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On Boundary Value Problems for Elliptic Equations
Degenerating on the Boundary

By
Akira NAkAOkA¥

1. Introduction

In this paper we consider the equation of the following form;

(1.1) —o()L(x, Dyut 5 piw) gt qladu+ u=(x)

in 2 CR”, where £ is an interior or, an exterior of a smooth -and com-
pact hypersurface, 4 is a complex number and o(x) is a real-valued func-
tion satisfying

(1) o(x) is continuous and 0=p(x)<<M on 2

(2) p(x) vanishes only on the boundary of £, which we denote it
by I’

(3) o(x) depends only on r=r(x), the distance from x€ 2 to I" in
some neighbourhood of I’

(4) for small r, there exist two constants 4; and A, such that
Art<o(x)<A4,r* (0<a<l)

(5) when £ is unbounded, 0<K<p(x) as |x|—>oco.

L(x, D) is an elliptic operator of the form

J

a2  LanD= 5 D(au@ )+ 5 bl +e)

with a;x(x) real symmetric and
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(1.3) CHHE;§aM@&&§QMV

jrk=1
for any x€ £ and for any &€=(&y, ..., £,) € R".
For the regularity of the coefficients we assume that a;;(x)’s are all in
Z'(2) and bj(x)’s, pi(x)’s, c(x) and g(x) are all bounded and measurable.
We impose the Dirichlet or Neumann condition as boundary condition,

that is, we seek the solution satisfying

(1.4) ulr=¢
or

ou _
(1'5) W+Uu|r—¢
where

with v=(vy, ..., ¥,) the unit outer normal at each boundary point.

The problem with homogeneous Dirichlet condition was treated in [ 6
under the slightly different conditions on o(x).

We study our problems through the Hilbert space methods. As was
remarked in [[7], it is much important to settle suitable function spaces
in treating the degenerate boundary value problems. In our case, the

following space will be fittable as a basic space.

Definition 1.1. We denote by L*(82, 07') the totality of the func-

tions on £ satisfying

lulg o=, LD < oo

Instead of usual Sobolev space H™(R), we introduce the weighted
Sobolev space H™(82, p) by

Definition 1.2. We denote by H™(8, 0) the totality of the functions
on 8 satisfying
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lulzo={ (0(x) T 1D+ |u|Ddx <+oo.

It can be easily seen that L%, o~!) and H™(2, 0)(m=0,1, ...)
make Hilbert spaces by their norm.

Our main aim is to show

Theorem 1.1. For any f(x)€ L*(2, 0) and for any ¢ H?(I"), there
exists a real number Ay such that for all =2, the equation (1.1) has a

unique solution u(x) belonging to H*(R, 0), where

(Dirichlet problem)

(Neumann problem),
and 0 € B'(I).

From the point of view of mathematical physics, our equation will be

related with the following situation: for example, consider the wave equation

(1.6) u(x)

0%u

atz =Au+f(x3 t)’

where u#(x) denotes the density of medium. Dividing both sides of (1.6)
by u(x), we obtain

1.7) %Z—t‘;=p(x)du+ g(x, t)

with p(x)=1/u(x) and g(x,t)=p(x)f(x,t). And our equation corresponds
to the case of steady state in (1.7) when u(x) becomes infinitely large
on the boundary. The corresponding heat equation can also be treated.
Utilizing our results, we can show the well-posedness of the mixed
problems for (1.6) (of course for rather general equations) with Dirichlet

or Neumann condition (see Appendix).

2. Some Properties of H™(£, p) and Some Estimates

In this section we prepare a few theorems stating the properties of



458 AXIRA NAKAOKA

H™(Q, 0) and some basic estimates. One of our interest is of the im-
bedding of H™(£, p) into a certain usual Sobolev space, which will be of
fractional order, and another is the trace of the member of H™(Z, p) to a
submanifold of £. For these questions we can refer many studies by
Soviet mathematicians, for example, S.V. Uspenskii [9], [10], and P.L
Lizorkin [ 3], [4].

The following is a special case of the theorem due to Uspenskii and
Lizorkin (see S.M. Nikol’skii [ 8] also).

Theorem 2.1. The following continuous imbedding holds;
Hm(g, p)_)Hm—a/Z(g)_aHm—(a+1)I2(r),
where the second arrvow is the trace operator.

Corollary 2.1. Let u(x) be in H™(R, 0), then for any ¢>0 it holds

(2.1) [7D%u o Zellullm,,+ CEONull (|a|=m—1),
where 7 denotes the trace operator to I', | |, the L*(I") norm and || || the
L3(2) norm.

The following theorem is much important for us to reduce our

problems to the case of homogeneous boundary condition.

Theorem 2.2. For any ¢€ HC'%(I") there exists a function u(x)
in HX8, o) such that

ulr=¢-

Proof. It will be sufficient to show the assertion when £ is
t={(x, y); x>0 and y€ R""'} after localizing this problem by partition
of unity.
Now let us define u(x, y) by

o, D=, B ey,

then we can easily verify that u(wx, y) gives a function satisfying the

assertion, where ~ means the tangential Fourier transformation. Q.E.D.



BounpARY VALUE PrOBLEMS 459
For the Neumann problem, we have

Theorem 2.3. For any ¢ € H=®'UI") and for any first order differ-
ential operator B(x, D) with smooth bounded coefficients, which is transversal

on I, there exists a function u(x) in H*(R, 0) such that
B(x> D)ull"=¢

Proof. Assume £2=R” and then B(x, D) is of the form

B=2_ 1% a( -2 +b(y
T ox j=1aj Y 0 y; ¥o-

Now define u(x, y) by

u(x, y)=x S @(ﬂ)e—(lﬂm)xez”iy.,,dv

R7-1

then it gives our demanded one. Q.E.D.

The following will be useful.

Proposition 2.1. Let u(x) be in H™(R, 0), then for any ¢>0 it
holds

(2.2) S [D*u] ®

ooty e=ellullh,p+ C@llul?

with |a|<m—1.

Proof. It will be sufficient to show when £=R’ and |a|=m—1.
Moreover we may assume ©O(x) is a function of only normal argument.
Note

Deu)x, D=0 w)0, N+ [ LD u)e, ) de

for almost every y, then we have

(D), ' =2( 1000, DI+ ("0 3 | D7u|? )

Thus for any 0 >0, we obtain
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8 |Da '2 @ - a 2
[ Dt ansx@ (100, I+ o, 2, 107 )

with K(0)—>0 as 0—0, and hence

3 IDauIZ a ND
[t L anay <K@ DU0, )15+ Il ).

On the other hand, we get by Theorem 2.1,

|D%u|?
SWSB Dl dxdy < A@)lul-

and hence
<A@ ||ullz, ,+ CENull®),

where ¢’ is an arbitrary positive number and

4(0) =sup—s-

Hence we obtain

Snnll:( u)l dxdy<K(®)|(D*u)(0, +)| 24 (K(®)+ 4(®)e)|ull3,,

+ A@CENull?,

and using Corollary 2.1, (or rather Theorem 2.1 again), and choosing 0
and ¢’ suitably, we can get (2.2). Q.E.D.

3. A priori Estimates of the Solutions
of the Special Cases in a Half-Space

Here we derive a priori estimates of the solutions of the boundary

value problem for the special equation in a half-space. We assume that

the weight function depends only on the normal argument x through this

section.

We consider first Dirichlet problem for the following equation;
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31 9 2 n—1 b azu )_
G~ TS el T b )= fs, )

with boundary condition

(3.2) u(x, ¥)|z-0=0(y),

where a;’s and b;;’s (b;,=05;) are all real constants such that
(3.3) 52+2:§aj577j+:ki__:11bjkﬂjvk_ZC(52+ [71%)

for any (&, 7)€ R xR""l. We assume moreover

|/, I N
Sn" e) dxdy<+

and ¢(y) belongs to HG-02(Rr-1),

Let us denote by #(x, 7) the tangential Fourier image of u(x, y):
aw = ulz perdy.

After the tangential Fourier transformation, the equation (3.1) turns
into

n—1
@0 —o(-Lh 2 (Cam) 52— (T bumm) a—i)=fz, )
and the boundary condition into

(3.5) a(x, 77)Ix=0=$(77)-

We shall seek a solution #(x, %) (with parameter %) belonging to L%(R1)
satisfying (3.4) and (3.5).

Now let 6(y) be the root with negative real part of the following
algebraic equation in @

n—1 n—1
0> —2i( X a)0—( X buenme+1)=0;
Jj=1 jk=1

6(n) is given by
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n—1 n—1 n—1
0(n)=i( X ajn;) — ]/ 2 b+ 1= X amy)’.
i=1 ik=1 i-1
Let us remark it follows
n—1 n—1
(3.6) T bt 1—(Tam) =+ 7))
e =

In fact taking &= —(Za,ﬂ,) in (3.3), we can easily obtain (3.6).
Now in order to obtam a priori estimates of the solutions, we prepare

the following.

Proposition 3.1. Let us define an integral operator Ks by

(st)(x):-(?g e y’( ¥ )“’zf(y)dy
(—1<a<l and 06>0),

then Ky is a bounded operator from L*(0, o) to L%*(0, o) and its opera-

tor norm is uniformly bounded in 0.

Proof. It will sufiices to show when 0<a<1 and then to show for
any f(x) and g(x) in L*(0, o)

@1 = st () p g yds| <cll gl

Now let us divide the quarter plane {(«x, y); x, y>0} into two parts;
D |x—ylS(x+ )2
2) |lx—y[>(=+y)/2.

In the case of 1), since x/y=<3, it follows immediately

7=3® (e ()11 g()] dydx =<3+ gl

In the case of 2), since e 3 V< e 3*2e=%12 it follows

TI={ Vo ettt g ()| da{ VT e 2yt £ y) dy

SNIA+a)l (1—a)l fllllgll-
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Thus (3.7) is correct. Q.E.D.
Now let us establish a priori estimates for u(x, y) satisfying (3.4)
and (3.5). We note that u(x, y) satisfying (3.4) and (3.5) can be ex-

pressed as

(3.8) (x, ﬂ)zﬁ;&je”(”)'x—ﬂfg%)ﬂdﬂ_ea(v)x{$(ﬂ)

1 (= s f(é, 7)
g0t 1"}

Theorem 3.1. For i(x, ) given by (3.8), we obtain

@9 [ 0w, 2 |(L) =i p| + a1 dx dr=
| fix, 1

dx dv).

Proof. Since |0(y)|=<const.—Re 0(y) holds by (3.6), we may assume

0(y) is real. First consider

e L)

Now we may assume o(x)<M=x*, we have

[“o 10 e @)1 de MO 1§0) 7] e d
<M (1+a)|0Gn) |3,

and this shows
(3.10) [ oo oG 10203 P dm
<Mra+a)| | (+ 171131 dr

Next set

_ 1 (% e JS(E )
Al)= 20(7) Soe ) (&) o,
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then we have

7 2
[6(7)A (7)|*<const. (S ;(;;E dego lf(‘i,é?;)] de

a1

i;COnst'@(ﬂ)|““1S0|f(:I 23|2

Hence we have
[ o) 100 A0y 260 dxconst. | 0a) |+ o(w)e? 0 dx

If(xa 77)|2
XSo o(%)

<const. So lf(f'z,x7)7)|2 x,

and then

@11 { (o106 a0 120 dx dngconst.gm_lgzl—%g—)l—z—dx dn.

Together with (3.10) and (3.11), we obtain

029 §, 51000, 3., |() it

S ua(z, 7)) dudy=<

seonst ([ la=e1 31+ [P g0y,

Our next object is

uz(x, )= 1 S RIOES Elf(s’ 77)d$

20(y) o(§)

Now let B:(x) and B:(x) be the following functions;
B1(x)=0 (0<x<1) and =1 (1<x< o),
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Bz(x)=1 (0=x=1) and =0 (1<x<o0),
and put

fl(xa W)Z:Bl(x)f(x’ 77) and fz(x, W):BZ(x)f(xs 77):

then clearly

f(x: ﬂ):fl(x3 77)+f2(x: 77)

Define now v3(x, %) and vy(x, 7) by

:__1_ - 0(n) x"fij_1£$’_7_7_)_ =
Ul(xa 77) 26(77) goe s 0(6) dég,

_ 1 = 0(n)lx— fZ(ES 77)
va(x, )= Wgoe 2 El—TS)’df.

For vi(x, ) by the Hausdorff-Young inequality we can easily show

[0 sy )10V sup o) sup L7 MK DI g

and hence

(3.13) SR"_J 5:p(x) [6()%v1(x, )| 2dx dﬂgconst.gnn_lg:—li%@]—dx dy.

For vy(x, ), since we may assume A1x*<p(x)<Ax*(0x<1), it will
be sufficient to consider

v(x, 1) = 1 Swee(n)xx—Eamds

26(7) Jo £*

in place of vy(x, 7). Our aim is to show

(3.14) g:x"‘la(vy)zv(x, 77)|2dx§const.gmﬂ?al)ﬁdx,

0

then (3.12) (3.13) and (3.14) will lead us to (3.9).

Since f2(x, 7)x~%'* belongs to L2(0, =), and since
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al2 fZ(E: 77)

5“’2 dS’

242007) 0, 1) =0(n)| "%

by Proposition 3.1 we can obtain (3.14).
Though we investigated only tangential derivatives, the terms with
cross derivatives, involving a first order normal derivative, are estimated
as well as of tangential derivatives, and the term with second order nor-
mal derivative can be estimated from the equation (3.1). Q.E.D.

Next consider the Neumann problem for special case;

—1

. 0*u "o 0%u _ 2
015) —o G+ 2Tl 5 byl (U 1019u) =G, )

with boundary condition

(3.16) a” 2% 19 Zl a5

=g,
x=0
where a;’s and b;;’s are as same as given in Theorem 3.1, and 0 is a
constant number.

We assume ¢(y) belongs to H*~*/*(R""!) and

SRS:—[I(";(—X))[ dxdy< + oo,

Repeating the similar argument as for Dirichlet problem, we can

prove the following theorem.

Theorem 3.2. If u(x, y) belonging to H*(RY, p) satisfies (3.15)
and (3.16), then it follows

@1 § (o), 3 [(G2) 1l ute, | + lut, n1?)dxdn<
~ | flx, )|*

<c({,.ariabeiimitant| LR dar)

where ~ denotes the tangential Fourier image.
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4. Estimates for the General Cases

The aim in this section is to establish a priori estimates for the solu-
tions of (1.1) which belong to H?%(£, o), when £ is a half-spaces or a
general domain with smooth compact boundary.

The transition from cases with constant coefficients to cases with
variable coefficients is routine, through the localization by the partition of
unity.

Let L'(x, y; D., D,) be an elliptic operator defined in R%:
Cor v D Dy (D D)4 D (a0, 0
L, 33 Dey D) =~ (00 D )+ 2 g (aus

—I—ai}/j(ajo(x, y)—agx—>+ _nijlﬁa};(ajk(x, 9’)5%)’

k=

where a;(x, ¥) (j, k=0, 1, -, n—1)e #*(R%) are all real valued sym-

metric and satisfy

n—1
~kZoajk(x’ NE&=clEl? (c>0).
i

We begin with the Lemma 4.1 below.

Let u(x, y)€ H*(R%:, p) be a solution of
(41) p(x)L’(xa ¥ Dm -Dy)u:f(x: y)

satisfying the boundary condition

(4.2) u(x, y)lzm0=0(y) € HO-¥2R"1)
or
(4.3) B(y; Dsy Dy)u(x, y)laz0=¢(y) € HI-D2R"),

where B(y; D,, D,) is given by

n—1
B(x; Dy, Dy)=auu(0, 3) 0+ L, ok, y>%+ o)
- J
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and 0(y) € #'(RY).

Lemma 4.1. For a solution uc H*R, o) of (4.1), suppose that the
support of u(x, y) lies in a hemi-sphere Xs;

2s={(x, y); x4+ |y|2<b‘z, and x>0}
with sufficiently small 0>0. We obtain

(4.4) llullz, ) < CUlfllo,p-1 4 18] 3-ayiz + [l

when u(x, y) satisfies (4.1), and obtain also

(4.5) lullz, , CUl fllo, o1+ [ | a—ayz+lulD),

when u(x, y) satisfies (4.3). Here ||f||o,,-1 denotes

% 2
118, = o L2 2L dza,

Proof. (I) The case when u(x, y) satisfies (4.2).
Rewrite (4.1) as

(4.6)  o(x)L'(0, 0; Dy, Dy)u=f(x, y)—0(x)(L'(x, y; Dy Dy)
—L'(0, 0; D, D,y)u
=g(= ).
Of course ||gllo,,-1<+ oo, and using Theorem 3.1, we obtain

”u||2,p§00n5t-<||g“o,p~1+Hu]|+ | 6] G-ay2)-

Hence by an obvious estimate

HgHO,p'lé“fHO.p'l-*' ||\/0(x)(L’(x’ ¥ Dxa Dy)u_L/<0, Oa -Dx: Dy)u)”a

and by the continuity and the boundedness of first derivatives of the

coefficients, we have

lullz, ) <C(l fllo,p=1+ 18] 3-arsz) +ellullz,, + C'lull1),
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where ¢—>0 as 0—0. Thus taking ¢ sufficiently small and noticing
Proposition 2.1, we can obtain (4.4) easily.

(II) The case when u(x, y) satisfies (4.3).
Rewrite (4.3) as

B(O: -Dm Dy)u(xa y) I x=0=¢(y)+ {B(Oa D, Dy)_B(y: Dxa Dy)u(x: y)} | 2=0¢
Using (4.6) and applying Theorem 3.2, we have

Hulle, , <CI £ llo,p=1+ 1@ 1—ay2) Tellullz,, + Cllulli+
“l‘ |(B(y: -Dx, -Dy)u—B(Oa -Dxa Dy)u)l(l—u)lz-
On the other hand, according to Theorem 2.1, it follows
|(B(y; Dyy Dy)u—B(0; Dyy Dy)u)| 1-aye=

écil(B(y; D,, Dy)_B(O; D, Dy))””l,p:

and hence

éell‘lu“&p"l" CN””’”L/J’

where ¢ —0 as 0—0 (because of the continuity of the coefficients). Thus
we can obtain (4.5) as well as (4.4). QE.D.

Next consider the case when the support of u(x, y) extends over RZ.

The following proposition follows from Lemma 4.1.

Proposition 4.1. Suppose that u(x, y)€H (R%, o) satisfies (4.1)
and (4.2) or (4.3). It follows

4.7) lllz, < CCULf Mo, o1+ 8] 3—ariz+ ],
when u(x, y) satisfies (4.2), and

(4.8) lullz, , <Cl fllo,pr4 1€ ca-ayz+ 1],

when u(x, y) satisfies (4.3).

Proof. Let us notice that we can take a locally finite partition of
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unity {w,(x, y)} of R as follows;

(1) Xox(x, y)=1 and 0=w,(x, y)=1

(2) inf diam. of support wy(x, y)=d>0

(3) tl{’xe number of the supports which intersect mutually is limited
by a suitable integer IV

(4) each of the diameter of support of w,(x, y) sufficiently small
such as Lemma 4.1 is applicable.

Localizing (4.1) and (4.2) or (4.3) by the above partition of unity,

and applying Lemma 4.1, we can establish our assertion. Q.E.D.

To end this section let us consider the case of general domain £.
Since the interior estimates are well known and the essential parts for
the estimates near the boundary were carried out in Lemma 4.1, we

state only results.

Theorem 4.1. Let £ be a domain in R” whose boundary is a smooth
compact hypersurface, then, if u(x) belonging to H*(R, p) satisfies (1.1)
with f(x)€ L*(8, 07") and satisfies the boundary condition (1.4) or (1.5),
it holds

(4.9) ]|z, , < C(| fllo, o1+ | S 3=aysz T[]
or
(4.10) llull2,, =< C| fllo, o1+ 1§ a—ayz+ 12l

corvesponding to each boundary condition.

5. Weak Solutions

As for the existence of solution, it will be essentially based on the
well-known Riesz’ representation theorem. In this section we define the
weak solution of (homogeneous) Dirichlet problem and (homogeneous)

Neumann problem, and we show there exists a unique weak solution.

Definition 5.1. u(x)€ 2}:(82) is called a weak solution of (1.1)

with boundary condition
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u(x)|r=0,
if and only if u(x) satisfies

(5.1) Dlu, u]=j;\_‘_, (a,-k(x)_gxik, %)Jr( z"1<bj<x)g_“ U)-{—(c(x)u, )+

4 b
i= X

5 (g v) |+ (g v)pr=(f; v)pe

4 b
j=1 7

for all v(x)€ 21:(R), where ( ,) denotes the inner product of L*(2) and
(5 )p-1 the inner product of L*(82, 07").
The well-definedness of (5.1) follows from

Lemma 5.1. For any u(x) and v(x) in D}:(2), it follows
(5.2) [(Du, v),-1| <lulli(ellolli+ C@llv]D),

where D is an arbitrary first order differential operator with bounded

coefficients and € is an arbitrary positive number.

And

Lemma 5.2. If f(x) is in L*(2, 07") and v(x) in H'(Q), then it
Jfollows

(5.3) L(fs 01 | = fllo, pm1(ellv]li+ Cell]])

Jor any ¢>0.

Proof of Lemma 5.1. It will be sufficient to prove when £ is R%
and o depends only on normal variable x.

Since v(x, ) belongs to 2}:(R%), we have for almost every y

=)

|5, )<

ou |?
—1 d
0 69«:. o
and hence for any 0>0 we get

2

Ou dx.

0%

SB [v(x, y)|*

< . 2—20131°°
0 o(aY dx=const. 0 ,
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On the other hand, we have

S“’ |o(x, p)I*

, o(2) S |v(%, y)|?dx.

2dx<sup
x>8 0

1
o(x)?
Thus we obtain

2
Sni'_]i(g(ix_gfi)]— dxdy=<const. 0*2%|[v||3+ C(®)||v|I?,

and using Schwarz’ inequality we can have (5.2) easily. Q.E.D.

Proof of Lemma 5.2. By similar technique used in the proof of

Lemma 5.1, we can obtain for any v(x) in H'(R%)

Sngﬂz(’@ﬂdxdygsllv]f%—!- c@loll?

then this and Schwarz’ inequality yield (5.3).

As a corollary of Lemma 5.2, we have
Lemma 3.3. If u(x) belongs to 2}:(82), then it follows
(5.4) | (Du, w),-1| <ellullf+ C@)llull?,

for any €>0, here D is as same as given in Lemma 5.1.

The following theorem stating the existence of weak solution of
homogeneous Dirichlet problem is an immediate consequence of Lemma
5.2, Lemma 5.3 and the well-known Riesz’ representation theorem or

Lax-Milgram lemma.

Theorem 5.1. For any f(x) in L*(2, 07'), there exists a real num-
ber Ay such that for any 1=2, the equation

0GLC, Dut 3, i) Gt qut-u = ()

ulr=0
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has a unique weak solution.

Proof. It will suffices to notice that it follows

(1) D[y, oI <Cliullllv]l:

(2) ReDy[u, u]=Clull}
for any u(x) and v(x) in 2}:(8), where Dy[u, v]=D[u, v]+i(u, v),1,
and that (f, +) gives a linear bounded functional on 2}:(2) when f(x)
belongs to L2, o~b). Q.E.D.

Now let us define a weak solution of Neumann problem with homoge-
neous boundary condition. For general equation it is difficult to define the
weak solution with good nature, so we define it for rather special equation,
more precisely we assume here

p,(x)EO (]21’ 2, .y m).

Definition 5.2. u(x) in H'(R) is said to be a weak solution of the
equation

0(x)L(%, Dyu+q(x)u=f(x)

ou

By ——+ou|r=

if and only if u(x) satisfies

Nlu,v]= 5

I

1(a,k(x) Ou_ ax,)+ Z}(b (x)——, v>+(c(x)u, )+

+(g(®)u, v),-1+ <ou, v>r=(f, v)

for all v(x) in H'(R), where < , >r denotes the inner product of
Ly(I).

Well-definedness of N[ u, v ] follows from
Lemma 5.4. If u(x) is in HY'(Q), then it holds
(5.5) llullo,p-1=ellulls+ C(e)l|u]]

for any ¢>0.
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Proof. It will be sufficient to show (5.7) when £=R”" and p de-
pends only on the normal variable x.
Noticing that

_ *ou
ulx, y)=u(0, )+ Itae,
we have
2 2 =] ou |*
|uCe D122 a0, P12 42| 2L ),

hence for any 0>0

8 lu<x’ y)]z 2 = 8u 2
[P ar<k@)(uo, pi*+ ;| 2L ax),
where K(0)—0 when §—0.

On the other hand we have

S“’ |u(x, y)|?

\ o) :I u(x, y)lzdx.

dx<sup
xz38

w )

Thus we obtain

JuCx, ) L
[ 2 DV gy <k @)luli+{ 100, 91%dy)+sup Lol

and taking 0 sufficiently small, we can obtain (5.7). Q.E.D.
The existence of the weak solution can be established through the

same manner as the case of Dirichlet problem.

Theorem 5.2. For any f(x) in LR, 07%), there exists a real
number Ly such that for amy 21=2Ay the equation

0(2)L(%, D)u+q(x)u+Au=f(x)

ou .
W-{-O’u r—O
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has a unique weak solution.

6. Proof of Theorem 1.1 ()

Now that the existence of weak solution has been established for each
equation, our main aim is to show the regularity of weak solution, more
precisely to show that the weak solution obtained in the previous section
belongs to H2%(2, 0) in each case, then it will prove Theorem 1.1. In
this section we shall give a proof of Theorem 1.1 for special equation,
where p;(x)=0 in (1.1), that is to say,

o(x)L(x, D)u+q(x)u+Au= f(x)

with homogeneous Dirichlet or Neumann condition.
The main tool to our aim is the tangential mollifier of Friedrichs, so
we describe a few lemmas of mollifier.

Let us denote by ¢ x the tangential mollifier:
poru(s, N=| _ oy—nulz, 1y,

where ¢.(y)=e'"¢(y/e) with g€ C5(R"*™") such that S(p(y)dyzl.
We shall write u.(x, y)=¢s*u(x, y) in what follows.

Lemma 6.1. If u(x, y) belongs to L*(R%, 071),” then u (%, y) goes
to u(x, y) in L*(R%, 071) as e—0.

Lemma 6.2. (Friedvichs) Let u(x, y) be in H'(RY) and a(x, y) be
in B'RY), then [@ex, a(x, y)D]u converges to 0 in H'(R:) as e—0,
where D stands for 0/0x or 0/0y; (j=1,..., n—1).

Lemma 6.3. Let v(y) be in H'*(R"™') and b(y) be in B'(R*),
then [@ex, b(y)]v converges to 0 in H'*(R"™') as e—0.

Now back to show the regularity of our weak solutions. Since the
interior regularity is well known, we shall show only the regularity near

the boundary. Noticing that the problem is completely local, it suffices to

1) When we use the notation L?(R?%, p~'), we assume p depends only on x.
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show it when £ is a half-space after a local transformation of independent

variables. Let our concerning equation be

(6.1) —O(x)<aa a°00x>+_1 l(aax( 0y,>+6y1 O’@ >)

=l 9 0u

ou
+J_§=16—y]_ ajkay>+ bo—+ Zb,——+cu)+qu+/1u =f(x, ¥)

and
(6.2) u(s, y)lx=0=0
or
ou | "t ou B
(6.3) ago(x, y>5;+j§1a0j(x, _’}’)@ 0(Pu|z—0=0,

where aji (%, 7) (j, k=0, 1, ..., n—1)€ Z'(R%), and bi(x, y) (j=0,1, ...,
n—1), ¢(x, y) and g(x, y) are all bounded and measurable, and 0(y)€E
@'(R™ ),

Now since our weak solution belongs to H*(R%) and H'(R") can be
imbedded continuously into L*(R%, 0™') (see the proof of Lemma 5.2),

we may neglect the lower order term
ou 0u
—o(x) bo +Zb —I—cu +qu+iu

by transferring it to the right hand side, and we treat the following

equation
(6.4) —o(x)(ﬁa; “00 + Z (ax (“"Ja >+ 9 y; ”gu )>
B

in place of (6.1).
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Theorem 6.1. Let u(x, y) be a weak solution of (6.4) with satisfy-
ing (6.2) or (6.3), then u(x, y) belongs to H*R%, 0), where f(x, y) is
in LER%, oY) and o depends only on x.

Proof. Consider the case of Neumann problem, because the Dirichlet
case will be slightly easier, though the essential part is the same.

Now let u(x, y) be a weak solution of (6.4) with boundary condition
(6.3), then u(x, y) satisfies for all v(x, y) in H'(R%)

(6.5) (aoo—g%,g;} >+ =t ao; gu ’g; >+J21( 0 gz ,aa;>+jsz_jl<ajkg—;’g_;>

_Snn_ld(y)u(o, Y00, Ndy=(f, v),-1

and satisfies (6.4) as a distribution. Put here v(x, y)=w(zx, y)/ao(x, y)
with w(x, y)€ H'(R%:) (notice here ago(x, y)==c>0 by uniform ellipticity),
then (6.5) turns into

o () H ) M o)

n—1 0 0
+ Z —aaj}za—.}—l’:,w>

”_ Oa
( aoo 4 Z Qjo 71— 0x 21Dy,

2o °fa
~{ 101000 200, Y0, Pdy=(F, wy,

where Au(x, y)=au(x, y)/acw(x, y) (j, k=0, 1, ..., n—1), F(x, y)=
f(x, ¥)/ao(x, y) and a(x, y)=1/aeo(x, y). Hence, we may assume
aoo(%, y)=1 identically in (6.5), since the second line of (6.6) can be
transferred to the right hand side. We are now going to consider, instead
of (6.5), the following

(6.7) (gi g;]>+ ((ao, gu, g;) <ajog_z,af’_2>)+:gl(ajk % ,g_;; )_
- Sm_ﬁ (90, (0, Ndy=(f, v),.

Now insert v in place of v in (6.7), then we have by simple

calculus
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N P (Gl D R G R e e
[ n—-1
~ o S0 290 Dyt T ([ oens a5 )+
Lo mp o 300+ B (o mgyy o 55

=\ ATper, 5()Tu0, Y0, Pdy=fur D)y

and this shows that u.(x, y) satisfies

09 G F R () B o)
—e(=) jgi(%(l:%*’ aof(%]u)+§%<[¢6* Gjog =~ ] >>+

B (o o} )-rice

in the sense of distribution. On the other hand, since u(x, y) belongs to
H'(R"), the terms involving the commutators in (6.9) belongs to L*(R%,

07') (cf. Lemma 6.2), and since us(x, y) is smooth in y, we can see
that us(x, y) belongs to H?(R%, p) from the equation (6.9). Hence using
the integration by parts, we can see that u.(x, y) satisfies (6.9) in
L*(R%, 07%) and

aue

_a_x" _ :[¢E*3 G(y)]u 220

+ " a0i(xy 12— 6(y)ue
= 0y;

0
o Z [:(05* Clo_,ﬁy :]u x=0'
Thus applying Proposition 4.1 (a priori estimate) and noticing Lemma 6.1,
Lemma 6.2 and Lemma 6.3, we can see that u.(x, ) converges in H*(R%, 0)
as ¢ tends to 0. On the other hand u.(x, y) tends to u(x, y) in H'(R%)
clearly. Hence u(w,y) has to lie in H?(R%, p) and this establishes
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the Theorem 1.1 in the case where p;(x)=0. Q.E.D.

7. Proof of Theorem 1.1 (II)

In this section, we shall finish the proof of the Theorem 1.1 by
treating the general case where pi(x)#0 in (1.1). We shall carry out
this by a successive approximation with the aid of Proposition 4.1,

Theorem 6.1 and the following
Lemma 7.1. Let u(x) be a solution in H*(Q, 0) of
—0(x)L(%, D)u+q(x)u+iu=f(x)

satisfying the homogeneous Dirichlet or Neumann condition, then if A is

sufficiently large, we obtain

(7.1) llullo, ;1 =1/QA= )| fllo, o

with some constant c(<2).

Proof of Theorem 1.1. According to Theorem 2.2 and Theorem
2.3, it is sufficient to consider only the case of homogeneous boundary
condition. But the Dirichlet case is already finished by Lemma 5.1, there-
fore we restrict ourselves to the condition (4.3) (with ¢=0).

Now let us define u,(x) successively by
(7.2)  —o(x)L(x, D)us+ P(x, Dyus1+g(x)us+Aus=1(x) (uo=0)

with satisfying homogeneous boundary condition, where P(x, D)= Z p,(x)
% and is assumed sufficiently large so that (7.2) has a weak solutlon for
k=1.

Let us note, by Theorem 6.1, that each u;(x) lies in H%(®, p), and

hence our aim is to show that u,(x) converges in HZ%(, p) if we take
A sufficiently large.

Now set vi(x)=up(x)—ur_1(x), then vy(x) satisfies

(7.3) —o0(x)L(x, D)vi+q(x)vp+ Avpy=— P(x, D)vs_,
(k=2,3,..)
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and homogeneous boundary condition. Hence applying Theorem 4.1 to

(7.3), and noticing Lemma 7.1, we obtain
(7.4) llvell2,,<CI|P(x, D)vi-llo,,- (k=2,3, ...),

where C=C() is uniformly bounded in 1. On the other hand owing to

Proposition 2.1, we have

(7.5) loalla,pZellvs-1la,p+ C@lloa-allo
and
(7.6) lollo, s S—2——Cellon-alla, s+ C@lIo-allo, om2)-

Now multiplying C(e)/e to both sides of (7.6) and then adding it to (7.5),

we have

@7 loalle.s+ E ulo, (e +—EE Y (-l g+~ S i)

Fix an €<1 and take a 4 large enough so that (e +TC(_-E)C—><1 also, then

Z(Hkaz,F-l- CE:E)Hkao,F-x) converges and this yields the convergency of
i=2

u(x) in H% 2, p) and completes the proof. Q.E.D.

Appendix

As was announced in the Introduction, we state here about mixed
problems for hyperbolic equations.

Let us consider

Tat= o) B s () +2 L Tt Ban e

jrk=1
+ho(@) Gt e )+ Zp) g )+ an() G

(A1) +q(x)u +f(x, t)
u(x, 0) =uo(x), u(x, 0)=1u;(x)

u(x, t) —0 or —— Zh( )v,——{—o‘u -—"0,'
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where hi(x)€ #'(2)(j=1, ..., n) and 0€B*([") are all real-valued.
We assume that the rests of the coefficients satisfy the conditions
stated in Introduction, then we can show the well-posedness of (A.l) in

the following sense:

Theorem A.l. For any f(x, t)€ EXL*(L, 07")) and for any (uo, u1)
€ H( 8, 0)N2}(2)x 2}:(R) (for Dirichlet boundary condition) or for any
(wo, ur) € HA( 2, 0)NN x H () (for Neumann boundary condition), there
exists a unique solution u(x,t) of (A.1) such that

u(#, £) € SYH™ (2, ONNETH (D)NEHLH (L, 071)),

with satisfying each boundary condition respectively. Moreover the following

energy estimate holds in each case

A2)  [ulsp sl + sl SO ol s +
1017+ § UL o+ Ll 1)

for any t€[0, T]. Here & denotes

N = {u; u€c H*Q, p),aa—L;— _Zﬂllhj(x)v,-aa—l:-\‘- ou
=

r=o}.

The proof of Theorem A.l1 is carried out by the semi-group theory
due to Hille-Yosida, and even for the equations with time dependent co-

efficients, the similar results will be valid.
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