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Iterated Hyperbolic Mixed Problems

By
Reiko Sakamoro, née Arma*

Introduction

Mixed problems for hyperbolic equations have been investigated by
many authors, but mostly in the case when the equations are of second
order or the case of one space dimension. In 1962, S. Agmon [1] esta-
blished a priori estimates for solutions of general mixed problems of
higher order hyperbolic equations with constant coefficients in a half
space. In the case of variable coefficients, there are recent works of
S. Mizohata [2] and of S. Miyatake [3]. In this paper, we study the
conditions for solvability of higher order mixed problems by means of
iteration procedure. We confined ourselves here to the case of half
space, but it is not difficult to see that our method is also applicable
to general bounded or unbounded domains.

In §1, we summarize L%*energy method in elliptic general boun-
dary value problems, due to Schechter [4]. We also clarify the
dependence on the parameters in order to apply his results to unbounded
domains. Here we consider even the case where boundary operators
are not normal. The existence theorem is proved in appendix, using
singular integral operators.

In §2, we shall study the iterated hyperbolic mixed problems on
the basis of energy inequalities.
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§1. Preliminary (Energy of Elliptic Type)
1. Fundamental energy inequalities.
In this section we consider polynomials of one variable:
P(&) =8+ @™+t an=a 1 (6—&)  (a,%0),
j=1
m—1
P’(E) :at’)sm+d{$m_l+ +a:n:a;];[1<$_$;> (al;:—_ :a;_I:O’ a;:‘g())
We denote

where D= e

u(@© =\ cmulnds,  0=Du0) for u@EDR),

1 d
dx

, then we have

D 10(&) = 9(8) +i(pa+E- ot -+ E0).

Let us denote

P&, s)=ays" "+ (@é+a)s" 2+ + (@& + - +@uy),

ﬁ(& w) :P<’5, Wo, **y wm—l) =0y W1+ (005+al)wnz_2+"'
...+(a05’"_1+...+am_1>w0,

then we have

P(DYu(&) = P(&)u(e) +iP(&, w).

Now we denote

P&, ) =Prw (&, 5) = P(E) P'(6, 5) — P'() Ple, ),
R=Rew=a;~'ad" T T (6, — &),

i=1j=1

then we have

Lemma 1.1. P is represented by

@(E, S) = ‘"ZZIqijSm—iSm-—i: (Em—l’ -, 1>Q<sm—1> ,
1

where

! ’
qi;= > avai—ana;,
hat=i+j—1
h>max(i,7)
m<in(, -1

det @=(— 1) gl R.
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Froof. From the definition of &P, we have
P s)=(as"+a "'+ +a,) {as" '+ (mé+a)s" 2+
ek (e )}
— (@™ +a e + @) {as" 7 + (@E+a) s+
v (@& )}
={(@& "+t a)a— (@ + @) ay s
+{(@e" 2+ +a,) (wE+a) — (@ '+ +a,) (aE+a)}s"?
e
+{@, (@& @) — (@& )}

= > (a,a;—ara)E"s" .
htit=i+j—-1
h2j>t

Now suppose that R=0, that is, {P, P’} has a common root &, then
we have P (&, s) =0 identically, which means that det@=0. Remarking
that det®) is a polynomial of degree m(m —I) with respect to (&, -,

Em, 5{, Y 5;’»1—1), we have
det@=cR,

where ¢ is independent of (&, -+, &, &1, ==+, &nr). It is shown easily

that c¢=(—1)2"0D gl
For the present we consider
P =¢"+a, 6"+ +a.,
Pl®=¢+ae ++a,,
where we assume that
la;], a5 <Cr' j=1,2,--,m (C>0, r>0).
Lemma 1.2. We assume that
| Reet| >cr™,
then we have
[P+ P& > (el +r)m for eeC?,

where ¢’=c'(C,c). The converse is also holds.
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Proof. Assume that
| Rppr | >cr™,
then we have
l&;—&1>c(C,or  4,7=1,2,--,m,
| P@ |+ | P©] =TL[e—¢]| +TT|e—&I>er)™ for §C".
On the other hand, we have
[P+ P (O1>C(CY(Jel +m)m  for [6]>Ci(C)r.
Conversely assume that
[P+ P> +7)m for eeC.
Let ¢=¢;, then we have
| P'(g) | > (1€, +r)m>crm,
therefore
|RI = TLP/(8) | ¢
Lemma 1.3. We assume that
[P+ P& >c(lel+r"  for R (¢=>0),

then we have for us&r:(0, o)

%S:{leu(x) |24 lu(x) | dx

<" P@u 1+ | PDu)| dx
+C {7 [ons| 2+ 7" a7},
where C'=C’'(C, c).
Proof. Let
P(&)=Frte,
then

P12+ P '3 P75 (1e] +1)™



Itervated Hyperbolic Mixed Problems 5

Now we have
~ T

| PDYu®) |+ P'(Du(®)|*— 5| PD)u(®)|*
= | P&u(®) +iP(E, o) |*+| P (©a(®) +iP' (¢ w) |*
~ 2 PO#E) +iPiEw)|?
—(1PI*+ ] P'I*= 33| P19 il *+ 2 Re i(PP+ PP~ 3 P P)u)
P+ P -3 Bl
PP+ PP -3 PBP, |
[P+ [P =3[ A’

ESPPP’|Z_Z{QJPP,,IZ_Z'QP’Pk!2+j2klgDP;Pg}2
| PI*+ | P'*—X| P.)? ’

=PI+ | PP S PID|u+i

+

From the representation of & in Lemma 1.1,

[ 1P 1+ 1 P Do) 1~ 5 A Do) 17 e
(oo ( é lél m_'r”j-l}wm—ji )2

>-CCO\ T grpgw

>-C"(C,c) z (' H )

Lemma 1.4. We assume that

| Repr | >er™,
then we have for ucE7:(0, o)

C’{rlw,,,_1§2+---+r2’"‘llwolz}<8:{|P(D>u(x)l“rlP’(D)u(x)lz}dx,
where ¢’ =c'(C,c).
Proof. In the same way as in Lemma 1.3, we have
— S~
| P(D)u(g) [*+ | P'(D)u()|*

— 2 /12 1 ﬁﬁ’f’ﬁlpji_z IQDPP’]Z
P P e e o | Py P

From Lemma 1.2, we have

[ P2+ | P> (Cy o) (J&] +7)2 for e R
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Hence we denote

| P+ | P/[P=T1(¢—¢) 2 11 (6—&) =P} P,
j= J=m+1

where
Imé&; ¢, (C, ¢)r>0 j=1,2, -, m.

Then we have

» PG| el 2N
S-m PO+ | P @ @)@

(1 P P dE)Q<>

Wo

= (E)m—-ly Y d’O) Q*EO Q(a)m——l> >
(O]
where we have

det Eo = ‘(g@l-- .

m

1P/ (&)
s
Now we denote
Agm——j:rj—%a)m—i j:]" Y m

and

(d’m—ly ) @0>Q*E0 Q(a{m——1> - ('Em—l) Yy 1!1-70) El (Qm—l);
@

®o

then we have, from Lemma 1.1, that the absolute value of each
element of £E; is bounded by C’(C, ¢), E. 1is positive, and
IdetE1 l > (C, C>>0

Lemma 1.5. We assume that Imé&;<<0 (j=1,,m) and
| P(&) | >c(ll+7)"  for éER

Then we have, for usEr(0, o),

(1ryu praz=e| 1 Drucn):
7 D () |2 (%) |

Proof. The unique solution of P(D)u(x)=f(x) (x>0) is given
by
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M(x) :i_gm ei:E ﬁé) ds-

e B (x=>0),

then we have

D)= L7 e 81 ©)
D" u(x) o &_we P de (x=>0).

Therefore we have

U Sirpuoas— {7 =

1,] Em—17<§>—
2n

2 l oo )
L ‘ d5<780 | F(x)]%dx,

o0 j=0

Here we introduce

My (&) =¢+iKr  (K>0),

then we have from Lemma 1.5

nS‘”z D u(x)] 2dx<8: | Mo(D)*u(x) *dx

<a S Du) .
0j=
Finally we consider the general case when

m

P(E) :Elll+a1$’)'_1+ ea, = I (5—51>7
ji-1

m’

P/' (g) :Eml _{_ a:'lfm’-—l + v _!_ a"", = HI(E ——-5;) ,
iz
where we assume that

]aj]<crj (j:17'“:m)) |a}|<07’j (j:]_’---’ m,>-

Proposition 1.1. We assume that

[P | ™+ | P/ | ">c(|&] +7)"

for ee R (c>0).
Then we have for neE {0, o)

S”z L7 D u(x) 2dx<CsS: {21 ¥ DI P(DYu (%) |2

s—m!

+§0 |7 D P (Du(x) 13 dx+Ci{r|o, |24+ 47> w2},

where s>max(m,m’) and C,=C,(C,c).
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Proof. Let
Q&) =M, (&) P(&),
Q&) =M. (&) ™P' (&),
and apply Lemma 1.3 to {Q, @'}.

Proposition 1.2. We assume that P, P’ are decomposed in such
a way that
P:POP(—)) P,:POI (I—-),

where all the roots of P, and P, have negative imaginary parts
and
| Py (&) [ >c(l&l +m)m™, [ PL (&) 1 >c([el +m)™ ™ for R,

{ RPDP(') I >C?”“L/.
Then we have if u belongs to £;3:(0, oo),

cg'”z; D u(x) | *dx

oo s—m

< S P 1+ 1D P (DY) d,

where s>max(m, m") and c,=c.(C, ).
Proof. We have
[S,!,ISH<C0<C>V i:]ﬂ”"m: j:1,"',m,.

We denote
(&) =M, (§) P (8),
Q'(&) = Mic,(§) ™ P (),
then
| Roor (6 1 > (Cor) ™| Rpyry| >cC 7.

Therefore we have from Lemma 1.4
a(C,c) S:Zﬂl "D iu(x)|dx
<Sm {ZI P DI P (D)u(x) |+ z | D B (D) (%) | %) dx.

On the other hand, we have from Lemma 1.5
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S:! My(D) " P(D)u(x)|*dx— S“’ | My(D)" P,(D) Py(D)u(x) |*dx
>6(C, ) S”zy #D— P (D)u(x) | dx,
S” | M, (D) P'(D)u(x) | *dx

>c:(C,¢) S:ﬂ 522,] 7D Py (D)u(x) | %dx.

2. Hyperbolic polynomials.

Let P(z, & 71, 72 '+, 7.1) be a homogeneous polynomial of degree m,
where the coefficients of " and &” are not zero, which we denote

P<T, 57 77>: Z pzjvT'Ejnv
i+i+ vl =m

:pofm +p1 (S; 77)'5"1‘1 dee _l"pm<6y 7/) :po '1:-—[1<T_Tj(5’ 77)) <p0#0>
=a&"+a(r, )&+ tan(t,n) =a ﬁl<5_5j<7: 7)) (@=0).

We assume that {r;(&%)};-1,...n are real for (& »)=R", which we say
that P(x, & v) is hyperbolic with respect to . Then z of {ry, - -, Tm}
are negative and the others positive for £=>0 and =0, therefore u of
{&, -+, €.+ have positive imaginary parts and the others negative ones
for Imr<<0 and »= R"*, which we denote by {&, -, &} and {&, -
&n-.; respectively. Here we denote

’

m—p

P& =lE—¢Gn), PEén=all E—&GEn).

Next we consider another hyperbolic polynomial P’ of homogeneous
degree m’:

P'(z, &) =i+j+% =mg>,'jur"$j 7' = Do ,-EIl(T —7;(& 1))

m/

=@l (& —&(e,n) =Pi(s & 1) PL(z, & ).

We denote the resultant of {P, P’} with respect to r by

m m/

R%P/ <S, 77) = RO (S, 77) :psﬂj)lljmgl ir;[l(T' (S) 7)) —T;(E7 7)))’

and that of {P., P.} with respect to & by
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Rp ri(z,7) =R (z, ) = I jl;Il(E? (o, ) —&7 ().
Here we assume that

(D) (Eil;lfm | R° (&, 7)| =k:i=0,

€]+ [l =1

(ID inf JR+<T’ 7) | =k.%0.

Im7<0, nERe—
[zl + Inl =1

Now we denote
max(!piiv!, Ip;ivlr lpolﬁly !p(,)['l’ Idol-l, la(;i_l):K7
then we have

Lemma 2.1. (D) is equivalent to the following: iheve exists h=0
such that

(I inf P &)+ PG 6 ) | " =R()>0.
|f|+';sr+[,;;"fl )
|[Img| Zh

More precisely, if we assume (1), then there exists h=h(K, k)>0
and k(h)<<h, and if we assume (1), then ki>c (K, B(h))>0.

Proof. Assume (I). Since Riupwm=(Rp)"™, we have from

Lemma 1.2
inf  {{ P& "+ P'(x,§9)|"} >c(K, k)=>0.

7&ClL, (&, ) ER
Iel + [E] + [n] =1

Now we denote, for £, Ref=x, Im&é=p, then we have
P(z, a+1B,7) = Pz, @, ) +BPi(z, &, B, 7)),
P'(c,a+1B, 1) = P'(z, @, 1) +BP (r, &, B, n),
where
| Pi(e, a0, 8, ) |<C(K) ([ +[&] + [9] "7,
| PY (7, e, B, ) | <C(KD) (e + €] + [9])™ 7
Therefore we have
VPG &) ™+ P(e, 6, 0) "
> P a,) ™+ P(e,a,n) ") —C' (KB (Ie] +1&] + 71D,

and then there exists ¢’=c¢’(K, k,)>0 such that
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inf  {[P(, &) "+ P (&))" >C
TeCl,(eCl, geRr-1
Izl + [&] + [n] =1
[Img|<Cr

The converse is shown easily.

Lemma 2.2. We assume (I) and (11). Then P, P’ are de-
composed into
P:PDP(_), P,:PO’ (,—-)J
where

lnf ' RPoPé (\Ty 7}) ! >c,7
Iint 20,y R?-1
Iel + [n} =1

all the roots of P.,, P, have negative imaginary parts, and

inf |Po(nenl, inf PG g0

Tmz . 0,(3,n)=R Tmz- 0,(&,7)ER"
17l + [&] + [y =1 [ol + [&] + [n] =1

where ¢ =c' (K, ki, ky)=>0.
Proof. From Lemma 2.1, we have the two cases for &,(r,9):

1) [Imé;(z, n) | > (] + [21),
i) 1Imé& (e, n) << (el +1n]) and | P'(z, &z, n), n) [ > (U] + 2™,
for Imr<<0, y€ R**. The analogous situation holds for &;. Now we

denote
-P(O)(Ti Ev 7]) = II (E_EJ_ (T) 77))’

Img7 (T, m>—c/ (|7l +[a])

P(—) (Tv E’ 7}) =0 II

Imgg(r, n)<—c’ (7] + [ul)
P0<T7 éy 77) :P+<Ty E» ﬂ)HO)(Ty S, 7])»

where the degree of P, may vary with (¢,7). We define Py, P,

N\

E_Si_(T’ 77>>,

P, in the same way. Since we have

RPUPS - de 24 RPJ’ RP(O) P RP(U)P

7’
[©) ?

we have

inf I‘IePoP"J (T) 77) I >C<K, kl; k2>>0-

Tmz<0,neR" -1
IT] + |n| =1

Now we denote

2=\ | S |eDiDsuCe, ) dxdy.

R% 4 j+ |v] =s
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Proposition 2.1. We assume (1), then we have, for us Di.(R%),

el <l Pz, Dsy D) tllsom,e+ | P (2, Dy D) thllsmre for Imz<20,
where s>max(m, m’) and c,=c,(K, k;)>0.

Proof. Remarking Lemma 2.1, we only apply Proposition 1. 1.

Proposition 2.2. We assume (1) and (1), then we have, for
ucs:(RY),

cllulls <\ Pz, Dsy D)wl|sme+ | P'(z, Dy D) ttll s, for Imr<0,
where s>max(m, m’) and c.=c.(K, ki, k) >0.

Proof. Remarking Lemma 2.2, we ornly apply Proposition 1. 2.

Finally we consider the case of variable coefficients:

P(x7 .yr Ty Ea 77): Z pijv(x: y)'l"fj??”,

i+i+ vl =m

P(x,y;0,6&n)= > D% nréy,

i+j+ || =m/

Where P,ﬁ,(x, y)r p:fv(xy J’)G—@(Ri), and
(xigikn{lpmoo(x, Iy 1 Donoe (2, )1, 1 Dron (£, ) 15 1 Powno (%, ) 1} 0.

Theorem 2.1. We assume that P, P’ are hyperbolic with respect
to v for each point (x,y)E R, and
(I) infR”lR%P/(x,y; 5;”)!#0

(x,y)ERE

&, meRrn
€] + [l =1

(ID) inf [ RE (0,95 7, 2) | 20.

Imz<0,yER"-1
Izl + [l =1

Then we have for us (R}
HP(JC, Y57 Dx, Dy)”l's—‘f't,1+ ”Pl<x»y; T, ny Dy)””:-—m/,r>cs”u“s,-:

Sfor Imt<<0 and |<|>C,, where s>max(m,m’) and c,, C, are positive
constants.

n

Proof. Using partition of unity in R%, we apply Proposition 2. 2
near the boundary of K% and Proposition 2.1 in the interior.
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3. Lopatinski’s determinants.

Given a system of polynomials {A(¢); B:(£), -+, B.(£)}, we define

1 £ B:(&)&~ ds) ,
i, i=1,,m

Lopatinski’s determinant of {A; B, -
L. ; , ---’ m fr— ( n
op{A4; B, B,} =det o ) A

where I" is a simple closed curve enclosing all the roots of A.

Lemma 3.1. Let A(s)=__f"11 (6—¢&), then
B1 (51) B1 <$m>

B, (&)B.(&x)

1
. V=
Lop{4; B, -+, B} 1 (&—4)

Moreover if {B.,---, B.} are given by
(BI. © ) = (bu b><s> =93 <s_""1\ ;
B?:l (S) bml i 'bmm i 1 /

then
Lop{A; By, -+, B,} = (—1)#™ det B.

Remark. Let
BJ<$): <E>Cl<é> (j:1; 2’ T m)

then
Lop{A; Bi, -+, Bay = C(¢)Lop{A; Gy, -, Co}
Proof.
_ B.(en& )
Lop{A; Bi, -, B.} =d ( RAGHL
Op{ } et Zk Ek(‘fk_51> 1, i=1,,m
& 1
=|B(&) ---B,(&, 1
@B e e 8
gt 1
Bm ($l> .t .Bm (E"’) II\_—I (Sm _El) Il:-_[ (Em _EI>
- 1
I 1\ = ml’—-———ll“'lm
BT e e
B,,, 1 -Bm (El) "'Bm (Sm)
_ 1 e m—=1_  zm—1 —( _ %m(m—l)
IGEEIN Lot | S I
’ bml”'bmm 1 b 1
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Lemma 3.2. Let
AO=TI(E—8), AEO=T(E-E),

and let {Bi(¢&), -, B..(&)} be divisible by A(¢). Then
LOD{A; Bl: Y Bm}LOp{A/; Bi; ) Br’n/}
= <*1>mm/RAA’LOp {AA,; Bl; ) Bm» B{, Ty B,:;I}-

Remark. Let

Bi(&)=A&)Cj(e) (=1, m")
then
Lop{A; B, -++, B,.} -Lop{4’; Ci, -+, Co}}

=L0p {AA,; B:[, oty B,,,, Bll, oy B,;/}.

Proof. Since Bi(¢)=0 (z=1,--,m’, j=1,--,m), we have from
Lemma 3.1
LOp{AA’; Bly Y Bm; B{; ) 7,11’}

_ det(B, (Ej))i,isl,---,m det (B:<é;)>i,i=1,---,m’
(& —&) (& —&) IL(&—€)

D™ Lop(d; B, -, B} Lop{A'; Bl -+, Bub.
aa’

Hereafter we consider {A4; B, -+, B.} in the following situations:

Let

A ="+, "+ +a,=A, () A(8),
A& = jli(s—s,-*), A (9 =jr;1:(s—$;>,
where {&f};.. ... have positive imaginary parts, {£;};-1,...n-. have nega-
tive ones and
]a,-]<C1’j j:]-;""mr
[A.(&) | >c(|&] +7)" for £eR,
lA_(&)|>c(l6] +r)m™  for SER.

(B];(E>> = (bll '“b1m><$'m_1> )
Bu(é) bp.l “'bum i

b, <Crre,

And let

where



Iterated Hyperbolic Mixed Problems 15

Proposition 3.1. We assume that
|Lop{A,; Bi, -+, B.} | >dymttruhuen)

then we have for usEi2(0, o)
cg‘” S Diu(x) | 2dx<8: z[ i DAD)|dx+ S By (0) 17,

where s>m, ¢,=c¢,(C, ¢, d)>>0.
Proof. Let us denote
B.(&) =&"1A () (k=p+1, - ,m), (B\=B(T,
=) 1)
then we have from Lemma 3.1

LOp {A—; Bll-+17 Ty Bm} :W{_—E;T A+(El—>“' _A+<51:—u>
i>i E;A+<Sl—> "'S:n—uA-;-(E;—-;u.)

=A, (&) A ) =1 R, 4
and

Lop{A4; B, -+, B,} = (—1)#" " det 3.
Therefore we have from Lemma 3.2

Lop{A,; By, -+, B} = (—1)H= w0 det 8,
Now let

1

(r’n—’l—f. ><Bl ) : H<r%: )(Ejﬂ_1> |
;.m—rm—% Bm 7/',,,#% 1

then we have |det H| >d, and then every elements of H™* are bounded
by C’(C,d). Therefore we have

37 o, |<C'(C D)7 By
On the other hand, since
71 B, (o) "<\ (| DB, (D)u(w) |*+7* B, (Dyu(x) | Dd,
we have

3 720D By () P 3 {Sm< | DA (D)u(x) |?

J=pM+ J=n+ 0
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+7* | D7 AL (Du(x) ) dx} <2’§r““”"”8:1 DA, (D u(x)|*dx .
Then we have from Lemma 1.3
e(C,c, d)S: S D )| 2dx<S: | AD)u(x) | *dx
£33 AB @) |+ Sl DAL D)u) 1,

and we have from Lemma 1.5
(C, 0) S” Sl DA (Dyu () | 2dx<8: |A(D)u(x) |*dx.
0 j=
For s>m, we put AM*™ instead of A.
Next we consider an adjoint system of {4; B, ---,B.}. Let us

denote
Z(é) :$1n+515m—1+ e +am s
Ag, )= (&, 1) /0 Q-0 1 s.m—lw: (&1 e DA/ /s,

01 a :
Vi N i
and
(u,v) = S:u(x)mdx.
Since
(D'u, ) =i {D"" u(0)v(0) +D**u(0)Dv(0) +--- +u(0) D" v(0)}
+ (u, D'v),
we have
(A(D)u, v) — (u, A(D)v) =i (D" v(0), -, v(0)) A D u(0)) .
( #(0) )

Now we assume that
Lop{A;; Bi, -+, B.} =0,
which implies that det $=0, then we denote
Bi(€)\ = (B A" (e .
<Bi<s>> <i >
Here we have
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Proposition 3.2. We assume that
|Lop{A,; By, -+, Bu} | >dyrtirabuu,

then there exists a system of polynomials {Bj, B}}j-,...n, and it
satisfies that

(ADY, v) — (u, ADYv) =i 23 Bu(0) B;o(0) for u, vEEL(0, ),

and
‘LOp{fq—y Bl"-+1’ ) B',n} ]>CO<C’ d>>0

Proof. To show the last statement, let
u(x) =%,  p(x)=€%",

then we have

> B,(&) Bi(&) =0,

that is,
<BI(S;>...B1’H(E;>><B£(§) "'B;<6—;—H>>:O'
Since B,(&f)=-=B,(&)=0 (k=u+1,--,m), we have

Bi(&)=-+=Bi(&-.) =0 (=1, -, ),
that is, {Bi(&), -, B.(£)} are all divisible by A (¢). Now let
Bi(&)=A (&Ci(® (J=1, -, ),

where the absolute values of the coefficients of {C;(¢)} are bounded
by a positive constant K=K (C, d) if =1, then we have from Lemma
3.1 and Lemma 3.2

LOP{E_;C{, Y CH’-} Lop{z‘—l—_; I~’L+1) ) BW’I}
:Lop{E Bfll-+17 Yy Bnﬁy B{) ) B,,: = (_1>M(’n-“)L0p{Z; Bll, "ty B,,’,}
= (— 1) (— 1) det (B *A*) = (—1)*" = (det B) .

Finally we consider equivalent boundary conditions. We say that
{B:(&), -+, B.(&)} and {Bi(£), --, B.(&)} are equivalent, if the condition
{B;(D)#],.o=0 (j=1, -+, )} is equivalent to the condition {B;(D)u|,-.
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=0 (j=1, -, )} for ucC~(RY).

Lemma 3.3. Let {B,(&)},-1.... and {B;(&)};_1... be sets consist-
ing of linearly independent polynomials of ovder less than m.
Then, in order that {B;(&)} and {B,(&)} are equivalent, it is necessary
and sufficient that there exists a regular constant matvix

C = (C“n ...C.m>
Cor-Can

(Bl. (5)> =C (1’32_(5)) :
B.(®) B.®

Proof. Let us denote

such that

Bi(®)=3bst"" Bi@=2bus"" (G=1, ).

Then, in order that {B;(¢)} and {E,(E)} are equivalent, it is necessary
and sufficient that

<b}1 . 'b.lm> <U].m—-l) =0
b'ILl...b‘p,m Ci;o
)
AW

wm’ o

is equivalent to

for (@m_i, -+, @) EC™, that is, the space gemerated by {b;= (b, -,
Oim)}jo1,-.« 1S equal to the space generated by {3,:(’17;1, ---,Em)}j=1,...,“.
Hence we have
ijECjkE j:]-: Tty M.
Corollary. Let B,(&) be a normal set such that

bjlz"':rb\;'m—sl—lzoyfb\;m—si::l (j:]-a Y /'5)’
and

Si3¢s; if 17,
and let
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Ibik|<cll [bNikl<C2 <j:1,'“nur kzl,"'7m>-
Then there exists a positive number 6=056(Cy, C,) such that
|Lop{A,; By, -+, Bu} | >8|Lop{A,; By, -+, Bu}|.

Proof. Let us assume s;>>S,>--->>s, without loss of generality.
From the Lemma 3.3, we have

blm—s; blm——sg"'blm—su :C 1 blm—sz blm—sa“'b]m—sﬂ )
b2m—s1 b2m—sz'“me—-—s,4 1 b2m—sa“'b2m—s,1

..................... 0 - |
Bum s Brmsa®*Bumss 1/

therefore we have

le;| <K(Cy, Cy) (G, 7=1,, ),
hence
|det C 1<K, (Cy, Cy).

On the other hand, we have
Lop{A,; By, -+, B.} =detC-Lop{A,; B, -, B.},
then

|Lop{A,; B, -, B} | > [Lop{A.; By, -+, Bu}|.

1
K1<Cl; cZ)
4, A-elliptic (2<<0) operator in R%

Let us consider

L(.’)C,y, Ar EJ ﬁ)Z{ACX:’ya X,E, 77); Bl(_yy /I; é; 77): R Bm(y; A 57 77)};

where {4, Bs, -+, B,} are homogeneous polynomials of degree {2m, 7,,
---, 7,3 with respect to (1,&,7):

A="+a,(x,y; L n)E" 7+t a(x,¥; 4, 1),
szér]_‘_birn——rJ\I(y; x) 77)5’.[‘1_;_ '“+bim(y; Z7 7])7

where the coefficients of A and B; belong to B(R%).
Now we assume that

inf A(x,y; 2,8 7)] %0,
(x,9)ER}
A>0, (£, n)ER
AL+ 1El+ -1
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then we can decompose
A:A+A—:El($—éf<x’ y; A’ 7?))]1}1(5—5; (x; y) 2; W))'

We denote Lopatinski’s determinant of {A4.,(0,%; 4, & 7); B:(¥; 4, &),
-, B.(y; 4, &%)} with respect to & by Lop{A,; Bi, -, B.} (¥; 4, 7).
We say that L is t-elliptic (2=>0) in the half space R%, if

infR |A(x,y; 2,8 %) | =0,

1)\|+| |+|n] =1

and
lnf lLOp{A+; Bi; Ty Bm} (y; A’ 77)! ﬂ\:o'

236, nER ~1
1Al + [n] =1

We denote

L(x,y; 4 D., D)u(x,y)={A(x,5; 2, D,, D,)u(x,y);
Bl(y) A’ Dx: D,)%(O, y)y B Bmcy, /Iy Dx’ Dy)u(ox y)}»

then L is a bounded operator from &£3*"(R%) to
En(R) X TIER™ (R (=),
=
Let F={f; g1, '+, 9} belong to 9., we introduce norms of F in O, by

UF W= ot 28 Dtnrsopr

where s is a non-negative integer, « is a real number, and

17a=\,, > [¥DiD:f(x,5) %dxdy,

RY i+j+|v] =s

(&= (121" 121918 1,
where
gl = SR e7g(y)dy.
Theorem 4.1. We assume that L is 2elliptic (3>0) in R,
then we have
Nl om e en<lCo(N Lulls, a4 ll2el])  for 2>0,
where ue G (R (s>0).
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Proof. Using partition of unity in R, we apply Proposition 3.1

near the boundary of K% and Proposition 2.1 in the interior.

Let us say that Lu=F is solvable at 2, if for any FE9, there
exists a unique solution #=EL(RL).

Theorem 4.2. We assume that L is i-elliptic (2>0) in R,
then Lu=1F is solvable for 1>>1,, where A is a positive constant.

The proof is given in the appendix.

§2. Iterated Hyperbolic Mixed Problems

1. Hyperbolic energy.

Given a system of m-+1 homogeneous polynomials with respect to
(v, &)

L(x,y; 0,6 ={Ax,y; 0, &7); Bi(y; .60, -, Bu(¥; ©, 6,9}
(x>0, yeR),
whose degrees are {2m; 74, -+, 7.y (0<7;<2m—1). We say that L is
c-elliptic (Imc<<0), if L{x,y; i &) is relliptic (1=>0) for each
(0<<6<<m). We say that L has the energy imequality of hyperbolic
type, if

Ilullz.,,~1,7<~|—h%ﬁIllLulllo,T for Imr<<—yy (:>>0).

Now we consider

Li(x,y; 0,60 ={A4xy;,6&n); Bu(y; 0,69, -, B, (¥; 7, & 1)}

(I=1,2,--,N), where the degree of A, is 2m, and the degree of B,
is 7,;. Here we assume that

i) each L, is r-eiliptic (Im=<<0),
ii) each L, has tiie energy ireguality of hyperbolic type,
iii)
(D (x’iyz)ﬂefm }};IjRghA,(x,y; & 7)1 =0,

(&, n)ERn
[l + [nl =1
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(II) lnf ' ‘:[]_R:iﬁl (O: J’, Ty 7]) ] ﬂFO
Im-:fol,a:,_elR"—l '~
lzl + Inl =1
Now we denote
N
A(-x,yr 7, §, 77) :ElAl(x;y; 7, §, 77)7
Qk(x7y; 7§, 77) :EkAl<x7y; 7§, 77) (k:]-: 2; Tt N)’
Bml+"'+m1—1+k(x’ y; Ty E) '0) :Blk(y; T, E, ﬂ)Ql(x? y; ) E; 7])
(k:]u 2; ) ml; l:]-, 2$ T N)’
and
L(x’y» 7, §, 7])
={Ax,y; 0 &5 Bi(0,9; 7,61, -+, Ba(0, ;5 ¢, &, 0)},

where m=m,+ - +my and?, .. inipe=2(M—mM,) +74.
Lemma 1.1.

N
LOD{A+; Bn ttty Bm} = HRA:'A‘;. HRA;'A' II LOP{A?L; Bm RS B/m,}-
i<j icj Ti=1

Proof. Let’s denote for £=2,3,---, N
Q&k):AzAa“'Ak ,
Qék):fh AB"'Ak )

............

Q;k):Al.Az"'Ak-—l s
AP =A, A, A, (=QED),
{B®, BP, oy, B im} = {Bu 2, Bl’“ngk)’
oo, BuQ®, v, B, Q%)
then

Q§'N):Qi (]:1) ) N)) {A(N); BiN)y "ty Br(rtN)} = {A, Blr Y Bm}-
Now we assume that
LOp {A(k); B{k)’ Y Blslk)+-" my
P
= TII RA:A‘ II RA;A“ HLOP{AT; Bm Tty Blm}'
i Ji-1

[AEAY 3
ij, <k

On the other hand, we have
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Lop{A®; B, -+, Byl i)
=Lop{AY; B A, -, Bulleom Arir}
=Rywa,., Lop{AY; Bi”, -+, Bilssm

Lop{4ii1; Bl wmen 0 B omen)
= LOD {AI-:-+1 ’ Bk+1 1 A(k), Ty, -Bk+] My A(k)}
= RA£+1A<"’L0p {Afe; Biiin 5 Bt

and we have from Lemma 3.2 in §1.

k k
Lop {A( > B(k+1) ° Bfnﬁtl) +”1k} Lop {Ak+] y B»(nl-l-l:l +mp+1ly | Br(n,i+1) +m1,+1}
= Rig..a2 Lop{AL™; BE, oo, BAYY

myemperS o

Therefore

RAZﬂAi") Lop {A§k+l) .\ B§k+]) B(k+‘l)

my+ +nu+1f

:RA“‘)A,MRAMM“ I RA rat H RA r4; H LOP{AI ; Bll,v ) B/m}

i<jsk
1,72 k+l

*—RAMlA(") H R,ﬁA* H RA A—H LOD{A[ ) Blla Y B/,,,}.
i<jk+1
hisk+1

Lemma 1.2. We assume that {A},-.....n ave hyperbolic polynomials
and salisfy the condition iii). Then we have for us&¥h(RL)

N
csilu\|s+2m,7<§!i€?z(x,y; o, D,, D) ulls 2m, . for Ime<<0, |c|>C,,
where s> —min{2m;, ---, 2mn}.

Proof. The case when N =2 is showu in Theorem 2.1 in
We have

[Zog]
=t

*(x,9; 7, D.,D,)=Ax,9; v, D,, D)V P (x,9; 7, D, D,)

+lower order terms,

Qék)<3\7,y; Ty Du D,v) :Ak(xr y; T, D.\') DV)Qék—])<x7y; Ty D” Dy) +1'O't"

RPvx,y; o, D.D)=4 .y, , D, D)OSP(x, v -, D, D) +1lo.t.,
;;k)(x)y;f ’ DM DJ') :Al(x) y; T’ Dx! DJ)Qik_l)(x7 ya T7 DJH D}’) +l'o't‘
=A,(x.y; <, D, D)V (x,y; 7, D,, D,) +1lo.t.
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=A4,.:(x,9; v, D., D,)Q%¥3"(x,y; =, D., D,) +lo.t.
Then we have for 1<j<lk—1
”Q;’k)uHS+2mj,T+ U l(?k)uliS+Zrnk,T+ HM“HZ(m1+---+mk)-1,-r
>csI;Q;'k_l)u“swmjﬂmkﬂ ’

therefore we have

k k=1
= IiQﬁ’”ulls+zm,-,T>CQZI Q5 2| ss2m 1 2mr -
i= j=
Here we have only to use the mathematical induction for k.

Proposition 1.1. We assume the conditions 1), ii), iii) for
{L}—1,..n. Then L becomes also t-elliptic (Imc<<0) and has the
energy inequality of hyperbolic type.

Proof. c-ellipticity (Imz<<0) of L follows Lemma 1.1.
To show the hyperbolic energy inequality for L, we denote

A(-xry; 2] Dz, D.v)
:Al(x)y; T, Dz) Dy)Ql(x: y: T, Dx: Dy) _'_A;(x)y; T, Dx) D:V)

:AN<x;y, T, -Dx; DJ)QN<x’y; T, D.n D.V) +A;V<x1ys T, Dx) DJ)
B”'1+"'+m,_1+k<x}y; T D:n D!)
:Blk(y; T; Dxr D)')QI(x; y; T, ny DJ') +B;¢1+"'+m,_1+k<x7 y; T) Dz} DJ'))

where the order of A’ is less than 2m and the order of B; is less

than ;. Now we denote
A(x,y; <, Do, D)u=/,
Bi(%,y; 7, Dy, D)l co=g;  (§=1, -, m),
Q(x,9; 7D, D)u=u, ({=1,-,N),
then we have
Au,=f—Au,
Buthlseo=Gusssmy st Blsroimyithl o (B=1, -, m,).

Since each L, has the energy inequality of hyperbolic type, we have
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HMIHZMI—I 'r< ‘I I {|IfH + HAIMH +2<gm doebmy_ 1+k>2m1_'lk_% T
+ 2 <Br,n1+--~ml_1+kul z=0>2m,—r,k—% ’
k=1
e V1 EoD > I S S E ¥ N
II 7-'] J=mpeedmy_ +1

for Imr<<—y, (I=1,---, N). Summing up them with respect to I, we
apply Lemma 1. 2.

Example. Let us consider

Az, & 9) =" =2t —{a&®+ (a+1)v*} (a>0)
== (E+V @+ DE )} - -V (er D) (E 7))}
The common root of {A., A.} (a>xa’) with respect to ¢ must satisfy
dA,—aAs=(d —a)(*—2c6—7*) =0,
therefore

7+ |c]?

ImSz————ZIT[2

Imr,

that is, no common root is on the upper half plane, whenever Im<<<0.
Now let

LJ:{Aa,-; 1} (]:1,,N>,
where 0<<ay<<a,<<---<<ay. Then {L,};_. ..y satisfy i), ii), iii).

2. Hyperbolic energy (continued).

In the preceding section, we assumed i), ii), iii) on L, but (II) of
iii) seems too strong restriction on A. In this section, we assume i),
ii) on L. If we try to drop (II) of iii), A is forced to be combined
with another appropriate boundary conditions {C;};_; ... of different type
from {B;};.1,..... Let us find sufficient condition on {C,}, in order to get
the hyperbolic energy for M= {A; C,, ---,C.}, where the degree of C;
is 2;. For the simplicity, we assume that M(0, y; r, & ») is independent
of y for |y|>R.

For each point (¥,t,%), A4,(0,9; ¢, & v) is written by

AI(O)y; 795: ﬂ)zSICy: T é: 77>P1<y: Ty S: 7))7



26 Reiko Sakamoto

where {S,, P} are polynomials of &, the roots of S, are also the roots of
N
@,=II1A.,, and the roots of P, are not the roots of §,. We denote S=115,,
B =1
the degree of S, is u, and the degree of S is s

Here we assume
iii)’ (0) M is r-elliptic (Imz<<0),

(I) inf 1<,R$,A,(x,y;s,v>lﬂv0,

(r,9)ERY i<
Em)ern

(II> LOP{S+(J’§ Ty 57 77) ’ Cll(y; Ty E: ﬂ): "ty Ciu+(y; () S’ 77)} #O

for ye R, Im+<0, =R (n,=degree of S,).
Lemma 2.1. We assume iii)’, then we have for ucs&Ex%**(RL)
6t ram <2 Q1% 35 5, Day D)t
+j§3:<C,-(y i1y Day D) cet)ssamon,

for Ime<<0, |z|>C, (s>0).
Proof. Let us denote
D={ye R, Imc<0, y€ R; |y[<R, |c|+ 9] =1},

and let (3o, 70, m)ED. Since S,(¥o; 70, & m) and P, (¥o; 7o, & 170) have
no common root, there exists a neighbourhocod V of (¥, 7o, 7) in D,
where S,(¥; 1, &) and P,(9; t,& 1) are polynomials in & with smooth

coefficients in V, the degrees of them are invariable and

Si/(,%? 7o, €, 70) =S:(yo; 0, & M),
PJ/(J}O; 70, &, 770) :Pr(yo§ 70, &, 770);
A5 o6 =83 06 Py &),

and moreover

inf |IR?75(y; 7, 7)| 0,

(T, mMeEV ilj

inf |Lop{S,(¥; 7,8 n); Cr(9; 7,89, Cin(¥; 7. & 1)} | #0,

eV
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where §:f’l§, Since D is compact, D is covered by finite number
of {V;} Witlln the same properties as above.

At first we assume that A is independent of ¥, and that support
of #(r,x,y) is contained in V. Since S.Q,=ST,, where ;f’:,g,ﬁ’”

we have

csg > DT, D n)SCe, Doy n)ii(e, %, 1) 1 *dxdy

14+ v |=s+2m -y

<HQ1<T’ Dr} Dy)%('{', x? y) H§+2m,,r 5

therefore we have from Lemma 1.2

c;g S o DiS(e, Do, )i, x,7) | *dxdy

i+ v =s+2m—pu
N
<1=21“Ql(r, Dx: D;,)%(T, X, y) H§+2mly'l-' .
Then we have from Proposition 3.1 in §1

N M
C;,l|%lls+2m,T<§1“Ql (77 Dz, DJ)”HS |-21111,T+ kZ=I1<Cjk (T: Dx, Dy)u l x=0>s+2m—)\jk,T .

In the general case, we use two kinds of the partition of unity
for R and for {Im<<{0, y=R"™*; ||+ ]3| =1}. We refer to appendix
about the treatment of the partition of unity in (r,7)-space.

Proposition 2.1. We assume ii) and iii)’ on M, and moreover

(Bl(y;_ v 77)>=(€n(y; o, 1) (Y5 7, v))(cl(j’;_f, £, 77)) ,

B.(¥; v, 67)

le(y; ) 77) “'Cmm(y; Ty 77) Cm(}’; T, E; 7])

where c;(y; t,m) are homogeneous polynomials of (z,%) with coeffi-
cienis in B(R™). Then M has hyperbolic energy inequalily.

Proof. It is similar to the proof of Proposition 1.1, only we
remark that

m

é <Bj(y 5 Ts D.u Dv) ul x:0>2h'—’ 7"é’T<C z <Cj<y, o Dx’ Dy)u

x-0>2m*/\1—%.1‘

-

and we use Lorama 2.1 instead of Lemma 1. 1.
Example. Let us consider

Az, & n) =" —aa(&,y) (a=0),
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where w(§,y) =&+h(y)E+k(y) is positive definite. The common root
of {A., Ar} (@>a’) only appears on r=0.
Now let

LJ:{Aﬂj; 1} j:l’ “'7-N (0<a1<"'<aN>)

A=TIA,, B=I4, (j=1,-+,N), Ci=a™ (j=1,-+,N),
j=1 Y]

M={A4; C,, -, Cy},

then
N N
B \=/""—-3aq;*"...(—1)" g 1 ,
i=2 j=2
N-1 N-1 :
By 2N S gD (— 1)V g )\
j=1 j=1
and

Slzl, P[ZAa, for TiFO,
S, =4, P=1 for z=0.

N
Let A+($)=£Il (6—¢;), then from Lemma 3.1 in §1,
Lop{Ay; L, -+, = 1120 —2C) 11 ((e+-8) +h(n)) 0.

If Im&>0 (j=1,---, N). Then M satisfies ii) and iii)’.

3. Ecxistence theorem.

We say that Lu=F is analytically solvable in the region Imez<<—yp,
if Lu=F is not only solvable in Imr<C—y, but # is analytic in Imz<<—y

with values &% *(R%), whenever F is analytic in Imc<<—y with values

in @o.
Proposition 3.1. We assume that
i) L is c-elliptic (Imz<<0),
i) L has the energy inequality of hyperbolic type in Imc<<—y. Then

Lu=F is analytically solvable in Imr<<—y.

Proof. From i), applying Theorem 4.2 in §1, L is solvable in
Im7<<0 and |7z|>C.e. Now we fix a solvable point 7, (Imry<<—yp),



Iterated Hyperbolic Mixed Problems 29

and make Taylor’s expansion on L and F at 7. Denoting r=1+p,
we have

L=L+pLi+ - +p"L,,,

F=F,+uyF,+ 2 F,+ - for |u|<<e(=-—Imro—7).
Then L,u=2F, is solvable and

WLwodlo,r<Cll %l mv,re  (RB=1,2, -+, 2m),

where C is independent of .
Now we solve the problems:
Lyu,=F,,
Louy=F,— Lyu,,

We have from ii)

C
”uk“2m—1,10<ll—m;0T

<Cl{|"kao,ro + “uk—IHZM—l,To +eee Huk—ZmH P

{I”Fk”]o,ro +IL, Up_allo,g+ -+ Lz, ula—2m|”0,ro}

where C, C’ are independent of z,. Then
7 I3
St ot s C LSl U+ (]

+ e ] 2"')%]#“”%:&“2»:—1,70}-

1
omC’”

k‘%lﬂl k “uk“21n-—1,To<C(pl)gl /«l[ kl“kaO,To for !ﬂ! <p:.

Let p;<<min (1, ), then

I3
Then ZOM u, converges to # in & '(RL) for |u] <<e:.
k=
On the other hand
7
Lk_zoﬂkuk:Fo‘i‘#ﬁl + .- +ﬂ’F1+ﬂI+1<L1 i+ Loty g+ -+ +L2mu1—2m+1>

+u " (Lyuy,+ -+ Ls, ul——2»14-2) el Lo u
then
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mL gﬂk Up— gﬂkamo, r9<2mc Z ]{ Y23 f k HuI:HZm—I,T_*—>O

k—1—2m+ i
for |[p|<p;. From i), applying Theorem 4.1 in §1, i belongs to
(R,
Finally we remark that p, depends only on g,, relating to =. So
in this way, # can be extended analytically on the region Ime<<—r.
Appendix
1. Singular integral operators with positive parameter A.

At first we consider H(2, &), which is homogenecus of degree zero
with respect to (1, &) € RL X R”, and we denote

a k( a >v . !
<a/z ) o ARt
Let us dencte

28 =Fu®)] =| e udr,

[HIN: Z

up
E+ <N (A E)SRIXER»
A2+ [g]2=1

u() =T [AE)] =y | A,

for uS(R") or more geuerally for u S8 (R*). Here we define

HQ, Du(x) =9 [HG, )],
A0, Du(x) =F [ {4Q, Y 4@ =F [(VZ+[€]* ) @8]
for ueS(R™) (s: complex number).

Now we denote
H,, %) =97 [HQ2,6){4(,8)}],
then we have
Lemma 1.1. Let >0,
| H.(2, 2) | <Cl Hlwstigma | 2] 750 (] 2] ) 700700
Sfor Res<l,, where C=C(n, L) is independent of s.

Proof. Since we have
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wHG, 0 =% (1 2)1HG, 040, )|

and
(-2 ) tHG 46,0 |<Cm 1o 1 HyGor 16D™ 0,
e 1] <2lagl® (0<p<D),
we have for |v|>n-+Res
| .G 0| = | s {0 (8 ) (G 0 4G 01
SOt Iy )| H s ] o Commgesty,

Now we denote the norm of a(x) =3B *(R") by

<—1> a(x)|+ > sup |<"M> a(x) — ( )a(y)l

07 WI=N 2,yERn [x— y]“

|a| via= X1 sup

[vl<N zERn

Lemma 1.2. Let N be a non-ncgalive integer, 0<a<<p<,
a(x)sB"E(R"). Then we have for ucsS(R")
H(Q, DY A", D)a(x)u(x)
_ N1
o (=L

T SGW@, x, DD u(y)dy,

ol + lv] <&

a”(x) R (2, D) HQ, D) A" (2, D)u(x)

where

a(v)(x> :Dvd(x>r Ru(i’ E> :< A(j E) )u.

Moreover, there exist positive constants C, e, such that

1Goow (4, 2, M) | <Cl e wipl Hl i1 Ke(2, x—y)  for 2>>1,
where

K2, x) = {1”5|x| TntE for |x|<,
I xlE for |x|>1.
Proof. At first we consider HA"" for Res<<0. Since
l gl gn
2+ L RRE L LIS
40,8 G e T T g e
:Rl)(l; E>&+R‘l<l, E)Q'?l e —}—Ru(l) S)Eﬂ y

A(2,8) =
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we have
H(i, D) A4, D)a(x)u(x)
—Hu, D 4#GD) > N

vo+ |v| +N Vo!lz!

{Ro(3, D)2}y {R (4, D)}"

% S0 ' Deg(x)Drulx)

REK=V ,u!lii!

L S<HR5°R“*“>S(/1,x—y)a‘”(y)/l”"D"u(y)dy

vo+ il + e l= vol 1k !

= > a"(x) Ak

PN (N [a[yTar ARAT M ulx)

+ 5 {6 nrDuy.

vo+ lk| <N
From Lemma 1.1, we have
G502, 2, ) |
N! v, + () (i)
= > (HRPR), (4, =) {a™(y) —a™ (%)}
el =N-vo— x| bo.Mik:
O H itorien | @] wigd™ 070700 | g — | 77r7ets,
Then we have for Res<Ca and 1>1, taking r=7 (0<p<<f—a),
|Gl <Cl HJ 1] @) yipd 70| £ —y | 7HES70,
taking r=y; (B—a<p<l—a),
|G ol <ClHl pn| @] wopd M| £ —y | 7770780,
Now we put e=min(yy, f—a—71,, r1—B+a), then we have
|Gs | <C|H|,.ila|ysKe(x—y) for Res<a

From this estimate, we can use the method of analytic continuation

for Res<a, in the representation formula.

Remark. We define

Ken@= 3 (K x-p)nDu(p)dy,

vo+ V| <N
then
| Ke,n () |<Ca7#)| 4% (2, D)ul.
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Corollary. Let 0<<3¢<<1—a, then we have for #eS(R")
| H(2, D) 42, D)a(x)u(x) —a(x) HQ, D) 47 (4, D)u(x) ||
LCel | al yiaree| Hl al| 472, D)utl].

Let H(x; 2,8 be homogeneous of degree 0 with respect to
1, &) ER. X R", and denote

I 1] v
| H| a,k:lHl_@a,k<Rn, Sm = > sup ‘(aa—x> <%> (%) H(x; 2, E)‘

lul<[a] TER"
+ <k A E)e

(Y men o (2 BV @ osne]

T

+ > sup

|u] = [a] #,yER"

I+ v <k (A, £)eSE
Then there exists an extension ﬁ(x; &) of H(x; 2,8 which is
homogeneous of degree 0 with respect to (1,&) ER'X R", satisfying

I-HVI ar— I ﬁl Qa,k(Rn, Sn)<CI H! «,k .

Now we denote spherical harmonics on S” of order m by Y,.(,&)
(k=1,2,:-+,k,), and briefly denote Y..=owiiiestnrsr- Then {o;};—1s -
is a complete orthonormal system in L*(S™).

Here we denote
a;(x) :Sgnﬁ(x; 4, 8);(4,8)dS,

then we have

Lemma 1.3. For a, k>0,

%lajlal¢;lk<clﬁla,em ’

where R(k) =2(I: 3";;2]6 :|1‘|— 1).

Proof. We use the well known properties about {g;}:
la;|«<C| Hloon4;" (N=0,1,2,-),
l (4] ' k<cxi%(k+%n+£) <5>O) )

Sttt (>0).
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Therefore we have

[ @]l @;] <C| ﬁl oc,ZNAi_N-P%(“éH&»

2k-+3n
i
Now remarking Lemma 1.3 and

4/(8) o [ DR de | <Clalol ol ol

whose sum converges for N>

we define for HE.‘B"'B("’(R“ S"),
H(x; 4, Du(x) = Ea,(x) 8 ge‘%,(z, eue)de for ueS(R")
then we have
| H ;5 2, DYu|| <C| H|oar|l ]

N ~
Since >Na;(x)¢;(2, &) converges to H(x;2,&) in B"°(R",S") as
j=1
N-—>oo,

I A COLIGY

(2)

converges to

@_;ygeusmx; 2,0 de

in $(R") as N—>oo, which implies that H(x; 2, D)=0 for 10, if
I?(x; 4,8)=0 for >0. Hence we define for He B**O(R", S%)
H(x; 2, D)u(x)=H(x; 1, D)u(x) (1>0) for usS(RY,

which is independent of extensions. We say that H(x; 1, D) is a
singular integral operator with symbol H(x; 2, £).

Lemma 1.4.
i) Let [:>0, then there exist C>0, >0, such that

| Hi(x; 2, D) 4" (A, D) Hy(x; 2, D) A" (2, D)u(x)
— (HioH,) (x5 2, D) A *u(x) ||
<CZ_El H, o ans1y| Hp | 11+25,B(o)”/1[“]+’2u” for 2>>1,

where (HieH,)(x; 4, D) is a singular integral operator with symbol
H1<.’JC; l, S)H2<x; ly S).
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i) [ H(x;2, D)*ulx) — H (x5 2, D)ulx) |<C278| Hse pnisl|ull for 1221,
where H* implies the adjoint of H in L*(R")Eand H*(x; 2, D) is a
singular integral operator with symbol H(x; 1, €).
Proof. i) H,A H,A*u
=};a1,-(x)¢,-(z, D) A Qa, D)gaz,, ()2, D) A2, D)u.
From Lemma 1.2, we have
|@1;0; A @srpr A28 — @15 Qorip; A2 A'201)|
O sl o] @orl syvoel @3] nen ! @ul ol 4 2]
Then we have only to apply Lemma 1. 3.
i) H(x; 2, D)*u(x) :gqa,‘(/l, Dya;(x)u(x).

From Lemma 1.2, we have

los@;u—a;0;ul|<<C1| a;] 26| 0| nialll].
Next we consider H( x; 1, D), relating to decomposition of unity.
Lemma 1.5. Let I>0 and p(x) =1 on the support of a(x). Then
H(x; 4, D)AQ, D)a(x)u(x)

_ (]! v . I=ly
= ‘E[”Wa( 2(x)H(x; 24, DYR'(2, DY A™™ (2, D)u(x)

+8x) (Tu) (x) + T'(Bu) (%),
where

FTu(x) |, | T'u(x) | <Cle| e | Bl e Hl o, Kern () (%).
Proof. HAau=73 a;p; Lau.
From Lemma 1.2, we have

a;p; A’wu :a,-[ IZ[I]C[,,OJ(V)RV @i A,—MM
Vs

+a G (2, x, Y) D u(y)dy,

vo+ W</ S
where

l G}(}zu;-/t’,a) (l’ X, y) I <C I al I+2E!€0il n+l KE(A’ x_y>
Now we denote

Gy (4, %, 9) :Zﬂ;(x)Giﬁé”"” (4, £, 5),
=
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then
HA’ozu=] 12 Cnha®(x)H(x; 2, D)R*(4, D) A "u(x)
v]<[]
+ % n SG’('?"“,OO(Z) X, J’)ivf’D”%(y)dy;
where
|G, %, ) | <Cle| riee| Hlo,pniry Ke(2, x— ).
Now

HAau= HA’oABu=I E]C,,,a(”)(x)H(x; A DYR'(2, D) A " B(x)u(x)
v| <!

- GEf @ (3, 2, y)2 D' (B(u(y))dy

vo+ v <[] S
= 53 Coa(0) H(x; 2, )R, D) A" u(x)

v <lz

+ 3 Cha®(x) = SGi’Zf”""""B><x, x, y)2D*u(y)dy

vl <113 mo+ [ul <UI- V]

+ > SG%’V‘”“’ @, %, ) 2D (B(y)u(y))dy

vo+ lv| <[]

= 3 CoaHR' A "'u

wl <[]

80 31 (Gunt, 2, D u()dy

o+ |l <7

SR (PRI D S CIEILTENTL )

where

G2y 2, M) =] = 'C,Vw“)(x)GL’Zf”"'”"‘”(&, x—)|

vl <[f1—mo— |1
<Cla|l Bl rioel Hlo,ninre(d, £—5),
lGl’Mw(Z) X, y) l = ' Gr(lf)ivﬂla)<i; X, .y) l <CI w; I+25] H] O,B(n+1)Kﬁ<A’ x_y>'

Let {@.(x)}:i—1s.. be a decomposition of unity in K", such that

@) =1, w(x)=alz—x),
a(x)>0, a(x)=0 for |x|>08, |a|; 2K (0<lBe<<[l]+1-D).
Lemma 1.6. Let >0, =0, then
S HCtus 2, D) 4, D)ar(2)u(%) —an(x) Hx; 2, D) 4G, D) *
h <O HI3 gonen (8 4]l + 07| 4wl D for 12>1,

where C=C(K,e).
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Proof. Relating to {@.(x)} we consider {8}, {r:}, suct that
B(x)a(x) =a(x), r(x)B(x) =p(x),

B(x) >0, (%) >0,

|8 12e<l K, [r] el K,
Bi(x) =B(x—x4), (%) =r(x—2x4),
S8 (<K, (<K,

Now we denote

H(x,; 4, D) A2, D)an(x)u(x) —a(x) H(x; 2, D) 4" (2, D)u(x)

={Hx:; 2, D)4, D) (%) — (%) H(x45 2, D) A' (2, D)} B(x)u ()

+ou(x) {H (%5 2, D) — H(x; 4, D)} 4/, D)Bu(x)u(x)

37

() {H(x; 2, D)A' 4, D)B.(x) —B:(x) H(x5 2, D) A' (2, D)} u(x)

=Tyt Lo+ 1.
We have
[ 1| <C| H o614 5[ 4" (Bt) | (from Lemma 1.4),
[ 1l <Claw(x) H(xe5 4, ) —an(2) H(x; 2, ) 0,500
X || 48| <Co | Hlv,p0 ]| 4 (Brtt) ],
Ml <C{_ 33 e HRA™ 0]+ | Hl o> (e Ketn (@) |

vl <Ll

+ Ketn(ran) 1D} (from Lemma 1.5).
Now we have

Slrs Keta () [P<Cl Ken () [*<Ca*| 47ul,

EH KeinGrw) [|P<C gl‘%ll A ) (PG| ATy,
Moreover, since

I48ullP<C{ 2 IR A"+ [ Ke.a 1 + | Kera () %3,

we have
Sl Al <Cll 4wl

Here we have

é(HIle 1 Leall + 1 Ll D*<C HI 3wy (6] A% + 07| A )
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2. Z-elliptic (A<<0) operator in R with singular integral boundary
conditions.
Let us consider
L(%y, A 6; ﬂ) = {A(x)y; 4 5; 77) N 31(3’, 4, 5,71), Ty Bm(y; A&, 7)},

where

A(x,y: l» 57 7]): 2 au’v(-x! yﬂ'?ﬁ"(%;u(%}’)E«CB(RU),

i+i+ |v] =2m
:EZ,I’+a1 (x) y; J: 77)*/1(1, 77) e +a2m<xr y: xy 77>/1(/I, ”)2”';
2m
B(3; 46 1) = Sbu(3; b A7 0Q, e
Gu(y; A EBRTXSI),

and L(x,y; %, & n) is -elliptic (A>0) in K% in the sense stated in §4
of §1. Now we define

A(x,y; 4D, D)= > a,;(xy)ADiD;,

1+ j+ v =2m

2m
B:(J’? ;l’ -ny Dy) :kgbik(y; Z! D:V)A’j_(zm_k)cl, DJI)D?:’"_IE)

L(x,y; 4 D., D,)
= {A(xﬁy, )‘: Dw D,.), Bl(y; X, Dx’ Dy)y Tty Bm(y; ly Dx; D;v}}-

Lemma 2.1. Lef
B(y; 4, D,,D,)=b(y; 4, D,) 4", D,) D3,

where b is a singulav integral operator in R™ and v, s are non-
negaiive integer, then we have

SXB(9s; 4 Do Deaus(x, 9)u(x, 3) —as(, ) B(y; 4 Dy D)u(x, )
<LC1b1 780 A+ 0] v s
where {a,} is a partition of unity in R* stated in Section 1.
Proof.
B(ys; 4 D,y D)au(x, y)u(x, y) —au(x, ¥) B(¥; 4 Dy, Dy)u(x, y)
=b(3ni 1 DA K3, D)3y (D e, 90) Die(, )
—a(x, )0(y; 2, D) 4744, D,) Diu(x, )
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s

— s! . r+} (s—1) t
—Z;I) (s_t)!t! {b<ylz7 l) Dy>A (Za D.V)”k (x)y>Dxu<x7.y>
—af ™ (%, 9)b(y; &, D) 422, D) Diu(x, 90}

it s! s—t) . N gt ¢
+§mﬂf (%, 9)6(y; 2, D) 44, D,) Diu(x, y).

Here we apply Lemma 1. 6.

Corollary.

é’”l‘(xk) yk; A) ny DJ‘Dwk(xy y)%(x’ y)
—a(%, ) L(x,y; 2, D, D)u(x, y)Iia

<LC, A5+ 0t 3maen for 2>1 (s: non-negative integer).
Here we have
Proposition 2.1. Let L be i-elliptic (1>0) in R, then
6]l 2 e <CoUl Lutllon+ ) for 2=>0,
where usER©(RL) (s: non-negative integer).

Next we define the adjoint system of L. At first we define

2
Bi(y; 2,67 =§7"4,(0,y; %, &) = gxlbfe(y; A, ) AR, )€,

2m

B;(y; 4, D, D,) :T’; bily; 4, D) a7, D,) D
k-1
(ri=j—1, j=m+1, m+2, -, 2m),

and together with {B;};19 . u,

#*By(9;2,D,D,) \=%B D,

(AZ'"—I"?{?Z@; 4, D, D) J 4(3, D) D

\ 4By, (95 4, D., D) £77(2, D))
where

B= ("7, Dy)bi(y5 2, D) A2, Dy)) e,z om -
Let

B=B,+ B,
where

-@0: (bik<y; l) Dy))i.k=1.-",2m )
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<$1 U>s,)\<cx_£< U>s,/\ <1>1)-

Lemma 2.2. There exists 9 for 1>, such that

( Dy IN=J9/ 42", D,)B:(y; 4, D,, D,) ,
LN’ D, D 477722, D) B:(y; 4, D, Dy)
4772, D,) A7 (2, D,) Bow(y; 2, Dy D)
where
j{:j[0+‘4[1,

ﬂou); z: 77) :e@o(y; Z’ 77)_1;
CILUY ALCT KU

Proof. Let
<g'[0U’; l’ DJ‘>=@0<y) x, D}') _—I:Ql ’
then we have {rom Lemma 1.4

LRUY H\KLCA KUY, 0 a>1).
Here we have
j{o@_‘ Izﬂoﬂ;l—l-ﬂl )

where there exists (I+ %, B+ R,)™* for >4, and then we have

I+ B+ Ry) Yy B=1 for i>1,.
Let
H= T+ Yy B+ Ry) o=y — (Ho B+ Ry) (I+ Ho By + Ry) 2,
=+
Let
AP =D+ DA, Dy)an(x, 35 3 Dy)* + -
co 4272y Dy) @on (%, 95 2, Dy) ¥,
and (,) (resp<{,>) be the inner product in L*(R%) (resp L*(R*™)).
Lemma 2.3. Let u,veE%(RY). Then

(Au, v) — (u, Av)
:i<(_)qr Dim-—l u, A—(an—l)<&, Dy) Dim—l v>x=0 ,
{ 4(2, D,) l.)im—z} Vaaalen D,) D2

\4271(2, D) ) 1
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where
chzﬂ-}%(yy &’ DJ/) +uql >
qu()(y) ly 77) = O O """ O 1 y
(' 1 a0,y 47
tl .al . ........ aZm_l(O, Vs A, 7]>
AU N<CHUDs 0
Proof.

2m—1 2m—k—1

(Au, v) — (u, APv) =i 33 >3 (D" 'u, Did'af vy,

2m—12m—k—-1 I
:Z‘ kz:](l IZZO Z=<D2m k—=1— I /Il)Ak(Dl Izak) *th>x 0
2m—-1 s
:Z Z Z< {Z( )(D;—h—kak>A-(3—h—k)} A—IIASD?;:W—I—-SM’ A_hDZv>J;;0
s=0 h=0 k=0
2m—1 2m—1

H

Z Z <CK5;ASD2’" l—s A—(Zm—l—t)Dim—l—tv>x_o
= t—s

where we denote
J (wst>s,t—0,1, <, 2m—1 .

Now we denote for i1,

<_Bi; >: <A2m._1_r1 )(Jﬂ) ES (A—(Zm—l).Dim——1> ,
Bém ' A2m~1—-r3,,, i

r
= {A(*) m+1; Ry B2m}y

and
WLl = A at 3 Bl hYnsy i
then we have
Proposition 2.2. [t holds for 1>, that
(A, 0) — (@, A%0) =i 3B, Bjvyany
for u,veE&(RL), and
l[2]] s < CUL w5

for us LT (RY) (s: non-negative integer).

41
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Proof. Let

A,y 4,869 =Ax,9; 1, &),
(l?io(y; 2,6 ) >=<A2”‘_‘1“”(1, 7) >(Joﬂo)*(y; )

lemo<y; l, S, 77) ) AZm—l—'zm(/{’ v)

X <A—(2m—1)<1’ 7?)52,"_1> ,
1
and

’ ’ ’
LO: {A(()*)y m+10y "'y B2ﬂ10}-

Then we have from Proposition 3.2 in §1 that L; is 2-elliptic (1>>0).
Therefore we can apply Proposition 2.1 on L;.

Weak existence theorem for L follows Proposition 2.2, and Pro-
position 2.1 implies that weak solution of L becomes strong solution,

hence we have Theorem 4.2 in §1.
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