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On Global Solutions of the Generalized
Korteweg-de Vries Equation

By

Masayoshi Tsursumr®

1. Introduction

Various physical phenomena in which nonlinearity and dispersion are
important (e.g., shallow water waves [ 1], hydromagnetic waves [ 27] and
acoustic waves in an anharmonic crystal [3]) lead to the Korteweg-

de Vries equation

urtuu,+ Urrz=0

where subscripts denote partial differentiations. Existence and uniqueness
of the global solutions of the Korteweg-de Vries equation for appropriate
initial and boundary conditions has been proved by A. Sjoberg [4], R.
Teman [ 5] and Y. Kametaka [ 6 |.

The purpose of this note is to investigate the initial-boundary value

problem for the generalized Korteweg-de Vries equation:

(11) u,—l—rui’ux—!—ux”:O, ')’:il’le, 2, ...... 5
(1.2) u(x, 0)=f(x), 0<x<1,
(1.3) 20, D=u(1, ) for all £=>0.

Equation (1.1) also arises in the study of an anharmonic crystal [ 3. The
cases p=2 and p=3 have been studied by T. Mukasa and R. Iino [7]]
and K. Masuda [ 8], respectively. M. Tsutsumi, T. Mukasa and R. Iino
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[9] have treated more general nonlinear dispersive equation
uf—(f(u))x+6uxxx=0, 0>0.

But their assumption on the nonlinear term does not include the cases
7>0, p=4 and y<0, p=odd number >5.

Below, §2 is devoted to preliminaries. In §3 “potential well” associa-
ted with the problem (1.1)-(1.3) is considered and Main Theorem is
presented. The proof of this theorem is carried out in the final three
sections: Uniqueness is proved in §4, local existence is established in §5,

and a priori estimates are stated in §6.

2. Preliminaries

We denote by L? (a, b; E) the space of E-valued weakly measurable

functions u(¢) on (a, b) for which

b
([Iuoligar)e<e, it 1<p<oo,
supbllu(t)HE<°° , if p=oo,
ast=

where E is a Banach space with norm || « |[[z. By C™[a, b; E" we de-
note the space of functions which are m times continuously differentiable
over [a, b] with values in E. We denote by H; (s integer) the Hilbert

space whose elements are real valued 1-periodic functions with finite norm
luli=2XQA+ @k’ axl®

where u(x)=Yaze®*, a_,=au, i=Vy—1 . We denote by (f, g) the
scalar product and by || £|| the norm in the space L?(0, 1) (= H,), that is,

s ©=( f@g@dx  and IFIP=(f ).

Then we have, for u(x) € H, (s==0)

c1 2 HDPuliélluHsé cz 21 [[Dull,
0=p=s 0=p=s

1) In the sequel of this note, by m we always denote a nonnegative integer.
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where D?=0?/0x" and ci, ¢ are positive constants depending on s.

The following lemma is well known.

Lemma 1. If u(x)€ H,, s=k+1(k nonnegative integer), then u is
of class C* and

2.1) max | Dfu(x)|=cllulls for 0=p=k,
0=x=1

where ¢ denote various positive constants.

Lemma 2. For any function u(x) € Hy, the inequality
(2.2) max | u(x) | Zellu |2l +lu.l)?
0=x=1

is valid.

In the next lemma we are concerned with invariant integrals associa-
ted with the solution of the problem (1.1)-(1.3).

Lemma 3. Let u(x, t) be a solution of the problem (1.1)-(1.3). Then
there are constants 01, 02 such that

(2.3) Il(u)Z—;Szuz(x, dw =0,

@ L= /2— 1t 2)dx =0,

Proof. Differentiation with respect to ¢ of the left members of (2.2)
and (2.3), use of the differential equation and integration by parts will
lead us to prove the desired properties.

3. Poteniial Well and Main Theorem
Put
(3.1) J(w)=L(u)+ I(u).

Following the idea of D.H. Sattinger [[107] (see also J.-L. Lions [117)
we define “depth of a potential well” by
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(3.2) d= inf sup J(lu).

uEH; M20
%0

Lemma 4. We have d>0.
Proof. Evidently we get

l 12 1 Zd 1 Zd Zp+2 1 1’+2d
X ”)_T<So”” x+So” x>_(p+1)(p+2)rgou x

/12 lp+2

= - b(u),

RSN RS ) RN R

where
1 1
a(u) =Sou§dx+ Souzdx,

and

b(w)=r | u?**ds.
Lemma 1 yields
|5(u) | Zel w2 ¢ alu)>+D2,
Hence,

if 6(u)=0, sup J(Au)=+oo
and if &(u)>0, sup JQu)=J({(p+a(u)/b(u)}""*u)

p(p+1)%2 gy
20p+2)  b(w)?

P(p+1)2lp ) 1
=iy e

Q.E.D.

We introduce the potential well W :
W={ulu€H, 0<J(Au)<d, vA€[0, 1]}.

Then we can easily obtain the following lemmas (see Lions [117], p. 31):
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Lemma 5. If u€ W, then we have 0u € W, Y0 [0, 1].

Lemma 6. We have

W= W,\U{0}

where

W*—:.{ul € H, a(u)— Pil (1) >0, 0<T(u)< d}.

Lemma 7. The set W is bounded in H, if d is finite.

Now we state the main theorem.

Main Theorem. For every initial function f(x)E€ WNHymiry, the
initial-boundary value problem (1.1)-(1.3) has a wunique solution u(x,t)
such that for any T>0

u(%, £) € L=(0, T Hymi1y) NC[0, T3 Hyp N ------NC™0, T3 L*O0, 1)].

Corollary. If f(x)€ WNH., then u(x,t)eC~[0, T; H.],

where H.=[\H,.

Remark. 1In the cases of p=1,2,3,(r=+1) and p=2q (¢=2, in-
teger, y=—1), the above theorem (corollary) holds for f(x)€E Hzm.1)
(€H.,.) (see [9])).

4. Uniqueness

Assume that u(x,t) and v(x, £) are two solutions of the problem
(1.1)-(1.3) satisfying the same initial condition. Then the difference

w=u—v satisfies
Wi Wapr= —T0 U+ r'Up'Uzs
w(xa 0)=Os

w(0, t)=w(l, t) for all :2=>0.
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Hence we get
é‘d”wﬂz/dm(w, w)=—71(w, uPu)+7(Ww, v*v,)

< const. ||w]||?

from which it follows that in 0=¢t<T

w=0.

5. Local Existence

We attempt to construct the local solution of the problem (1.1)-(1.3)

by iteration:

(5.1) uP+r(@ VYuP +ul, =0,
(5.2) u™(x, 0)=f(x), 0<x<1, (n=1,2,...... )
(5.3) u™(0, )=u"(1, t), for all :=>0,

with initial element
(5.4) uO(x, t)=0.
Lemma 8. Suppose that f(x)€E Hzpmi1y, ¢(x,t)EL7(0, T H3yms1y)

NC[0, T; Hsp N\ - NC™0, T; L*0, 1)]. Then there exists a unique
Sfunction u(x, t) satisfying

(6.5)  uw€L>(0, T; Hymery) NCLO, T3 Hyp]N oo Ne"o, T5 L*(0, 1)],

(56) us+ (ﬂ(x, t)ux+ Uzzz=0,
(5.7) u(x, 0)=f(x), 0<x<1,
(5.8) u(0, £)=u(l, t), vt=>0.

This lemma is easily proved by the method of semi-discrete approx-
imation.

In virtue of Lemma 8, we see that for each n>0

u(n)(x, t>ELm(09 T; H3(m+1))mC[03 T: HSm:I/-\ """ f\CMEO, T; LZ(Oa 1):'-
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Next we shall show that the family {z™} 1s uniformly bounded with

respect to n in a certain small time interval.

Lemma 9. There exists a positive constant t;, such that in 0=t=t,<T
(59) Hu(n)(t)”kngy k=03 1, """
where L; are constants independent of n.

Proof. At first we prove the assertion in the case k=2.
Multiplication of the equation (5.1) by z®, integration with respect
to x and Lemma 1 give

d”u(")nz/dt: —ZT(u(”), (u(n—l))pu;,,))
:TP((u(n))z’ (u("_l))p_lu;"'l))
§p(sup| u®=D | )p—l sup| u;n—l) | ||u(n)[lz
<cllu®VNZ lu™I®

from which it follows that

(5.10) luPIEZI I exp (e sup [[u® )40

Multiplication of the equation (5.1) by u', integration with respect
to x and Lemma 1 give

dHu;”’Hz/dt: —TP(u;") , (u(n—l))p—lu;n—l)u;n)>
< p(sup|u® P[Pt sup|uf||lu]®
cllu® V)8 [lul?
from which it follows that

(5.1) P exp (e sup a2 0)

Multiplying the equation (5.1) by D*u‘™ and integrating with respect
to x, we have
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dllu? |2/ de = —2rp(p—1)(uf, W DY *(ug ) ue)
_zrp(ufn) (u("‘l))p‘lu;’;_l’ui"))
"37’}7(1‘(”) (u(n—l))i’-lua(‘n—l)u(;z;).
Using Lemma 1, we get

|ugh, WP (u2Y )|

zx>

<(sup|u®[)=% (sup|u P )*[lull Nugll
<cllu®DlE Alul® + 1w,

|(ui, (D)~ uPum)|
<(sup|u® )" sup|u | lu@ll lug ™|l
cllu® PR Aluzl+uPl®),

and

|(u(;’;, (u(n—l))p—l u;n 1) (n))l
<(sup|u®P[)*~* sup|ufr~V|[lu|?
<cllu®DIf lu@ll®.

Hence, we have

dllu|?/de=cllu®V[|§ (luB]®+ [fu]]?)
which implies
(5.12) Hu‘”’llzé(l|fnl|2+%§su§p lu®= ()14 Sup llui (%)

TSt
x exp (¢ sup [Ju® (D)} ©)
osTs¢
Combining the inequalities (5.10), (5.11) and (5.12), we obtain

(513)  [1u[8 eIl 15 (L sup [wO=O)lE 1 exp (e sup 1w (D )

x exp (c sup ||lu"V()||5 2).
osT=st
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Now, let & be an arbitrary fixed positive number and put

. log(1+b) b
G619 n=min{ FHL+ P fIEF1° A+ oA+ B+ 3.

Then in the interval 0={t<{t,, the estimate
(5.15) lu®@I3 = L

holds if we take L#=c?|| f||Z (1+b)>
Indeed we can prove the above assertion by induction on n. When

n=1, we get
luD@IB=c?|| flF=c®|| fli3(1+ )"
Suppose that the assertion holds when n=r, then we have
Nu DO = I fNIF A+ c?QA+0)°N 11 21 exp (c? X+ 0YII £115 £1))
xexp (¢ (1+0)°| £1I5 1)
< £II3 (1+0b)? for 0=0<t.

Secondly we prove the estimates (5.9) for £>2 by induction on k.
Multiplication of the equation (5.1) by D*u™ and integration with
respect to x give

dl|D* a2/ di=—2r(D*u®, DM DYu}).

Since
|(Dku("), Dk{(u(”'l))pu;’”})l
= C1(Dku(”), (u(”_l))i’"lu;”““Dku(”))
+ Co(DFu™, (u#=Dyp -1k 0y )
+ 2 Cayay (DPu™, (D). (Doy =)D 1 M)),
(where }] is taken over all (@, ----- , Qpr1) With g+ ...... +ap=k+1

and with a;=k—1 for all i and Ci, Cj, Ca,...a,., are constants), we have
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|(D*u™, D* {™D)u})]

cllu® D} {ID* @I+ [u®lf-}  for k=2.

Hence

d|D* a1/ di=ellu® Pl {ID*u™*+ lu®|13-1}
from which it follows that

|D*uPIP=Df |+ ¢ sup [[u® (@ sup u(@fE-10
xexp (c sup [[u®™(@)I[f 2).
o=sr=¢

Summation gives

(5.16) ™ N2=CIIf I3+ ¢ sup [l (@)||4 sup [|u™()][3-12)
o=srst o=sT=¢
x exp (¢ sup ||~ D(c)||2¢) (k>2).
osrst

Repeating the same argument as for k=2, it is easy to see that the
inequality (5.16) implies the validity of the estimates (5.9) for £>2 if we
take

(5.17) Li=c|| fllz (1+b),
and
. log(1+b) b
(518) 1=min{ A+ bR fIEF1° A+be A1 bPl fIE+ 1) b
QE.D.

Lemma 10. There exists a positive constant T, such that in the
interval 0=:=<T),
(5.19) sup [lu® V@)= u™@)|342
0=t=Tp

<o sup [[u@)—u"P(@)|5ms2
0st=Tp

holds, where 0<p<1,
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Proof. The difference Z®=y""D—y™(n=1,2,...... ) satisfies the

equation
(5.20) 2+ 2= — o w20 Dtz

where p=(u®)P~1 4 (uMP-20-D 4 4y (ue-DY2 (u @-D)s-1 ang
w=u"" )2,
Multiplication of the equation (5.20) by D*Z™ (k=0,1, ...... , 3m+2)

and integration with respect to x give
d||\D*Z®||?/dt=—27(D*Z™, D*{vZ® Dy V})+27(D*Z™, D*{wZ »}).
Using Leibnitz formula, Lemma 1 and Lemma 9, we have, in 0=t<¢,,
("2, DHuZ Dug})| el D2+ |12
and
(D2, DHwZP))| Sl D2+ 2.
Hence, we get
diD*ZM|)*/di=c||D*Z®||*+ c(I|Z* VllF+11Z7]F-1)
from which it follows that
sup [[D*Z(o)|P<ct( sup [|Z* D@+ sup [|Z(@)][P).
o=srst¢ o=T=¢ o=r=¢

Summation with respect to £ from 0 to 3m+2 gives

(521)  sup |27 1Zmrr =L sup 12O as
osT=¢ 1—ct osr=t

for 0<ct<1.

If we choose T,<min {1/2¢, t3um+1)}, we establish (5.19).
Q.E.D.
Remark. Proofs of Lemma 9 and Lemma 10 are rather formal. But
if initial function f(x) is regularized so that f& H., then we have u™€
C~[0, T; H.] for each n>0 and, moreover, the estimates (5.9) are in-
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dependent of such regularizations, which assures the above calculations in

proofs.

From Lemma 9 and Lemma 10 we see that there exist a function
u(x, ¢t) and a subsequence of {u™} (also denoted by {u‘}) such that as
n—oco

u™(x, t) —> u(x, t) weakly star in L0, Tpn; Hyims 1))
and
u(x, t) —> u(x, t) strongly in L0, Tp; Hsmi2).
In view of the equation (5.1), we easily see that u(w, t) is a solution

of (1.1). Thus we obtain the following local existence theorem:

Theorem 1. For every initial function f(x)E Hym.1y, there exists a
positive constant T, such that in the interval 0tT,, the initial-boundary
value problem (1.1), (1.2), (1.3) has a unique solution u(x,t) such that

u(x, t)€ L0, Ty Hapmr1))\CLO, Tpj Ham]N\--NC™[0, Tpy L0, 1)].

6. A priori Estimates
Let u(x, t) be a smooth solution of the initial-boundary value problem

(1.1), (1.2), (1.3).

Lemma 11. For any t>0, we have
(6.1) u(x, t)e W

if the initial function f(x)€ W.

Proof. Without loss of generality we assume u(x, t)5=0. Suppose that
(6.1) does not hold and let t* be the smallest time ¢ for which u(t*)¢
W. Then u(t*)€0W and from Lemma 6, we get

(6.2) J@w(@*)=d
or
(6.3) a(w(t%) — — 2 b(u(s*)=0.

p+1
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We see that (6.2) contradicts the fact that J(u(z)) is an invariant integral,
i.e.,

J@(@E)N=J(f ()< d.

From (6.3) we have

J @) =J({(p+ Dau(t*)/b(u@*N}* *u(t*)=d

which also leads to the contradiction. Q.E.D.
Theorem 2. If f(x)E€ WNHzumi1y, then we have for any T>0
(6.4) sup |lu(O)|lz<c, (k=0,1,2, ...... , 3(m+1)).
0S{=T

Proof. If d is finite, in virtue of Lemma 7 and Lemma 11, we see
that u(x, t) is bounded in H; for v¢>0, i.e.,

(6.5) sup [[u(e)ll1<ec.
0St=T

If d=oo, in virtue of Lemma 6 and Lemma 11, we can show that if
b(u)=0,

Jf =T () = aw),

and if b(u)>0,

which imply (6.5).
We now prove (6.1) for k=2. Put
I ' u?*lu,,.d
sO=llusl*+ 5 +1)S iged.

Differentiation of I3(¢z) with respect to ¢, use of the differential equation

(1.1) and integration by parts give
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1

—_ —_ 1
ALy di=— PP~ Xp—2) Soup‘sugdx—%r—g 0, dx.
0

12
Since
1
[ ureusd| (uplul)*(sup el ¥l
Zc(lull)?3lull3"2(wlli+ 1wzl )2 wll}
Zclluzl*+c,
and since
1
Sou“u,u“dx <(sup|u|)??||usl| ||usl]
Zc(llull)??llullillwaxll
éCHuxx“z.i_C’
we have
(6.6) dIs(8)/ di=c||usli*+c.

Here we have used Lemma 1 and Lemma 2. Integrating (6.6), we get

P 1
. 2< S 2 |2 —‘—ST S p+l xx
67 lusl’Se] lusel®dit ot 1L faal*+ 52015} f2 Freda

. 5t gl p+1
~—_3(P+1) ¥ Uy dx

ch:Humszt—i—ct—l—c
since
|§}w# tusada| = | o+ 1) § wutde | <(p+ 1Xoup Pl e
The inequality (6.7) yields
(6.8) oésltlgTHuxx(t)H<c for any T>0.

Combining (6.8) with (6.2), we have the estimate (6.4) for k=2.
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Next we prove (6.4) for £=3 by induction on £.
Multiplication of the equation (1.1) by D?4 and integration with res-
pect to x give

d||D*ul|?/ di = —27(D*u, D*(uu.)).
Since
|(D*u, DX(u?u))| Zc(L+||ulle-1)?7 | D*ull?,

we get
d||D*ull?/ dt=c(1 + ||uliz-0)*~*||D*u]|?
from which it follows that for any 7>0
D ulP<D* £ exp (et sup [u(@lla-1Y T

Summation gives

(6.9) lull2=cl| fI? exp (c(1+ Ozttlngm(t)“k_l)p—lT)_

Suppose that the assertion holds for £k—1 (k=3), then from (6.9), we see
that it also holds for k. Q.E.D.

Proofs of Main Theorem and its corollary are easily established, as
usual, if we combine Theorem 1 with Theorem 2.

Remark. The Cauchy problem for the equation (1.1) can be treated
with suitable modifications of the method in this note.
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