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On the Propagation of Singularities of the
Solution of the Cauchy Problem

By

Yisaku HAaMADA*

In this paper we consider the Cauchy problem for linear partial dif-
ferential equation with holomorphic coefficients in complex domain.

We treat the case where the initial surface is non-characteristic and
the initial data have singularities along a regular surface on the initial
surface.

In [2] we showed that, under the assumption that the characteristic
surfaces issuing from the points of singularity in the initial data are simple
and do not touch one another, the singularity in the initial data is propa-
gated along these surfaces and if the initial data have at most poles (resp.
essential singularities), the solution in general has at most poles (resp.
essential singularities) and logarithmic singularities on these surfaces.

However, if an equation admits multiple characteristics, the behavior
of the solution is different from that of the case of simple characteristics.

For example we consider the Cauchy problem

0%u_ Ou _
%% 0y

|

w0, y>=iy

ou
W(O’ y)=0.

The solution u(x, y) is expressed in the form
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Thus, this example shows that although the initial data have pole, the
solution has essential singularity on the surface y=0 which is double
characteristic.

However, if we impose a suitable condition on the lower order terms
of the differential equation, the behavior of the solution is similar to that
of the case of simple characteristics. Now we impose E. E. Levi’s condi-
tion on the differential operator. Let us recall that this condition was
imposed in the studies on the well-posedness for weakly hyperbolic equation
(cf. A. Lax [ 3], Mizohata-Ohya [ 8] and Matsuura [5]).

In this paper we shall give some results on these situations.

In the same way as [ 2], our method relies essentially on the papers
of S. Mizohata [6 ] and [7]. We also refer to the results of D. Ludwig
[47] and Gé4rding, Kotake, Leray [1].

In the next section, we shall give the precise statement of our results.

I wish to express my sincere gratitude to Professor S. Mizohata for

his valuable advice and constant encouragement.

§1. Notations and Results

Let x=(x1, ---, 2,) denote the point in the space of n-complex variables

C”. We also write x=(x1, x"), x'=(%32, -+, x,) and x"'=(x3, -+, %n).

0
Let a(x, 5;) be a linear partial differential operator of the form

9 gla
“("’ W)Z,aém P sy ol

where = (a1, ---, @,) is n-tuples of non-negative integers, || =a;+ -+ ;.
The coefficients a,(x) are supposed to be holomorphic in a neighbor-

hood of x=0.
0
We associate a(x, ??7) with the polynomial a(x, ) in the complex

variables £=(&y, .-, &,) defined by
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a(x, )= 2] aa(x)l*  (L*=L5.. L),
la|<m

and denote by P.(x, {) its homogeneous part of degree k:

Py(x,0)= IZ kaa(x)caa

al=

then we have

a(x, C):Pm(x; C)+Pm—1(x, C)-i- e +P0(x; C)
In this paper we shall assume throughout that @, o,.. 0(%)=1, which implies
that the surface x,=0 is non-characteristic for Pm(x, 7?‘;) .

Our purpose is to consider the Cauchy problem:

(1.1 a(x, %)u(a)zo

*u , ,

W(O’ x)=wp(x") for £k=0,1,...,m—1,
where the initial data wy(x") (=0, 1, ---, m—1) are holomorphic in a
neighborhood of x'=0 except on the surface x,=0.

In treating this problem, we shall impose on the differential operator

a<x, —%) the conditions due to Mizohata-Ohya [ 8] and Matsuura [5].
That is, at first we require that the characteristic surfaces issuing from
the points of singularity of the initial data are at most double and their
multiplicities are independent of x.

In reality, we require more restrictive condition:

Condition (A). The decomposition
4l . L2 ,
Pm<xa C) - Ill (GI - li (x> C/))“ Hl (Cl —/«tj(v‘;7 c ))
i= i=

holds for all x and ' in a neighborhood of x=0 and {'=(1,0, ..., 0).
Here 2:(x, ¢") (i=1, .., 1) and pi(x, ) (j=1, -, l3) are holomorphic
for all x, & in a neighborhood of x=0,¢=(1,0, ..., 0). Moreover, writ-
ing 2;0; 1,0, ..., 0)=2; and ui0;1,0,...,0)=u;, we assume ithat 21,
ooy Apyy M1y -y M, arve distinct.

Next, we impose condition (B) on the lower order terms.
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Condition (B). For each j (j=1, ..., 1) and for all x, ' in a
neighborhood of x=0,¢'=(1,0, ..., 0), it holds that

=0.

§1=2,(%,£%)

1 /0°P,0d; & 0°P, 04,
{P m-1(2, &) +T( ¢ ox, T2, 0C10Ca8xa>}

Now we can replace the above condition (A), (B) by the equivalent condi-

tion (C) defined by

Condition (C). The differential operator a(x, —;;) is expressed in
the form:

o 5o )=l 5e) s (oo 5) ]+ 32 ) )

o )

where hi(x, §), ho(x, ) are the homogeneous polynomials of degree li, L3 in
€, whose coefficients are holomorphic in a neighborhood of x=0. Moreover,
the roots of the equations h, (0;2,1,0,...,0)=0, hy (0; #, 1,0, ..., 0)=0
are 2; (=1, ..., L), 4, (j=1, ..., ls). b(x, &) and c(x, L) are any
polynomials of degree li+1;,—1 and at most m—2 in &, respectively.

In this paper, we use condition (C) instead of (A), (B) for the con-
venience of the calculus.

Now, as was shown in [ 27], we can construct the characteristic surfaces
, . 0 0N . .
K (i=1, ..., 1), K}Z’ (] =1, ..., 1) for hl(x, W)’ hz<x, %> issuing
from x;=x,=0. Let K{¥ and K{® be expressed by the equations
¢P(x)=0 and ¢Y¥)(x)=0 where

. , . , 0™ RIS
¢(Z)(O, X ):x21 ¢(])<09 x )=x2: a—qi;«)):lt and angl(O):ﬂJ

The aggregation of K{' (:=1, ..., [;) and K (j=1, ..., [,) constitutes the
. 0N . .
characteristic surfaces for Pm<x, W) issuing from x;=x;=0.

Then our assertion may be stated as follows

0 .
Theorem. Assume that the differential operator a(x, W) satisfies
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condition (C). Then the solution u(x) of the Cauchy problem (1.1) is

analytic outside of K{P\U---UKPUKP\U---\UKP? and generally has

singularities on K{"\U--- UK P UK@\U---UK®. More precisely, provided

that the initial data have at most poles on x;=0, u(x) is expressed in
the form

b AD(x)

u(x)— igl {[(o‘“(x)]pb

12 C(J')(x)

+ 2ot

=1
where A9(x), BY(x), C(x), DP(x) and H(x) are holomorphic in a

neighborhood of x=0 and p;, q; are non-negative integers.

+BO(x) log ()}

+ D) log ¢ ()} + H(x),

If at least one of wi(x") (k=0,1, ..., m—1) has essential singularity,

u(x) is expressed in the form

(5 AP

l1
wD= 2B T ) P

i=1

+ B9(x) log ¢<f><x)}

12 o C(J')(x) ; ;
+ j§1 {k; [ﬁb@’(x)]k + D) log ¢f )(x)} +H(x),

where AP (x), BP(x), CY'(x) and DY (x) are holomorphic in a neighbor-
hood of x=0.

Remark 1. As we see in the next section, when the initial condi-

tions are given by

h 1
g—x?(O, x,):w(xxg ) (p: integer>0)

*u

520 2)=0  kxh  0<E<m—l,
for the exponents p; (i=1, .-, l1), g; (j=1, ---, [2) we have p;<p—h+1
(=1, - I), ¢;<p—h (j=1, -, Iy).

Remark 2. The solution u(x) has not always singularities on all the
surfaces K (i=1, ..., l1), K® (j=1, ..., I3). There may occur that u(x)
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is analytic on some KV, K?.

Remark 3. Condition (C) is a generalization of the condition by
A.Lax [3] in the two dimensional space. A. Lax’s condition in complex
domain means that

o 0 ] . v v

a u=0!...0lu+ o @y, (2, ¥)07 ... 0%

Xy ¥s Dx’
X 0 Vit trg<I—1
Y VI<iymive<is

morphic in a neighborhood of (x, y)=(0, 0) and 4,(0, 0), ..., 5(0, 0) are

distinct.

0
Remark 4. In C3, we consider the differential operator a(x, 5—;)

0* 0° i o _ ‘
=827 Gmads with characteristic polynomial {%—&,{3. The equation

¢2—&,¢3=0 has double root £&,=0 for (£, £3)=(1, 0), but this operator
does not satisfy condition (A).
We shall give a remark on this operator in Section 4.

Remark 5. From the theorem it follows that the solution u(x) is
either ramified logarithmically or never ramified around each of KV
(=1, 2, .., 1) and K (j=1, ..., I3). However, unless operator
a(x, 6%) satisfies condition (C), as we see in the following example where
the characteristic surfaces touch each other, a solution can be found that
is ramified finite times around a characteristic surface. The Cauchy
problem

%u 0%u
Bx? T2y

u(0, y)=0

0

ou 1
[m—(o’ D=y
has the solution u(x, y) in the form

u(x, y)= 2\/17 log <j%+ x>,
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which is ramified two times around y=0.

Remark 6. We also remark the following:
Let hi(x, &), ha(x, ) be the homogeneous polynomials of degree Ii, I;
in ¢ with holomorphic coefficients, and b(x, &), c(x, &) be any polynomials
of degree [;+1;—1, at most m—2 in ¢ with holomorphic coefficients.

Let S be a regular surface defined by ¢(x)=0 ((¢,)=x0) which is simple

0
characteristic for h1<x, %), but non-characteristic for A, (x, 5;)

Now we consider the differential equation

al x, %)u(z) =0,

where

(o )l 2o 2T i 2o )

+ c(x, %)

Then, we have the solution of this equation with singularity on S in the
form

u(x)="[o(x) *Hi(x)+ Hy(x) for sa—1, —2, ...

=[o(x)*Hi(x)+ Hy(x) log ¢(x)+ Hs(x)  for s=—1, =2, ...,

where H;(x), Ho(x) and H3(x) are holomorphic in a neighborhood of x=0
and H;(0)=0.

In the next section we shall construct the formal solution of our

problem. Section 3 is devoted to the proof of its exactness. In Section 4

we shall give a remark on the existence domain of the solution.

§ 2. Construction of Formal Selution

Let a(x, 5;) be a linear differential operator satisfying condition
(C). Our aim of this section is to construct the formal solution of the
Cauchy problem (1.1) in the case where the initial data have at most poles.

The principle of superposition allows us to reduce our problem to the
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special case as follows

0
(2.1) <x > )u(x) 0
with the initial conditions
ak
k(O x)= k=xh, 0<<Ek<m—1
(2.2)
"u w(x”)

3t (0 #)=(—1(p—1)!

where p is integer >0 and w(x'") is holomorphic function of x"'=(xs, ---, %)
in a neighborhood of x”'=0.

Now, in order to construct the formal solution of (2.1) and (2.2), we
introduce the auxiliary functions fi(s) (j=—m, —m+1, ...... ) satisfying

the following relations:
d
25 Ji®=Ffi-1(s)
fo(s)=log s fi(s)=slogs—s

1
ey | O 4,
fa(s)— o Iogs— s

—(—1\yn-1 . __];_ 1 1
f—m(s)—( D™ (m—1)! 5 Aa=1+—2~++—a’“

o integer>0.

In terms of these functions, we expand the formal solution u(x) of (2.1)
and (2.2) in the form
i1 oo . A l2 faid . .
(2.4) w)=2 N fileDuf+ Y T fulpPwil.
i=1 k=-p+n-1 =1 k=—p+n
In the following we shall determine these coefficients uj’, v{’. In order

to do so, we shall repeatedly use Leibniz’ formula

(2.5) W ) F(@u=F Dz, o)
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+ £ 50, gt oo |+ £ FmoLLul,

where L,(a¢=2, ..., m) are differential operators of order « depending only

. . 0
on the differential operator h<x, 0_x>

Now, substituting (2.4) into (2.1) and setting the coefficients of
fk—m+2(¢(i)) and fk—m+1(¢(j)) (kZ_P+h'_1a _P+h: ---) equal to zero,

we obtain the recursion formulas for u}’ and v’

(2.6) FEoLlLl[ui”] +2’0L1[u;f’]+zo[u;f)

m—3 i
= agog a+3|:u§ei—)1—a]

and

~ o= om=2 .
(2.7) LyLoLo[ v ]+ LoLo[ vi’ = X Lavo Vi1 al,

a=g

where

Lo=hi(x, ¢3)

T():hZ(xs ¢;i)

To=bzl+12—1(x, PP
(28) Lo=b11+12—1(9€, (ﬁ;j)) ’EO:Cm—2<x’ 40;“

LI .. 0

Li= 3 bz, 085, o)

T @ 0 ’

L= 3 o (x, 995+ c'(x)

a=1 Xa

%, are differential operators of order .

We note that, from our hypothesis (C), £1(0; 4;, 1, 0, ..., 0)20
(j=1, -, 1), ha(0; 4;, 1,0, -.., 0)0 (=1, ..., [;), and hence L, and
zo do not vanish in a neighborhood of x=0.

Now, we wish to rewrite (2.6) in a simpler form. In order to do
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so, we introduce the well-known ordinary differential equation

dx .
-jt_l_h(f)(xa (p;’)
dx, o
8 b, 0

with initial data x1(0)=0, z.(0)=1y, (k=2, ..., n). Let x;=&{(z, )
(j=1, ---, n) be the solution of this system, which defines the bicharac-

teristic curve for hl(x, %) and generates K. By composing uj’(x)
and x;=£%(t, y) (j=1, 2, .-, n), we define U{'(z, y):

<29) Uzi)(ta y)=u§ai)(5(1i)(t, }’): Tty éizi)(ta y)) J’Z(yz, Tty yn)-
Then, evidently we have

oUy

—a”t——=L1[u},” .

Therefore, we can rewrite (2.6) with k replaced by —p+h—1+k as

follows:
Y 0 ()
(2.10) 51 ) Tailts )5, 0 y) \ UL h1s
m—3 X
=‘§o$a+s[U(—’}+h—z+k—u],
where %, are differential operators of order @ with holomorphic coefficients

and a;(¢, y), bi(¢, y) are holomorphic in a neighborhood of (¢, y)=(0, 0).

In particular,

9 \? 5 .
(2.11) [(W) tailt, y)y ot bi, yﬂuygﬂ,_l:o.

Thus, we see that u}"’ satisfies the second order differential equation along
bicharacteristic curve.
Next, we perform the same procedure for (2.7) as (2.6). Namely, we

consider the ordinary differential equation
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dx1 LT h(x, 99

L S—

with the initial data %1(0)=0, x(0)=yx (k=2, ..., n). Let 2{'(z, y)
(j=1,2, ..., n) be the solution of this system and put
Vi, y)=of' Y, y)s -5 0id’ (& y)).

Then, we can rewrite (2.7) as follows

ro . m-2 .
(2.11) |__5£_+ ci(z, }’)JV(—JZMM(% }f): §0$a+2[V(-]1;+h+k—1—a],

where Z, are differential operators of order a and ¢;(¢, ) is holomorphic
in a neighborhood of (¢, y)=(0, 0). In particular,

(2.13) o teit ) P8 =0,

In order to seek successively U%),,_,., and VY),,.,, we must determine
OUYY. 4114
0t
is done by a consideration of the initial data (2.2). Indeed, we have for

0<{a<{m—1 the identity

the initial data UY).,_;.,(0, ¥), (0, y) and VY),;.,(0, y). This

oy —{ > N ( (%) < )a (4)
0x7 x1=0— ,;1 k-—p+h fk (™) u

a¢(1)>a lau(z)

e anlo®) @ Pt ol |

+mi:1f ( (i))sln [ (i) ])}
o) Bats 4 slUe=pl)(

1=0

) (ﬂ

a— laUU)

+fe- a+1(¢’(1))|_ ( (/)(])) e C(x)'Ul(ej_)l:|

(2.14)

+{ > (fk a(¢’m)<

i= 1 k=—ﬁ+

+ ka a+/3(¢(”)9ﬁﬁ[v(])3]>}xl=
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where we have denoted by the same notation I, (=1, 2, ..., m—1) the

various differential operators of order «. We note that these operators
. . 0

depend only on the differential operator a(x, -a—x—) and so of course are

independent of k. By substituting this into (2.2) and setting the coefficients

of fi(xz) (j=—p+h—m, ...... ) equal to zero, we obtain the simultaneous

. . . oul _ )
linear equation for u'),,.;(0, x"), —2*"*271(0, x") and Y}, (0, x).

axl

The determinant that consists of the coefficients of these unknowns is

1, 0 1 0 e
ay, 1 (27 1
acf, 20, a’ 2003 s
(2.15) 4= . . . .
, (m—1)af (m—1aj2 ............
............ 1 0 1 1
............ o, 1 B ﬂ,z
............ a%l 2ay, B33 B%z
............ ah , (m— 1)0,/11 , BTL, .. ‘3’,"2‘1 ,
where
a;(x")= ——(0 x) (=1, ..., ;) and Bi(x")= ~—~(0 xz") (j=1, -, l2).

NOW, from the fact that a,—(O)=/I,- (l_—‘l, teey l1), BJ(O)=,UJ (]= 1, vy lz),
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these functions ay(x’), ---, ai,(x"), Bi(x"), ---, Bi,(x") are distinct in a
neighborhood of x’=0. Therefore this determinant 4 does not vanish in

a neighborhood of x'=0. Hence, we get

(2.16) u‘_"}+h_1(0, xl)=0 i:]_, ceey ll-
and

w10, x)=4:1(h, i, x")w(x")
(2.17) 09,400, x" )= d5(h, j, xYw(x"")

(1)
M(Oa x/)=A3(h3 i x’)w(x"),
0x1

where 4,, 4;, 4; are holomorphic in a neighborhood of x'=0 and depend

0
only on a(x, W)’ h and i, j. For general k=1, we can express

) ) ou) _ . .
7RSI S 1) ——g%c“k—l respectively in the form
1
3 IS ]
; AN _
w4420, x’)7 a7 AL
o) ’ I om-1
v (0, )\ (@), (@)
(2.18) LKL AN = + 2 Empa [u—p+h+k—p,,:|
s h i aA=1 pg=2
ul _
g;”*kl(o, x") g Mol
X1 +a21 pzlmp., Ev—p+h+k-p¢]'
el

Now, we wish to transform (2.

. oUY)
U(-tj)w+h+k(0’ y), A

16), (2.17), (2.18) into the expressions for
BETL0, y), VY) . p4x(0, ). At first, obviously (2.16),

0t
(2.17) imply that
(2.19) UY) . 1-1(0, ¥)=0
(2.20) U4}, 4(0, p=d1(hy iy y) w(y).  y'=(y3 - yn)
(2.21) Va0, y)=A43(h, j, ) w(y).

Taking account of (2.16) and (2.17), we also see that

aU(_’.;_,_h_l
0t

()
au-—'p+h-—1

(2.22) -

(09 y)=h(11)(x> (0:(:“
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n

+ 5 i, g oo

a=2 0xa

%=0
%=y

zh(ll)(xa (0:(;“)4‘3(}1'9 ia x’)w(x”)

Z1=0
x/=Yy -

(i)
Next, we pass to %%(0, y) (k=1). We have

(4)
aU-—’p+h+lz—1 _h(]_)(x {ﬂ(” auf—p-{»h-é—k 1
0t £=0 0x1

0ul) i pip-1
+ Z h(d)(x, ¢(1) g =0
Xa 2=3>

and so, combining this with (2.18), we find the following expression

aU(_t) _ 11 .. .
(2.23) —%HE—I(O, y)= j;lméj")[[](—]£+h+k—1]
1 m
+J21 jZ_: Sﬁ” ’)[U—]p+h+k p]]
+:Zl pjzlim“ ”[V(‘]}’*"*k PJ]’

where 9, are differential operators of order &« which consists of derivatives

0 .
with respect to ¢ and y, and depend only on a(x, 5;) Thus, we obtain

()
the expressions for UY),,.,(0, y), V4},,.,(0, y) and a—U_L'”Lk:—l—(o, y) in

ot
the form
(1) l1
U—p+h+k(03 y) {F:’m(] ;)r‘U<;1>7+h+k 1]
(2.24) V(—ﬁ+h+k(07 y) ,
— 1 m
() - + Z )rU(p+lz+k 7]
aU—ﬁ+h+k—1(0, y) ( =1 pj=

0t
+ Z Z m(; z)[V(_J;MTk D:j}t o

ji=1 p;j=1

Summing up the results that we have obtained in this section, we
reach the following conclusion:

U i@ty ) and VY., (¢, y) are obtained by solving the second
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order ordinary differential equation (2.11) with the initial data (2.19),
(2.22) and the first order ordinary differential equation (2.13) with the
initial data (2.21) respectively. Furthermore, if we obtain UY),,_,..(t, y),
V) nea(ts y) for k=0, 1, ..., k—1, we can determine UY} ,_.,(t, ),
Vi inir(t, v) by integrating the second order ordinary differential equation
(2.10) with the initial data given by (2.24), the first order ordinary
differential equation (2.12) with the initial data given by (2.24), respectively.

§ 3. The Exactness of the Formal Solution

In this section, we shall prove the exactness of the formal solution
(2.4) constructed in the above section. This is done by the estimates for
)

ug? and v§’. Such estimates are obtained from Propositions due to

Mizohata [ 6] and [ 7] (especially [7] §5).

Proposition 1. Let a(x) and b(x) be two holomorphic functions.

We assume

| D*a(x )|<WA (k>1)

(s+|v|)

IDvb(x)l pIVI >

where r and s are non megative integers. Then we have the following
estimate :

D)) | <DL R [

We consider an ordinary differential operator with parameter

a l 1-1 a s
H—(a—t> + g}oas(t, x)(ﬁ) s
where the coefficients a;(¢, x) are holomorphic in a neighborhood of (0, 0)

and satisfy

| D )| <y

Then we have
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Proposition 2. Under the above condition, we consider the solution
u(t, x) of Tl ul=f @, x) with initial data (Dju) (0, x)=0, 0<s<{I—1.
Assume that

| D;D3f (¢, %)|

+q+
\g—gﬁ%ilwpUthKUtD”““KhVA

Then we have
| D{Du(t, x)|

2,(r I+q+|v|)!

0T exp (Ir [ ¢ DK([¢ )74 1(Ir)* 4,

1
where K(t)=-exp (I1t) A+17t), 7>217, 0<p<—1§.
Proposition 3. Let u(t, x) be the solution of the equation

Ilu]=0

with initial data

(r—1+1+ lv[)'
_W_.___

V(i) 0, x| < D

| D7u(0, x)| <

(

Then we have
| DiDu(t, x) |

N e AR R R 1))

7T exp (by [ DK([¢ )4+ (Ur)* 4.

Once these propositions have been established, we can give estimates for
UY),pir—1 and VY) ..., by following lines of reasoning similar to that of
[2].

Since the coefficients a;(¢, ¥), bi(¢, ¥) and c;(¢, y) in the equations
(2.10) and (2.12) are holomorphic in a neighborhood of (0, 0), we can

assume that



Solution of the Cauchy Problem 373

ID;,yai(t7 y) ‘

!
(3.1) D55 D1 ) < iy

, |
]-Dt,yci(t9 y)l J

1
with suitable constants 7 (>27), o (<1_8)

Now, let us assume that w(y’) in (2.2) satisfies
v / A
(3.2) | D3w(y) | <grr -+ 2L,

where A= max |w(y’)| and r is integer—>1. Then we have for general
l ’

yI<p
£E>0

(P IDEDYUS sty )]
— |
<apt TEE T IR g (ar (o1 +acars
(Qr) ID?D;V(—J.;M%(% _’)’)l
+E+ |y +g)!
< apt TP o 0 pR( oy o4otv3r)s
and
Uhns )
: !
(1) Dy Vi (O y) | < B CTEEDD
2 -
( ot ‘

with some constant B (>1) depending only on a(x, aix)

We shall prove these estimates (P:), (Q:) and (Iz) by induction on k.
Let us start with k=0. Since 4, 45, 43 in (2.20), (2.21), (2.22)

are holomorphic in a neighborhood of y =0, we can find a constant E such

that
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Ho

v E
| D24, |

(< GBo)"!
| Dy A%, 94 s}yl |
%=y

(3.3)

Hence, applying Proposition 1 to (2.20), (2.21) and (2.22), and taking ac-
count of (3.2) and (3.3), we get

‘ ¢ U4, |
(3.4) | D;J V3w 00, 5) ‘< 2AE<L*;,|V_’|")1.

‘ oUY) oy

ot

This and (2.19) lead to estimates for the initial data UY),,_,(0, y)
0’[](—2’:;;1-1(0, y) of the equation (2.11), and so, applying Proposition 3
with [=2 to (2.11), we get
(3.5) | DIDU _pin1(2y )]

<o Ea T D e or (a1 ars

Quite similarly, since (3.4) contains the estimate for the initial data
V4. 40, ) of the equation (2.13), Proposition 3 with [=1 yields that

(3.6) | DDV}t y)

|
<2EATT IR, e 1 Ry

Consequently, if we take for B a constant so that B>>2%E, from (3.4),
(3.5) and (3.6) we see that (P,), (Qo) and (I,) are valid. Now, we as-
sume that (P:), (Q:) and (I,) have already been proved for k=0, 1, ..., k.
We wish to assert that (Pj.1), (Qz.1) and (Ip,1) are also valid.

We first consider ([p1). We recall that UY%).;.z4+1(0, ¥),

. oUY) . .
VY iner+1(0, ¥) and —%””‘(0, y) are expressed in the similar form

(2.24). Let us apply the inductive hypothesis and Proposition 1 to the
terms in the right hand side of (2.24) with % replaced by k41, then we
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get
| Dy {the right hand side of (2.24) with k replaced by k+1}|

1 m-2 b;+2
a3

i=1p;=0
- P (e E+14 D!
+ Z 2 M;(;’,ﬁ{(rz,ﬂ }X( T 21 )
i=1 pj= 0 0

where M, are some constants that are derived from the coefficients of I,.
Setting

Iy m-2 ( )p]+2 Iy m—1 (T)p,+1
Cl—‘\/Iax{l Z M{ + 2 2 Mg P + 2 ZOMI(:’,Q 0Pl }

i=1p;=0 i=1 pj=

that gives a constant independent of %, the above inequality becomes

| D;{the right hand side of (2.24) with k replaced by k-+1}|

gt LD
so we get the estimates for UY).,.,1(0, ), VY. 4144100, y) and
OU‘_;;’,;Hk ©, )1
! |r U inensr ) l
3.7) D VD ’L(o, y) | < 4BHic, (T+k+p}v—ll-lv|)!'
Lo t

Next, let us go to estimates for UY}.,.,(¢, ¥) and VY), ... (s y).
In order to estimate UY),,,,(¢, ¥), we split UY),,,, in a sum

N R A
U—p+h+k”‘ U—p+lz+k+ U—p+h1—k
~ T~_ "~

where UY} .+, is the solution of the equation

~— N

0 \? 0 ;
(3.8) (Gr) +ait g+ »}TG

m—3 .
= a§0$a+3[U(—‘Z+h+k—1—a]
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N A A
with zero initial data, and U‘_"},H,J,k is defined by the solution of the equa-

tion

AT AN

(3.9) (= ) Tarlty )t bty DU =0

-~
UY) . psy is es-

6?U_6p+,,+k(0 ».
timated by applying Proposition 2 to (3.8). In order to do so, we must

estimate the right hand side of (3.8). From the inductive hypothesis and

with the initial conditions UY),,.,(0, ¥),

Proposition 1, it follows that

m—3
D08 3 Laral UG nmans]|

m-3 ws1 T HE+ v +g+2)!
<G(Z___OL“+3ABIZ ' p] |+q+a+g

X exp (2,), I t | )K( I ¢ I )r+k+|v|+q+a+3(2r)a+3+q

m=3 1 +E+ v +g+2)!
<{D‘Z=:0La+sp—aﬁl<(l)a+l(27’)a+3}ABk+1(r 0|M|+q q )

xexp (2r[¢DK([¢[)7Frrari2rye for 2|1

where L, are some constants depending only on %,. If we put
C,= Z L, a+3 K(1)**'(27)**3 that is independent of k, the above in-

equahty reduces to
m—3 3
D308 3 Zaral U onrpes-a]|

<Cap TR DL D! o o e K|y be e avsapye,

09V|+q

This makes it possible to apply Proposition 2 to (3.8) and so we get

~T T N
(3.10) | DIDYUS} ., i(ty )|
N +Ek+|v|+g)!
< A4B* 16222K(1)2(r p|vll+l 2

xexp (27 ¢ )K(|¢] )7+ a(2r) .
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~ 2

TS (1)
Next, we go to U_p,s.r. The initial data UY).,.,(0, y), ?igf—"ié(o, ¥)

in the equation (3.9) have been already estimated by (I;) and (3.7);

; |
| DU pes(0, )| <BH1aTHEEIVD:

Ivl

(bt 1+ ]!

[

DyaU—P+h+k(0 ) <Bk+1AC

Hence, an application of Proposition 3 to (3.9) leads immediately to

R

(8.11) | DyDIUY} 4 a(ts )

|
<2 AT R e ar ey e G,
-~ AR

Since U‘_p+,,+k—U_p+h+k—|— U%) . p+r» adding (3.10) and (3.11), we have
312)  |DIDUS) ey )
< B A[ C,K(1)+ C,K(1)%]2%

(r+k+q+ [y !

T+ exp (27 |t DK(J¢])7* o+ 1"1(2r)c.

By quite the same procedure as UY}.,.;, we can estimate VY),,..:1.
Namely, we set
~— \/\/’\
j
Vi inva1= V—p+h+k+1+ VO inenits

— o~

where VY., .., is the solution of the equation

5 SRS m—g . .
313 | grra )]Gl P=5 Ledl V9]

X R
with zero initial data, and VY).,,.., is defined by the solution of the

equation

— s —
N

0 ;
(3.14) [ teitts P8l =0
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with initial data 79}, ,.,.,(0, ). The right hand side of (3.13) is bounded
by

m—2
() T
D;D? aZ_IO $a+2[V—Jp+h+k—aJ

m=2 e r+k+|v|+qg+2)!
<aZ=:OABk +1La+2( plquLa:]z )

xexp (7]t K(|e])Hrirar2(p)arass

mz (DTN +E+ |v] +g+2)!
<Bk+1A(uZ=OLa+2 pa+2 > pIvr+q g

xexp (7] DK(|e|)+F2rva(r)e,

If we put
m—9 (,r>q+¢x+2
CSZ Z La+2 a+2
=g Y
that is independent of k, the above inequality reduces to

m—g
DIDy S Lol V)inin-a]

(r+k+|v|+g+2)!

plvi-HI

<LAB* Gy exp (r |t DK([¢[)7 #2014 (),

Therefore, applying Proposition 2 to (3.13), we get

(3.15) | DDV h vty 7))
! |
< 2B"+1A63K(1) (r+k+plqli!v—qu—|— 1!

xexp (1] ¢[)K([¢])+1rasi(r)e.
Next, by (3.7) we have

r+k+1+ [
o

| D; V(—j1)>+h+k+1(0= }’) 1< B*1AC,

This allows us to apply Proposition 3 to (3.14), and so we get

SR

(3.16) [-Dg-D;V(—jj)>+h+k+1(ts b9l
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(r+k+1+g+ [y

<2B*'4C, T T exp (y|¢ DK([e 7 F 4.

Adding (3.15) and (3.16), we find that
(317) | DID;V gty )|

(r+k+1+g+|v])!

04'*'1»!

< 24BHY(C5K(1) + Cy)

xexp (7] ¢ DK(|e]) a2,

Consequently, if we choose for B a constant such that
B=Max{l, 23E, 2°(C,K(1)+ C:K(1)?), 2(C3:K(1)+ Cy)},

we can conclude from (3.7), (3.12) and (3.17) that (P.1), (Qrs1) and
(I.1) remain also valid. Thus, we have completed our induction.

What remains is to prove the exactness of the formal solution (2.4).
This follows immediately from the estimates (P;) and (Q;). Indeed, (P:)
and (Q;) lead to the estimates for «'),,.,.1(x) and vY),,,,(x) as follows:

for k>0 and |x| <0,

|88} epa(6) | < ABH 3+ k—1)! exp (2r0)K ()"
|09} a(2) | <AB* 1+ B! exp (rO)K (@)

(3.18)

In order to prove the exactness of (2.4), we see easily that it is sufficient

to discuss on convergence of series

= oWk

(1)
=y kYR

In view of (3.18), we can estimate its general term by

@) |k
I¢k[ l_ABk+p—lz+1(T+/C+})—h+ 1)! exp (270)K(9)7+++ p=h+1,

Therefore, the above series converges uniformly on a neighborhood

; 1

O) o+ — . .
{|¢ | < BK(&)} of x=0. This completes the proof of our theorem in
the case where the initial data have at most poles.

The proof of our theorem in the case where at least one of the initial

data has essential singularity is quite parallel to that of [2] and so we
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shall not repeat it.

§4. A Remark on the Existence Domain of the Solution

In [2] and the theorem in this paper, we showed that, under the
conditions imposed there, the solution of the Cauchy problem (1.1) can be
analytically continued to a neighborhood of x=0 except on at most m
characteristic surfaces, or its covering space. In this section, we shall give
an example that the existence domain of the solution is more restricted.

We consider the Cauchy problem

(Pu_ Pu _
0x2" 0x,0x3
(4.1) u(0, x")=wi(x")

L —a%u;(o, x)=w,(x").
0* 0*
We have already noted that this operator W— 57,07, does not satisfy
condition (A). Surfaces 4x3(x3+c)—x%=0 (c: arbitrary constant) and
x,=0 are simple characteristic surfaces for this operator issuing from

%1=x3=0 and touch one another. Let
1 2

D= (w5 5] <5 [ —dmams| <4|zal]
1 2

C={x; x| <5 |2} —dmoms| 24| za }

1
B={x; x| <5 |xl—dzoms| =4|xa]} .

We shall show that by giving suitable initial data w;(x"), w.(x"), we can
find the solution that is holomorphic in <, but cannot be analytically
continued to @.

At first we note that (4.1) has the solution

4\/x3+c

U = 5tz (e + ) — 20}




Solution of the Cauchy Problem 381
with initial data

( N S
i w( )_5x2\/xs+c

wo(x)=0 ,

where ¢ and c are constants.

Let Z be one dimensional complex plane with coordinate ¢, and
{cu}tn=1,2. be a countable dense set on the unit circle {c€Z; |c|=1} in
Z. As is easily seen, we can construct successively disks D, (|c|<rs r.11),

points &, (|€,] <1) on Z and positive constants 0, as follows

@) DptD={ceZ; |c|<1}

(11) €1, -ooy §n1€D,, £§,&D,, S,,—Cn—>0(n'—>°°),

1

(4.2) _}_M<L for all c€D, and |x3|<-——

On |ea—c] 2" 2

0.>2")
and
I Wasteal o105 [Vxstcel 1
n | 1 f _
0n |en—E&xl > +1§1 Orlcr—Eal or || < 2

This is possible, indeed let us put c,=e*?* (k=1,2, ..., n) and &,=re'n,

then we may choose r (<1) such that

3

|‘\/x3+cnl 5 ]/—2—

R Lk LI +1 - .

0n|1—7]| >n +k§16k151n(¢n—'¢k)|
Now, let

oy i<k Htun )

K,,——{x, |x|< 9 4x2 ED?I ]

then
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With ¢, and 0, in (4.2), we put

u(x1, %2, x3)= 2, s+ e

n=1 6,1[4.7(72(.%'3 + Cn) - x%:‘ .

Since 4x3(x3+c,)—x2=4x3(cp,—c) on 4xy(x3+c)—x?=0, we have by
(4.2)

Was+ey <ol
6;1[4902(.%'3'*‘0”)—%%] 2n|x2|

This means that u(x) is holomorphic in 9.

Next, we want to show that u(x) cannot be analytically continued
beyond B. Let us take any point £ on 2B and ¢ be the point on the unit
x3—4xy%3

Then, we can
4.962

circle which corresponds to x=& by c=

choose a sequence {c,} and {&,,} in (4.2) with ¢,,—>c and &,,—>c. Let
us take the points 7,, on the surfaces 4x;(x3-+¢&,,)—x%=0 such that
Ta,—>C (np—>o0). In fact, if {=(a, B, 7), we may put 7,,= (& B, T)
_BGa+to)

T+&n,
Now, since we have

with f,,

[Vxs+ca, | _”"'1 [Vxs+c]
OnylCny—En,|  i=1 01| ci—En, ]|

5 l\/E;-l-—c:I} 1

1=7mg+1 61|Cl—$nkl | 22|

4| =]

for x=%a,,
in view of (4.2) we get

lu(a,) | = -

u 77% =g |B’nkl .

This means that u(x) cannot be continued beyond B.

Consequently, we see that the Cauchy problem (4.1) with initial data

= 1 1 1
fueo={Z5 ety o i<y

)
f
L wa(x)=0
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has the solution in the form

= dx3+cn
u(x) - n;l 67,[4562(.%‘3 + Cﬂ) - x%]

which is holomorphic in D, but cannot be analytically continued to €.

In the same way, when the initial data have essential singularities,
we can find the solution that is holomorphic in 9, but cannot be continued

to @ In fact, since (4.1) has the solution in the form

1 4<x3+ C) *
gk, 0, c; x)=\/x3+c{6i:4xz(x3+C)_‘xﬂ} ’

by choosing suitable sequences {c.} (|c.|=1), {0.} (§.>0) and {m,}
(m,: integers>0), we can find the solution of (4.1) satisfying the above

conditions in the form

u(x)= Elg(mm O, Cn, x)

with initial data

o= 1 1
{ wil)= 2 G mn) Vs T o
sz(x')=0.
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