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Spectral Representation for Branching
Processes on the Real Half Line

By
Yukio OGURA*

§0. Introduction

The spectral theory for the semigroups of Galton-Watson pro-
cesses (G.W.P.’s) was developed by Karlin and McGregor [4] [5].
On the other hand, a continuous state branching process (C.B.P.),
which may be regarded as a continuous version of a G.W.P., was
introduced by Jirina [3] and recently discussed by Lamperti [7],
S. Watanabe [8], etc. The object of this paper is to obtain the
spectral representation theorems for C.B.P.’s similar to those of Karlin
and McGregor for G.W.P.’s. These may be of some interest, since
there are many C.B.P.’s with discontinuous sample functions and
their semigroups are nonsymmetrizable.

In §1, we obtain a representation (see (1.10)) of a so called
w-semigroup by means of the stationary measure, under the as-
sumption that the extinction probability is positive. In §2, we shall
prepare several lemmas. The most important one is Lemma 2.4,
which asserts that, under Condition A, the representation of a w-
semigroup in §1 turns out to be a spectral representation of the
transition function. In §3, the spectral representation theorem for
sub- and supercritical C.B.P.’s is given. In this representation, only
the discrete spectrum appears which consists of powers of the largest
eigenvalue. In §4, the critical case is considered. In this case, the
spectrum is continuous. The asymptotic behavior of the semigroup
is also obtained. In §5, we give a few examples which contain all
diffusion C.B.P.’s.
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8§1. A Representation of a W-semigroup

A C.B.P. is a Markov process (x,, P,) on the real half line [0, o]
with oo as a trap, which satisfies, for every A>0,

1.1) E. (e ) = e ™h®

for some yr,(A)>0. Then it is easy to see that y,()\) has a com-
pletely monotone derivative in A for each #>0, and satisfies the
semigroup property ;

(1-2) \hﬁ—s(h) = %(%O\)) ’ \bo(X) =A.

Such a {Y,(A)};er,-> is called a W-semigroup” and it is equivalent
to give a C.B.P. and to give a W-semigroup. We shall assume that
Y,(2) is differentiable in # throughout this paper. (For this, it is
sufficient to assume +r,(\) is continuous in £, cf. [8].) Then A(\)=
oyr,(1)/0t|,-, has the form

(L.3) KA = —ant+bn +c—j:"(e—w—lﬂ(y/\l))n(dy),

where @, b and ¢ are real constants with >0, ¢>0, and # is a
nonnegative measure on (0, ) with S(yz/\l)n(dy)< oo (see [8]).
From (1.2), it is clear that

(1. 4) a%-wm: BN, ) = n,  A>0.

Conversely, for a given #(\) with above properties, the solution ,(\)
of (1.4) defines a W-semigroup (cf. [8]).

Now we shall divide C.B.P.’s into three classes as in the case
of G.W.P.’s.

1) ¥ is the class of functions with completely monotone derivatives ;
Ty D =arted+ | e n(d) s c=0, o0,
n is a nonnegative measure on (0, «) such that

[, arwnan<ey.
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Definition 1.1. The function h(\) is called supercritical (subcri-
tical, critical) if W (0)>0 or ¢>0 (resp. #(0)<0 and ¢=0, resp. #(0)=0
and ¢=0). A C.B.P. is called supercritical (subcritical, critical) if
its h(\) is so.

Throughout this paper, we shall assume

(1.5) Sm—dl converges for a large \.
r ()

Note that (1.5) implies Z(\)<0 for large A, since A(\) is concave.
Thus, if #(\) is supercritical, the equation %Z(\)=0 has unique positive
solution v. When #Z(\) is not supercritical, we set y=0 for con-
venience. (1.5) is equivalent to a simple probabilitistic condition
(cf. Remark 1.1 below).

Lemma 1.1. It holds that
(1. 6) lim ¢,(\) = v, A>0.

Proof. From (1.4), dyr,(\)/dt is positive (negative) if 0<yr,(A) <7
(v <4r,(2)), so that Jr(\) is nondecreasing (nonincreasing) if O0<A <y
(y<A). Hence the limit o’=Ilim y,(A) exists, and lim dyr,(\)/dt=0.

If /1, by (1. 4) 0=1i£1;1 dyr,(\)/dt=h(v")==0, which is a contradiction.

As the case of a G.W.P., a stationary measure for a C.B.P. on
[0, o) turns out to be trivial (cf. [2] pp. 23~24). So we shall
deal with a stationary measure on (0, o).

Definition 1.2. A nonnegative measure n(E) on (0, o) is called
a stationary measure for a C.B.P., if it satisfies

.7 [ wdnpx, By = =(B),  EeX(©, )?
and 0<z(\)<co for sufficiently large N, where we sct
#(\) = r e r(dx) .
0+

Lemma 1.2. There is a stationary measure, whose Laplace trans-
form is given by

2) H(0, )(HK [0, o)) is the class of all Borel measurable sets in (0, =) (resp. [0, «))
with compact closures.
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(1.8) A = —Sr%, A>T

z(\) satisfies
(1.9) 2(rN) = 2N+,  A>9.

Proof. First, we shall show that z(A) in (1.8) is completely
monotone. By (1.8), —#'(A)=(1/A)1/y(N\)), where y(A\)=—A\)/N.
Since 1/)n is completely monotone, it is enough to show that yr(A)

(>0) has a completely monotone derivative ([1] p. 417). But this
follows from the equality

(=) d?

ar1 Ml
dh,,\lf(l) =(-1) X”“Z " dx“h(x)
Next, (L. 4) implies —S: m% ¢, that is
(1.9) AN = 20+, A9

Since
#(r(N)) = Sir 2(dx)Pyx, dy)e“"y+5 w(dn)P(x, {0}),
and
[, #(@n)Px, {0}) = lim ahr(0) = ¢

by Lebesgue’s convergence theorem, we obtain (1.7) from (1.9).
qg.ed.
Since — oo <H/(y)<0, 1}\1{? z(A\)=0co by (1.8). Hence #(\) maps

(v, o) onto (oo, 0) monotonously, and the inverse function é(w) of
#(\) maps (0, o) onto (oo, v) monotonously. Moreover 6‘A(w) is real
analytic on (0, o), since #()\) is completely monotone on (v, oo) and
so real analytic there.

Proposition 1.1. The semigroup r,(\) has the representation
(1. 10) N = 0N +1),  A>q, £>0.
Hence, we have
(1.11) P (x, = 0)>0, t>0, x=[0, ).

Proof. (1.10) is obvious by (1.9). (1.11) follows from (1.10),
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since P, (x,=0)=¢ ¥+ where yr,(co)=1lim yr,()\), and xp,(oo)zé(t)< oo,
A>oo
Remark 1.1. We have seen that (1.11) follows from (1.5).

The converse is also true. Indeed, if (1.11) is true for some £,>0,
Yrs(0)<oo and so lim yr,(o0)< oo since yr,(c°) is decreasing function
in ¢£. Thus limyr,(\)<lim {r,(0)<oo, which implies that Z(\) is
negative for large A (cf. Lemma 1.1). Since v (o°) is larger than
the largest solution of #(A)=0, we have

S"" dr . S" dr
— —— =lim =
Ve (T) Ao Jyp0 — B(T)
Proposition 1.2. Let o be the first hitting time for the state 0.
Then we have

1.12) Plogg <o) =e,
Proof. Since yry(c0)<oo for s>0, Lemma 1.1 implies
(1.13) lim (o) = Hm ¥, (,(o2)) = 7 -

Hence (1.12) follows from (1.1) and the fact that the state 0 is
trap. q.ed.
Since li{roz Yry(00)=co, (1.13) means that r, (o) maps (0, c) onto

(v, o) as a function of ¢.

Proposition 1.3. A stationary measure for a C.B.P. is unique
up to a constant multiple.

Proof. Let z,(E) be a stationary measure. Then for 2>y and

t>0 such that #,(A) and #,(y,(o°)) converge, we have from (1. 7) that
(1- 14) ﬁo(‘kt(x)) = 72’0(7\')+7eo(‘l"t(°°)) .
Since r, (o) maps (0, o) onto (v, o), there exists a positive number
Z, such that #,(yr(o°)) converges. Setting A=+ () and /=%, in
(1.14), we see that 7,(Yr,,(00)) = 7,(Yrs (Y, 0))) = 272,(yrs,(20)) converges.
Repeating this argument, it is clear that #,(yr.. (o)) converges for
each integer n. Hence #,(\) converges for each A>+v by means of
(1.13), so that (1.14) is valid for A>v.

Setting A=+r(c0) in (1. 14), we have z#,(Yr,;(c0))=7,(Yrs(0))+
#(yr,(o0)). Hence, by the continuity of yr,(c0) #,(yr,(c0))=ct for some
¢>0. Therefore, by (1.14)
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(1- 15) ﬁo(‘l’to\')) = 7%0(7\)'*'61
for some ¢>0. Differentiation of (1.15) at =0 implies #{(A)A(\)=c,

whose solution with lim #4(A)=0 is unique, and is given by cz()\).

A>o0

Therefore =,=cz, where = is the stationary measure of Lemma 1. 2.
q.ed.

§2. Some Lemmas

In this section, we prepare some lemmas which will be used
for the spectral representation theorem later.

Lemma 2.1. Let uc[0, ). Then we have a signed measure
£(dx) on K[O, o) satisfying
2.1) [[emein = e, a>o,

2.2) [[emiei@n <ed®, Ao,

where |E,|(E) is the total variation of &, on E.

Proof. Since u#(\) is completely monotone in A>f, and the
functions coshx and sinh x are absolutely monotone, the functions
cosh #uz(\) and sinh ##(\) are completely monotone on A>v. Hence
we have nonnegative measures £5(E) on K[O0, o) satisfying

Sme’”‘fi (dx) = %(e“*<*>ie‘"*<*>), A>y.
0

Setting £ (E)=E&4(E)—E,;(E), we have (2.1) and (2.2).

Lemma 2.2. E£,(E) is a eigenmeasure of PJx, E), in the sense
that

2.3) | Ed0P(x, B) = e E),  EeX[0, ).
Proof. By (1.9) and (2.1),

(2.4) mHEHA — Swe'”e"“”g’u(dy) ’ A>q.
By (2.2) and (1.1)

=)
0

[, 18.1(d) | P, dype = | @)oo < ot
0 0
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Hence by Fubini’s theorem, we have
(2.5) IR — Swe"” Swéu(dx)P,,(x, dy), Ay,
0 0

(2.4) (2.5) and the uniqueness theorem of Laplace transforms ([9]
p. 80) implies (2. 3).

The same arguments for the function HA(w) is not always clear.
So we shall proceed with some assumptions for a while.

Condition A. For each x<[0, o), there is a signed measure
$r(x) on [0, ), satisfying
(2.6) [Cempui) = esiem, w1,

2.7 [l ilam<e,  w>t,

for some t,>0, where |$|x(x) is the total variation of $.(x) on E.
We shall set <I>,,,(x)=g e || 4(x). Then the second assumption
is:

Condition B. Condition A is satisfied. Furthermore, for each
>0,

2.8) [, P, d@u(m)<oo,  w>t,
for some t,>t,, which may depend on t.

Lemma 2.3. If HA(w) satisfies Condition B, ¢pz(x) is an eigenfunc-
tion of P.x, dy), in the sense that

@9 [ TPax a5 = | e bu®, B0, ).

Proof. Since the representation (1.10) of +,(A) implies \bt(é(w))

= re—"we_“tcbdu(x), w>1,.

0

But by Condition B

[ P ) [ 19100) = [ P dy)@u(n)<oo, >t
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Hence, Fubini’s theorem and the uniqueness theorem of Laplace
transforms imply (2.9).

Lemma 2.4. If O(w) satisfies condition A, P,(x, E) admits a
spectral representation
2.10)  PJx, E) = S baB)e“ELE),  t>1,, xE[0, 0o),

Ec K[0, ).
Proof. Fix a time #>#,. Then there exists a positive number

L such that f—#z(\)>¢, for all A>L. Hence

19 1a@e | "18.1@) <[ 19l alme et <0, A>L.
0 0 0
Thus the integral in (2. 10) converges absolutely. Moreover, we can
use the Fubini’s theorem, so that (1.10) implies
S“e—xypt(x’ dy) = ¢~
0

= S:e"xy S:¢du(x)e_“t§u(dy) : > L.

By the uniqueness theorem of Laplace transform, we have (2.10).

§3. A Spectral Representation with Discrete Spectrum
In this section, we shall deal with a C.B.P., whose A(\) satisfies
3.1) R(v)<O0, and h(\) is analytic at .

When a C.B.P. is supercritical, (3. 1) is automatically satisfied : when
it is subcritical, since #/(y)=#(0)<0 holds automatically, the only
assumption is that #(\) is analytic in some neighbourhood of A=0.

Lemma 3.1. Let u=—W(y). Then (3.1) implies that A(\)
=e "M s analytic at v and A'(v)>0.
Proof. By (3.1),

1 1
h()) (M —7)

where g,(x) is analytic at 0 and g,(0)=0. Therefore, if \ is suf-
ficiently near to v,

1+g(—7)
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y4e y+E . o
_”7;(7\‘) — _S dT _j gl(T rY)dT+ILS _‘.i_T_
A T—y I T—y vie (T)
=log(A—7)+g(r—7)

where g(x) is analytic at 0 and g’(x)= g(x)/x. Hence AQ\)=
(A—9)e#*™ P is analytic at v and A'(y)=¢**>0.

Since A(y)=0, Lemma 3.1 implies that the inverse function
B(v) of A()) is analytic on a neighbourhood V(0) of 0, and B(0)=v.
Defining functions {¢..(x); k=0,1,2, .-} by

(3.2) 2 bra(X* = 73D | 9= V(0),

we have:

Theorem 3.1. Let (3.1) be satisfied. Then, 1) ¢p(x) is an
eigenfunction of P,(x, E) corresponding to the eigemvalue e *,
2) P(x, E) admits a spectral representation

(3.3) Px, E) = R duul@)e “Ew(E), >4, 2€[0, ),
Ec X[O, ).

Proof. First we shall show 2) by checking Condition A in §2.
Since z(A\)= —log A(\)/p by the definition, b(w)=B(e ) for w>1t,,
where £, is a positive number such that ¢ *o= V(0). Hence (2. 6)
follows, in which ¢x(x) is given by

(3.4) $5(x) = 3 puu(®)0ua(E) -
(2.7) is obvious, since
(e 18]l = Dlpu) e M0<o0,  w>t,.

Next we shall show 1) by checking Condition B in §2. Fix a
positive time £. Then the ordinary successive approximation method
shows that r,(\) is regular on a neighbourhood U(y) of v by means
of (3.1) (cf. [8]). Hence e ™™ is analytic on U(y), and therefore

(3.5) S:Pt(x, dy)e™ = e P <oo | AeU(y).

Since B(v) is analytic at 0 and B(0)=r+, B(v) has the Taylor’s ex-
pansion B(v)=fy+§ b;v7. So
i>1
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[T 16 aux) = S una) 7
<eexp(x Tb;le ), w>t.

Hence, taking #, so large that y—glbﬂe‘f‘”’le U(v), we have (2.8)
by (3.5). =

Remark 3.1. If A(\) is defined and analytic until its value
goes down to —1, Z, in (3.3) may be taken to be 0. Indeed, if so,
B(v) is analytic on (—1, 1), (note that lim A(A)=1), and é(w)zB(e”“")

A
is analytic on w>0.

Especially ; if A()\) is analytic on A>r,, where v, is the other
solution of A(\)=0 (if it exists),” then A(\) satisfies the condition :
Indeed, in this case A()\) is analytic on A>1v, and lim A(\)= — oo,

A¥7,

Remark 3.2. ¢,.(x)=¢7"* X (a polynomial in x with the degree ).
This follows immediately from

> du(xp* = e exp (—x ; b;v7)

and the fact that b,=B’(0)=1/A'(v)=+0.
Note that in our case, the representation (1.10) of -, (\) turns
out to be

3.6) I (\) = B(e™*A(\)), for large f.
Proposition 3.1. If (3.1) is valid, then
3.7) dA) = yett AN Loy g fs oo,
A'(y)

or equivalently

3.8) E(e™) = e — g ANCT gmny  go fsco,

A'(y)
where 0(e™*) is uniform in N>y —& for some §>0. Furthermore it
holds that

eﬁyi+0(e“’“") as t—oo
A7) ’

Proof. Since B(v) is analytic at 0,

3.9) Plow<t)=e"—xe ™

3) This condition is always satisfied, if 4#(2) is supercritical with ¢=0.
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B@) = v+ B’'(0)v+0(%, v—0.

Hence (3. 7) follows from (3. 6). (3.8) follows from (1.1) and (3. 7).
Since lim A(A)=1, and B(e ") is continuous in » at v=1 if £ is

A>o
sufficiently large, we have r(cc)= B(e ) by (3.6). Hence (3.9)
follows.

84. A Spectral Representation with Continuous Spectrum
In this section, we shall examine a C.B.P., whose %(\) satisfies

4.1) AA) = APg(n), where 0<p<1 and g(\) is
analytic at 0 with g(0)==0.

Of course (4.1) is satisfied only when A(\) is critical. Since A(\) is
concave, g(0)<0, and we set a=—g(0) and B=g’(0)/2. Then if A
is sufficiently near 0,

MN) = — ax”"<1 —_g_ ) +g1(x)) :

where g,(\) is regular at 0 with g,(0)=g{(0)=0. Hence

1 1 B 1
= — -_— — )\,
A(\) NP amﬁvg( )
where g,(\) is regular at 0 with g,(0)=g4(0)=0, so that
LIL_Brogrrgm}, if p-1,
4.2) A = 01‘ . *
&5{§+c+7&‘1’g4(7x)} i 0<p<l,

where g,(\) and g,(\) are regular at O and ¢ is a constant.
As Karlin and McGregor [5], we shall show that for each suf-
ficiently small p>0,

(4.3) |1— g~ g]}’*’_el Rew>1, .
w

To make the situation clear, we shall divide it into two cases.

Lemma 4.1. If (4.1) holds with 1/2<p<1, then (4.3) holds.
The proof is the same as in [5] Lemma 5. But we shall prove
for completeness.
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Proof. Choose an & satisfying z(1—p)/2p<E<=z/2, and set

D(p, &) = {A;0<|n|<p, |argr| <—’2’—+8} -

Then it is enough to show that for each sufficiently small p,
a) |2A)A—e )| <Me** for all AeD(p, &), b) #(\) is univalent on
D(p, &), c) #(\) maps D(p, ) onto a domain containing a right half-
plane Re w>1,.

Assertion a) follows immediately from (4.2). The substituation
z=1/2\? maps D(p, &) univalently onto

Dyp, €) = {z; 12l>l, largZI<p<1+6)}-
p? 2
It is therefore sufficient to show that

z+ﬁlogz+gg<l>, if p=1,

o z

(4.4) ¥(z) = 1 1
z+c+z1‘”g4<—->, if —<p<1,

27 2
where ¢g=1/p, is univalent in D(p, &) and maps it onto a domain
containing a right half-plane.
From (4. 4) it follows that

I\#‘/<Z)—1'<LP, ZEDl(p7 8)

for some L>0. Suppose that z,, z, are distinct points of D(p, &)
such that v~(z,)=+vr(z,). Then

(4.5) 0= "vwd = @2+ | "wo-Da.

From the geometry of D(p, &), it is clear that there is a constant
K, depending on € but not on p, such that for any distinct points
z,, 2, of D(p, &) there is a path T lying in D(p, &) and jointing z,, 2,
such that

length T<K|z,—z,]|.

With this choice of the path of integration we have

P ©-var|<LoK|z -z,
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and hence if p is sufficiently small (4.5) is impossible, so y(2) is
univalent in D/(p, &).

The mapping w=+(2) sends the boundary of D(p, §) onto a
continuous curve in the w-plane. When z2— oo on the ray arg z=
(z/2+€), inspection of (4.4) shows that Rew— —co, Imw—+ oo,
since p(z/2+€)>=[/2. Similarly when z—co along the ray arg z=
—p(z/2+€), we have Rew—— oo, Imw——oco., It follows that the
image of D(p, €) contains a right half-plane.

Lemma 4.2. If (4.1) holds with 0< p <1/2, then (4.3) holds
for the analytically continued function é(w).

Proof. Let us use the notations in the previous proof. Also,
let R(p, &) be the image of D(p, &) by the function J~(2)/ap in (4.4).
Then the previous proof shows

(4. 6) d(w) = F‘T«}W’ weR(p, €),

and é(w) is regular on the domain, maps it onto D(p, &§). In this
case however R(p, €) does not contain a right half-plane. So we
shall take a new &>0 such that p(z/24&)>=/2. For this &,, the
previous argument shows that +(2)/ap is univalent also in the
domain D(p, &) and maps it onto a domain R(p, &) containing a
right half-plane. Hence » '(apw) is regular on R(p, &), and maps
it onto D(p, &,), so that HA(w) in (4. 6) is analytically continued on the
domain R(p, &), and maps it onto D(p, &) (={r; 0<|r|<p}). Let
Ow)=re®, 0<r<p, |01 <m/2+&. Then, (4.4) with (4. 6) shows that

—1

e i Y ia-p 2,ib0
+c+ﬁe g, (r?et?e) ,

apw = pr

Hence, we have

sup |[(1—e *0@\w|
weR(p,Eo)

~ive . .
< sup [(1—- e‘m'e)<——e e %e"l‘ﬁ)9g4(7"e’1’9)> |/ap
loI<wz+e, r r

< Me"™” .

Theorem 4.1. Let (4.1) be satisfied. Then the transition func-
tion P(x, E) admits a spectral representation
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@ PexB) = 1= B wEB)u, 1>,
%[0, %), BEK[0, )

where B,(x) is in L0, o) as a function in u. Moreover if p=1, B, (x)
is an eigenfunciion of PSx, E) when u is a continuity point of S,(x).

Proof. From (4. 3), it follows that the integrals
Sm Il_e—xa(r+is)'2d§’ r>t,

are uniformly bounded. Hence by appealing to the Paley-Wiener
theorem ([6] p. 131) we deduce that

(4.8) 1 —e 0w — Sme‘"’“e‘o“ﬁu(x)du , Rew>¢,,
0

where G, (x) is in L*(0, o) as a function in #. Hence (2. 6) in Con-
dition A holds with

(4.9) baul%) = 84,(0)— "B (x)du .
Take an >{,. Then Schwartz’s inequality shows that

(e 19y <1+ o) g,0x)

<1+ (5006‘2‘"’0)" du)llz(S: | B.(%)] 2a’u>1/2< oo,

0

Hence (2. 7) follows, and Lemma 2. 4 implies (4. 7) since &,(E)=38z(0)
by (2.1).
To show the latter assertion, note that (4.8) is written as

oo

1— e—xo(r+2vt,3) — S e—zvt;se—(r—to)uﬁu(x)du , 7’>t0,

and hence by Parseval’s equality and (4.3)

w _ Mz

27—t u . 2d < . sz, to-

Sue | B(%)|*du 2__(7—t0)e r>
So for w>r>t,, Schwartz’s inequality with (4.9) shows
410 [ e plam=t+ | e p. @) du

o0 1/2 [ (oo
<1 ([ermerran) (oo o)

0

S Mlepx ,
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where M’ is a constant independent of x. Since Z(\) is analytic at
0 by the assumption, we have

(4.11) [ P, ayyer <o,

0

for sufficiently small p>0. (4.10) and (4.11) imply (2.8) in Condi-
tion B. Hence by Lemma 2. 3, we see that ¢,,(x) is an eigenfunction

of P(x, E). The desired assertion follows immediately from (2.9)
and (4.9).

Remark 4.1. If g(A) in (4.1) is a constant, then ¢, in (4. 7)
may be taken as 0. Indeed, in this case, the radius p in Lemmas 4.1
and 4.2 can be taken as oo, and if 1/2<p<1, y(2) maps Dfco, &)
onto a domain containing the right half-plane Rew >0, and if
0<p<l/2, é(w) can be analytically continued to a domain containing
the right half-plane. Hence by the same arguments as in Lemmas
4.1 and 4.2, we have (4.3) for Rew>0, obtaining (4.7) for >0
(cf. Example 3 given below).

Proposition 4.1. If (4.1) holds, then

L+,810gl_7%(7n)+cl+0<(log t)z>, =1,

4.12) w0 at a’t? at? I
) A 1 ar(MN)—qc o 1 ., 1
- 40 _>, 0<p<1,
@y (N e <p<

as t—oo, where 0( ) are uniform in n>K for each K>0, and
a, B, q, ¢ are constants given in the proof of Lemma 4.1 and
¢,=—(Blog a+g(0))/a’. In words of semigroups, (4.12) means

1——x<—1—+’8 log ¢ _ﬁ(x)+c1>+ x* +0<(log t)2>
at ot ot 202 £/
(4.13) E (e ™) = p=1,
o1 ar(N)—qc ( 1 1
1- - +0 =
xk(apt)q (apt)qﬂ > 19 k2vt24>

0<p<1

as t—oo, The asymptotic behavior of the probability P,(o,<t) as
t—>co is given also by (4.13) with z(\) replaced by O.

Proof. Let p=1 first. Then by virtue of (4.2),
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(4.14) O(w) = &1;(1—9”@0) log Ow) +dw)g,bw)), w— oo.

Since é(w)—»O (w— o), (4.14) implies

by = Lro(2), weo,
ow w
which with (4. 14) shows
(4.15) b(w) — i+0(19%2ﬂ), W —> oo
ow w

Substituting (4. 15) into (4. 14), we have

b(w) — L(Hﬂ_?g_gw((jgg_zw_f)), W — oo,
aw a‘w w w

and hence, by (1.10) we obtain (4. 12) for p=1.
When 0<p<1, (4.2) implies

by = ~L(1+07L+0<l2))+@——@“’»(1+0(%>), w—> o,

opw pw w apw

and the similar arguments show (4.12) for 0<p<1. The rest
assertions are easily obtained as in the proof of Proposition 3. 1.

Remark 4.2. The higher approximations may be obtained by
the same methods.

Remark 4.3. If we assume
aN) = —an2(1+0(1)), Ay 0,

instead of (4.1), we have

ln) = (a;t)ﬁ”(?l?)’ b

§5. Examples of the Representation
Example 1. Z(\)= —a\'"*?+bn, a, b>0, 0<p<1. kh()\) is super-
critical and satisfies (1.5). The positive solution v of A(A)=0 is
(b/a)?, where g=1/p. #(\) in (1.8) is

R 1 ( b )
A)=—=logll-——]), >,
#(\) ity >v
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and the stationary measure is

(dx) = 2( )’ 2 dx

= IT(pl)
Since p=—H(y)=pb, A(\) in Lemma 3.1 is
b
A(\) = I—W’ A>0.
Hence,
&k (_i 1 gpi-t
(5.1) fwldn) = 234 )(-2) o8O

The inverse function B(v) of A(\) is
q
B() = ry<1+—1—_—> o] <1.
Hence, if we let
=1
(5.2) P, u(x)=1 7
1, k=0,

Ni,,_;
—~
ERr‘
~

I

Hr--k
~——
/
|
)
x
—~~
N R
N
——
=
\/
>

¢ru(x) is given by

(5.3) Prn(x) = e X H Py (x).

ky+otkp=k V=1
ky>V or ky=0

When p=1, the corresponding C.B.P. is a diffusion corresponding to

the backward equation
au 0*u

x~+bx

5.4
(5.4) ot o0x* ox’

(cf. [7]), and E,u(dx), Ppru(x) in (5.1) and (5. 3) are

(_ix)Lglzl(bx/a)dx/H 5,0), k>1,
Epuldx) = a
. de(o) ) k:‘O)
(-£x>L§,l_)1(bx/a)e‘7", E>1,
¢kﬂ~(x) = B
e, k=0,

where L{’(x) is the Laguerre’s polynomial. Hence
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Px, E\{O}) = S ¥me ™ | glymidy), >0,

where ¢3(x)=(—bxe™"*/a)L{*:(bx/a) and m(dx)=e""dx[x. m(dx) is the
canonical measure of the diffusion process.

Example 2. Z(\)=a(A+(b/a)?) "2+ b(N+(b/a)?), a, b>0,0<p<1
and ¢g=1/p. In this case %(0)=0, #(0)=—pb<0. Hence, &) is
subcritical. 4()\) satisfies (1.5), and the smaller solution —v, of
r(\)=0 is —(b/a)?. Moreover,

N § b
z(\) = 25 1og<1 a-‘—(xwyo)")’

and the stationary measure is

LAY AT
2(dx) pr‘f(a)lI‘(pl)e dx.

Eru(dx) and pu(x) are

utdn) = 31 (§ (%) S 0.0,

) = B TP,

1t tkp=k
ky>V or ky=0

where P, ,(x) is that of (5. 2).
When p=1, the C.B.P. is a diffusion with the backward equation

5.5 ou _
(5.5) ot o Fox

and the transition function admits the spectral representation
Px, E\OD) = B é¥me | siomian, >0

where ¢3(x)=(—bx/a)Li®(bx/a) and m(dx)=e""dx/x. m(dx) is the
canonical measure for the diffusion process.

Example 3. Z(\)=—ar'*?, a>0, 0<p<1. This is the simplest
case of (4.1).

1

t(AN) = ——, A>0,
20 par? >
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2(dx) = % dx,
par(p)
. oo —1_ _—11_ zxﬂ“l
£0) = 515 (— ) o da 00,
badr) = Sy L2 W g5, (0).

=1L (pa)” T(ql)

When p=1, the C.B.P. is a diffusion process with the backward
equation
ou _ a 0’u

(5.6) 57 P

and the transition function has the spectral representation
0

P BNOD = [T s i omidyyan,

where ¢3(x)=+/x/at(\/4ux]a)® and m(dx)=dx/x. m(dx) is the can-
onical measure for the diffusion.
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