).

Inequality (3.30) in the conclusion of the theorem readily follows
from (3.57).

We shall now prove the isolatedness and the uniqueness of the
solution x=2%£(%).

1°  Proof of the isolatedness. The first variation equation of
(3.1) with respect to x=2£(%) is

(3.58) Z—f=A(t)h+e§F[t, 20, <1k,

and hence for proving the isolatedness of the solution x=#£(%), it suffices
to prove that equation (3.58) possesses no non-trivial solution satisfying

(3. 59) ﬁ L.h(£)=O0.

In fact, let 8(t) be the fundamental matrix of (3.58) satisfying the
initial condition /{B(O)zE. If x=#£(¢) is not isolated, then by the
definition of the isolatedness it holds that

N A
det Z L,@(t,) - O,
i=0
therefore there is a non-trivial vector ¢ satisfying

(3. 60) ;VO L.o(t)-c=0.
Put
h(t)=0(t)e,

then this is clearly a solution of (3.58) and moreover satisfies (3.59)
on account of (3.60). This says that if x=2£(¢) is not isolated, then
there is a non-trivial solution of (3.58) satisfying (3.59), in other



The degenervate case of boundary value problems 571

words, if (3.58) possesses no non-trivial solution satisfying (3.59),
then x=2%(%) is isolated.

Now let (%) be an arbitrary solution of (3.58) satisfying (3.59).
Then by Theorem 1 we have

(3.61) /163 =’Z"=1za oo (1) +eS:H (&, 5)¥[s, £(s), el h(s)ds,
(3. 62) A%DL,-cD(zfi)yi@‘i(s)w s, £(s), e h(s)ds—0

for ¢#0, where A, (a=1,2,---,m) are arbitrary constants. Rewrite
(3.61) as

) —ESIH@,‘, T s, £(s), ] h(s)ds—ﬁ_":] A () =0,
then by (3.45) we have
(3. 63) fn(.?e,le; E)h‘i‘]lz(f, £; E)AZO;

where 2 is an m-dimensional vector whose components are 1, (=1, 2,
---,m). Next substitute (3.61) into (3.62), then we have

33 L,0t) |0 ()1s, 265), 01 {{ (s, 0716, 2(0), 1 b0 daf s
433100 0P s, 40, ¢] - B hann(s) - ds =0,
which by (3.45) means
(3-64) Je (£, 6; )b+ Jou(, £; £)2=0.
The above equation together with (3.63) implies
J(2,&; €){h, 2} =0.
Since J(%, #; ¢) has an inverse, we thus have
{h, 23 =0,
that is,
h(t)=0 and 2,=0 (a=1,2, ---, m).

This proves that equation (3. 58) possesses no non-trivial solution satis-
fying (3.59). By the remark made in the beginning, this implies that
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the solution x=4£(¢) of boundary value problem (3. 1)~ (3. 2) is isolated.

2°  Proof of the uniqueness. Let x=x(?) be an arbitrary solu-
tion of the given boundary value problem (3.1)~(3.2) lying in region
(8.31) for ¢ satisfying (3.32).

In (3.31) it is needless to say that

1 _
O<_1_—i7(6 ]EIHOKOK)<5

for ¢ satisfying (3. 32).

Now, since x=x(¢) is a solution of boundary value problem (3.1)
~(3.2) for ¢#0, equalities (3.34) hold for present x%(¢). Then from
the first of these equalities we have

3 ke a() = 5(8) — 5 () <\ H(t, $) X5, 5(5), €1 ds.

0

Then for the m-dimensional vector x whose components are #, (a=1,
2,---,m), by (3.24), (3.31), (3.19) and (3.17), we have

u,:ngK[ —ls]HoKoK)+!e§HoK0:I

1
1+ K (@
— o+ e H K.
Then by (3.31) we have

= goll+ e 0= le| H Ko K) + K (o Lo Ho K

1
= 1+ K
=3,
which means that {x(¢), x} €D;s. Since {x(¢), &} is a solution of (3. 36)

and (3. 36) possesses a unique solution {£(%), #} in D; for le|<le:, we
thus have

x(D)=%(), r=%¢.

This proves the uniqueness of the solution of boundary value problem
(3.1)~(3.2) in region (3.31) for ¢ satisfving (3.32) and this com-
pletes the proof of the theorem. Q. E. D.

Remark. The solution x=£(#) obtained in Theorem 3 is isolated
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and hence it will be possible to compute such a sslution on a machine
starting from the approximate solution x=x,(¢) if one uses, say, the
method developed by the author in [3].

3.4. An example. Theorem 3 will be illustrated with the boundary
value problem:

(3.65) E+d4n’x=e(t) +<f(4, %, %,e) (-=d/dt),

(3.66) x(0)=1, x(1)=1,.
Put
(3.67) X=2x, x=2rx,,

then cerressonding te (3.65) and (3.66), we have
5(:1:277352 >

(3.68) { 1
Fo=—2nx,+——e(t) +——f(, %1, 2n%s, <),
2 2

(3.69) x(0)=1, x,(1)=1,.

Comparing these with (3.1)~(3.2), we see that

xz[xﬂ’ Aw= 0 2”]’ =T 0 T
(3.70) Xy —2z 0 _2?8(‘0
X, x, s>=|: 0 ]
Z—Wf(t’ X1, 271:362, s)
N:]., tozo, t1:1,
3.71
( ) L():rl 0], L1:[0 0_', l:'_ll—l.
Lo o 1 oJ o
By (3.70),
di(t):[ cos 2xnt sin 2zt 7,
(3.72) —sin 2xt cos 2t
(1) cos2xt —sin 2zt

=r
]_ sin 27t cos2xt J

consequently
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(3.73) ng L,(D(t.)z[l o]
1 ¢

Then m=1 and we may take ¢,(¢), d, azd S sc that

(3.74) 61 (1) = [Sin 2, di= (715— _712_—] ,
cos 2t -
(3.75) S:FI o]
0 0

Then we readily see that

(3.76) H(t,s)= !‘ ccs2x(t—s) sin2z(t—s)7 for 0<s<f<1,
L—sin2z(¢—s) cos2rx(t—s)
H(t, s)=0 for 0<<f<<(s<1.

Thus, in the present example, we find after elementary calculations
that

1° condition (3.9) of Theorem 3 is

(3.77) L—I,— Lgle(t) sin 2rt di,
27 Jo

2° x,(¢) given by (3.15) is of the form

(3.78) () r sin 2t + 1, cosznt+;_ﬂg'sin 2 (i—s) -e(s)dS},
0

£’ cos2xt —1; sin 27rt+2ig cos2rn(t—s)-e(s)ds
T Jo

3° equation (3.14) of Theorem 3 is

(3.79) S £t esinzat -1 cosznt+-217g'sin2n<t—s> -e(s)ds,
0 0

2rk cos 2rt — 2xly sin 2t + S ces2n(t—s)-e(s)ds, O:I sin2xt dt
0
=0.

Hence by Theorem 3 we see that if f(#, x, %, ¢) is twice continuously
differentiable with respect to x, % and e, equality (3.77) is valid for
l;, I, and e(¢), and there is £=«" satisfying (3.79) such that the de-
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rivative of the left member of (3.79) with respect to & dces not vanish
for k=&°, then for sufficiently small |e|, given boundary value problem
(3.65)~(3.66) possesses a unique isolated solution x=2#£(¢f) which
converges to x,(#) given by (3.78) as 0.

If we replace boundary condition (3.66) by
(3.66") 2(0)=x2(), x(0)=x(),
then instead of (3.71), we have
(3. 71/) {Nzl, t():O, t1:1,

LO:‘"I 07, Li=—-r1 07, lz[o-{.
L0 1J lo 1. 0.

Hence instead of (3.73), (3.74) and (3.75), we have respectively
(3.73) G=0;

1 ™ cocs2nt 1 [ sin2xt
3. 74 H=—=— —l, t 2—-[ ;
( ) (D) V2 L —sin2xt | 9:(0) V2 Lcos2rt
r 1 ‘, r 1 7
d1=!_72:, 0_}, dz:)_O, ;/7_1;
(3.75) S=r0 07.
o o

Thus, in the present case, we find that
1° condition (3.9) of Theorem 3 is

in 2t
(3. 77) Sle(t),rsm i :ldt:O,
0 Lcos2xt

2° x,(¢) given by (3.15) is

’ t
(3.78) (712;—(.':2 cos 2zt + 9 sin 2xt) + ?ln—gosin 2n(t—s)-e(s)ds ‘;
xo(t> ::’ B ’
L_1/12~ (— k) sin 2t + i cos 2nt) +2Lngocoszn<t—s) e(s)ds |

3° equation (3.14) of Theorem 3 is

(3.79") f

Sl T sin 2xt
0 LcosZ 74

]dtzo,
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where

(3.80) f= fl— 1 (k1 €08 27t + iy sin 2rct) + LS sin2z(t—s)-e(s)ds,
"2 2r
2r

V2

Hence by Theorem 3 we see that if f(Z, x, %,e) is twice continuously

— &y Sin 2nt + £ cosZm‘)%—S cos2r(t—s)-e(s)ds, 0 j

differentiable with respect to x, % and ¢, ejuality (3.77) is valid for
e(t), and there are wk,=«) (a=1,2) satisfying (3.79") such that the
Jacobian of the left member of (3.79") with respect to x, (a@=1,2)
does not vanish for r,=«) (a=1,2), then for sufficiently small |e],
given boundary value problem (3.65) and (3.66") possesses a unique
isolated solution x=#£(f) which converges toc x,(¢) given by (3.78")

as «—0.

§4. Application to Boundary Value Problems Associated
with Nonlinear Differential Systems Containing
a Small Parameter

Nonlinear differential systems containing a small parameter can be
written in the form (0.6). In the present paragraph, by the application
of Theorem 3 the following boundary value problem will be solved:

de

(4.1) a7 =26 +0(t, &),
4.2) S L) =1,

where &, 5(¢, &) and 6(%, &, ¢) are n-dimensional vectors, ¢ is a parameter,
L, (:=0,1,2,---, N) are given » X# matrices, [ is a given #z-dimensional
vector, and

O= to<t1<t2<"'<t1v—1<t1v: 1

4.1. Preliminaries. In (4.1) we suppose that (¢, ¢) is four times
continuously differentiable with respect to & and (%, &,¢) is three times
continuously differentiable with respect to & and ¢ for (£,6)=2 and
|e]=le,, where ¢, is a positive number and £ is the domain of the #&-
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space intercested by two hyperplanes £=0 and Z=1 such that every
section of 2 by an arbitrary hyperplane t=¢ (0<r<{1) is a non-empty
open set of the &-space.

We assume that the unperturbed system of (4.1)
(4.3) == =2(,2)

possesses a solution z=§,(¢) satisfying boundary condition (4.2) such
that the graph of é=¢&,(¢) lies in 2 for 0<{<1. By the assumption
on @, it is clear that there is a positive number §, such that

4.9 20={(, &)1 l¢—&@ <, t=1[0,1]} C .

Let #(¢,¢) be the Jacobian matrix of Z(Z,¢) with respect to &
and put

(4.5) it &) =A@).

Then the linear differential system

(4.6) 9 Ay

is the first variation equation of (4.3) with respect to the solution
z=¢&,(t). Let 0(¢) be the fundamental matrix of (4.6) satisfying the
initial condition ©0(0)=E. When the matrix

4.7 G=§N0Liw(t~)

is non-singular, that is, the solution z=¢,(¢) is isolated, boundary value
problem (4.1)~(4.2) has been already solved in [1]. Hence in the
present paragraph the case where G is singular will be discussed.

Suppose that the rank of G is n—m (1<m<mn). Then according
to Theorem 1, we have m linearly independent solutions ¢.(¢) (a=1, 2,
---,m) of (4.6) satisfying the boundary condition

N
ELiy(ti) :O:

m linearly independent vectors d, (a=1, 2, -+, m) satisfying
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d.G=0,

and the matrix H(Z,s) of the H-mapping corresponding to matrices
A() and L; (4=0,1,2, -+, N).

The symbols necessary for succeeding discussions will be now
introduced.

1° 1t 8),0.,(,¢¢) and 6,(1,¢,¢). I'(¢, &) denotes the Fréchet
derivative of #(¢,£) with respect to &, 6,(Z, &, ¢) denotes the Jacobian
matrix of @(¢, & ¢) with respect to & and 6.(¢, ¢, ¢) denotes the deriva-
tive of O(%,&,¢) with respect to e.

2° A 4 denotes the matrix whose row vectors are d, (a=1,2,
e, m)

3° 8, Cus, Co and Cy (a, p=1,2, -+, m). These symbols denote

respectively the following #-dimensional constant vectors:
N t,
o= 43 Lo\ o (6l 0ldt,
i= 0
N t
Cu= 4 Lot)| 0O [t &) 6 Dos(DVdL

48 Cmaxn Lo o0 {ritawi| He 9605, a0, 01ds

6, (4,8,(8), 01} gt

C=ax Lo\ o ® it & ®)]
<\ H(t, 9615, 8,(), 01ds-{ H(t, 9615, (), 01ds
+26,[t,&(D), 0] -S:H(t, $)6Ls, &(s), 0°ds
+2@2[t,so(t>,o1}dt (a, 8=1,2, -, m).

4.2. Theorem concerning boundary value problem (4.1)~(4.2).

Theorem 4. For boundary value problem (4.1)~(4.2), assume
that the appearing functions have the smoothness mentioned in the
preceding section and that the rank of matrix G defined by (4.7)
is n—m (1<m<n).
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If 0,=0 and the equation

4.9 i Cagﬁaﬁs+2ilcaka+ C,=0

a,B=

possesses a solution .=y (a=1,2, .-, m) for which the Jacobian of
the left member of (4.9) does not vanish, then boundary value prob-

lem (4.1)~(4.2) possesses a unique isolated solution £=E2(t) in the
neighborhood of

(4.10)  ED=2 ) +e{Sro®+ | HE 965,80, 01s]
for sufficiently small |¢|>0, and for such £(t), it holds that
(4.11) IE@) —(D) [, =0() (e—0).

If 6,#0 and the equation

(4.12) zB] Cas kst 20,=0
a,B=1

possesses a solution k.=« (a=1,2,---,m) for which the Jacobian of
the left member of (4.12) does not vanish, then boundary value prob-

lem (4.1)~(4.2) possesses a unique isolated solution £=Z2(t) in the
neighborhood of

(4.13) HOETIOEED ARG

for sufficiently small |e|>0, and for such £(t), is holds that

(4.14) €@ —&®)ll,=0() (e—=0).
Proof. Put
(4.15) E=&0) +ex (v=1 or 1/2)

and suppose that
(4.16) le"] - [ <o, -
Then substituting (4.15) into (4.1), we have

(4.17) Z—fze‘”{e‘[t o(t) +e'x] — 2[4 £(D)]}
+e70[t, 5, (t) +e'x, €] (e#0),
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However by the mean value theorem, we have
e’ {2t &) +ex] —E[L, &)1}

7, & (8) +0ePx]do- x

C/)

Il

v(t, 50<t>wx+g @1, (1) + 0] — [t &(1) ]} do- 1

1 1
A+ {S ri, Eo(t)+6103”x]ﬁs’xdﬁl}d6-x
0 0
106
:A(t)x+s”g S Tt 2(6) +6:x]d0: 0 2 1.
0J0
Hence we can rewrite (4.17) as follows:

(4.18) W—A(t}x%—egSP[t,Eo(zf)+61e”x]d01d0-x-x
+e70[t, £, (1) +e'x, ¢].
Now let us consider the case where v=1. In this case, (4.18) is

of the form

(4.19) Z,f —ADx+014 &), 0] +eX(E, x,¢),

where
(4.20)  X(t,%,¢)— S Ser (4, &0 () +Orex]dB:dO-%- %
+e {01, & (2) +ex,e] — 02, £(2), 0]}

‘]
=Sg Tlt, &0(2) + rex]d0:dO- % x
+ g1@1 [£,&,(¢) +0ex,0:]1do- %+ gl@z [t, & () + Oex,0¢] d6.
0 0

Equation (4.19) is of the form (3.1) and moreover, for the solution
§=¢£(t) of boundary value problem (4. 1)~ (4. 2) with ¢#0, from (4. 15),

we have

(4. 21) ﬁ L x(t)—0.

Since X (¢, x,¢) is twice continuously differentiable with respect to x
and ¢ from our assumption, we can now apply Theorem 3 to the weakly
nonlinear differential system (4.19) with boundary condition (4.21).
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For this boundary value problem, as seen from (4.8), condition (3.9)
of Theorem 3 is

and equation (3.14) of Theorem 3 is
N t;
a3 Lot ')
i= 0

< 2rit 6] Bres® + | Ht 615,809,015

< Symava(t) +{ Het, )615,6,(), 0145

B=1 0

+6.16,6(0,01 | Srasa(®)+ | H(t, 9015, 8,090, 01ds |
+6.11,6,(1), 00} dt =0,

which, by (4.8), can be written as

> Copatip+ 23 Cora+Co=0.

«,B=1 a=1
Hence by Theorem 3 we get the first haif of the theorem except for
the isolatedness of the solution £=Z(%).
To prove the isolatedness of the solution £€=Z2(¢), consider the first
variation equation of (4.1) with respect to the solution £=£&(¢). As

readily seen, it reads

Ay

(4.22) dt

={@[t,E(t)] +e0.[t,E(2), ]}

On the other hand, as seen from (4.17), the first variation equation of
(4.19) with respect to its solution x=2£(¢) is

(4. 23) j_;f: @[t &(8) +ek ()] +e64 [£, & (£) +e£(2), ]} 3.

Equation (4.22) then coincides with equation (4.23) since £(¢#) and
£(t) are connected by

EB)=&@) +e2()

as seen from (4.15). Now by Theorem 3 the solution x=%£(f) of
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(4.19) is isolated in the case under consideration. Hence we see that
the solution £é=Z(#) of the given boundary value problem (4.1)~ (4. 2)
is also isolated. This completes the proof of the first half of the
theorem.

To prove the latter half of the theorem, let us consider the case
where »=1/2 in (4.18). In this case, putting

(4.24) =y,
we can rewrite (4.18) in the form

dx

(4' 25) E_=A(t)x+lu-X<t1 X, /")y

where

(4. 26) X(t, %, 1) = S Ser (£, 20(E) -+ 0s ] d6s dO- 5+ %
0J0

+0[t, & () +px, 4],

In this case, condition (3.9) of Theorem 3 becomes an identity and
equation (3.14) of Theorem 3 becomes

4 % L,-m(t,.)g:a)‘l(t) %r £, & (D] - [élxm(t)] - [Bi;/sm(t)]
0L &0 (D), 01}dt=0,

which, by (4.8), can be written as

m

> Copkag+26,=0.
«,B=1

Thus, in a similar way as before, we get the latter half of the theorem.
This completes the proof. Q.E.D.

Remark 1. Theorem 4 is an extension of Theorem 3. To clarify
the relationship between these theorems, consider the case where 5(%, &)

is linear in &, that is, 5(¢, &) is of the form
5, ) =AD&+ (D).

Then by Theorem 1 the existence of a solution z=&,(¢) of (4. 3) implies
the validity of condition (3.9) of Theorem 3 and vice versa. More-

over by Theorem 1 solution z=§&,(¢) is of the form
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8(8) = Sraa (D) +0(OS1+ | B, 9)7)as,

where &, (a=1, 2, -+, m) are constants. Condition “6,=0" of Theorem
4 means then

(4. 27) Aé Lot S"arl(t)@ [£, Srada(®) +0(D)S!
+S:H(t, $)f(s)ds, 0]di=0,

which is nothing else equation (3.14) of Theorem 3.

When 5(%,£) is linear in &, it is evident that I'({,£)=0. Hence
Cie=0 (a,p=1,2,---,m) and

(4. 28) CazAé L,-m(t,-)gt"o"l(ﬂ@l (2, &(2), 0] ¢ (2)dt
(0(21, 27 ) m)'

Then equation (4.9) of Theorem 4 becomes

m

(4. 29) 2> Cora+Co=0

and the non-vanishing of the Jacobian of the left member of equation
(4.27) with respect to kx (a=1,2, .-, #) means

(4. 30) det [Cly CZ’ ) Cm] io)

which evidently implies the existence of a solution of equation (4.29)
with non-vanishing Jacobian of the left member of the equation.

The above discussions show that if 5(Z, &) is linear in &, then the
conditions of Theorem 3 imply the conditions of the first half of Theorem
4 except for the smoothness condition on function 6(%, &,¢). This shows
that Theorem 4 is really an extension of Theorem 3 to general non-
linear differential systems containing a small parameter.

Remark 2. In Theorem 3, as seen from (3.15) and (3. 30), the
zero-th approximation of the desired solution is given, while in Theorem
4, as seen from (4.10)~(4.11) and (4.13)~(4.14), the first approxi-
mation of the desired solution is given.
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Remark 3. Equations (4.9) and (4. 12) may have several solutions
for which the Jacobian of each left member of the equations does not
vanish. In such a case, it is needless to say that the given boundary
value problem (4.1)~ (4. 2) also possesses several solutions correspond-
ing to solutions of (4.9) and (4.12).

Remark 4. In Theorem 4, the explicit bounds for |e| and ||&(%)
—&(t)|. are omitted for brevity of the statement. However it is need-

less to say that they can be obtained, if necessary, by applying Theorem
3 to equations (4.19) and (4.25).

Remark 5. The solutions é=£(#) obtained in Theorem 4 are iso-
lated and hence, like the solution x=%(¢) obtained in Theorem 3, it
will be possible to compute such solutions on a machine starting from
the approximate solutions £=£(#) given by (4.10) and (4.13) if one
uses, say, the method developed by the author in [3].
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