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A Family of One-parameter Subgroups
of 9(S,) Arising from the Variable
Change of the White Noise

By
Hiroshi Sato*

Summary

Let L? be the real Hilbert space of square summable functions
on the real line and let S, be the space of rapidly decreasing func-
tions. Then we can define the probability measure p of the Gaussian
white noise on the conjugate space SF of S,.

Let O(S,) be the group of rotation which act on S,. Then
every element g of O(S,) induces an automorphism g* on the pro-
bability space (S¥, 1) and so every one-parameter subgroup of O(S,)
induces a flow on (S¥, u).

T. Hida, I. Kubo, H. Nomoto and H. Yoshizawa [1] introduced
a certain kind of one-parameter subgroups of @(S,) arising from
the variable change by functions.

In this paper, we define another kind of one-parameter subgrotups
of O(S,) arising from the variable change by distributions and show
that this family contains the shift, the fension and furthermore all
that commute with the shift.

i. Intrcduction

Let L*=L*? (— v, + o) be the complex Hilbert space of complex-
valued square summable functions on the real line and L2 be the
real Hilbert space consisting of all real-valued functions in L% Let
S be the complex topological vector space of rapidly decreasing
functions on the real line, that is
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Ex)elC;
S =1 llElle, = _sup |2 <Aoo,
k’p = O) 11 2) 3’ Tt

where C~ is the set of all infinitely many times continuously
differentiable functions. It is well-known that S is a o-normed
nuclear space with the family of the norms {||£|lxs; &, p=0, 1, 2, ---}.
Let S, be the real topological vector space consisting of all real-
valued functions in S. Then S, is also a nuclear space contained
in L? densely, and by Minlos’ theorem a continuous postive-definite
functional on &, defined by

@) —exp[—LliElr], &<,
determines a probability measure p on SF such that
C@) = | g exp [iKX, £1du(0),

where ||£|] stands for the norm on L2 and <X, £ the canonical
bilinear form on S¥XS,. We call this probability measure p the
Gaussian white noise.

Let O(S,) be a group of rotations on L? and that map S, onto
S, and the restriction of that to S, is homeomorphism on S,. Then
for every g in O(S,), we can define a homeomorphism g* on S¥ by

X, & =<X, g&>, E€S§,, XeS

and it is well-known that g* is an automorphism on the probability
space (S¥, u), (see for example T. Hida [2]). By the above corres-
podence, every one-parameter subgroup of O(S,) induces a flow on
(S¥, u).

In this paper, we first define a subgroup of ©(S,) which comes
from the variable change by distributions, then we find a family of
one-parameter subgroups of ((S,) which contains the shift and the
tension, and finally we show that the above family contains all the
one-parameter subgroups of O(S,) that commute with the shift.

Let @(x) be a complex-valued locally summable function on the
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real line and let f,(x) be an absolutely continuous non-decreasing
function defined by

Solx) = S lp(v)|%dy — oo < a< + oo,

We add to @(x) two assumptions as follows.

fo(+00) (= lim fo(x)) = +oo,
(A.1) e

So(—20) (:xl_}{llffp(x)) = —o,
(A. 2) @(x)=£0 a.e.

Then f, maps the real line onto itself in one-to-one manner, and
therefore, the inverse function f,'(x) is well-defined. Now we define
a unitary transformation gl ] on L* as follows.

1.1) slelé(x) = p(R)E(fe(x)),  EEL.

Let U(S) be a group of unitary transformations on L*? the
restriction of which to S are homeomorphisms from S onto &, and
let Ug be the set of locally square summable functions ¢(x) which
satisfy (A.1) and (A.2) and for which g[@] belong to U(S).

In Section 2, we determine the family of functions concretely.
In fact we have the following theorem.

Theorem 1. A function @(x) belongs to Ug if and only if it
satisfies the following four conditions.
(S.1) px)el™.
(S.2) p(x)=£0, — oo L x< + oo,
(S.3) For arbitrary non-negative integers k, p, there exists a positive

number r=r(k, p) such that

(1.2) lim 2@z o
e fo(x) |7

(S.4) For every non-negative integer p, therc exists a positive number
p=p(Pp) such that

(1.3) lim @I
o |2 ]Plep(x) |
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Let & be the Fourier transform on L*? defined by

1

(1.4) @) = = | emean, el

Then it is well-known that F< U(S). Suppose now a function ¢(x)
in Ug is Hermitian, i.e.,

P(x) = p(—7),
and put

(1.5) 8lel = FglplT .
Then §[ o] belongs to O(S,).

In Section 3, we first show that Ug is a group with respect to
a product operation (R defined by

(1.6) (@@¥)(x) = e (folx)), @ vEUs,

and next, g[o] is a unitary representation of the group Ug on L*
that is,

1.7) gledaslrl=ale®Vv]l, @, veUs.

Using the above relation, we find two interesting families of
one-parameter subgroup of (O(S,) which are given in the type (1.5)
and contain the skift and the femsion in the terminology of [1].
The exact statements are as follows.

Let 9 be the set of all real odd slowly increasing functions,
and for every function Z(x) in 4 define

Sy(h) = {gle" =] ; —oo<t< +o0}.

Then &(%) is a one-parameter subgroup of ©(S,) and we have :

Theorem 5. Lel &, be the family of ome-parameter subgroups
of O(S,) defined by

&= (&) ; he g} .

Then we have :
1°) S, contains the shift.
2°)  For every h(x), I'(x) in 9, §h) and S,() commute with ecach
other.

Furthermore we have the following theorem.
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Theorem 6. For every function h(x) in 4,
~ - a . @
&, () = {g[exp (§t+z{h(e tx) —h(x)} >], —oo <t < +<><>}

is a one-parameler subgroup of O(S,). The induced flow is isomor-
pliic to the flow induced by the teusion

6.0~ (fom(31)]

Finally, in Section 4, we show that &, contains all one-parameter
subgroups of O(S,) that commute with the shift. In other words, &,
is the maximal Abelian subgroup of O(S,) containing the shift.

The author shows his hearty thanks to Professor T. Hida,
Professor H. Yoshizawa and Mr. I. Kubo who encouraged him and
gave him useful remarks.

2. The Family of Functions Ug

In this section, we determine the family of functions Ug ex-
plicitly. To this end, we prepare several lemmas.

Lemma 1. Let @(x) be a function in Ug. Then the inverse of
the unitary transformation gl on L* is given by glo™'] where

2.1) 7'(x) = Lp(fo (NI

Proof. It is not difficult to show that ¢ '(x) is locally square
summable and satisfies (A.1) and (A. 2).
For every &(x) in L?, we have

(ale " Iale18)(®) = alo ™" 1(@(-)E(fW(-))(x)

e @ e ar o
2 e e o))

On the other hand, we have

o _ f¢(x)__~_d_y4__
fovofoe) =\

~ [Tletry,
) |

)



170 Hiroshi Sato
by the variable change y=f,(x). This means that f,'=f,-1, which
implies

gle™lolple = £,  for every & in LZ.

In the same manner, we have

slelalp™'JE =&,  for every £ in L*.

This proves the lemma.

Lemma 2. Let ¢(x) and E(x) be k-times continuously differentiable
functions where k is a positive integer. Then, if the function

2.2) 7(x) = P(X)E(f (%))

is also k-times continuously differentiable, we have
k
2.3) 1®(x) = @P(X)E(f o(x)) + 2 Pl JE (o)) s

where P, ,.|9l; v=1,2, -, k are given by evaluating the polynomials
P, v _\(2,, 2, -+, 24, Z4), which are determined independently of the func-
tions p(x) and E(x), at z,=@(x), 2,=¢@ (%), -+, 2, =p* P (x).

The proof of this lemma is given by an elementary calculation.
Using Lemma 1 and Lemma 2, we prove the following lemma.

Lemma 3. If a function p(x) is in Ug, then it satisfies the
conditions (S.1) and (S. 2).

Proof. Let ¢(x) be a function in Ug. Then by definition, the
gle] is reduced by S, and therefore, for every function £(x) in &,
the function

(2.4) 7(x) = (glele)(x) = p(*)E(fe(x))
is in S.

We now show that @(x) is continuous. In fact for arbitrary
real numbers x, /1, we have

7(x+h)—1(x) = (& +IE(fo(x+h) — p(£)E(f (%))
= Lp(x+h)—p(x) JE(fo(x + 1)
TP@)LEfo(x +A) —E(fo(x))] .

By the continuity of the functions »(x), £(x) and f,(x), we have
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0 = E(fo(@)) lim [p(x +h) — p(x)]+0,
as / tends to 0. Since £ in S is arbitrary, we have
lim [p(x+i)—px)] = 0.
h—>0

Next we show by mathematical induction that @(x) is arbitrary
times continuously differentiable. Since @(x) is continuous, it is
sufficient to show that ¢(x) is (2-+1)-times continuously differentiable
assuming that it is k-times continuously differentiable.

Since 7n(x)=g[@]&(x) is in S for every &(x) in S, we have (2.3)
by Lemma 2. For every x we may choose a function £(x) in S
such that &(f,(x))+0, and we have

2.5  pP() = Efo) (@)~ 3 P [ E(fo)]

Since P, .-, @], v=1, 2, .-+, k, are polynomials of at most (k—1)-times
derivatives of ¢(x) and since, by assumption, ¢(x) is k-times con-
tinuously differentiable, the right side of (2.5) is continuously
differentiable. Therefore @(x) is (k+1)-times continuously differen-
tiable. This proves (S.1).

Since gl@] is homeomorphism of S, g[e] is also reduced by
S, and we have g7'[p|=g[@ '] by Lemma 1, where ¢ '(x) is given
by (2.1). Therefore ¢ '(x) must be in Us. Applying [S.1] to
@ '(x), we have (S.2).

Before stating Lemma 5, we prove the following lemma.

Lemma 4. Let {a,} and {B,} be monotone non-decreasing diver-
gent sequences of positive numbers such that

(2.6) lim B 0, for every positive integer p,

ny o0 a”
and let B, be lavger than 1. Let {v,(x)} be a sequence of functions
defined as follows :

C.7 7. =5 a,, B

—l—ry(x—ﬁn)’ x>0;
o™

= 1 n:l’ 2’ 3’...,

n
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where

exp[ 21—], lx| <1,
v(x) = #—1

0, x| >=1.
Then {v,} is a bounded sequence in S.

Proof. It is not difficult to show that each v, is in S. Therefore
it is sufficient to show that

(2' 8) S‘;‘}p ”(YHHIS,P< + oo ’

for arbitrary non-negative integers &, p.
Since v,(x) vanishes outside the interval [—8,—1, 8,+1], we
have
17alle,p = sup [£77:"(x) |
< (1+8,)?7sup [7.°(x) |

< 08" sup Ly ®(x) |
o, x
4
= AEB o, .

n

On the other hand, by assumption, a;'(1+/3,)? is bounded in #.
Therefore we have (2. 8).

Lemma 5. If a function ¢(x) isin Ug, then it satisfies (S.3)
and (S.4).

Proof. Let ¢(x) be a function in Ug. Then by Lemma 3, it
satisfies (S.1) and (S. 2).
First we show (S.3) by mathematical induction with respect to
k. Let k=0 and assume (S.3) is not true. Then there exists a
non-negative integer p such that
— ! 14
im 1PWIIEE
e | fo(x) |7
for every positive number ». Noting (A. 1) and changing the variable
by y=f,(x), we have
= lpfSOfEO

Wi+ ly1”

b
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Therefore, restricting » to non-negative integers, we can choose a
sequence of number {B,} such that

(2'9) 1<lBll<le|<'“<|IB7:1<“'T+LA)’

and that

(2.10) lim I—Ba"T = +oo, for every non-negative integer 7,
where

a, = lp(f BN B

In fact we may choose B,=2 and determine B,(|8,]>=18,-.]) by

1B, "l p(f BN B)P=n,  n=2,3, .
Put

’)/,,(X) = ')In(x; \/0[-", iﬁni)’ n:]—; 2’ 31 e

Then the sequence of functions {v,(x)} is bounded in & since the
real sequences {\/«,} and {|B,|} satisfy the hypothesis in Lemma 4.
Therefore the sequence of functions {g[®]v,} must be bounded in
S because g[@] is a homeomorphism of S, while, we have

ligLe17alls, , = sup | #°@(x)7a(fo(2)) |
= sup |5 (%)’ p(f5 (%)) 7a(*) |

= fo (B p(f 5 (Ba))Vn(Bn) |
a Vo,
= _.—_”___._ = v —|— (o]
Va,e e !
Therefore {g] ¢ ]v.} is not bounded in S, which contradicts to the
assumption. Thus (S.3) is true for £=0.

Assume that (S.3) is true for £=0,1,2, ---, . Then for every
k=0,1,2,--- ,k, and for every p=0, 1, 2, ---, there exists a positive
number »=r(k, p) for which (1.2) is valid.

For every function £(#) in &, set »(x)=(g[@ |8)(x)=S and differ-
entiate it (4+1)-times. Then by Lemma 2 we have

, as n—+oo,

7)) + 2 Py W[ IE A fol)

Let s be the maximnal degree of the polynomials P, ,[¢]; »v=1,2, -,
li+1, and put
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r(p) = maxr(k) 17), p:O, 17 27 Tt
0<k<h

Since #»**“(x) and £*(x), v=1, 2, -+, h+1, are in S for every non-
negative integer p, we have
(2.11) d(€) = sup|x?@" P(x)E(fo(x)) ]
h+1
> sup| xPn "7 (x) | + 25 sup| 2P, Lo £ (Fo()) |

o Exdomral
> fallyy 53 sup | F Prald]
R M ey AP

< g L@ el hss,p+ 23 EuAE s torcon s+ 1l b

A+ 1Fe( TP EP(fo()) |

where

K. — lxva,h[q’]l
TSP @

and [2] means the maximal integer not greater than z.
Assume that (S.3) is not true for k=#4+1. Then there exists
a non-negative integer p such that
i 2@l 1o* OO,
e | f(%) ] 1915 o0 52

for every positive number 7. Therefore, in the same manner as
before, we can choose sequences of real numbers {«,} and {B8,}
such that

a, = @™ P(fTHBN] | fo (B2, n=1,2,3, -,
and that (2.9) and (2.10) are valid.

v=1,2, ., h+1,

Put
"}’,,(x) = rYM(-’Cy\/a—m lﬁnl)) n:]-; 2; 31"'-
Then by Lemma 4, {v,} is bounded in S. Because of (2.12) and

the continuity of a[#] {(v,)} must be bounded in &.
On the other hand we have

d(v) = sup [x|?[p*"2(x)| | va(fe(2))]
= sup [f1(®) |71 ™ P(f (@) | [7a(2)
= |f B[ (Ba)) | | 7a(Ba)

= _ % =LC.(_’!T—|—00, nl -+ oo,
Va,e e
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This contradicts to the assumption and therefore (S.3) is true for
k=h+1. Thus we have proved that (5.3) is true for arbitrary
non-negative integers k and p.
Next we show (S.4). If o(x) is in Ug, then by Lemma 1,
o (x)=[p(f;'(x))] " is also in Ug Using (S.3) for ¢ '(x) with
k=0 and with any non-negative integer p, we can choose a positive
number p=p(p) such that
lim 127 @1 xl? _
EENNTAGIE

and therefore we have

b

lim %17
e T ) o)1
— lim Edk

e | @(fo ()] 1 foH(x)1°
= lim [fo(x)|? 0

m e [o(2) [ ] (#)1°

Thus we have proved the lemma.

Theorem 1. A function p(x) is in Ug if and only if it satisfies
(S.1), (5.2), (S.3) and (S.4).

Proof. The necessity of (S.1)~(S.4) is derived from Lemma 3
and Lemma 5. We prove only the sufficiency. Suppose that ¢(x)
satisfies (S.1)~(S.4). By (S5.1) ¢(x) is locally square summable, and
for every &(x) in S we have

Glele)(x) = p@E)E(fo(x)EC.

Next we show that f,(x) satisfies (A.1). We begin by proving
the following condition :
(5.2") There exists a positive number v such that

(2.12) inf (14 (%] |@(x)| >0.
To prove (S.2'), it is enough to show that there exists a positive
number v such that
(2.13) lim [x]"|e(x)|>0.
A]> oo

Assume that (S.2') is not true. Then for every positive number »
we have
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(2.14) Jim |27 |g(x)] = 0.
Observing the relation
[fol@) | < Ife()], if 0<x<y or y<x<0,
together with (2.14), we have for every positive number 7,

Tim |fo(x)] > Tim min (fo(1), [fo(=1)]) _ + oo,

prae | 2|7 p(x)] T e |27l (x)]

This contradicts to (S.4) and hence (S.2') is true.
Using (S.3) with £=0 and p=[v]+1, we can choose a positive
number 7=7r(0, p) such that

Tm le@Ixl? _
v | fo(x) [
Noting (2.13), we have

“}ij{lw |fo(x)] = +oo.

Thus (A.1) is proved.

Our next step is to show that g[¢] is reduced by S and is
continuous in the topology of S. Lemma 2 proves that for every
non-negative integer &

8[P1™(@) = PP@ES o) + 3] Pr s [P IE(fol))

Let S® be the maximum degree of the polynomials P, . ,[¢],
v=1,2, -k, and let 7»(p), p=0,1, 2, ---, be the maximum of the
(5. 3) positive numbers #(v, p), v=0, 1,---, k, where #(v, p) is selected in
(S.3) for @(x). Then we have for arbitrary non-negative integers &, p,

llaLplell,, = sup|x?(g[e1E) (%)
<sup {] 22 P@E(Fo() | + 23 [#7Py o [9EV(fo(2)) [}
[x]2] ™ (x)| rck.b)
Ssup i g (L LS ") )|

Li ?|P, k-1
+3jsup A ATHEL sup (L £ ) £ £

k
< CO{”E“O,[r(k,p)] r HEH0,0} +; Cv{”EHv,[r(ph(k)]H + [I(S:”V,o} ’
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where
b B
C, = su | 22p®(x) | )
P | fol) |
2|2 Py r[]]
CV:Sljpl“‘if‘P(x’;‘r(p)s(k)’ V:]-’ 2""1k~

Thus we have proved for arbitrary non-negative integers k&, p,

Hg[‘p]EHIz,Pg Co{”&”o,[r(k,p)]—u_‘_ ”EH0,0} +v:21 CV{HgHv,[r(p)s(k)]}1+ ||‘EHV,0} 5

which means that g[¢] is reduced by S and continuous in the
topology of S. By Lemma 1 and the above estimation, it is enough
to show that (S. 3) is valid for ¢ '(x). We show it by mathematical
induction with respect to k.

In case k=0, put 7(0, p)=p(p) where p(p) is given by (S.4).
Then we have

T COLNE I )
i | fo1(®) [P mee [ (F @)1 (®) |
— lim @I g

s> | p(x) | [ 217

’

and therefore (S.3) is valid.

Suppose (S. 3) is valid for ¢~ '(x) in the cases where =0, 1, --- , A,
that is, for every pair of non-negative integers k, p; k=0, 1, -, A,
$»=0,1,2, .-+, there exists a positive number 7(k, p) such that (2.9)
is valid for @ *(x). Then we have only to show that (S.3) is valid
for k=h+1.

From (S.1) and (S.2) we have ¢ '(x)=[(f;'(x))]'eC~ and a
simple calculation proves

(2.15) P (®)p(fo-1(x)) = 1.

Differentiating the both sides of (2.17) (2+1)-times, Lemma 2 shows
that

P F D fo@) + 2 Pl TP (fomi (@) = 0,

and therefore

P 0(w) = — S @) P, Lol (fo @)
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Let s be the maximum degree of the polynomials P, ,[¢]; v=1,2,
-« ,h+1, and let 7(p) be the maximum of the positive numbers
r'(k, p); k=0,1, -, .

Then, considering that (S. 3) is valid for ¢(x), we have for every
non-negative integer p and for r=r(», 0) which is found in (S.3)
for o(x),

im 275 @)] 1512
N eIk
& 121127 @ 1Pule 1| 9™ )|

< lxllin«:lw V=1 'fw-l(x) I ?
i 1517717 @) P 1o (@)
< lim >3 Fori@)]? e O

where ¢g=7'(p+[r])(s+1). Therefore (S.3) is valid for k=hk-+1.

Thus we have proved the theorem.

In Theorem 1, we determined Ug by the conditions on ¢(x)
and f,(x). It is preferable to determine ¢Ug by conditions only on
@(x). Unfortunately we have not succeeded in this direction, but we
have the following propositions.

Proposition 1. Let @(x) be a function for which the following
condition is valid :

(S.2") There exists a positive number 'y<% such that

(2.16) m¢=i£1f(1+lx|”)lzp(x)l>0.

Then @(x) is in Ug if it is a slowly increasing function, that is, it
is infinitely many times continuously differentiable and for every mon-
negative integer k, there exists a positive number v=(k) such that

2.17) lim [2P@1 _ ¢
v x| T
Proof. Let @(x) be a slowly increasing function for which
(5.2”) is valid. We have to prove (S.1)~(S.4) for ¢(x), however,
(S.1) and (S.2) are evident from the assumptions.
For every real number x, (|x| >1), we have
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£ =1 1) 1]

* 2 2 dy

1+ y|? S
fLarmieo P
S" dy |y _mglx]
D@ 1 @ |2

me -
>’Z¢|x{1 Z'Y,

=

>m}

where v is a positive number given in (S.2”), and therefore

2.18) fol@)] >—’Z—5 2, i 2] >1.

On the other hand, since @(x) is slowly increasing, there exists a
positive number 7=7(0) such that

2.19) M, = sup 1PW] 4o
= 1+]x|”

and we have for every real number x,

(2.20) fe@ = [T P vy

<4M‘§ix!1+27‘

For arbitrary non-negative integers k, p, put
r=rk, p) = p+ik) .
k1) = BT

Then we have from (2.20) and (2.19)

el [x]?
lim =1
v | fo(x) |7
i LP@ 152
oo g [TR | fo(x)]”
< lim M(i>r=0.

%] > + 00 lx‘T(k) mg

Thus we have proved (S.3), while, for every non-negative integer
b, put

p(p) = v+@2+7(0)p .
Then we have from (2.18) and (2.22)
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A fe@)]?
e (] (%) |
im (4Mz)plx[(1 L2 ETC0)) p

<

prs | 5]7 | (@)
<@M2)?[ lim |x]?|p()| ] lim 1 = 0.
|%]>4 o0 [ |x|1’

Thus we have proved (S. 4).
Conversely we have the following proposition.

Proposition 2. If a function ¢(x) is in Ug, for which there
exists a positive number T=7(0) such that (2.19) is true, then it is
a slowly increasing function.

Proof. Let o(x) be a function which satisfies the hypothesis
of the proposition. Then by Theorem 1, ¢(x) satisfies (S.1)~(S. 4)
and by the estimation (2. 19), we have (2.20). Therefore from (S.3)
and (2.20), we have for every non-negative integer £,
_ lim 12¥@)]
O Fu

1 ™)

/le-];+=° (4M§)’("’°) | x| GrEmrc '

Thus we have proved the proposition.
Summing up Proposition 1 and Proposition 2, we have the
following theorem.

Theorem 2. Let p(x) be a function for which (S.2") is true and
assume that there exists a positive number v=7(0) such that (2.19)
is true. Then @(x) is in Ug if and only if it is a slowly increasing
Sunction.

Corollary. Let ¢(x) be a function such that
(2.23) lpx)| =1.

Then it is in Ug if and only if it is a slowly increasing function.

3. Onme-parameter Subgroups of O(S,)

In this section, we first show that Ug is a group with the
product operation & defined by (1.6). Then we proceed to discuss
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two interesting families of one-parameter subgroups of ©O(S,) which
contain the shift and the tension.

Lemma 6. The corrvespondence between o(x) in Ug and gl @] in
U(S,) is one-to-one.

Proof. It is evident that the constant function 1=1(x) is in
Usg and g[1]=I. Therefore we have only to show that if for a
function @(x) in U, g[e]=1, then p(x)=1.
Let g[®]=1 and let £5(x) be a function in S such that &y(x)=1
where —N<x<N, N=1,2,3,---. Then we have
g[¢]§N(x) = ¢<x)EN(f¢(x)) = EN(x)7 N:]-’ 2y 37 Tty
and therefore
px) =1, max[—N, f;(—N)]J<x<min [N, f;}(N)].
Thus, by letting N1 +oco, we have
px)=1, — oo L x< 400,

Theorem 3. Ug is a group with respect to the product opera-
tion R.

Proof. For every o(x), Jr(x) in Ug and every function #(x) in
S, we have

gLelaly1e(x) = (sLep (- )E(F(-)(x)
= P (fo(X))E(fyof o(%))
=(PRV)®E(f oS o(x)) -

On the other hand we have

Foof o) = [ w0 1y

0

= { 190N (Fel) 1y,

and therefore

3.1) Foefol®) = foou(x) -

Thus we have

3.2) alelslv] = gle@-].
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It is evident that the function (pR+r)(x) satisfies (A. 1) and (A. 2),
and that, from (3.2), gleRVv]=glelalr1=U(S) holds, therefore
(@RY)(x) is in Ug for every o, ¥ in Ug.

Since U(S) is a subgroup of the unitary transformation group
on L? and since the correspondence between g[@] and ¢ is one-to-
one by Lemma 6, it is not difficult to prove the associative law.

Finally by simple calculations we can easily show that

(PRD(x) = o(x),

and
(PpBp™)(x) =1,
where @~ '(x) is defined by (2.1). Thus we have proved the theorem.
Now we define three subgroup of Ug as follows.
Us = {peUg; o(x) real positive} .
Vs = {peUg; lfp(x)li
s = {peUg; p(x) = p(—x)} .
Lemma 7. For every ¢ in Ug there exists a unique element ¢*
in Ul and a unique element ¢° in U such that

3.3 P = p‘Bp™.
In other words, Ug is expressed as the product
(3.4) Ug = UsRUS .

We call ¢° and @ the argument part and the polar part of o,
respectively.

Proof. Put ¢°(x)=¢(x)/|p(x)| and @' (x)=|@(x)|. Then they
are the required.

Remark. The decomposition (3.4) is not a direct product. In
fact, if p=9'Re* and Yy=y"PYy" where ¢°, ¥'€U% and ¢,
YreUs, then we have

(PRY)(x) = @* (X))@ (W (for (VT (for (%))
= (@R ofo))R(@"RV™) .

Hence, we have

(3.5) (P@Y)" = " B¥.
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3.6) (P@W) (%) = P (O (fo+ (%)) -

Lemma 8. Let ¢(x) be a function in Us. Then §lo] is in
O(S,) if and only if @ is in U where §[p] is defined by (1.5).

The proof is easy.

Here we consider one-parameter subgroup of (O(S,) given by
type (1.5). If for a subset {p,; —oc<t<+ o0} of Vg, {Gle.l} is
a one-parameter subgroup of &(S,), then by Lemma 8 ¢,eUfk,
—oo << +0o0, and we have

ledale.] = F7ole 1T gl p, 1F

3.7 = ¥l ol e 1F = 3lpsrsl s —oo<t, s<+oo,
ale.] =1.
From (3.7) and Lemma 6, we have
s s = s — 0 <t7 <Aoo ’
(3.8) { P.Bp. = @ S
P =1,

that is, {p,} is a one-parameter subgroup of U’%. Conversely, it is
evident that every one-parameter subgroup {p,} of U’ determines
a one-parameter subgroup {g[@,]} of O(S,). Therefore, to obtain a
one-parameter subgroup of O(S,), it is enough to obtain a one-para-
meter subgroup of U’ related to the given subgroup by the formula
1.5).

Let {p,} be a one-parameter subgroup of U’% for which (3. 8)
is valid. Then by Lemma 7, the relation (3.8) is decomposed into
the following two relations.

3.9) { P Pps = @i, —oo ¢, s< + 00
P =1

(3.10) { PP (for(0) = @ias(®),  —o0<E, s<+o0,
pi(x) =1

where ¢ and ¢; are the argument part and the polar part of ¢,,
respectively. Therefore, to obtain a one-parameter subgroup of
U%, we first obtain a one-parameter subgroup of U’ =UN Uk
and then, corresponding to it, we must solve the equation (3.10) in
U¢=U'sNU% However, we have not yet succeeded in obtaining
a general method to find a one-parameter subgroup of U%', but at
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present we know two such subgroups from T. Hida, I. Kubo H.
Nomoto and H. Yoshizawa [1]. One of them is the trivial

(3.11) pi(x)=1,
and the second is the ftension
3.12) p(x) = e/

where « is an arbitrary real number not vanishing.

To solve the equation (3.10) corresponding to the trivial and
the tension, we assume the continuity of ¢,(x) in £ for every fixed
real number x.

Corresponding to the trivial, the equation (3.10) becomes

¢ s(x) = @iis(x),

(3.13) { PLX)Pi(x) = Pias(x)
Pix)=1.

Noting that @{(x) is in U'¢ and |pi(x)| =1 for every (¢, x), we can

define a real function
(3.14) H(t, x) — L loggi(x), —co<t<oo,
?

such that H(0, x)=0 and that H(, x) is continuous in ¢ for every
fixed x. From (3.13) we have

{ H(f, x)+H(s, t) = H(t+s, x), —oo<t, s+ oo,
H(O, x)=0
and because of the continuity of H(#, x) in £,

H(t, x) = th(x), —oco i +oo,
where /%(x) is a real function equal to H(1, x). Thus we have
(3.15) pi(x) = exp [ith(x)], — oo L+ 00,

Since @i(x) is in U%, by Corollary of Theorem 2, it must be
an Hermitian slowly increasing function. And, it is easy to show
that pf(x)=exp [ith(x)] is an Hermitian slowly increasing function
if and only if 4(x) is a real odd slowly increasing function. Con-
versely, if 4(x) is a real odd slowly increasing function, then it is
evident that the one-parameter set defined by (3.15) is a one-para-
meter subgroup of U%.
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Summing up the above, we have the following theorem.

Theorem 4. Let {p,(x); —oo<t<+ oo} be a one-parameter set
of functions with the trivial polar part, that is, |p,(x)| =1, and assume
that for every fixed x, p,(x) is continuous in t. Then it is a one-
parameter subgroup of Ul if and only if @,(x) is of the form

(3.16) @, (x) = exp [ith(x)], —oo Lt o0,

where h(x) is a real odd slowly increasing function.

We note the following: Let I be the set of all real odd slowly
increasing functions. Then for every A(x) in &4 we have a one-para-
meter subgroup {exp [ith(x)]; —oo<t<+ oo} of U’ and therefore
a one-parameter subgroup & (k)= {g[ exp [[ith]]; —occ<t<+ oo} of
o(S,).

Theorem 5. Let &, be the family of one-parameter subgroups of
O(S,) defined by
S, = {&,®); heg} .
Then we have :
1°) &, contains the shift.
2°)  For every h(x), I'(x) in 9, S h) and SI) are commutative.

Proof. Put i(x)= —zx, then G,(—x)={§[e **]} is the shift. In
fact, for every &(x) in L? we have

ale™**]E(x) = F'g[e " ]FE(x)
= F'[e E(+)]1(x)

1 (™ NE
= _\/z‘n g exx?\e—tt)\g(x)d)\‘

= E(x—1), —oo <t Foo,
where E(\)=(FE)(N).

On the other hand, if # and %’ are in 9, then for every real
number £, s, we have

ale] g[eish']
= g—lg[eith]g"g—lg[eish/]g
= g—lg[eith®eish/]g
= Fg[eit" ish’:lg,‘

—co
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= F7gle** JaLe™ 1T
— g[eish’]gl:eith] .
Thus we have proved the theorem.

Remark. The family @0 arises from the variable change by
distributions. In fact, for any function %(x) in 4, we have
gle™Je = T,xt, EES,,

where T, is given by the Fourier inverse transform of ¢** as a distri-
bution and * stands for the convolution.

Next, we solve the equation (3. 10) corresponding to the tension
(3.12). In this case, the equation (3.10) becomes

(3.17) { Pix)Pi(e™x) = @fis(x), —oco<Lt, s< o0,

Pi(x)=1,

where @i(x), —oo<t<+oo, is in U%. Hence we have

(3.18) pi(ex) = Peul®) o op s oo
Pi(x)

and therefore @Z(x) is continuous in (¢, x). Then we can define a
real function H(f, x) by
(3.19) HE, 2) = Llog @i(x), —oo<t, x<+oo,

i

such that H(0, x)=0 and that H(¢#, x) is continuous in (¢, x). Accord-
ing to (3.17), we have

(3. 20) { H(t, 2)+H(s, e*x) = H(t+s, %),

H@O, x)=0.
Since @i(x) is Hermitian, we have
(3.21) H{, x) = —H{, —x), —oo<Lt, x< + o0

and since @!(x) is slowly increasing in x for every fixed ¢, H(¢, x)
is also slowly increasing and we have from (3.21)

2k
3.22) L H(t x| =0, £=0,1,2 -, —co<t<+oo.
aka x=0

Conversely, if we find a solution H(#, x) of (3.20) for positive x
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which is slowly increasing in x>0 and satisfies conditions as follows
2k
(3.23) lim aiz_kﬂ(t, X)=0, k=012 -, —co<t<+oo,
400 0%

then we can extend it to the whole line by
{ H(, 0) =0,

H(t, x) = —H({, —x), x<0.
It is easy to see that

(3.25) Pi(x) = exp LiH(, x)]

is a solution of (3.17). Therefore, we solve the equation (3. 20)
only for positive x.
Set

(3.24)

(3. 26) G(t, y) = H(t, ¢™), —oo<f, y< 400,
Then we have from (3. 20)

(3.27) { G, »)+G(s, t+y) = GE+s, y),

G,y =0.
Further, setting y=0, we have

(3.28) { G, 0)+G(s, t) = G(t+s, 0),

G(0,0) = 0.
Set
g@) =G, 0, —co Lt + 00,

then by assumption g(f) is continuous and we have from (3. 28)
(3.29) G, 9) = gl+y)—gy),  —oo<t, y<+oo.

Finally, setting yzllog x, we have
a

H(, x) = G(t, —:olz- log x>

g<t +% log x)—g(% log x)

= g(% log e"“x) - g(% log x)

= h(e™x)—h(x), —oco Lt +o0, x>0,
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where h(x)= g(l log x), x>0,
a

The problem to characterize the class of the A(x) is still open
but we have the following proposition.

Proposition 3. For every function h(x) in 9,
Pi(x) = exp [i(h(e™x)—h(x))],  —co<i<+oo

is a solution of the equation (3.17) in U’.

The proof is easy.

Combining the above solution and the polar part of the tension
(3.12), we have the following theorem.

Theorem 6. For every function h(x) in 4,
~ _ a —
&, h) = { g[exp<§t+z{h(e tx) —h(x)})] ; —ooLlt<+ 00}

is a one-parameter subgroup of O(S,). The induced flow is isomor-
Dhic to the flow induced by the tension

&,(0) = {g[exp%t]; — oLt oo }

Proof. It suffices to prove the latter part of the theorem. In
fact we have for every ¢

g [exp (% t+ih{(ex) — h(x)} )]

— g[e—ih(x)]g[e(a/Z)t]g—l[e—ih(x)] R
and hence

a* [exp (%t +i{h(ex) — h(x)})]
— g*"1[8—ih(x):lg*[e(a’/Z)t:lg*[e—ih(x)] .
This proves the theorem.

Example. Put =1 and k#(x)=x. Then for every £(x) in S,
we have

<§ [exp (—;— +i{etx—x} >]E>(x)

= e WE(ex—et+1), —oo L+ oo,
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4. One-parameter Subgroups of O(S,) Which
Commute with the Shift

In this section, we appeal to the following well-known theorem
to prove that all one-parameter subgroups of O(S,) that commute
with the shift are found in @,

Theorem 7. Let © be a Hilbert space and let {U,} be a con-
tinuous one-parameter unitary group in O with the resolution of the
identity {E(\)} of simple spectrum. Then for every continuous one-
parameter unitary group {V,} which commutes with {U,}, there exists
a real measurable function h(\) such that

4. 1) Vv, = S+We””<">dE(7x) | —co<t< oo,

Let {S,} be the shift on L2, {E(\)} be its resolution of the
identity and let {V,} be a continuous one-parameter unitary group
on L? which commutes with the shift. Then we can extend them
naturally to the operators on the complex Hilbert space L. We
again denote them by the same notations.

It is well-known that the shift is of simple spectrum and hence
Theorem 7 is applicable. Therefore there exists a real measurable
function #(A) for which (4.1) is valid.

Furthermore put
4.2) EQ) = FEQVNTF, —oco AL+ o0,

4. 3) Vi=9V,F*, —oco ]t +oo,
Then for every measurable set A, we have

4.4) (EQ)O#) =X (0)E®), E€L?,
where X,(x) is the indicator function of the set A.

Proposition 4. A continuous one-parvameter unitary group {V,}
on L? commutes with the shift if and only if there exists a real
measurable function h(\) such that for every E(x) in L?

(4.5) (VE)(x) = e ®E(x),  —co<t<+oo,
where {V.} is defined by (4.3).

Proof. Let £(x) be an arbitrary function in L? and put
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Apy = {x; ”_1<h(x)<L},
n n

v=0, £1, +2, ---,
n=1,2,3, ..

Then we have from (4.1), (4.2) and (4. 3)
v, = S+Ne“"“>dE'(7x)

+oo .
= lim E eit(w”)E(An,v) ’

Ny 400 y=_oo

and according to (4.4)

||V, — eithg|[?
= lim 31| et E (A, )E—E(A, )E

= lim 3, Jem— a2 g0 2

Ry too Y

<lim 311 SA 1OV |%dn
n Vv

Ny too Y
.1

= lim = |[g[|* =0,
nytoo 9

for every £(x) in L°. Thus we have proved the proposition.

Theorem 8. A one-parameter subgroup {V,} of O(S,), whick is
strongly continuous on LZ, commutes with the shift if and only if
there exists a function h(x) in 9 such that

4.6) V, = d[exp (ith(x))], —oco Lt oo,

Proof. The sufficiency is obvious and we show only the
necessity.

Let {V,} be a one-parameter subgroup of O(S,) which is strongly
continuous on L? and commutes with the shift. Then we can extend
it naturally to a one-parameter subgroup of U(S) which is at the
same time continuous one-parameter unitary group on L? and we
denote it again by the same notation. Furthermore define {V,} by
(4.3). Then, according to Proposition 4, we have V,=g[¢***7 where
h(x) is a real measurable function and therefore

“.7) V, = ge"®], —oo<t<+oo.
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Finally, applying Theorem 4, we see that the function %4(x) must be
in 4.
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