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A Strong Form of Yamaguti and Nogi's
Stability Theorem for Friedrichs9 Scheme*

By

Remi VAILLANCOURT**

In this paper we derive the Lax-Nirenberg Theorem [3-4] for
Yamaguti and Nogi's pseudo-difference schemes of [7] and, as a
corollary, we obtain a strong form of Yamaguti and Nogi's Stability
Theorem for Friedrichs' scheme for regularly hyperbolic systems.
These are new results.

As in [2] and [7] let JC denote the class of pxp matrices
k(x, £)eC°°(fl;x#?-{()}), independent of x for \x\>R fixed, and
homogeneous of degree zero in f.

Lemma (Lax [2]). Every k^JC can be expanded in a series

where a varies over all multi-indices of integers. The series, and
the differentiated series, with respect to x or £, converge uniformly
for all x, and || =1.

The ^-family of operators

Khu(x} =

is associated with the symbol k(x, X(|)) while the Fourier Transform
of the adjoint family,
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= (27r)-w J e-'*'*k*(x,

has the symbol k*(xly X(f2)). Here the subscripts indicate that the
multiplication by the variable x is performed before the differ-
entiation corresponding to the co-variable f. We write also
k**(x, X(f)) for k*(xl9 XO.

The Fourier Transform

of k^JC exists and has finite //-maximum norm

11*11 = ([sup| j£(X fg) |]rfX<oo
J £

and the L2 operator norm of Kh satisfies the inequality

\\Kh\\<\\k\\ ,
provided we let

k(X, f) = S(30*(f) and ||||| = sup|*(f)|

for a function k(t-) independent of x. Now, we represent the Fourier
Transform of Khu and K %u in terms of &, fe* and u :

One sees that /JTA is associated with the Fourier kernel & = &(X,

while /£"? is associated with ***=P(X, X(?+%)). Clearly

A

If A is hermitian, k=k*, then /fj is associated with kR = k*R.

Theorem [5]. Suppose that ptEJt, p(x, %)>Q. If X(|)eC2,
X(0) = 0, and X, Xg «^rf X?g ^r^ bounded, then

for all h and some constant K.
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This particular form of the Lax-Nirenberg theorem is a sharp
form of Theorem 3, [7], p. 159 ; in fact the proof of the latter
requires that p be positive definite, p>0.

Corollary [5], // \ = k/h satisfies

then Friedrichs' scheme

2n

is stable in the sense of Lax-Richtmyer.
Here //,0 is the supremum of the spectral radius of the regularly

hyperbolic matrix So/C*)?./ over If Is! anc* all x^R™.
This corollary is a strong form of Theorem13 4, [7], p. 162. The

latter had only strict inequality in (1.2).
Our corollary follows from the proof of Theorem 4 [7], pp. 162-

165, if in the last step of the proof one applies our theorem instead
of Theorem 3 [7]. Therefore we need only prove our theorem.

We adapt to the case at hand Friedrichs' proof [1, 6] of the
Lax-Nirenberg theorem for pseudo-differential operators.

Choose a smooth even mollifier q2(a) with support in the unit
sphere, |cr|<l, and integral 1,

(1. 3) J q\a}da = 1 .

Convolve

(1.4) *(*,£)

with qz to obtain the mollified symbol

(1. 5) a(x, g) = j g(x, Z-h^

which, after the change of variable

1) Theorem "3" is a misprint in [7], p. 162.
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becomes

(i. ?) a(x, 0 = A-*
Rearrange (1. 7) into the double symbol

(i. 8) *&, *„ & =

Obviously 6 generates the symmetric operator

We complete the proof by means of three lemmas.

Lemma 1.1. (Bh

Lemma 1.2. ||̂

Lemma 1.3. ||flA

This yields the desired result :

)u, u)

Proof of Lemma 1.1. Since 6(A£2, XQ, AfJ is a non-negative
symmetric kernel for each value x0 of x :

integrate with respect to #0, change the order of integration and
apply ParservaFs relation to get

0< JJ ̂ 2)ft(^2, |2-flf h^}u(^d^d^ =

Proof of Lemma 1.2. By (1.3) and (1.5),

To find a bound for \d — g\ note that g^(%, g) exists and is uniformly
Lipschitz continuous in £ with Lipschitz bound ^(X)eL1. This
follows from the representation (1. 1) for ^(X, f ) and the conditions
on X. A Taylor expansion of g(X, f-A1/2o-)-^(X, £) in AVV yields
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the estimate

X%> f) J "-rfWo-l

The term involving /z1/2 is zero since qz is even. Since 1 1 cr 1 2q\<r)d<r<\,

and 2 (fe*(X)rfX<oo, Lemma 1.2 follows.

Proof of Lemma 1.3. By (1.7), (1.8) and (1.6) Ah + A%-2Bh

is associated with

, %, A?)

= J £(*>

Thus,

SUP

Integration with respect to % yields Lemma 1. 3 :

\\d + d*-2&\\ = 0(A).

This completes the proof of the theorem.
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