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The Principle of Limiting Amplitude for
Symmetric Hyperbolic Systems
in an Exterior Domain

By
Kiyoshi MOCHIZUKI*

This paper is a supplement to the previous paper [2], in which
we have treated the eigenfunction expansions and the scattering
theory for symmetric hyperbolic systems in an exterior domain.
The notation and the terminology of the preceding paper will be
used freely.

Let 8G be a bounded closed hypersurface of class C* in R” (n>2),
and G the domain exterior to 0G. Consider the following mixed
initial-boundary value problem for hyperbolic system.

{M(x)%—i Aj(x)%—B(x)}u(x, £) = g@e™ for t>0, xEGC;
= j
u(x, 0) = u,(x) for x€G;
u(z, t)e N(2) for >0, 204G .

(1)

Here u (%=0) is a real number, i=+/—1, u(x, ) and g(x) are vector
valued functions whose values lie in C™, and M(x) (measurable), A4 (x)
(smooth) and B(x) (continuous) are mXm matrix valued, bounded
functions. The boundary space N(z) is a linear subspace of C™ of
constant dimension which is smoothly varying on 0G. Our aim is
to derive the limiting amplitude principle ; that is, we shall obtain
the asymptotic behavior of solutions of the above problem.

The assumptions which we require below are summarized as

(1) M) is positive definite. =~1—{§nj Aj(x)£—+B(x)} is formally
7 U=1 R
self-adjoint in I=[L*G)]". ’
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(II) For |x|> P (large) M(x)=1I, A,(x)=A; (constant) and B(x)=0.
(III) A(x, &)= ZA (x)E; is mon-singular for each x€G and
FeER"— {0} and A°(F)= ZA E; is isotropic :

det [AO(E)—A‘I] = IE[(TV{E! _7\')"“' > Ziﬂl\, =m, Tl>Tz>'“>Tk'

(IVY N(2) is maximally conservative with vespect to L at each point
z2€0G, and is coercive for L in the sense of Aromszajn (see
[17], VI, Definition 2.1).

Remark 1. The above assumptions are stronger than those
supposed in [2] since we require that A(x, £) is non singular. This
with the coercivity of N(z) derives the Holder continuity of the
spectral density for L,=M'(x)L ([2]; Theorem 4.3), which plays
an important role in our proof.

We denote by .4, the Hilbert space of square integrable functions
in G with norm

(2) it = {{_ Mo s r@ax]

which is equivalent to the usual L?*-norm. Consider the problem
1) in 4,. Under the above assumptions, the differential operator

1 M‘ (x){Z‘ A; (x) —I—B(x)} uniquely determines a selfadjoint oper-

ator L, in %4,. Thus éhe problem (1) with g, #, in 4, can be written
in the following form :

1 ou
i ot

(3) —Lu = —M"(x)g(x)e”“ u(x, 0) = u,(x) .

It has been shown in §4 of [2] that under the above assumptions
the point spectrum o ,(L,) of L, consists of isolated eigenvalues which
are of finite multiplicity except the origin 0. Further, all eigen-
functions corresponding to non-zero eigenvalues are of bounded
supports contained in the ball {|x|<p}. Thus, if the differential
operator L—oM(x) has the unique continuation property, then L,
has no eigenvalue except the origin 0. We should remark, however,
that the origin 0 is somewhat ambiguous; the null space JI(L,) of
L, may or may not be empty, and if the latter is the case, then it
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remains as a problem whether the dimension of JI(L,) is finite or
infinite.

We have derived also that if o (real) is not in o ,(L,) U {0}, then
for any f in 9, of bounded support there exists the limit v_(-, o)
as &-> 0 of v(-, o +i8)=(L,—o—i€)"'f satisfying the equation

(4) (Lijoe— 00 = f

and the radiation conditions at infinity (see Definition 4.1 of [2]).
More precisely if we suppose that the interval [«, o] does not contain
any point of o ,(L,)U {0}, then o(-, o +i€) tends as €— +0 in the
sense of local energy norm to v.,(-, o) uniformly with respect to
o&[a,b], and v,(-, 5) is Holder continuous in o with exponent
h(0<h<1). Thus, if we denote by E,(c) (— oo <o < o0) the resolution
of the identity associated with L,, then it follows that

5)  YE@f =1 0-v (¢, 0t for sela, b]
do 271

and is Holder continuous in the sense of local energy norm.
We can now state the thcorem as follows:

Theorem. Suppose that 1. (veal) does not belong to o (L)) U{0}
and let g be any function with bounded support such that M~'g is
in {I--QYH,, where Q is the projection onto the eigemspace of L,
corresponding to non-zero eigen-values. Denote by u(x, t) any solution
of the inhomogeneous equation (3) whose initial values u,(x) are also
in {I—Q}H,. Then as t tends to infinily ue *** tends to w_(-, oc)+w
in the local energy morm, wherve w_ is the solution of (4) with c=pn
and f=— Mg satisfying the outgoing radiation condition, and w is
some function in JI(L,).

Remark 2. The same theorem is already proved by Lax and
Phillips in their book [1; Chapter VI, Theorem 2.4] in the case
where M(x)=1, the space dimension » is odd and A(x, £) is non-
singular for each xeG and £éeR”— {0}. In [2], however, it is not
assumed that A°(¥) is isotropic.

Proof of the theorem. First we give an expression of the
solution of equation (3). Since L, is selfadjoint, it is not difficult to
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see that (3) has a unique solution for each g and u, in %,. Further,
with the aid of the Laplace inversion formula, the solution takes the
form

(-, ) = QLS L+ i) ud

7Tl Ja—ie

—1 (@tie gt .
i S (L4 Mgy =+,
2ri Ja-ieA—ipu

for a sufficiently large a>0. Note the relations

ot = (7 oaB()  (—e<t<oo),

(Loriny =" ]

1(~ ;
d - —AtyiL,t _
irary E,\ (o) ; So e Me'lidt  (Rex=a>0),

where E,(¢) (— oo <o <o) denotes the resolution of the identity for
L,. Then we have

J. = élitu, = S ¢t*dE,(o)u, .

On the other hand, we have

7= ‘15””” e dxr 1 JE@)M-g

270 Jacien—ip —wg + N
tim |* aB @M (T o ar
= lim g
rr0 Jom 0T g27zi a-ief(A—iu)A+E—ia)
eht

Since is an analytic function of the variable A

A—ip)(N+E—io)
except at the points A =iy and = —&+io (€>0), using the Cauchy inte-
gral theorem and considering the residues for A=iy and = —&-+io,
we have for an arbitrary a’>¢

—1 (eti= oMt -1 —a/ | jo e°t
‘:S ; ; — A\ = 'S ; ; dx
271 Ja-ici(XA—ip)(N+E—io) 270 J-o'~iei(N—ip)(N +E—io)

e(—$+i0')t ez'IJ-t

c—u+i€ o—u-+i€’

Summing up, we have the following expression of the solution
for ¢>0.
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(6) wt) = emdE (),
e-os/t oo - ei-rt
+¢ 7 dB@Mg |

. —dT
—Zm J- o (T—p+ia) (T—o+ia’)

oo

w (—€+i0) __ ikt
+ lim S e T —e

€>10

——dE ()M g,

—o o— 1€

where o’ is any positive constant and the limit is taken in the
strong sense in %,.

It is obvious that the second term of the right member tends
as t—co to zero in the sense of H,-norm. Thus our problem is to
know how the first and third terms behave for ¢ large. For this
purpose we use relation (5) which holds for any f in %, with
bounded support.

The first term can be divided as follows:

( 7) Sojme"”del(O')uo = (S:;+ Sj)eirrtdEl(o_)uo_._lAé S ei”dEl(O')uo

€

S G dE, (o),

[—r,r]—Up,

where #» >0 is chosen sufficiently large so that ||E(—7)u,l,+
I{I—E\(r)}u,|,<&/5 for given any £>0, ¢, is a neighborhood of the
origin and ¢, (/=1, 2, ---, N,) are neighborhoods of non-zero eigen-
values o, of L, such that |o,|<7. Since we assumed that #, is in
(I—Q)4L, it follows that

N,
S diE@ul<e/s

=

if we choose ¢, sufficiently small. Further, if we put w,={E,(+0)
—E,(—0)}u,, then w,=JI(L,) and it follows that

|

for a sufficiently small ¢, On the other hand, there exists a function
f in [C5(G)]” such that |u,—f|,<€/5. For E(c)f, we can use
relation (5) to obtain

|

S? ¢ dE oy~

<&/5

¢"dE, (o) f = S[ ¢y (-, &) —v_(+, o)} dar .

-r,r]—-Uel

S[—r,r]—Up,
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Since every local energy norm of v,(-, c)—v_(-, o) is bounded con-
tinuous in o, it follows from the Riemann-Lebesgue theorem that
for any bounded subdomain G’ of G

: ot |
‘JS[_M_UPI@ dE,(o)f JL,G,<5/5
for sufficiently large #. Summing up we conclude that Sw ¢t dE (o),

tends to w, as {—oo in the sense of the local energy norm.
Next we consider the third term of the right member of (6).

i oo e(-—E+i°‘)t 3 oo 1
lim {S e dE )M g S - dEl(o—)M”‘g}

e>+0 W —wg — g 414 g —u+1i€

oo —eri0yE
— lim {S L’-__dEl(a)M-lg—ew(Ll—p+z'e)~1M-1g}
€ +0 —ooo--—#/—i— 16

J—e*w_(-, p),

I

where
e(—E 129)E

dE(o)M™'g

7 = lim S -
Eri0J-wg—y+1E
and the limit is taken in the sense of local energy norm. By the
same reasoning as above, we see that every local energy norm of
(—€ 140
J = tim g, o)

w0 dl-rel-Ue,o—p+1E
becomes as small as we wish if we choose » sufficiently large and ¢,
sufficiently small, where w,={E,(+0)—E(—0)}M'gand p=w, —w._,
taking into account that x (we can assume that —7<u<r) is not

in Ue;,. On the other hand, if we note that

lim lim do =0

t>% €540

S e(—5+i°')t

e o+1i€

for any interval ¢ which includes the origin, then we have

. . e(—E-H"-T)t
lim lim S — (-, o)do
1> Ex0 J-r,rl-Ve,0 — u+1E€
= lim | 2L 9) vty 4 lim g Aot = el 1) g
t» Jl-r,rl-Ve,—e o— fyo0 e o

where ¢ is an interval in [ —7, »]— Ue, which contains the point u
and e={oc—p;oc<e}. Noting that o(-, o) is Holder continuous in
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o, we can use again the Riemann-Lebesgue theorem to show that
J tends to w,/p as t—oo. Thus we see that the third term of the
right member of (6) tends to e¢™w_-+w,/y as t—oo in the sense of
the local energy norm. The proof is now complete.

Remark 3. As we see in the proof, the Holder continuity of
d

J—El(ff)f in ¢ is used only to estimate the terrn containing g(x).
g

Thus, if g(x)=0, we do not require that A(x, £) is non-singular (i.e.,
we can replace (III) by assumption (iv) in [2]) to derive the theorem.
The above theorem asserts the local energy decay of solutions if

g(x)=0.

Remark 4. The local energy decay of solutions has been es-

sentially proved in [2] by Theorem 6.2 since obviously e!%'f ~ lends
to zero as [—co in the local energy norm, where LO:LZ A "ai is

7 =1 xj
the unperturbed operator acting in Y,=[L*(R*)]” and f <Y, TI(L,)
is determined uniquely from the initial data #,.
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