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A Remark on the Elliptic Boundary Value
Problem in an Angular Domain

By

Kazunari HavasHIDA®

1. The general boundary value problems of elliptic equations have
been studied quite extensively by several authors (cf., e.g., [1, 2, 5, 217]).
The method is based on the a priori estimates. Most authors have re-
stricted themselves to domains with sufficiently smooth boundary. Their
main tool is to map the neighborhood of a point on the boundary onto a
semisphere by means of a sufficiently smooth transformation.

On the other hand Ladyzhenskaya [137], [14] and others (cf., e.g.,
[9, 127]) showed the a priori estimates for domains with piecewise smooth
surfaces. Their method is integration by parts. Hence the operators need
to be at most of second orders and to be real valued. In this note,
assuming a relation between the domain and the elliptic operator, we study
L?%-a priori estimates with a parameter for the second order operators with
mixed boundary conditions in an angular domain (see Theorems 1, 2 and
3 in the following section).

The a priori estimate with a parameter has been treated in [27], [4],
[5] and [10]. In addition the mixed boundary value problem has been
studied by several authors (cf. [17, 18, 22, 23, 24]). Our proof relies upon
mainly their results.

2. Let 2 be a bounded domain in the plane and denote its closure
and boundary by £ and 2. We assume that 02 is of class C™ except a

n 7N\
finite number of points {Pi, -.-, P,}. Thus 09=\J I';, where I ;=P;P;,,
i=1
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~
(j>n) and I'y,=P,P;. Let A(x, %) be a second order elliptic operator

with €= coefficients in 9. And for each j let Bj(x, %) be a boundary

operator of at most first order defined on I'; with C= coefficients. We
denote the principal parts of 4 and B; by A® and B{”, respectively.
Further let 2; be an angular domain bounded by the two half lines tangent
to [';_, and I'; at P;.
First we impose the following condition on £ and A.
Condition (4;). For each j there exists a non singular linear trans-
0* 0*

. 0\ . .
formation T such that A(O)<Pj, %) is transformed into A(=*ax—%+a—x%)

by T; and 2; is mapped onto an angular domain whose angle is —g——l-a’
0
(Ja| <£0,), where ©; is a positive constant depending on A(°)<Pj, —a—x),
o) 0 o) 0
B2\ P 55 ) B\ P» 5, ) and 2;.

Secondly we assume the following condition for the boundary oper-

ators Bj.

Condition (4;). For each j the pair of B;_; and B; corresponds to

one of the following cases:

(1) Bj_l'—:]., B_,:].

.. 0
()  Bja.=1, Bj=—7_—+b(x)

0 0
(lll) Bj_1=%+bj_1(x), BJZ%"FbJ(IX,‘)
. 0 0
(v)  Bia=1,  Bj=—(_-+aix)5-+bix)
o0, [N
™) i-1=7%, T i-1(%), = an +a;(x) 5c T (%),
where _3% (or %) is the normal (or tangent) derivative.

For a fixed real number 0, we set 12=p%"(0 < p< o). Finally we
impose the following assumption for 0 and aj(x) (the coefficients in Condi-
tion (A43)).
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Condition (A3).

(i) The boundary operator B; satisfies the Complementing Condition
on I'; with respect to A4 in the sense of [1].

(i) e®2—1 and a;(P)¢ +i.

(iii) The value e®(a;j(P;)*+1)"" does not lie on the real negative
axis.

(iv) The value (i+a;(P;))%(i—a;j(P;))"? also does not lie on the real
negative axis.

Next we give the definitions of some norm. For an integer k=0 we

put

o= % (§10%ul?ax) "

ix|sk

and

1/2
udpr,= 2, (Sr'|D?ui2dx> i

la|=k

where D? is some tangential operator on /'; of order |a|. We put

n
{u’rpg= Zl<u>k,r1-
=
We can define naturally the norms || ||z and < >, also for a real £=>0
(cf.,e.g., [18, 20, 217]). Then we have

Theorem 1. Under the conditions (A,), (As) and (As), there are

nonnegative constants ko, ¢ and C such that for any u € C=(2)
lwllf e+ 1212@ P u]lf < CLI(A—2%)ull}

+ 2] #[(A=2)ulf+ L (Bud>}

7 2

—mj+k,lj

3
212G (BusE L )],

if kis an integer =ko and |2|=c, where ko and c depend on A, B,
9 and 0. Further C depends on A, B;, 2, k and c.

Theorem 2. Assume that for each j one of the cases (i), (ii) and
(iii) in Condition (Az) holds. Then under the conditions (A;) and (As3),
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we can take ky=0 in the statement of Theorem 1.

Remark 1. When for each j, (B;-1, B;) corresponds to one of the cases
(i), (i) and (iii) in Condition (A3), it will be seen that we can calculate

@; in Condition (4;) exactly.

Remark 2. Let B; be smooth on I'; except at most finite points,
that is,

0 0
Bj= b,(x)% + tlj(x)_a? + Ci(x)’

where aj, b;, c¢; are piecewise smooth and some conditions are assumed.
Then Theorem 1 holds also according to Shamir’s [18], Agmon’s [ 2] and

our arguments.

Theorem 3. Under the above conditions assume that ko can
be taken to be 0. Then for any f(x)EC~(D), there are solutions

ueC=(2— \”jP,-)f\Lz(.@) satisfying
i1

A*—\Du=f in 9 (J|A]>¢)
Biu=0 on I'j—(P;_1\UP) for each j,
where A* is the formal adjoint of A and B} is the adjoint operator with
respect to A in the semse of Schechter [217].
The proof of Theorem 3 follows immediately from Theorem 2. We
make the form

L, v1= (4=, (4=2D9)+ DB, B>y

mj Iy

+ |413~2™<Bju, Bw>o,r,).

Then by Theorem 2 it is seen that [u, u]'/?> defines a norm equivalent
to the usual one of H2%(2)." Thus we can apply the theorem of Riesz
to the functional (f, v) on the space with the norm [u, u]'%. The process
is quite analogous to the works of Schechter (see [217], [22]).

1) The space H%9) is the Sobolev space with the norm |u], g.
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3. We take a real number 6 and a complex number a satisfying the

following
Condition (A43).
(i) €2¢—1 and a=¢ *i.
(i) e(a®+1)"! is not a real negative number.

(ii) (i+a)*(i—a)~? is not a real negative number.
Now we consider the characteristic equation with respect to
(3.1) C24 884692 =0

where & and 7(3x0) are real numbers. The root of (3.1) with positive
imaginary part is denoted by {*(&, 7).
Set

_C+(E’ 77) “G/S
M D=5, ) T at"

Then it is seen from the property (ii) of Condition (A4%) that M(E, %) is
homogeneous of degree 0 and does not vanish. We define the Fourier

transform

Fw @ » ={{e o un, Ddnde.

And consider the operator

(3.2) (Mu) (%1, 8)=(F " (M-Fu)) (%1, t).

We define the norm || ||z for u(x;, t) in the same way as in section 2.
And denote by || ||z, x,z0y the quotient norm of || |[z on x; =0, respec-
tively.

The following proposition is due to Shamir [197].

Proposition 3.1 ((197)). Under the condition (A%), there are an

integer ko and a constant C such that

lull, 1 < Clul

5= k+%,{x1<0}+ (Ml

k+%,{x1>o})
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for any uEH}HL(RZ), if k is an integer =k,.
2

In particular Shamir [19] proved the proposition in L? space. His
method is due to Gohberg-Krein factorization ([[7], [8]) such as

ME, p)=CQ=* 7| ™) (E—ilg) " (E+iln ) Q. (€l ™)

where QZ1(£]7|™") and Q.(€|y|™Y) are holomorphic in Imé&>0 and
Im £<0 respectively. And Gohberg-Krein factorization (7], [87) is pro-

duced from Wiener-Lévy’s theorem ([25]) in Riemann Hilbert problem.

4. Let R® be the 3-dimensional Euclidean space with coordinate

(%1, %2, £). We set

C3(RY)={ueC~(R3)| carrier of u CR3},
where R3={(x1, %3, t)|#5=>0}. For an integer £=>0 and for any func-
tion u defined in R3, we define the semi-norm and the norm

uli= % (1] .| DsDzDu *dxsde )ds »

&=k

lull= % lul%

Let @(€, x2, 7) be the Fourier transform of uz in (xi, ). Then for the

trace of u, we define the boundary norm
1
i ={{ @+H¢D jac, +0,7)|%dedr.

Now let us consider the elliptic operator in R% and the boundary
operator on x2=0:
02 0? i0 9?
L=9rtomite 57

(4.1)
9 9

axz 6‘x1’

Bi:

where 0 and e satisfy the properties (i) and (ii) in Condition (43;). We

denote the characteristic polynomials of (4.1) by

2) a=(ay, @ a3) and |a|=a;+az+as



Elliptic Boundary Value Problem 243

L&, & n=—(E*+& 4"
B_(¢,O)=i((—af).
Since e’’2¢—1, it is easily seen that if (&, &, 7, #) € R*, then
(4.2) |L(§, & ) — 47 | = c(€+C2+ 7" + 1?),

where ¢ is a positive constant. For every (&, 7, #) ((0, 0, 0)) € R® the
polynomial in & L(&, &, 7)— u#%e’® has a root C*(&, 7, #) with positive
imaginary part. Then we easily see that there is a positive constant c¢
such that

(4.3)

1 B(S’ C)dc 2 2 2\1/2
2m‘§’c—c+(s, | = CE T

where the integration is taken along a closed curve in the complex ¢-plane
enclosing £* (&, 3, &).

Under the properties (4.2) and (4.3), Agranovich [4] and Higuchi
[10] proved the following proposition.

Proposition 4.1 ([4], [10]). Let 0 and a satisfy the assumptions
(i), (i) in Condition (A3). Then there is a constant C depending only on
0 and a such that for any u € C;(R2) and any u>0,

|l fot a # |u| §< C(I(L—aeu) |}

(4.4) + 1| (L— p2e®)u |3+ <B_ud}.1

+ﬂ1+2k<B_u>(2))-

The L? a priori estimates for mixed problems in R" were obtained
by Vishik-Eskin ([237], [247]). But their proof is difficult to follow. Thus

we shall give another brief proof for our case.

Proposition 4.2. Under the Condition (A3), there exist an integer
ko and a constant C such that if k is an integer =k,

| ] pe2 < C(| Lu |4+ <B—u>k+—]2'—,{x1<0} +<{Biudpil, >yt 2 lo)

1
for any u € Cy(R3), where < > kLo (zizo} MEANS the quotient boundary norm

in x1=0 respectively.
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Proof. Let us put

L&, g, )+ ak
M(é, 77, ﬂ)——c+($) ”, ﬂ)—a$-

Since the property (ii) of Condition (Aj;) holds, it is easily seen that

C-L(g’ 7s /l)—'tZEAFO if (59 7s ﬂ)#(oa O: 0) and ERS' Thus M($: 75 ﬂ) is
uniformly bounded for nonzero real vectors (&, 7, #). We define the Fourier

transform
(4.5) @ € n=| e uia, Odwids.
Put

sz;dlM(fs 7s O)fa M/J-:g:_lM(Sy 7y WF .

Then we shall prove the following inequality:

Buj l=U<Bu>i1 gt <Biwdil g

(4.6) .
L= ul i+ (M=M,)B_u>ii1+[ulf)

Now it is well known that there is an extension F(x1, x3, t; #) € C5(R®)
(for sufficiently large s) of (L— u%e®)u € C3(R3) such that
|Fln=ClL—reuln (m=s),
where C is a constant depending only on m. We set
f(x1, )=(B_u) (21, 0, 1),
a(¢, 1)=(Fu) (&)  (see (4.5)

and
F(E) C9 75 /“)':Se-i(fxﬁ:xﬁﬂ)F(xh X9, L, ﬂ)dxldxzdt.

Then any u € C;°(R%) can be written in the form

4.7) u(x1, %2, 1) =w(x1, xa, t; 1) +v(x1, 23, t5 1),

where



Elliptic Boundary Value Problem 245

(4.8) w(&, 7, x2; ﬂ):g_xmgzﬁép@; &y m)dg
and
) AW

PLESTMC D)

iB_(§,8°(& 7, )
The decomposition (4.7) was used to prove Proposition 4.1 by Agranovich
[4] and Higuchi [10].

From (4.9) we see

AW
(4.10) B+<z$, 6_x;>v($’ 7, 05 1)

=(f&, m—B(i&, 32 )acs, 7, 03 )M, 7, 1)
By Proposition 3.1,

<f>%+%§c(<f>i+%,{m<o}+<Mf>£+-§-,{x1>o}<f>%),
if k=ko. This inequality implies
(4.11) PEL=CEOELmcnr MOk Lo

FM=M) L e OD):
Since M(£, 4, ) is uniformly bounded, we see from (4.10)
<Mﬁf>%+_;,{x1>o} = C(<B+U>%+%,{x1>o}
+ <B_w>,§+_§_).
In view of (4.7) and (4.8),
ML fOhd >0y = CUBudEL G0y
(4.12)
+ 1 (L—u2eDul i+ | (L—n2e)ulf).

Combining (4.11) and (4.12), we have proved (4.6).
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By Proposition 4.1 and (4.6), we obtain
lu|feet 2 2w § S CI(L—#Pe)ul}

+ 4| (L—pPe®)u |3+ <B—u>%+%,{x1<0}

(4.13)
B oy T4 (B WS
HM—M,) £}, ).

Obviously,

1 -mypra=cll, @i fe »Pasdy

ErinizK
weff,_ @ rrehiMe g 0
8=£l+nl=K

—M(&, 9, )2 f (& 7)|2dedy.

Taking 0 as sufficiently small and K as sufficiently large, we note that
M(&, 7, 1) tends to M(&, %, 0) uniformly as #—0 in 6 <é&2+%*<<K. Then

we see from (4.14)

<(M—M,,)f>k+%—>0 as u—0.
Thus taking #—0 in (4.13), we have completed the proof.

5. In this section we also consider the operators L and B, as in
(4.1). And let 6 and @ satisfy the condition (43). The following proposi-
tion is due to [4] and [10] essentially as in Proposition 4.1.

Proposition 5.1. For any given g;(x1,t) € Co(RH(A=j<1), there
is a solution u€P(R3)® such that

(L— e 'u=0 in RS (u>0)

aj—1
9xi 1 u(x1, 0, £)=g; on x3=0.
1
(6.1) [wlyps+ 2239 ul%§0j§l(<gj>%z+s-j+%

3) The letter <(R3) means the set of C* functions decreasing rapidly in R3.
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+ﬂz(zz+s~j+%)<gj>g),
where [+5s=>0.

Remark. If s=0, the estimate (5.1) holds for general boundary
operators. In particular under the Dirichlet boundary condition, the assump-
tion on s is weakened as in Proposition 5.1. For more general negative .
s, the a priori estimate without parameters was shown by Lions and
Magenes ([ 15], [16]). Their method is due to the closed graph theorem
and Garding’s inequality ([37], [6]).

Lemma 5.1. Let u be in CP Y(R3) and be in CH(R3) except on
x1=0. Then if D™u® is bounded, there is a sequence {u,} such that u,

belongs to CP(R3) and l|u,— ulln—0 as n—>oo.
Proof. Let J. be the mollifier and let us set
ue(x1, %2, t)=g.]5(x1—x{)u(x{, %q, £)dx].
By integration by parts, we see

Dmue) a1y w2, 0= [ eCr— 2D D"ty 2, )

= S]e(x{)D'"u(xl— X1y %oy £)dx].

Obviously,

(Dm) (sy 72, =T EDD s, 52, 1) ]
Hence,
D™y — D™ul|g—0 as e—0.
Thus we have proved the lemma.

Let us put o= {(x1, x2, t) | %:=0, 22 >0} and "= {(0, xz, £)| x,>0}.
We introduce the function space:

CH(E)=4{uelC™3,)|u vanishes for sufficiently large x2+ x%-+1%}.

4) We denote by D™u some derivative of u of order m.
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The following a priori estimate hold for C7(X.):

Proposition 5.2. Under the above assumptions, if k=1ko (ko is the
same constant as in Proposition 4.2), it holds that for any ue€ Cg(Z,)

|u |tz 2, < C(|Lu|p s, + <uxl>k+—%,l’

(5.2)
-+ <ux2+au;e1>k+%,{xl>o} + ] u | 0).5)

Proof. We extend the functions D7,u(0, x3, ) to the whole plane
x1=0 for m<k+1 in such a way that
ﬁm(xb t):D;"!u(O, X2 t) in szO: L.’;mE Cg+Z(R2)
and

<17‘m>k+%—m.{x1=0} g C<D;n1u’>k+%—m,l‘

(5.3)
LBmdo, {ry-0y = C<DFu0,r

Hereafter we shall denote i, simply by D7 u.
Now by Proposition 5.1 there is a solution w € %(x;<<0) ® such that

(L— p2e'®)2+ky=0 in %<0

and for 0<m<Fk+1

0 on x%;=0 if m is even
5.4) Diw=
—2D%u on x:=0 if m is odd.
Put
v(x1, 23, 1) =u(—2x1, %3, 1) —w(x1, %2, 1) for x;=0.

And we define
u(xy, %2, 1) for x>0
ﬁ(xla X2y t):

v(%1, %3, 1) for %;<0.

Then by (5.4) the function u satisfies the assumption of Lemma 5.1 for

5) The notation ¢ );, {;,>0} is the quotient s semi-norm in the half plane {(x;, 0, ¢)|x,>0}.
6) We denote by /(x,=<0) the set of C* functions decreasing rapidly in x;=0.
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m=k+2. Hence taking the approximating sequence, we have by Proposi-
tion 4.2

I 73 l k+2 g C( l Lz I et <l‘7’%z_aﬁx1>k+~1§,{x1<0}

(5.5)

+ <y, + aﬁx1>k+%,{x1>o} + |ulo).
Obviously,
(5.6) |La| s <|Lulss,+ |Loles <2|Lules, + | Lwlss
and
(6.7 (B, =80 i L <0y = Ui, T QU Dk L (150}

+<w,,— awx1>k+%,{x1<0} .

In view of Proposition 5.1 and (5.4), we get

R
(5.8) W[5ty =C ZO (<D:2cf+1u>zk—2j+%,l"
7=

+ ﬂz(k—2j+é—)<D£{+lu>%’r),

where we have put s=—1[ in (5.1).
Since D2, =L—(D?,+ ¢"’D?%), we see

Dg{ = Z le,szjl(Dgzcz—{— eigD%)jz.

j1+j2=j

Therefore,

(5.9) <D§{+1u>k_2j+%,r§0 Z <Dx1leu>k_2j+%+2]'z,I'o

j1tiz=j
If j;=0 on the term on the right side, we easily see

(5.10) <Dx,leu>k—2j+%+2j2,I‘ §<Dx1u>k+%.rs

If j12:0, we have by the well known inequality (see e.g., [117])

(5-11) <Dx1leu>k—2j+%+2jz,I‘ é Cl Dlejlu l kE~27+1+272,24

<C|Lulss,.-

7) The notation [s] means the integral part of s.
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Hence we get from (5.10) and (5.11)
(5.12) <Dx1leu>k-2j+—]2'+2jz,I’§C('-Lu}k,2++<Dx1u>k+%,r’)

We see from (5.8), (5.9) and (5.12)
(5.13) |32, (r<c0y =< C(|Lu |} s, + <Dx1u>§¢%,,~

] 1
+ 2 a2 )DE g ).
i=o
On the other hand we get by (5.5), (5.6) and (5.7)

(5.14) |w]piz,s, <C(|Lu|p s, + <zt auxl>k+%,{x1>0}
+ [ Lw |k, gz,<03 + <wx2_awx1>k+%,{x1<0} + |u o).

Obviously,

(5.15) [ Lw|s, (01<03s W, — AW, 2 4 1, {10} < Clw| 2z, {z,<03-

Combining (5.13), (5.14) and (5.15), let us take #—0. Then we obtain
the estimate (5.2).

Now let us define w in substitute of (5.4) in such a way that for
0<m=<k+1

—2D7u on x,=0 for even m
DY w=
0 on x2;=0 for odd m.
And we put
v(x1, 29, )= —u(—2x1, %2, t)—w(x1, 22, 1) for x;=0.

Then we have the following proposition quite similarly to the proof of

Proposition 5.2.
Proposition 5.3. Under the assumptions of Proposition 5.2, if k =k,

there is a constant C such that

(5'16) |u|k+2,2+§C(ILu k,2++<u>k+%,r

+ <u”z+au"1>k+%»{x1>0}+ l u l 0)
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for any u€C3(2,).

Further we can prove more easily without using the mixed boundary

estimate

Proposition 5.4. Under the same assumptions, if k=0, it holds
that for any ueCy3(X.)

(5.17) lulrre, s, <C(|Luips,+ <u>k+%,1"+ <u>k+%,{x1>0} +lulo)-

And we can take ko=0 in the assumptions of Proposition 5.2 and 5.3, if
a=0 in (5.2) and (5.16) respectively.

It is easily seen that the estimates (5.2), (5.16) and (5.17) hold also
for the operator

2

(5.18) Qo)L o, 1)L e
: D927 1025, 55, TAH0) G 7 +e

012>

if 01, 02 and 03 are sufficiently small positive numbers.

Now the closed graph theorem was used only to prove Proposition 3.1
([19]). And Proposition 3.1 is needless to the proof for the case a=0 in
Propositions 5.2, 5.3 and 5.4. Therefore the admissible value of 0, 03
and 03 for the operator (5.18) can be calculated exactly. Thus perform-

ing a coordinate transformation, we see

Proposition 5.5. There is a positive constant Oy such that the
statement of Propositions 5.2, 5.3 and 5.4 holds also for the angular

domain with the angle -§—+a(|a| <0y) in the place of X,. In particular,

we can compute the constant O, explicitly for the case of a=0 in Proposi-

tions 5.2, 5.3 and the case of Proposition 5.4.

6. Let us return to the section 1. We assume that 4, B;, 2 and
0 satisfy the assumption of Theorem 1. Introducing a new real variable
t, we set

2

- 0
— i0
A—-A e atz.

+
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Let us denote by 2 x {t} the 3-dimensional domain {(xi, %3, t)|(x1, x32) € 2,
— oo << oo},

The passage from Proposition 5.5 with constant coefficients and with
angular domains to the following proposition is performed in a familiar
method based on a partition of unity (cf.,e.g., [1], 37, [20]). We denote
by C;(2 % {t}) the class of u € C~(Z x {t}) vanishing for |¢| larger than

some fixed number. Then we have

Proposition 6.1. Under the assumptions of Theorem 1 there is a
constant ko such that for any u€ Cy3(Z x {t})®
‘lul|k+2,9x{t}gC(HJu’Hk,.@x{t}
+]Z<Biu>-g--m,-+k,r,x{t}+HuHo,.@x{:}),
if k=k,.
Now we shall deduce Theorem 1 from Proposition 6.1. The method
is essentially analogous to that of Agmon [2]. He proved for the case

that the boundary values vanish. And his proof is effective for the L?

norm. First we prepare the following lemma.

Lemma 6.1. Let &(t) be a fixed function in C7(R'). We set
v,(%, £)=L@)e*v(x) for any v in C3(R") and for any real u=1. Then
for givem real s =0, there is a constant C such that

[v,] o, e < C(|v| s+ £°| v 0).

Proof. We see

s
ou12.0= {1 @472 o) 1Pasar,

N

where represents the Fourier transform.

Obviously,

O\
Le*)=Ln—m).

And we have

8) Put DX {t}={(x;, x5, t)|(%y, %;)ED, —o0<t< 0},
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@+ = C(|n—n] >+ + u)?
SO+ |—n|Do0+ a2+ 82
SCA+|g—a|D2(E]°+ A+ 4H2).
Hence,
v2e=Cla+r1em Pan((1e]+ @+ aD 0@ ez
Thus we obtained the proof.
Lemma 6.2. Under the assumptions of Lemma 6.1, we have
lvul s, R = C(|v| 5,8, + 2% [0]0,80),

where | |5 g% and | | g are the quotient semi-norms in {x>0}, respec-

tively.

Proof. We consider the function

v(x) in x>0
'T)(x): [sJ+1

2 Apv(—px) in x<O.

p=1

If we choose 1, adequately, then #(x) belongs to C§3*1(R'). Since the

quantity |u|s, R can be written by the double integral, we see
(6.1) 1Bl =Clv]sr

And obviously,

(6.2) 5] 0=C|v|or..

Put 7,(x, t)=C(¢)e**5(x). Then we easily see

(6.3) lv]or2 < |04l s,2

Combining (6.1), (6.2), (6.3) and Lemma 6.1 we have the desired ine-
quality.

Proof of Theorem 1.
We take a function £(¢) € C7(RY) in such a way that
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0 if |z]>1
C(t)={
1 i | <1/2.

Let us set ,(x1, %2, t)=C(t)e*u(x) for any u€C~(P) and any real
#(=1). Then we see by Proposition 6.1

(6.4) Noullesz, 0, = C(|Av,le,0,+ lv,llo,e,
+2 <Bi”/t>%—m1+k,aor,]),
J

where Q,=2x {|t|<r} and 0Q,;=I;x {|t|<r}.
Clearly,

Av,=C(@)e*(A— p*e®)u
+ e ()e + 28 ()i ne' ) u.
Hence if we put D*=D21D2:D}=DZD7,
D*4v,=Dj(Le*)D{(A—pPe”)u)
+ e’ DI e + 2¢ i ne*) D2 u.

Accordingly,
- k .
(6.5) IIAUFIIk,aléC(Eoﬂz”’I](A~/zze’€)uH%-v

k
+ 2 £ ullf-o).

It is easily seen that (see e.g. [5], [10])
(6.6) 22 ||(A—p2e)ulli-r < C(|[(A— p2e)ullf
+ 24— e )ull).

On the other hand, we see from Lemmas 6.1, 6.2 and the definition of the

boundary norm

(6-7) <Bivp>%—ml+k.301,j§C(<Bju>%—m1+k,l'j

3 s
+ﬂ5—mJTk<Bju>o,I‘j)-

In addition,
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. k2
68)  lodien=l, B 1D Pdr=C 5 p uln
D \a|Sk+2 7=0

Combining (6.4), (6.5), (6.6), (6.7) and (6.8) we have completed the proof.

Finally since the constant k¢ can be taken to be O for Proposition

5.4, the statement of Theorem 2 has been shown.

References

[1] Agmon, S, A. Douglis and L. Nirenberg, Estimates near the boundary for solu-
tions of elliptic partial differential equations satisfying general boundary condi-
tions I, Comm. Pure Appl. Math. 12 (1959), 623-727.

[2] Agmon, S., On the eigenfunctions and on the eigenvalues of general elliptic
boundary value problems, Comm. Pure Appl. Math. 15 (1962), 119-147.

[3] Agmon, S., General elliptic boundary value problems, Nostrand, 1965.

[4] Agranovich, N.and M. I. Vishik, Elliptic problems with a parameter and parabolic
problems of general type, Uspehi Mat. Nauk 19 (1964), Russian Math. Surveys
19 (1964), 53-157.

[5] Browder, F. E.,, On the spectral theory of elliptic differential operators I, Math.
Ann. 142 (1961), 22-130.

[6] Garding, L., Dirichlet’s problem for linear elliptic partial differential equations,
Math. Scand. 1 (1953), 55-72.

[7] Gohberg, I.C. and M. G. Krein, Systems of singular integral equation on the half
line with kernels depending on the arguments, Uspehi Mat. Nauk 13 (1958), 3-72.

[8] Gohberg, I. C., Factorization problems in normed rings, Uspehi Mat. Nauk 19
(1964), 71-124.

[9] Hanna, M.S. and K. T. Smith, Some remarks on the Dirichlet problem in piece-
wise smooth domains, Comm. Pure Appl. Math. 20 (1967), 575-593.

[10] Higuchi, Y., A priori estimates and existence theorem on elliptic boundary value
problems for unbounded domains, Osaka J. Math. 5 (1968), 103-135.

[11] Hormander, L., Linear partial differential operators, Springer, 1963.

[12] Kadlec, J., The regularity of the solution of the Poisson problem in a domain
whose boundary is similar to that of a convex domain, Czechoslovak Math. J. 89
(1964), 386-393.

[13] Ladyzhenskaya, O. A., A simple proof of the solvability of the fundamental bound-
ary value problems and the eigenvalue problem for linear elliptic equations, Vestnik
Leningrad Univ. Mat. Mekh. Astronom. 11 (1955), 23-29.

[14] Ladyzhenskaya, O. A., On integral estimates, convergence of approximation meth-
ods and solutions in functionals for linear elliptic operators, Vestnik Leningrad
Univ. Mat. Mekh. Astronom. 14 (1958), 60-69.

715] Lions, J. L. and E. Magenes, Problémes aux limites non homogénes (II), Ann.
Inst. Fourier Grenoble 11 (1961), 137-178.

[16] Lions, J. L. and E. Magenes, Problémes aux limites non homogénes (IV), Annali
Scoula Norm. Sup. Pisa 15 (1961), 311-326.

[17] Peetre, J., Mixed problems for higher order elliptic equations in two variables (I),
Annali Scoula Norm. Sup. Pisa 15 (1961), 337-353.

[18] Shamir, E., Mixed boundary value problems for elliptic equations in the plane,



256

[19]

[20]

[21]
[22]
[23]

[24]

[25]

Kazunari Hayashida

Annali Scuola Norm. Sup. Pisa 17 (1963), 117-138.

Shamir, E., Elliptic systems of singular integral operators I, Trans. Amer. Math.
Soc. 39 (1968), 107-124.

Schechter, M., Integral inequalities for partial differential operators and func-
tions satisfying general boundary conditions, Comm. Pure Appl. Math. 12 (1959),
37-66.

Schechter, M., General boundary value problems for elliptic differential operators,
Comm. Pure Appl. Math. 12 (1959), 457-486.

Schechter, M., Mixed boundary problems for general elliptic equations, Comm.
Pure Appl. Math. 13 (1960), 407-425.

Vishik, M. I. and G. L. Eskin, General boundary value problems with discontinuous
conditions at the boundary, Dokl. Akad. Nauk SSSR 158 (1964), 15-19.

Vishik M. L. and G. I. Eskin, Elliptic equations in convolution in a bounded domain
and their applications, Uspehi Mat. Nauk 22 (1967), Russian Math. Surveys 22
(1967), 15-124.

Zygmund, A., Trigonometrical series I, Cambridge, 1959.



