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Spectral Representation for Branching Processes
with Immigration on the Real Half Line

By

Yukio Ocura¥*

§0. Imtroduction

In the previous paper [ 6], we have obtained the spectral represen-
tation for the semigroups of continuous state branching processes (CB-
processes). In this paper, we shall obtain the analogous results for
continuous state branching processes with immigration (CBI-processes).
CBI-processes were introduced by Kawazu and Watanabe [3] as a con-
tinuous version of Galton-Watson processes with immigration and our
results are similar to those of Karlin and McGregor [2] for Galton-
Watson processes with immigration. When CBI-processes are diffusions,
our representations are some concrete examples of the general represen-
tation theory for one-dimensional diffusions (cf. [57] e.g.).

Generally speaking, the spectrum appearing in the representation for
a CBIl-process is a constant multiple of that for the corresponding CB-
process. The eigenmeasures of a CBl-process are given by convolutions
of those of the CB-process and so called an «a-stationary measure (cf. (2.1)
below and [6 ] (2.1)). The right eigenfunctions are given by a similar
way (cf. (2.4) below and [ 6] (2.6)).

In §1, we shall define an a-stationary measure, and represent the
semigroup by it ((1.15) below). In §2, we prepare some general lemmas.
§3 is devoted to obtain the spectral representation for sub- and supercri-
tical cases. In these cases, only the discrete spectrum appears. In §4,

we deal with the critical case, in which the spectrum is continuous.
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Some examples are given in §3 and §4. They contain all diffusion CBI-
processes.
The author wishes to express his thanks to Professor N. Ikeda and

Professor S. Watanabe for their valuable discussions.

§1. a-stationary Measure

A CBl-process is a Markov process (x; P,) on the real half line
[0, o] with oo as a trap, satisfying for each :>>0, 1>>0, and x>0,

(1.1) E.[e;1<e.]=p:(R)e M.

Here, ¢;(2) and ¢;(2) are nonnegative functions of ¢ and 4, and they
satisfy

1.2) Gres(D)=0:(0s(1),  Go(D=14,

(1.3) 015D =0:(Dps($:(2), (D=1

Now we shall assume that the process is stochastically continuous. Then
h(2)=0¢:(2)/0¢t|:-0 and g(A)=—0¢;(2)/0¢t|:~0 exist and are given by

14  B@R)= —a/lz-i-b/l—i-c——g:(e‘”——l-l-l(y/\ D) ni(dy),

(L.5) g(/l)=d/l+e—S:(e””—-1) na(dy),

with real constants ¢>0, b, c>0, d>0, e—>0 and nonnegative measures
ny and n; on (0, ) such that g(yz/\l) nl(dy)+8(y/\1) ny(dy) < oo
(cf. [3]). From (1.2) and (1.3), we have

.6) 2 0D=h@@), D=1,

@7 pD=exp(—{ g(p.(D)ds)

Conversely, for given h(4) and g(4) with above properties, ¢:(4)
and ¢;(4) are uniquely determined by (1.6) and (1.7). Furthermore,

1) e.=inf{t; x,=oo}, (inf =+ o).



Spectral Representation for Branching Processes 309

{ps(D}tero,=y is a ¥-semigroup? and ¢,(1) is completely monotone, and

hence there corresponds a unique CBI-process.

Definition 1.1. The function A(R) is called supercritical (subcritical,
critical) if RH'(0)>0 or ¢>0 (resp. A'(0)<0 and c¢=0, resp. #'(0)=0 and
c=0).

In the sequel, we shall assume

(1.8) S”_qZ_r_ converges for a large A.%
» h(z

Since h(1) is concave and h(0)>0, we can find its largest zero point 7.
By (1.8), r>0 if it is supercritical, and y=0 otherwise.

Definition 1.2. Let a=g(y). A nonnegative measure 7,(dx) on

[0, o0) is called an a-stationary measure of the CBI-process, if it satisfies

(1.9) S:no(dx)Pt(x, E)=e-“ny(E), Ecx[0,c0)

(1.10) o<ﬁ0(z)ES:e—M7zo(dx)<oo, for a large 2.

Lemma 1.1. A nonnegative measure wo(dx) on [0, ) is an «-
stationary measure, if and only if fio(2)<oo for all 2>7 and

(1.11) To(@e(A))p(A)=e~“7o(R), A>71, t>0.

Proof. Since all the measures in (1.9) are nonnegative, (1.11) fol-
lows from (1.9) by taking the Laplace transforms, (it is allowed that both
sides are + oo at this step). If wo(dx) is an «-stationary measure, #o(L)
< oo for some L>0. Since ¢;(L)—>7 as t—oco by [6] Lemma 1.1,
7o(A)< oo for each 4>7 by (1.11). The converse is obvious.

2)  {¢(D}ie [0, ) is called ¥-semigroup, if it satisfies (1.2) and each ¢,(4) is nonnega-
tive, having the completely monotone derivative in A

3) This condition is same as [6] (1.5). However, this is not always necessary for the
spectral representation in [6] or in this paper. Indeed, the parallel arguments
are available if we use —Si“ h‘fi) instead of ﬁ(l):—gj%, (ct. [6] (18). But
there is no more stationary measure or a-stationary measure if this fails.

4) (0, 00) (70, o)) is the class of all Borel measurable sets in (0, o0) (resp. [0, o))
with compact closures.
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Proposition 1.1. There is a unique c-stationary measure up to a

constant multiple. It is given by

(1.12) #o(A)=exp (Szﬁ,(;gf%“ i), 1>,

where Ay is a constant with 2,>7.

Proof. First, we shall show that #,(2) of (1.12) is completely
monotone on A>>4,, by showing that f(1)= S ((g(r)—a)/h(r))dr has
the completely monotone derivative (cf. [1] p. 417) Since g(4) is non-
decreasing and hA(2)<0 on 2>7, f(2)=>0 on A>2,. Similarly,

D= 8X—a [ h2)
(1.13) fa=gR=e [ MD 5o 1>

(g(A)—a)/(A—7) is completely monotone, since

d” g(l)—a _(_1)n

2 (/1 T)._J d’ _
ar -t P (g()~a)

= v ar

=(-1r S{l_e—(x mu; M} “Iny(dy).

Similarly, —A(4)/(A—7) has the completely monotone derivative. Hence
f/(4) in (1.13) is completely monotone on 1>7.

(1.11) follows from (1.12), (1.6) and (1.7).

By differentiating the both sides of (1.11) at t=0, we have

(D) (A —7o(2) g (A) = —atto().

This equation has the unique solution (1.12) up to a constant multiple.

q.e.d.
Let

(1.14) £()= —S:T‘Z_), >,

and O(w) be its inverse function (cf. [6] p. 426). Since ¢:(2)=0(7(2)+1),
2>71, >0 ([6] (1.10)), (1.11) implies

Proposition 1.2. The CBIl-process has the representation
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e‘“’f[o(l)

(1.15)  Efe™;1<e.]= 2@ +1)) ©

—xH(v?(k)+t)’ l>,r, 120

Corollary 1.1. From this, it is clear that the sample paths hit the
origin with positive probability, if and only if (1.8) holds and

= g(0)
(1.16) gx 70) dt converges for a large A.

(Cf. [6] Remark 1.1).

§2. General Lemmas of the Representations

In this section, we show that the representation (1.15) in §1 signifies

the spectral representation of the semigroup. We start with
Lemma 2.1. For each u€[0, o), there exists a signed wmeasure

C(u; dx) on A [0, o) such that

2.1) Sje-“ccu; da)=R(De ", 1>,

2.2 [ee1eis dm <mo e, >,

where || (u; E) is the total variation of {(u;+) on E.

Moreover L(u; dx) is an eigenmeasure of Py(x, E) in the sense that
@3 (e a0 P B=e @ Otw B), >0,
Ecx [0, o).

The proof is similar to those of Lemmas 2.1 and 2.2 [6].

As in [6], we shall put some assumptions:

Condition I. For each x€[0, o), there exists a signed measure
7(x; du) on A [0, o) such that for some to>0,

—x6(w)

(2.4) S:e_"”‘vy(x; du)= ¢ w>to,

o(0(w))

(25) Hy)={ e 71 (x5 duy<oo,  w>n
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Condition II. Condition 1 is satisfied, and
(2.6) SOP,(x, dPH()<oo, >0, w>iy,

for some t,>t,.

Lemma 2.2. If Condition 11 is satisfied, 7(x; du) is an eigenfunc-
tion of Py(x, E) in the sense that

@n (PG, dpat; D= @t du),  TexTo, ).

Lemma 2.3. If Condition 1 is satisfied, then P/(x, E) has the

spectral representation

2.8)  Plx, E):S:W(x; du)e “ D C(u; E),  t>ty, x€[0, ),
Ecx[0, o).

The proofs are similar to those of [ 6 | Lemmas 2.3 and 2.4, and will
be omitted. (Use (1.11) and (1.15).)

§3. Discrete Spectrum Case

In this section, we deal with CBI-processes, whose h(1) and g(4)
satisfy

(3.1) K (r)<0, and W), g(A) are analytic at 7.

When a CBl-process is supercritical, (3.1) is always satisfied: when it is
subcritical, since A'(y)=h'(0)<0, the only assumption is that A(1) and
g(A) are analytic at 0.

Let #=—A&(y). Then A(A)=e "™ is analytic at y and A'(y)>0
(cf. [6]). Hence the inverse function B(v) of A(X) is analytic on a
neighbourhood ¥ (0) of v=0." Moreover B(v) and 0(w) have the

relation

(3.2) 6 (w)=B(e™*), e e V(0).

5) Note that A(y)=0.
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Now, by (1.12) and (3.1), 1/#4(2) is analytic at y. Since B(v) is ana-
lytic at 0 and B(0)=7, e *2®/#,(B(v)) is analytic at 0. Therefore we
can define the functions {y(x; ku)};-, uniquely by

(3.3) T (s k) ot =e PO o (B()).

Theorem 3.1. Let (3.1) be satisfied. Then 7(x; ku) is an eigen-
Sfunction of Pi(x, E) corresponding to the eigenvalue e ****  Furthermore

P,(x, E) has the spectral representation
(3.4) Pz, )= 7(x; k) e @4 ¢(ku; E),
£=0

t>t05 xE[O, oo), EE%[O) oo)s
for some to>0.

The proof is similar to that of [ 6] Theorem 3.1.

Remark 3.1. If h(1) is supercritical with ¢=0, ¢, in (3.4) can be
taken to be 0. Indeed, in this case, (3.3) is satisfied on (—1, 1), since

B(v) is analytic there and #,(4) is analytic on 4>0 (cf. [6] Remark
3.1).

Remark 3.2. 7(x; ku)=e "*x(a polynomial in x with degree k).
This follows from (3.3) (cf. [6] Remark 3.2).

Note that in this case
(3.5) (D) =B (e * A(Q2)), for large t,
(cf. [6] (3.6)). An asymptotic property is also obtained:
Proposition 3.1. If (3.1) is satisfied, |
(3.6) Ele™; t<e,. |[=c1(D) e e *[1—e*c3(2) (c3+ %)
+0(e~2)], t—> oo,
where e()=exp | (8()—@)/MD)d, co)= AW/ A) and ca=g'(r)

/B (). 0() is uniform on 2 >y—e and x <L for some ¢>0 and each
L>0.

Proof. Since #,(B(v)) is analytic at 0 and 7#,(B(0))=17(1) =0,
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1 _ 1 [, 0 -
O N O ICO I e
Hence, by (3.5) and (1.11)
1

@7 D=2 1)

_ —ar_To(A) _ 7(r) —ut —2ut 5 o
=emor 23 [1 T B (e AW+ 0 )], 1 > oo

On the other hand, by [6] (3.8)

3.8 _x¢t(x)= —7xl:1_ —put A,(i) +0 —2ut :l’ t—> oo,
( ) e e xe A (T) (e )

(3.7) and (3.8) imply (3.6).
Now we shall give a few examples (cf. [ 6] Examples 1 and 2).
Example 3.1. Let
{h(/l)= —alt* P+ b2,
gA)=c2?+d, a, b6>0, ¢, d>0, 0<p<1.
h(2) is supercritical, and the largest zero point 7 is (b/a)?, where g=1/p.
As [6], #=pb and

_,_ b
AD=1-—o, >0,

B =7 (- )q, lo| <1.

1—v
Since (g(2)— g )/(A)=—c/al,

Ao (D=, L = C py=t
770(}\)—/10 FEC ] K a 3 AO 103

(1o is a constant larger than 7). a=bc/a+d and the «-stationary

measure is

no(dx)=%x""ldx.

The eigenmeasures C(ku; dx), k=0, 1, 2, ..., are given by
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xpl+:c 1

Clkus dx)=4o 2, ()( F(pl+/c)

and the eigenfunctions 7(x; k), k=0, 1, 2, ..., are

7(x; ku)— " lg (= Tx)l ( q(l'*"“)kJrk_l )

When p=1, the CBl-process is a diffusion with the generator
Yu=axu" +bxu'+cu’ —du.

In this case, (3.4) can be written in the symmetric form;

Py(x, dy):kgono(x; kp) e *er 0ty (ys kp)ym(dy), dyex (0, o),
where

. ST k+E) gk (E (—rx)
70(; k)= +e Z( >7(T4—77’

and m(dx)=x""'e" dx is the canonical measure of the diffusion. This is
an example of the general spectral representation theory of one-dimensional
diffusions (cf. [5] e.g.).

Example 3.2. Let
{h(l)= —a(A+710)""?+ (A +70),
g)=cQ@+70)?+d, @, 5>0, ¢, d>0, 0<p<1,

where 7o=(b/a)?, g=1/p. In this case h(2) is subcritical. a=bc/a+d
and the «-stationary measure is

ﬂo(dx) ]_,( ) _7”"x"“1dx, ﬂ:%, A]_:(lo—{—‘ro)"_

#=pb and the eigen-measures and -functions are

Sk = 3 (F) (- )’%;—) nedy,

7 (s k)= 7"0;1 ,;0( Tox)l <€I(l+’c)+k 1)

When p=1, the CBl-process is a diffusion with the generator
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Yu=axu”’—bxu'+cu’ —du.

(3.4) has the symmetric form
Pi(x, dy)= 2Zino(x; ku) e * oy kpym(dy),  dyex (0, o),

where

ooy TG (8 gy

and m(dx)=2x""le "* dx is the canonical measure of the diffusion. This

is also an example of the general theory.

§4. Continuous Spectrum Case

In this section, we discuss the spectral representation of CBI-processes
with continuous spectra. First, we shall deal with the case
hA)=2"*"?h1(2) and g(A)=2"g1(A)+d, where 0<p<1,d>0
4.1)
and hi(R), gi(2) are analytic at 0 with kh1(0)g1(0)=¢0.
This is satisfied of course only when Ah(1) is critical. Since A(1) is
concave and g(4) nondecreasing, £:1(0)<0 and g:(0)>0. We set
_ &1(0)
h.(0)
Lemma 4.1. Let (4.1) be satisfied. Then 0(w) is analytically con-

tinued to a domain containing a vight half-plane Re w>>t,, and

(4.2) Re w>1,.

| 7o(0)) | St

Proof. By (1.12) and (4.1), for some 0>0,

4.3) Sy =A@, 1ai<o

where f(Z) is an analytic function with f(0)=¢0. On the other hand, by

the same reason as in the proofs of [ 6] Lemmas 4.1 and 4.2,
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wkli’
@9 s | )
(14 co+re? ko(re'?)) '
o2ror Mootfw)(apriewwp L oersh
S I€!<7r
(1+c14 log A+ 2k (2))" _
i [l > P=h
larg\I<z/2+¢&;

where &g, €1 >0, cg, ¢ are some constants, and k(1), k(A1) analytic func-
tions. Now (4.2) follows from (4.3) and (4.4).
Moreover, it holds that

Mer*
lw|

Let ty=t;Vit;. Then we have:

(4.5) |1—e "0 | < Re w>>t3, (cf. [6] (4.3)).

Theorem 4.1. Suppose that (4.1) is satisfied and £>p/2. Then

the transition function P(x, E) admits the spectral representation
48 Pdw B)={ 9w, e @ Cus B)e du,  t>t0, 520,
E€ (0, o),

where 7(x, u) is in L*0, o) as a function in u. Furthermore, if p=1,
7(x, u) is an eigenfunction of P(x, E) for each continuity point u of

77(x3 u).
Proof. By (4.2), (4.5) and the Paley-Wiener theorem (/4] p. 131),

(4 7) l_e_xa(w) :S"“e_wu8<x u) etgudu Re w>t

‘ fo@w) o ’ ’ -
(4.8) —*—-} =Sme_w”8(u)e’°”du Re w>1i

' 7oB(w) o ’ >,

where B(x, u) and B(u) are in L?(0, oo) as functions in u. Hence (2.4)
follows with 5(x; du)/e"*du=y(x, u)=pB(u)—pL(x, u). (2.5) is obvious
since 7(x, u) is in L%(0, o). Thus Condition I is satisfied and hence
(4.6) follows by Lemma 2.3.

For the latter assertion, we shall only note that (4.7) and (4.8) imply
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S:e_”'”lﬂl(x; du) <M,e’*,  w>ti,,
(cf. the proof of [6] Theorem 4.1).
Propesition 4.1. If (4.1) is satisfied, we have
(4.9) E.[e*;t<e..]

e 7(2) f(0) {1_ k(at(2)—qc) +O< 1 v 1 )}
FE) 120 )f>

(apt)® apt
0<p<1,
T e 2o(2) £(0) {1+ rBloge | fO/f(O) k(@) +c1)—x
(Oft)” a’t at

Gy S

where f(2) is that of (4.3) and a, c, q, c1 are those of [6] §4. 0( ) are
uniform on A>K and x <L for each K, L>0.

Proof. Note that (1.1) and (1.11) imply

(4.10) E.JJe ™ t< em]:%?—(o/% e Fh),
Since ¢;(1)—>0 as t—>oo, we have by (4.3)
@) Lo = O s (14 L p+0), 1o,

(4.9) follows from (4.10), (4.11) and [ 6] (4.12).

Remark 4.1. The higher approximations may be obtained by the
same methods.

Now we shall give an example of (4.1).
Example 4.1. Let
h(2)=—al'*?,
g)=b+c, 0<p<1, a>0, >0, ¢=>0.

By a simple calculation,
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ary_. 1 aron_ 1
ﬂ(l>— pa/l” ’ 6(10) (Paw)q
with ¢=1/p. £=b/a and
ﬁo(i):%‘ >

for 20>0. Hence the a-stationary measure (@=c) is

lc

wo(dx)= F(/c) x " ldx.

The eigenmeasures {(u; dx) are

. oo 1 u ! [)I+x1
s dx)= §T<‘ )r—g.fz‘m

In this case, £>p/2 is not necessary for the spectral representation

(4.6).9 Indeed, in our case, Condition I is satisfied with

( d ) i 1 (_x)l q(l+r)—1

x; du)=———"— D

! o(P 7 & 1T (pa) T (U ) °

When p=1, the corresponding CBI-process is a diffusion with the gener-
ator

(4.12) Yu=axu' +bu'—cu,

and (2.8) has a symmetric form

P, dp)={ 7" s w) e @ % ys ) dumdy),  dyex (0, oo,

where

k=1 = !
YN/ L(_ ux ) 1
W(x;u> ]/ a;; 1§0 l! a r(l“i‘/f) b
and m(dx)=x""'dx is the canonical measure of the diffusion.

Finally, we will give an example of the spectral representation with

continuous spectra which does not satisfy (4.1).

6) But »(x, u) does not belong to L0, o), when £ < p/2.
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Example 4.2. Let
h(2)= —aA'*?,
{g(l)=bl’+c, 0<p, r<1, p=r, a>0, b, c 0.
The functions 7#(1) and O(w) are as same as those of Example 4.1.
Suppose first that 0<p<r<1, and put p=r—p. Then

7to(2)=Apexp —i—g) ) Ay =exp (%) ,

for 20>0. Hence the a-stationary measure 7o(dx) is
mo(dx)=4, P(P)((ap/b)”‘bdx),
where P)(dx) is the one-sided stable distribution of exponent p.”
Let &,(dx) be that of [6] Example 3. Then the eigenmeasure &(u; dx)
is the convolution of 7o(dx) and ,(dx). Further,

1 = —wu
EXCO N So e *Bo(du),

g - bluert-1dy
ﬁo(du)—‘_/K{IEL L1 (ap)! (ap)*'I'(qol)

Hence Condition I is satisfied with 7(x; du) = (B¢*d.(x))(du), where
@au(x) is that of [6] Example 3.
Next, let 0<r<p<(1, and put c=p—r. Then

for 2o>0. The a-stationary measure 7o(dx) is

+a<du)}.

wiar=o 34 (&) iy desacan)

and the eigenmeasure {(u; dx) is the convolution of 7o(dx) and &,(dx).

1 = —wu 0
R NA

7) That is P() is a probability measure given by
Swe‘“P(")(dx)=e'“, 1=>0.
o
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B(dw) =5 P4 (;1; (5) ).

so that Condition I is satisfied with 7(x; du)=(8%¢.(x))(du). Hence
(2.8) follows by Lemma 2.3.

(1]
(2]
(3]
[4]
[5]
(6]
7]
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