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Some Aspects of Ornstein’s Theory
of Isomorphism Problems
in Ergodic Theory

By

Gishiro Maruyama®

§0. Introduction

In a series of recent papers [4]-[7], D. Ornstein and Friedman
carried out fundamentally important investigations about metrical isomor-
phism in ergodic theory. Motivated by the papers, the authors of [1]]
and the present paper were engaged in allied isomorphism problems,
especially those when generators are not finite and entropies are infinite.
Using Ornstein’s ideas, the authors of the two papers independently have
arrived at similar results. However, the approaches and techniques in the
both papers are different.

In the present paper, basically we only assume several fundamental
results from [7]. In several respects we can simplify and refine the
techniques of [7], thus not using the method in [57], we prove in §4
a generalized version of the main theorem of [5].

The basic probability measure space (2, m, &) is isomorphic with
[0, 1] endowed with ordinary Lebesgue measure, the Lebesgue unit in-
terval. A partition of £ is a system of disjoint subsets of £2 whose
union is £. From now on partitions are measurable. Script capitals
P,Q, A, ... will stand for measurable partitions; by writing P CQ it is
meant that Q refines 9, and by p€ % that p is a generic element of 9

referred to as a cell of . A D-set is that which is represented as a
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union of %P-cells. To avoid notational complexity, £ will sometimes stand
for the o-algebra consisting of all measurable %9-sets. For further de-
velopments we are requested to single out three classes of partitions, i.e.,
finite, countable, and general measurable ones, respectively denoted by
Do, L1, 2y, so that oL (<, PeY; is written in the form 2
=(p1, p2, ---). As in [7] every P, is ordered, and |P| will stand
for the number of P-cells p with m(p)>0.

For P €Y, and an automorphism 7, we frequently use the abbrevia-

tions
b,
PT=Ps=V T'D

so that 9! is different from 4P¢ as ordered partitions; a generator P €<,
for T is such that 9P=.=®&. To generalize the notion of weak Bernoulli

automorphism [ 7] we prepare several steps of definitions.

Definition. (i) Let T be an automorphism and P&, then
(T, P) is called a weak Bernoulli pair (WBP) if
(0.1) lim 2 |[m(pNg)—m(p)m(q)| =0
k== pepl,
q€PE*™"
uniformly in n.
(ii) T is called a weak Bernoulli automorphism (WBA) if there exists
a generator R €Y, for T such that we can find an increasing sequence
of partitions R,€Z,, n <1, for which (T, R,) are WBP’s and \>/62,,=62.
Such a generator of T is called a weak Bernoulli generator (W?B_é).
Especially, if TR, —oco<i<oo, are independent, T is a Bernoulli
automorphism (BA), with Bernoulli generator (BG) .

Let PeY,, Q€Y;, then P is c-approximable by @, in symbols
3 (P, D<e
if for any p€ %, there exists a measurable Q-set 4 such that

m(pdA)<e.
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§1. Classifications and Reductions

First of all, using the notations introduced in §0, we distinguish
three classes of automorphisms (), (8), (v) according as their WBG’s
satisfy the conditions: (@) Re€Z, (BYReZ, (1)REZ,. When TeE (),
R,=R for a sufficiently large n, h(T)< oo, and in this case, the structure
problem of T from the isomorphism view point is settled in [7]. As was

mentioned earlier this paper is a basis for our further developments.

To make reductions desired in the following arguments it is con-
venient to consider the class (0) of WBA’s: Te€(0) if ReY; is a WBG
for T and for any finite subpartition R, of R, (T, R,) is a WBP.
Clearly (0) is a subclass of (8).

In each case of classiffications

K(T)=lim A(T, R,).

1° If A(T, R)=HT,Ry)=.., TE(Q).

Proof. Given positive numbers €j, €3, ---, with ) ;<oo, then by a
i=1

repeated use of Lemma 14 [7], we can successively assign partitions
@1, Qz, --- and natural numbers kj, kg, ... satisfying the following con-

ditions:

01C(622)°_°,°, (Ta QI)’\"(TS Ql)a(*)
D(R;, @y)<ey, 6(_% T'Q,, Rp)<27h;
QZC(@!S):’” (T; &1)‘\’(]’, QZ):

k1 .
D(Q;, Q) <es, 5(_\2 TQ,, Ry <271,

k X
6(\} T’Qz, &3)<2_2;
—k2

in general

(*) For the meaning of this expression cf. p. 367, [7].
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an C (627“1):*: (T3 Rl) '\’(Ts On)s
D(Qn—-la Qn)<€n,

k X k X
OV TQyy R5)<27%, (N TiQ,, R5) <272,
—k1 —k2
kn .
] 6( \Y% T‘Qm dzn+1)<2—n-
—kn

Let Q.=lim Q,, then

kp— ,
(T, R)~(T,Q.), 8 TQ., R)<2+*,
and

OV TQ., R) <2771 for m<p,

whence
Q.)z.DOR,  for m=1,2, ...,
that is Q.. is a generator for 7. This implies that T & ().

The remaining essential cases will be settled in the proposition after

Theorem 1 and Theorem 2.
So that from now on without loss of generality we may assume that

(1.1)  A(T, R:)>0 and A(T, R,) is strictly increasing with 7.

It is easy to show that a direct product of a finite or countable
number of WBA’s is a WBA. By using the fact that for WBA’s in ()

the entropy is a complete invariant it is straightforward to show:

2° Automorphisms S, T represented as direct products of the same
finite or countable number of WBA’s from (&) are isomorphic if A(S)
=h(T).

The second step of reduction is to show the following proposition.

3° To every T'E€(r), there is an S€(0) which is isomorphic with T.

Proof. By the above observations we may assume that (1. 1) holds true.
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Divide the Lebesgue unit interval [0, 1] into disjoint intervals I;i, ---,
I, .1 so that we have a partition &, with H(#,) =;1§,‘11—p,~ log p;=h(T, Ry),
pi=meas. (I1;), 1=j<s;+1. Subdivide I, .; into disjoint subintervals
L1, -y Ins,41 so that they together with Iyy, ..., I1s, form a partition 4/,
with H(#2)=h(T, R,). Continuing this procedure we have a sequence of
partitions #,, 1<n<oo, in which #,., is obtained by subdividing the
last cell of &,, and H(4,)=h(T, R,). Write

74 =V 7471:
n=1
then 4 is a countable partition with

H(#) =lim H(A,) =lim (T, R,)=h(T).

On the basis of this fact and making use of a shift transformation
on a direct product measure space one can define a BA S with BG Q
=(q1, q2, ---) such that there exists a sequence of natural numbers n,,

and Qr,=(q1, -+, Gny> Gny+1\JSGn,~2\J ) satisfies
h(S, Q) =h( T, GQk)a k=1, 2, ...

By means of the proof of Theorem 2 in §4 T is isomorphic with S.
Then obviously S is the desired automorphism of type ().

§2. Terminologies and Preliminary Lemmas

I owe several concepts, terminologies and notations to Friedman-
Ornstein [7]. For details I refer the reader to this paper. All partitions
from %y, Z, are ordered. Given a partition 4 and a set E, there is its
induced partition P |E on E. <, becomes a complete metric space by the
distance

D(P, Q)=F m(p4g5)

@:(Pla P2 >> Q=(§11, g2 "‘)Egh

where 4 is the symmetric difference. Writing (pi, -, pu, &, @, ---) for
the partition Po=(p1, ---, p») €Zo, Zo is imbedded in Z;. The size of
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P&, is defined to be the number of P-cells p with m(p)>0 and
denoted by |P|. We write d(9), d(9, Q) for the distribution of P €Y,
the distance between the distributions of 9, Q€; respectively. The
distance d(a, b) between probability vectors a={(a1, as, ---), 6=_(b1, bz, ---)

is likewise defined by
d(a, b)= 5| ai—b:l.
i=1

k
V %, can be considered as a member of &, according to the lexico-
n=1

k k
graphical ordering. The equality VV%,=V{Q, means that the both sides,

n=1 n=1
when ordered in this way, are equal in &;. On the other hand the

equality £V Q=& means that the both members are equal in reference
to suitable orderings of the cells on the both sides.

Let 9 CQ be partitions from Z;. g€Q, m(q)>0, is a proper Q-cell
if there exists p€ %, with pDg, m(p)>m(q), while p€P, m(p)>0, is
a proper 9P-cell, if p contains no proper (Q-cell. Improper D-cells and the
union of the proper %-cells, when ordered together, form a partition &,
such that PV By,=9%; proper Q-cells and the union of proper %P-cells,
when ordered together, form a partition &; such that PV&;=Q. A
proper 9-cell is an improper Q-cell and vice versa. In this case, 9, Q
are said to be properly ordered, if they are ordered in such a way that a
proper %-cell corresponds to itself as an improper Q-cell, every improper
pPEP to one of Q-cells contained in p, while ¢€P to every Q-cell
remained in p. D(%, Q) can be minimized when they are properly ordered.
Obviously &y C &, and if P, Q, By, &1 are properly ordered, it holds that

D(@: O)=D(£O’ dgl):D(@V£o, @\//31),

For instance, consider R=(ry, r, ---) and its subpartitions 9 =(ps,
P2 - ‘)3 Q =(l]1, gz - '), with Pi=Ti (1 é i =~<_ nl)) Pnﬁ-l—_; \/+€k’ Pi=¢(n1+ 1
—

<i<eo), gi=r; 1=i<ny), 9n2+1=k\/17k, g:i=9¢(n2+1<i<eo), and
=n2+
n1<nz Then PCQ, and if we put

(2.1) ﬁoz(:\:jlris X O Tis @y +++),

i=m+1
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ny oo
£1:(\/1 Tis Tmy+1y “o05 Ty U Ti, @, )
i

i=ny+1

one obtains

D(Bo, B)=2 3 m(r)=D(D, D).

i=2ny+2

The following elementary inequality is useful for evaluating |A(T, &)

—h(T, O)|.

0° Let d=(ay, ---, @), C=(c1, ---, ) €EZy, and T be an arbitrary

automorphism, then

(2.2) |R(T, )—h(T, O)] <E(A, 0),

where

E(A, 0)=—D(A, 0)log D(A, @)+ D(A, €)(log| 4| +log| €| +2)

Proof. 1f >0, 1 <i<n, a well-known inequality for entropy gives
us

n

(2.3) 2. —¢; loge; <<— Slog S+ Slogn,

1

where

Now by the definition of conditional entropy
)
H(A|0)= 3 m(c)) H(A| <),

H(A|c)) =i}:i,1 —m(a;]| c;)logm(a;] c;)
(2.4)
= AE —m(a;| ¢;)logm(a;| c;)
—m(a;| c;)logm(ai|c;).

Since (1—x)+=xlogx=>0 for 0 x X1,
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(2.5) —m(a;| c;)logm(a;| c;)) <maé|c;) (ai=complement of a;).

Applying (2.3), (2.5) to the right-hand member of (2.4), it is easy to
show that

H(A | e)) < —m(as] c))logm(as | ¢))+ m(as] ¢ log L +m(a | ),
H(A|O)= 5 — m(as c)logm(as e+ (2 mas e9) Gog 1+ 1)
== (2 m(a c)log (3 m(a )
26) (3 m(as e) logh-+logl+1),

and similarly with H(C|A).

A fundamental inequality estimating discrepancy between entropies is

given by

|(T, A)—k(T, O)| <o(#, O),
where
2.7 o(d, ©)=H(A|C)+H(C|A.

Inserting (2.6) and a corresponding inequality for H(C|4) into (2.7) and
using (2.3) again

o4, ©) <= Xm(aie) + 1 m(c5a)
X log (é]lm(af c;) +]_§l;1m(c§ a;))

k !
+ (Z}lm(ai ci)+ 2 m(céa;)) (log2+logk+logl+1)
i= =1

< DA, ©){—log D(X, @)+logk-+logl+2}

Remarks. Since —(x+y)log(x+y)<—=xlogx—ylogy for 0,
y<oo, it is easy to show that the function E(#, @), is dominated by a
metric on Z,.

We now turn to summarize several lemmas from [ 7], rephrasing and

sometimes refining them.



ORNSTEIN’s THEORY OF IsoMORPHISM PROBLEMs 519

Suppose that we have a certain naming system which let to every
w € 2 correspond a finite or infinite sequence of non-negative integers, the
name of . Such a system is often connected with a partition.

Suppose we are given a superposition of partitions P=P°V PV -,
Pi=(pi, pis ). The Pname of we L is the vector (ko, k1, ---) so
determined that

o€/ pi,
i=0

k; is a o-function, written as k;(w). Then we can speak of the %-name
(ko(p), k1(p), ---) of a P-cell p, what is the same thing as the “P-name
of an w contained in p.

1° Suppose we are given a superposition of partitions Q besides %P
in the above, Q=Q°VQ!'V- -, and let the Q-name of w be (Iy, Iy, ---),
then

(2.8) m(w: %, Q-names of w differ at more than e places)
e 'Y D, Q).
i=0

Define indeed, a function ¢ on non-negative integers, so that &(0)
=0, 0(i)=1 for i=¢0, then the left-hand side of (2.8) being equal to
m(w: iﬁ(lk,-(a))—lj(a))l)ge), (2.8) is a version of Tchebychev’s in-
equalit;.

1.7
2° Let IT= 2 be an m-fold product space, g=(qo, ---, qu) € I4*!
k
be a u+1-dimensional vector with integer entries, w=(m, g€ I%{*?),
a probability vector. Let S be an automorphism, B&€®& be such that
B, SB, ..., S* ! B are disjoint, and put !21=n\—/1 S?B. There is given a finite
partition )3 on B and to each we&QOd thege corresponds its name I (w)
=(lo(w), -+, Lp_1(w)) € I}. Define a partition P so that P|2,=(py, ---
pr) and P|Q;-cells are determined by

Pa=\/< U Siw)a 1§a_§_k9

wEM lilw)=a

b



520 G. MARUYAMA

and %9 is arbitrary on £2¢. Define next the frequency of q in I(w) to be

Ho=i=n—u—1:9=iw), -, li..(w))}

n—u

fgliw)=

Then if max d(f(g|l(w)), ™) <e1, m(Lf) <e;, we have
weEN

d(T[, d(\u/ S”@))gZ <51+€z+—u——> .
i=0 n

3° Let S, B and O be as in 2°. Suppose that we have two
naming systems, (1) w€O8—k(w)=(ko, ---, kn_1) € I%, (2) weWN—I(w)
=(lgy -y ln_1) € I?. Consider two partitions 9;, P constructed as in 2°

by the systems (1), (2) respectively. If
n—1
max | ki(w) —li(w)| < ne,
wEM i=0

then
D(P1, Pz) =m(L25)+e.

In the following arguments, if % is a partition, its subfamily of
PD-cells is denoted by a script capital like € C%, whereas the correspond-

ing A-measurable set \ /p is denoted by C.
pEC

4° Let S, A play the same role as S, B in 2°, Qe Y, and
Q&nzn\—/ls -0, Suppose that to every w&O,| A there corresponds a
name ((zo(w), ooy lpo1(w)) in a 1-1 way.

Define a partition 9 on £; as in 2°, whereas in this case 2§ is
classified into a cell of 9. Then

(2.9) [A(S, P)—h(S, O9)| < Ko(OD{L (m(A))+ L(m(L9)},

where L(x)=x—xlogx and K;(O8) (0<<i<1) are constants depending
only on [O8].

Proof. The uniqueness of the name of w implies that w is a cell of

n—1 R
the partition {4, 4°}V(V S7*9P). Therefore
0

Q={%2¢ and S'w;we, |4, 0<Zi<n-—1}
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C i’/”sf({A, AN D),
AOOY =8| 2., 29).
Then by 0°
[A(S, O9) —h(S, OF)| < K1(O8) L(m(L29)),
|h(S, P)—h(S, PV {4, A°})| < L(m(4)).
Thus
h(S, Q) = h(S, O9)—K.(O9) L(m(L9)),
h(S, D)= (S, PV {4, 4°})— L(m(4))
= h(S, Q) — L(m(4))
=h(S, O8) —{L(m(A4))+ K: L(m(29)}.

On the other hand, since
PN SN {4, ADCVS OOV {4, 4),
h(S, P)<h(S, WV {4, 4°}) <h(S, O8) +2L(m(4)),

In the following arguments by 7 we denote a non-negative constant

which can be made arbitrarily small, dependently on adjustable parameters.

5° Let P&, with |P|=k, S be an ergodic automorphism, I% be
n—1 )
as in 2°, P,=V S7P and &(p)=(o, -, En-1) be the P,-name of
0
pEDP. Let =70, ---, 7,) € [4*! and define

Pfl:[:\os_ipn’

Then for an arbitrary y>0, if n is large we have

m(p: Zﬂl lf(rle(p)—m(p) | <P)>1—7.



522 G. MARuUYAMA

§3. Sinai’s Theorem

Theorem 1 (Sinai). Let S€(y) and T be an ergodic automorphism
with h(S)Zh(T)<X . Then S is a factor of T.

Proof. By 3° of §1, without loss of generality, we will assume that
Se (). Let R=(ry, 3 ---) be its WBG, and increasing natural numbers

S1, S2, --- be taken so sparsely that
&m=(r1: oy Tspo rst»lUrsm-%-ZU"'s B, )

satisfies

where

672n=D(am: 62m+1):2 2. m(ry).

iZ2sm+2

Let €y, €3, --- be a sequence of positive numbers with
2 en< o0,
m=1

and let us put np=ni1(e} R, S), ni=nq(c} R, S), =7} Ry, S),
where ny, ny, 7 are the functions of &, R, S, n1=n,(e% R, S), etc. in
Lemma 12, [7].

We will first choose 1€, such that

d(\"o/’sf@l, ?T"%Km

(3.1)
0<h(S, R)—h(T, P1)<7:.

For this purpose let k= ||, and choose Oy €Y, satisfying

n—1 3 n—1 .
and write Rl=V SR, Q8= T~ OQ,.
0 0

As in 5° denote by &(r) the Rlname of r€}, define r, for
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pe P+l k=s,+1, and put

E={r| ; If(le@)—mG)| <71},
(3.3) F={we€E|e(a+e)<mwlw))<ela—¢),

ex(b+6) <m(r(w)) <e.(b—e)},

where w(w), r(w), are the O8J-, Rl-cells containing w, y>0 is arbitrarily
fixed and

en(x):e-”xa a:h(T: Q&O)> b:h(sy 621)3

. b—a
0<e<m1n(a, 5 ),

then by 5° and Shannon-Mcmillan-Breiman’s theorem, if n is large
(3.4 m(F)>1—7.
Define
(3.5) C={w: m(wNF)>0}, O'={r: m(rNF)>0},
then (3.4) implies
m(C), m(CH>1—7.
Thus
Blw:wely<#{r:rel’},

to every w€ @ we can let correspond a £(), r€@’, in a 1-1 way.
Take an I such that (x) T°I, 0<<i<n—1, are disjoint, m(G)>1—7,
n—1 . .
where G=\/J T'I. There exists i, satisfying m(T*INC®)<y/n, and
0

) . n-1 .

hence m(T™INC)>(1—27)/n. Set A=THINC, 2,=\)T'A4, then
) 0

m(2,)>1—2y, and T'4, 0<i<n—1, are disjoint; to every we& 03| 4

there is assigned a &é(r) in a 1-1 way. Define 9 as in 2°, then if n

is large
(3.6) a5, Y TPy =2(3r+ )<

Also by 4°, if 7, 1/n are small
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(3.7 (T, O80) —h(T, P1)| =< Ko(Wo) (L(1/n) + L(27)),

and the right-hand member can be made arbitrarily small. Collecting
(3.2), (3.6), (3.7) we get (3.1).
Next choose O8; D%, such that

0<h(S, GQz)—h( T, Q&l)<7]z

By Lemma 9, [7], (3.1) implies that there exist partitions Q;, 0 <1i
<n—1, such that

d("y:laa:d(”v;ls-*ael),
(3.8)
NID@, T D) <net (n=n)). P
i=o

Now engrave each n\_/lﬁi-cell to have Q;, 0<<i<n—1 so that

0

éiDQia
n—1. n—1 3

d(\o/Q,)Zd(\({Sﬂ@z).
Then
D(Q;, 8)=D(S- 'Ry, S7Ry)=D(Ry, R)=02, S D@,y T-Py)
0
n— ~ n—1 .
(39 =TD@, Q)+ D@, TP)
<n(e+0H)<n(e1+01)? (n>nj).

Let [Ry|=Il=s5+1; as in the first step, write £(§) for the d,-name
~ ~ n—1
of §€Q,, A=V Q;; define §, for y€ I#*1) and put
0

E=1{3: T1 /(1| @)~m(q,)| <7}

n-1 . -1 R -
Write Q1= 1\ T 00, @},zn\/ T-'9;, and define F after (3.3) with
0 0

(*) In [7], use was made of conclusions somewhat different from (3.8). For the
present use we prefer (3.8) to those; (3.8) itself easily derives from (9.3)-(9.5),
7] after a simple application of an isomorphism,
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E, 00, g, (T, O81), h(S, R,) in place of E, O9Y,r,a, b, then
m(F)>1—7.

Setting H={w: @,,—name of o differs from %L-name at less than
n(e;+0;) places}, by (3.9) and 1°

m(H) <ey+01, m(CHNF ) <e1+0:1+7;

setting
C={wedL: m(wNF)>0},
D={w €O mwNHNF)> 1 m(w)},
D'={gG: m(GNHNF)>0},

one has

m(D)>1—(e1+01+7).

Take I as in (%) in the above, then since m(GNC®)<r, m(GND*)
<2(e;+01+7), there is an iy such that Io= T%] satisfies

(N €< m(Io<D°><4<LLn‘“—T>

so that

1—4y
n

, m(Iof\D>> 1—4(51';61)_57‘ .

As in pp. 384-385, [7], to a weD, we can let correspond £(§) of a
GeD', with m(wNg§)>0, and to a weO\D that of a remaining §€ D’
in a 1-1 way; w has the same 9P.-name as p€%P. with pDw; we apply
3° and 4° to B=IyN\D, A=I,N\C, to have a partition 9, satisfying

(3.10) |h(T, @z)—h( T, Q&l) | gko(qgl){L(l/n)‘l‘L(T)}
(3.11) D(P1, P2)<4(e1+01)+57+ (e1+01)<6(e1+01).

Apply 2° to A, then
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(3.12) AV Si Ry, Ti@z)§2<5r+%>.
0 0

The right-hand members of (3.10), (3.12) being able to be made arbitrarily

small, we have shown that there exists a 9, such that

(3.13) 0<h(S, R)—h(T, P2) <73,
(3.14) \0/ Si Ry, \0/ T Dy < 7,
(3.15) D(P1, P2)<6(e1+01).

Continuing in this way, we obtain partitions P;, P2, ... such that

(3.16) 0<h(S, R,)—h(T, DPu)<m

(3.17) d('((?s"éem, '((:/"T'@m)qm,

(318) D(@m—la @m)<6(8m—1+6m—1);
2<m<co,

Then P,,—>PEZ,, m—> oo, and for an arbitrary a and m
AV S Ry I T* D) <1
On making m— oo
d(V SR,V T P)=0,
i.e.

(S, R)~ (T, P),

which proves the theorem.

Remarks. Obviously we can apply the same method to the case
when R;=®,=..., thus having the proof of Lemma 13, [7]. Doing so,
the presence of the first inequality sign in (3.16) which rests on the
estimates (2.2), (2.9) simplify the final steps in the proof of Lemma 12,
7.

Using the proof of Theorem 1 we can prove the following proposition.
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Proposition. For WBA’s with finite entropies entropy is a complete

invariant.

Proof. Let T, T; be WBA’s with A(T,)=h(T;)<oo. To show
Ty~ T,, the case when T;, T.€ («) is settled in [ 7], whereas the case
when T;€(6) and the defining generators R; of T; (i=1, 2) satisfy
R,e€9,, |R,|=|R;| =0 is included in Theorem 2. So that, in view
of reductions in §1, we are sufficed to deal with the case where T € (),
T € (0) with |R;| =eo.

A key to the proof of this case is the following lemma.

Lemma. Let (T, R) be a WBP. Let T be a BA with BG 9
=(p1, p2 ), |P| =00 and h(T1, R)=h(T). Let Q be a partition such
that

(3.19) (Th, R)~(T, Q).
Given &>0, there exist Qi, P, k such that
(3.21) DD, D)<, JJC_\k/k TQ,,
1P| =P,
(3.22)
D(Ql, Q><E

Lemma 14, [7] is modified to the above, adapted to the present
situation, with the notations preserved.

Let us write Ty for the automorphism 7" reduced to Q<.

To prove our lemma, we need a slight change in Ornstein’s proof as

will be mentioned below.

Let P=(pi, p2, ---) and define a partition 9’ CQ=.. as in p. 388, [7].
Define

GQk:<P1a ey Py Pnk+1UPnk+2U"'a ¢a )

and similarly R} from P'=(p1, p3, ---), k=1, 2, ..., so that

Zj: 0:< 0, 6Z=D(62k) &k+1)'
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n, is taken so large that

m(p;)=m(p;) for i=n;+1.

Obviously R;CQ=. and by the above A(T, R)) < H(R)<H(R,)
=h(T, R,). Moreover 9’ can be defined so close to 9 that
AV Ti R, NV THR) <7
0 0
0<A(T, Ri)—h(Tq, R) = H(R:|R)
+ HR1|R1) <71,

where ni=n1(e?, Ry, T), 1=y}, Ry, T).

Apply the method of the proof of Theorem 1 with (T, &, 0;) in
place of (S, Ry, 04), and with Ty, R in place of T, P, then one obtains
9, CQ=., such that

(T, @)N(To, Po=(T, P)
DR}, P)S6 X (0ited,

where ¢;, 1 <i<oo, are positive numbers which can be chosen as in the

proof of Theorem 1 so small that

M3
IN

€i
1

S0
i=1

Now
D&, P)=DP, R)+D(R1, P1)

<0%L+730,
ny

which can be made arbitrarily small.
The remaining arguments in the proof of Lemma 14, [ 7] are available
without essential change. Then along the same line as in the proof of

Lemma 15, [7], we are led to the conclusion of the proposition.
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§4. Isomorphism Theorem

Finally we will prove the following theorem of Ornstein in a different

way from his own proof, but using results in [ 7].

Theorem 2 (Ornstein). Entropy is a complete characteristic for
WBA’s.

Let S, T be such two automorphisms. In view of 3° of §1, the only
case we have to deal with is that S€(0), A(S)=h(T)< oo, h(S, R,)
=h(T, U,), 1<n<oo, where R,, U, €%y, R, U are WBGs for S, T,
(S, R,), (T, U, are WBP’s, R,1 R, U,*1 9. With this remark in mind,
we will begin by proving

Lemma. Let P, CP, RiCR; be finite partitions and R, R, be
properly ordered (like P, Q preceding (2.1)), (S,R) 1<i<2), (T, D)),
(T, D) be WBP’s with 0<h(S, R,)<h(S, R2)=h(T, D), and let (S, R;)
~ (T, @1)

Then for any 7>0, natural number u, we can find a Ded,,
D(PT)=., subject to

(4.1) d(V $'Re, V THPV D) <7
(4.2) 0<A(S, Ro)—h(T, P1VD)<y
(4.3) D(Py, P1VvVD)<604,

where 03=D(R,, R,).

Proof. After p. 516, choose By By with Ri=R,V By, Ry=R,\ &,
and define A9, #}€Z, such that

d(”Qols-*'welwgo»:d<’§1<a,-v;49>>,
d("Qols—%aelwzo):d(’?(@-vﬂ}»,

where Q;=T~9;.
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~ n—1
Let |Q|=|Pil=k,  |A}|=]|8:]=p, d=V@QVAY,

n—1
= \({(Q;V)‘d?), QiZ(Qils L) q:‘k)a @lz(Plla ) Plk)) 74112(0'%15 Tty a%p);
take Q8 €Y, subject to the conditions

@meQQDg)I, 0<h(Ss 622)'—h(T) Q‘g)<77
From the representations of g €Q,, €,
n=1 n-1 i . rx1 1
9=/ \qie,=/\ T prey §=/\(gie,Nale);

write §(g)=(§0(q), ---5 §n-1(q)), (£(§), £(@))=(£0(§), -5 n-1(3); &o(@), ---,
€r-1(g)) for the names of g, §; &i(q)=¢&i(g) for ¢O§G. For (a, B)=(a,
coey Oy Boy -y Pu) € IETE X T2 let

qaﬂ=if__\0(qfsif\a}:i)

and put
E=(g: ;9 |f (e, BYI(6()s €(@))—m(Gap) | <7);

write a=h(T, Dy), b=h(T, V), c=h(S, Rs), W,="/ TN, take 0<e
0

<min<a, b—2—a , c;—b)’ and define
F={w€E; e,(a+e)<m(g(w))<esla—c),
e,(b+e)<m(w(w))<e,(b—e),
en(c+s)<m(9(w)><en(c_e)}; w(w) EQ‘Qn;
put

01={q: m(gNF)>0}, Cr={w: m(wNF)>0}
O3={g: m(GNF)>0}, w0,
Then if n is large
(4.4) m(E), m(F), m(C)>1—r/4  (i=1, 2, 3).

If we drop a subset of measure zero from F, and pick an o from the

rest, we have always m(§(w) \w(w)NF)>0.
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Define
On={q: #(G€Cs: §C<hweCz: wl g},
and write @10=0,\C1y, then if n is large

m(C11) <m(C9) +qEZé m(gNC3)<r/4

+ 5 N @<t X esle—e)

q€01 qqecgqg g€en
(4.5) X#(w: we @y, wlq)
<71/4+e,(c—b—28)<7/2.

In accordance with the representation of g& Q, as
n—1 _; 0
quo\(T Plf,’r\aiqi),

where a?,, are 9-cells, we will write (§0(q), ---, £4-1(q); 170(q); ---5 7-1(q))
for the name of g. Define

H ={w:(§n-name of w differs from its (Q,name at less than n0;

places},

Co={weN,: m(wNFNH)>0},

S

<$wel;: wlq};

put (_:= sz\(:'m, C= sz\clo, where @_102@1\@11. Since obviously @11
C@n, @IOC@IO, we have CC C.
Recall

D(Q: VA, iV AD=DH}, A
= D(&By, B1)=D(R1, Ry)=0?%
and use 1° of §2 to get
m(H) <01, m(LFNF])<01+7/2,
whence

m(Cs), m(Cs)>1—01—71/2;
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notice that
m(C)>1—7
from (4.4), (4.5). From this, correspondingly to (4.5) we have

mC)SmCH+ T % mlg)<or+7/2.

46y 1C4, 1
Therefore
m(C10) Zm(C1)—m(C11)>1—37/4—01,
m(C)>1—06:—7.

From these observations, if qé@lo, to every we @, wC g, we can assign
the name (£(§), £(g)) of a qe@g, whereas if qe@w\@w, to every we @y,
wCgq, that of a §E€0s, in a 1-1 way.

Take I as in (x) of §3, then likewise we have 4= T»INC, B
=T%INC subject to the conditions that m(4)=>(1—4y)/n, m(B)
>(1—40,—47)/n, T'A, 0<i<n—1, are disjoint, and the same with
B.

Now turn to define a partition D=(d,, ---, d,) as follows: let
T'wCdy, (0Zi<n—1), 1=¢=p,
if the assigned name for we€ 0z |4 is (o, - -5 En_1; Loy -5 Cn_1), and let
do=92\2:.
Since (&y, ---, €4-1) is nothing but the name of ¢ Dw, one obtains
wC ANdg,N p1g,
TwCde, N pig,

T 'w C dé’n—lﬂplfn—l

or
n-1 ,
wCANT(de, N\ prey)-
i

Since the naming for w is a 1-1 map, as in 4° we can easily check



OrNSTEIN’S THEORY OF IsoMORPHISM PROBLEMS 533

that the last inclusion is actually an equality, then T'w (0<i<n—1,
. -1
we 0y 4) are cells of T ({4, Ac}n\/ T (P, vD)). In this case the
. 0
partition {24, T'w:we€@y| 4, 0<i<n—1} playing the same role as Q

in the proof of 4°, by the same argument as there, we obtain
|A(T, O —h(T, PV D) | < Ko(ON{L(m(A))
+ L(m(21)} = Ko(0) (L(1/n)+ L(47)),
and hence if n is large
(4.6) 0<h(S, Rz)—h(T, P,VD)<7.

Applying 2° to 4 and 3° to B we obtain
WD) AVSRVED, Y TRV D)<t +-L),
(4.8) D(P:V Aoy PV D) < (01440, +47) <601,
where do=43. (4.7), (4.8) imply (4.1), (4.3).
Proof of the theorem. Take positive numbers €, €z, --- such that
k§18k<00.

Let T be a given WBA with WBG %€ Y,, U,€<, such that U, 1 U
and (T, %,), 0<n<oo, are WBP’s. Then according to 3°, §1, there is a
BA S with BG R€<,, R,€Z, such that R, + R and A(S, R,)=h(T,U,).

Without loss of generality we may assume that
Zl6ft<°°, 6n=D(6Qm 62n+1)-
e

Obviously S€(f). For the proof it is sufficient to show that S is
isomorphic with 7.

By the isomorphism theorem in [7], we can find 9, €<, such that
(4.9) (S, R)~(T, P1), P1)2e=(PD)zu=(U)z.,
hence an integer k, with

6(@[1, <@1>’3}“) < 271,
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At this stage apply the above lemma to have (4.1)-(4.3) with u=n(&?,
R, S), 7=n(e?, R;, S), where n,, n are the functions introduced in the
proof of Theorem 1. Next apply Lemma 12, [7] to (4.1), (4.2) and find
D1=D,,, P,€Z; such that

(4.10) (S, Ro)~(T, P2), (P2)2e=Us)>..

(4.11) D(Ps, P1VD1)< 681, D(P1, P2)<6(e1+01),
whence k,; with

(4.12) O Uz, (Po)s,) <272

€; being made arbitrarily small we may assume that

(4.13) O(Uy, (Po)ry)<27'+272

With (4.10) as a starting condition in place of (4.9), apply the same

procedure as above and find out D, =D,

(4.14) (S, R)~(T, P3), (P3)=u=Us)=,
(4.15) D(P3, P2V Dy)< b6y, D(P2, P3)<6(ez+03),
(4.16) O(Us, (P3)k) <273

(4.17) O(Uzy (Pa)ta,)<2724273,

(4.18) O, (Pa)ry)<27 +27%24273

Proceeding in this way, we conclude that there exist 9P, P, -,

ki, kg, --. satisfying
(4-19) (S: GQ,,)"\—(T, @n)
O(Up, (Pu)ts,)<2x27?

for any p<n. On making n— oo, and writing P=1im%P,

o
O Uy, P2 < O0(Uy, Plr, ) <2x 277
for any p. This implies that

(4.20) UCP-..
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On the other hand from (4.19) we have
(4.21) (S, R)~ (T, D).

Combination of (4.20), (4.21) proves the theorem.

§5. Remarks Related to Stationary Processes

In this concluding section we will discuss about applications of iso-
morphism theorems to stationary processes. Introduce a measurable space
(E, d), with og-algebra &F on an abstract space E, as the state space of
stochastic processes which will appear in the following considerations.
Suppose it is separable in the sense that there is a sequence of increasing

finite subalgebras &, 1< p<oo, and F=Vv &, Consider a strictly
p>1

stationary sequence X={x,(w), —co<n<oo} on a probability space
(2, A4, P) with state space (K, J); denote by % the subalgebra of #
generated by x,(0), a<n <5, and ,A’ that generated by the sets like
{xn(@)El, a<n<b}, I'e€d,; write Al.=lims, A=.= lim A

a——oo a——o0 h—roo

We are concerned with the measure preserving transformation 7T acting
on A=, produced by X; #§ is a generator of T.

In several papers has been dealt with the representation problem:
Under what conditions is it possible that x,(w) is representable as a
function of the shift of a sequence of independent identically distributed
random variables &,, —oo<n<oco, (Bernoulli sequence), thus x,= f(.-,
0" E_1, 0" &y, 0"E, --), 0"Er=E,.; ? Except for Gaussian processes, no
effective answer has been brought out. X is regular if
(5.1) lim #%., is trivial.

f—os
If this is the case, T is a Kolmogorov automorphism. According to [ 6]
and Ornstein’s recent result that there exists a Kolmogorov automorphism
which is not a BA, a necessary and sufficient condition that x, should
admit the specified representation is that 7T is a WBA, whereas the
condition (5.1) is neither necessary nor sufficient. Strengthening (5.1)

Rosenblatt proposed the condition
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(5.2) lim sup |P(ANB)—P(A)P(B)|=0
k>= Bedy
Aeql,

Up to now, notwithstanding its intimate connection with central limit
theorem [ 2], no relation between this and the representation problem

has been revealed. Ibragimov strengthened Rosenblatt’s condition to the

following :
(5.3) (p(k)izt,ld%ess. sup|P(B|A4%..)—P(B)|—0. as k— oo,
Take I'y €, and consider
(5.4) An=r§st16%p2 |P(x_y€l _py ooy %0 €L, 2, €4y ooy %psn €L hin)
—P(x_y€I@_4y oy %0 €L )P(x4 €Ly ooy 24450 €T i),

where I', runs over all gi,-atoms. After an elementary reflection 4, is

shown to be equal to

sup S (| P4 € Ty oty man € Tl A2,
_P(xkerk, ) xk+nEFk+n)lP(dw)

_2 S max | P(4|4°,)—P(4)| P(dw)

AEZ%-{-‘R

—2 | max | P(4] A7) — P(4)| P(dw),

AELD

where Ab=,4¢.

Now

Qum=max | P(4|Ah)—P(AD)|, 0=i<oo, n+k=m< oo,

Aed}

being submartingale in the obvious ordering, there holds
4, <2 Qi P(d0) <4,

n+EkSm<n+k n'<I1<n,
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whence
(5.5) sup 4,
n

=lim lim 2 SQ;mP(dw) 2 ghm lim Q;,, P(dw);

] o0 m—roo —ro0 o0

lim lim Q,=lim max|P(4|A=k)—P(4)].

oo mmoe 1o 4T}

The probability space (£, 4., P) being separable, with no loss of gener-
ality it may be considered as a Lebesgue space, then Rohlin’s Lebesgue

space theory [ 87 applies to the set function A—>Q(A)=P(A|A=t)—P(A4)

considered as a “canonical system of signed measures”; thus

2 lim max| Q)| =2 sup| 0(B)| = | _|0(dw),

1= BEA} AT

and for >0, there exist I, A€ A}, Be A7 such that
[, 1000 —e<210(B) | <21 Q)] +¢

<2limmax|Q(4)| +e.

1o A€k}

Therefore

(5.6) 2lim lim le——ZsupIQ(B)| —S |Q(dw) |,

] o0 oo g

each member existing with probability 1.

Let us write

(6.7 sak(0)=sup|Q(B)|,

BEZY

and in the same spirit, define

(5.8) 20t =2sup | Q(A) | = Sﬂ 10(dw) |,

Aedz
where

QA)=P(4|AZL)—P(4),
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then
ng,a::" P(dw) ggga:l’; P(dw) < (k).

By martingale property, there exist the limits lim ,aZ%, lim aZ% with

koo k>

probability 1.

1° There holds:

(5.9) lim ,aZ%=0 a.e. iff
»

froo

limgpa:k P(dw):O, P:13 2, ..

koo

(5.10) limaZt=0 a.e. iff

koo
limga:.‘iP(dw):O *);
koo

and the implications

(5.11) (5.3)=>(5.10) = (5.9).

Either of the above three conditions is sufficient for X to admit the
specified representation by a Bernoulli sequence.

It is possible that (5.3) is not true but (5.9) is true.

Now we turn our attention to stationary Markov sequences. Let
{x.(w), —oco<n<oo} be such a sequence with state space (E, &),
determined by the stationary probability measure p(dx) on E and k-step
transition probability p*(x, dy). An easy calculation shows that

2a7(0)={ | (x-(0), dz)—p(d)],

2 Sac:f.,P(dw): gE p(dx)SE PPz, dy)—p(dy)].

It is known [ 2] that ¢(k)—0, k— oo, iff

(*) This condition is what the authors of 3] call absolute regularity. They derived
interesting results for Gaussian stationary processes, which rest on this notion,
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(5.12) sup | | p(x, dy)—p(d)| =0("),

where o is a constant with 0<<p<1l. As is well-known this condition is
certainly assured by Doeblin’s condition. When X is a mixing stationary
sequence constructed by the n-step transition matrix p{” and its stationary
probability measure {p;}, using the sole fact that p{ —p; as n—> oo, it
is straightforward to show that

2 Sa:.’;P(dw)=Zp;Z |p —pil =0
1 r

as k— oo,

Summarizing the above arguments we have the following criterion.

2° If the transition probability has the stationary probability measure

p(dx) and satisfies

bim SE P<dx)SE |p(x, dy)—p(dy)| =0,

then the generated stationary process X is representable by the shifts of
a Bernoulli sequence of random variables. It is the case when X is
generated by a transition probability measure satisfying Doeblin’s condition
or by a mixing transition matrix p{ which has the stationary probability

measure.
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