Publ. RIMS, Kyoto Univ.
Vol. 5 (1969), pp. 11-20

On the Cauchy Problem
for a Simple Degenerate Diffusion System

By
Masayasu MIMURA*

§ 1. Introduction

We consider the following Cauchy problem for the system of
equations :

ou, 0

g; = 8.:21 —d1u1u4" dzu1u3

ou, 0

él':f = 8:22 —dauu,+duu,
(1.1) ;

ay; = d3uzu4 - d2u1u3

0

a_l? = - d1u1u4 - d3u2u4

in RT=(—oco<x< +o0o, 0<¢<VT) with the initial data
ul(x) O) = ulo(x)
uz(x, O) = uzo(x)
us(xa O) = uao(x)
u (%, 0) = u,y(x),

(1.2)

where the initial data are all non-negative and the coefficients d,, d,
and d, are positive constants.

Such a system is considered one of the problems of diffusion
accompanied by an immobilizing reaction of second order (2), (4).
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In this paper, we intend to prove the uniqueness and the
existence of the solution of the problem (1.1) and (1.2) by using a
suitable simple difference scheme.

Using the following vector and matrix notations,

U= t(uv Usy Us,y u4)’

1 000
0100
D=
0 00O
0 00 0),
—d,u, 0 0 —du,
du, —du, 0 0
A(U) =
) —du, du, 0 0
0 —du, 0 —du,),

the system (1.1) and (1.2) is reduced to

oU _
(1.3) v Da Utauu,
1. 4) Ux, 0) = Uy(x) .

We introduce the following difference scheme to (1.1) and (1. 2),

uttyi = P(u%?)—k(d .y iuyd 4 dut ™ us )
uyt™i = Puy’)— k(dus™uy 7 —duy i uy )
uy? + k(duyiuy ™ —dutust)
wy™i = upi—k(dutiuyt™ - dauy Tu )

1.5)

II

n+1,
U3 g

in RT=(the rectangular lattices with mesh sizes (%, k) in RT) with
the initial data

uy’ = u,(jh)

ug'j = uzo(jh) . .
1.6 Ui = Uyjh),
( ) uy’l = uao(jh) o (7h)

uy’ = ujh)

where U™7 = U(jh, nk) for integers j and n O<nk<T), P(u?’)
=27+ (1 =20 )7 + Ay for §=1,2 and A =Fk/W =const.
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§ 2. Existence Theorem

The methods used in this section are essentially the same as
those used by Fritz John [6].
First we have the following lemma.

Lemma 1 (Stability).
A sufficient condition for stability of the difference scheme (1. 5)
and (1.6) is given by the following inequality

@.1) 0<x<%.

Proof. We can write (1.5) as follows:

wti = P(ut’)
1+k(duy’ +dus’)
wHI — P(us?) + kduyiuz 7
@.2) 1-+kduy’
wri — s+ kd s iunt
1+ kdut’
i = uy’

1+ kduy7 +dag)

If U/ is non-negative, it follows from (2.2) that U™/ is non-
negative for any n. Therefore we have from (1.5) that

I P(ui?) ,

ut I Uyt I P(ut +uy)

ust I Ui I <ug Fuy s

n+1, 7 Ty 7
Uy I <uy .

2.3)

Thus we have the following estimates for any #,

lut| < |uil,
@4 lug | < lul] + |ugl,
lus| < lus| + |usl,
|| < |ugl,
where luy! = s?p[u’;'fl for i=1,2,3,4.

Lemma 1 is proved.
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Secondly we can show that the x-difference quotient U™/
=(U™'—U™J) |k satisfying (1.5) and (1.6) is bounded uniformly
in 4. In fact we have the following equations from (1.5) and (1.6),

i), = P((ut”),) — kLd, {ue?*' (i),
+ut i (uy), )+ dy {uy T (u ),
+ut™ I (wz).} ],

(uz™7), = P((uz7).) —k[do{us 7" (uz ™),
+uzt ()} — dy {us T (),
+ui™ (W), ],

(us3™7), = (ug?),+k[d {uz 7+ (wi™7),
s (uy),} — dy {7 (s ),
+us ()} ],

(i), = (us?),—kLd, w17 (i),
+uyt it} +d {uy ),

+ui™(uz )} ],

(2.5)

and also the initial conditions
2.6) Uz? = UG+ —U,(ih) /.

Then it follows from (2.5) and Lemma 1 that

| @) | < (ed), | +RDM(| (3),. | + | (5), ) ,

@n | (5™ < | (u2), | +RDM(| (u3).| + | (5),| + | (@i").1),
| (@5*). | < | (05) | +RDM(| (a™), | + | (2) | + [ (w),])
| @), < [ (42) | +RDM(| (45)| + [ (2).) »

where M= max {suplu’i‘fl} and D= max (d,, d,, d;). Therefore, we
obtain Ry

2.8 | Uzl <ePMT|Usl,
where IUZ!=2I(W$M-

Consequently, if U”7 is of class ', U%/ is bounded uniformly in 4.
Similarly, we have the following equations for U7}/ ;
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(i), = P((wt”),)—kLd, {us™7 (™),
+ ot ()} +dp {us T (W),
+utt ()} ],

(uz™7), = P((uz),)— kL d.{us*7/(uz™"7),
+ ozt (s )} —dy {us ™ (™),
+ urflprl'j(ug’j)t} ] ’

(us*7), = (us7),+ k[d, {uz ™7 (ui™"7),
+ Uty 7)} — dy {ut (ust ),
+us (i)},

(uit"7), = (ui?),—kLd, {7 (us™7),
+ustt ()} +dy{ust i (ust ),

+ud™i(uzi) ],

2.9)

and the initial conditions

(2.10) U7 = (U"—Uyin)/k,

where U}/ =(U""7—U™7)/k. Hence we have the following estimate;
(2.11) | US| <ePMI(| (thio) x| + | (hso)z| +8DM?) .

Therefore, if u,,, u,,, #,, and u,, are of class %, &, B and B respec-
tively, U™/, U%7 and U7/ are bounded uniformly in % from (2.8)
and (2.11). Proceeding in this manner we see that, if u,,, #,, %,
and uare of class &, B, & and B respectively, all quantities
2.12) u™, Uy?, Uz, Usd, U?, Uz, Ugd, Ut
are bounded uniformly in 4.

Now we consider a sequence of lattices R7 with mesh sizes
(B, =h,/2™, k,,=nh%) for a positive fixed number %, and non-negative
integers m. Let define R be the sum of all the sets R , then
RT is a denumerable set and everywhere dense in R7”.

Since U™/ is bounded uniformly in #, it follows that there exists
a sequence I of non-negative integers m such that

2.13) lim U%7/ = Ulx, t) in RT .

mcl
m-poo

Here Uy’ =U(jh,, hk,,) is defined in RY . If Ux/ and Uy"/ are both
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defined in RY, for large m, then from the boundness of U7/ and U7,

@14)  UET—Ugd = by s (U by S (U,
@=1 =1
= 0(x—2")+0@¢—1) in R,

where (x, #)=(jh,,, nk,) and (x/,)=(j'h,, w'k,). For mclI and
m—>co, we have

(2.15) U, t)— U(x, t)=0("—x)+ 0@ — 1) in RT .

Consequently the limit function U(x, £) is of class £%(%°) in RY and
we can continue U(x, ¢) into the whole set RZ. Then U(x, ¢) is of
class &)%) in RT.

Since all quantities of (2. 12) are uniformly bounded, we conclude
in the same discussion that (U™Y),, (U™),, and (U™), converge
respectively towards the corresponding derivatives of U(x, ) and
that the limits are of class £%(%°) in R7.

Finally in the limit as mc/ and m—>oco for h=h,, and k=k,, in
the equations (1.5) and (1. 6), we find that U(x, ¢) satisfies (1.1) and
(1.2) in RY and in R7. Thus we obtain that, if u,, #,, u, and %,
are of class &, %', $° and B respectively, the limit function U(x, ¢)
is a solution of (1.1) and (1.2) such that

u,(x, t) and u,(x, f) are of class €A F)NEHP),
(2.16) u,(x, t) and wu,(x, t) are of class €Y B)NEHSR)
in RT.

Further, if we use the properties of the fundamental solution
of heat equation, we can modify that, if wu,, #,,, #, and u, are of
class %, B, B' and B respectively, the same results (2.16) are
obtained.

Thus we have the following Theorem ;

Theorem 1.

If ., ty, 4, and u,, are of class F, &, B and B respectively
and they are all non-negative, then there exists the non-negative
solution, which satisfies (2.16), of the problem (1.1) and (1.2).
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§ 3. Uniqueness Theorem
We have the following lemma.

Lemma 2 (Convergence).

If U(x, t) is a solution of (1.1) and (1.2), for which #,(x, ) and
u,(x, t) are of class EYF)NEHDP), and wu,(x, t) and u,(x, ¢) are of class
EHP) in R7T, and if U™/ is the solution of (2.1) and (2.2) under the
assumption of Lemma 1, then there exists a 8(§) for any &, such
that for (x=jh, t=nk) in RT and 0<h, k<3

Nu™i—U(x, t)||<é&
where llul| = suplu(x, )] and (|U||= 3 |lu,l.
R;lt' =1

Proof. We have

Pu(x, t)) = zu(x+ 0, )+ A —20)u,(x, 1) +ru,(x—h, £)

_ (" L }

= u,(x, 1)+ 5 {axzul(x+«9h, £+ 6x2u1(x O'h, t)
0<0,0'<1)

= u1(x, t) + k{gtul(x; t)+d1u1(x’ t)u4(x, t)

- du,(x, By, t)} +0(k)

= u,(x, t+k)+k{dux, Hu,(x, t)+du,(x, 1)
u,(x, 1)} +0(k)

= u(x, t +k)+k{du(x, t+Eu,x, )
+du,(x, t+ER)u,(x, £)} +0%) .

Thus, it follows that

3.1) u(x, t+k) = P(u,(x, 1)) —k{du,(x, t +E)u,(x, t)
+du,(x, t+R)ux, 1)} +0(k) .

By similar calculation we have

3.2) u(x, t+k) = Plu,(x, t))—k{du,(x, t + k)u,(x, )
—du,(x, t+R)u(x, )} +0(k) ,
(3.3) u(x, t+k) = ux, ) +k{du(x, Hu,(x, t+Ek)

_dzul(x7 t)ua(x: t+k)} +O(k) ’
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(3.4) u,(x, t+Fk) = ulx, t)—k{du(x, t +R)ulx, )
+dau,(x, Du,(x, t +k)} +0() .

Putting s;(x, t)=u}?—u;(x, ) for i=1, 2, 3,4, we get the following
difference scheme from (3. 1), (3.2), (3. 3) and (3. 4),

P(s,(x, £)) — kf1+0(k)

1\ A t+k
S(x ) 1+k(d1u4’+d2u37)
S(x t+k) — P(sz(x, t))—kf2+0(k)
(3.5) - 1+ kd .y
' by — S D=0
sl £ ) 1+ kdu
sz, t+k) = s/(x, t)—kf,+0(k)
o 1+k(dut? + duy?)
in RY with the initial data
(3.6) S(x, 0) = 0

where S='(s,, s,, S;, 5,) and

fi = {ds,(x, ) +d,s,(x, DYu,(x, t+F),
fo=dau,(x, t +R)s,(x, ) —du,(x, t + E)s,(x, {)
dus’s(x, t+k),
fo = —du,(x, t +R)s,(x, 1) +du(x, ¢ +E)s,(x, 1)
—duyis(x, t+k),
fo={ds,(x, ) +ds,(x, Ddulx, t+E).

3.7)

Here we consider the following difference scheme for Y=%(y,, ¥,,

Y5 Ya)s

y(x, t+k) = P(y,(x, 1)) +k(F,+G,)
y.(x, t+k) = P(3,(x, 1)) +R(F,+G,)
y(x, t+k) = y(x, O)+R(F,+G)
y(x, t+k) = y(x, ) +E(F,+G)

3.8

in R¥ with the initial data

3.9 Y(x,0 =0,

where F—supl fix,t, k). G; is the upper bound of g; and g;
=gix,t, k) tends to 0 as £—0 for /1=1,2,3,4.
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We have the following equations from (3.8) and (3.9),
(3.10) vz, t) = t(F;+G)) for i=1,2,3,4.
Therefore we get the following inequalities from (3.5) and (3.9)
(3.11) [s:(x, 8) | <pix, £) for i=1,2,3,4

and then we have in 0¥ T

(3.12) IsII< T(F,+G)  for i=1,2,3,4.
Thus, from (3.12) we have
(3.13) liSii< g T(F,+G)) .

On the other hand, we find from (3.7) that
(3.14) g F,<3DM||S||.
Then we get
(3.15) (1—3DMT)||S|I< Tg G, .

If we select T=T, such that 7,<1/3DM, there exists a 5(¢) for any
& such that 0<%, k<5 and

(3.16) INIEE in O0<#<T,.

If we consider t=7, as a new initial time, we get {=T7, such that
T,<T,+1/3DM and

(3.17) ISll<é in T,<t<T,.

Thus, if we continue the same argument, we have the same result
as (3.16) in RY and Lemma 2 is proved.

Here if U,(x, ) and U,(x, ) are both arbitrary functions satisfy-
ing the assumption of Lemma 2, then there exists a 8(§) for any &
such that 0<%, k<3 implies

(3.18)  IUyx, §)— Uy, HII<IIUyx, H— U™||+||Uyx, t)—U™]|
<2 in RY,

where U™/ is the solution of (1.5) and (1.6).
Thus, we have proved the following theorem ;
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Theorem 2.
As for a genuine solution U(x, #) of (1.1) and (1.2) satisfying
the assumption of Lemma 2, the solution is unique.

Remark. Similarly we can deal with the following system of

an immobilizing reaction of higher order,

(3.19) 0U _ pfU | qryu
ot ox’
(3. 20) Ux, 0) = Uy(x)
where for non-negative integer P,
—duu%s 0 0 —dulsuls
A(UP) = duhuy  —dusuy 0 0
—d ubu duluy 0 0
0 —dupeuy 0 —du%uls

and prove the existence and the uniqueness of the solution.
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