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Grundy Functions and Linear Games

By

Masahiko Sato*

As is well known, the idea of Grundy functions and Grundy’s theorem
are very important and useful when we consider the Cartesian product of
games. Of course, there are several proofs for Grundy’s theorem. Yet,
we think, these proofs do not answer well the question why the binary
sum operation (bitwise addition without carry) must appear in the theorem.
An answer for it will be given in this paper.

Mathematically, a game is nothing but a binary relation on a set.
Accordingly, its mathematical structure can not be so rich. In §3, we
shall introduce the notion of linear games with richer structures. And we
shall prove that any game G is embeddable into a linear game L(G), and
that the Grundy function on L(G) is a linear map from L(G) to N.? This
will easily lead us to a proof of Grundy’s theorem.

In §1, as a preparation for the following §§, we shall view basic
properties of games. In §2, we shall introduce the notion of compatibility,
and extend it to the notion of semicompatibility. Using the notion of
semicompatibility, we shall give a characterization of Grundy functions.
This, we think, will clarify the meaning of Grundy functions. In §4, we
shall extend the results in §3, and show that the Grundy function on any
linear game is a linear map.
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§1. Preliminaries
We begin with the definition of games.

Definition 1.1. A game G is a pair (S, u), where S is a nonempty
set, and u is a mapping from S to 2°5.

Thus defined game is a two-person game played alternately by two
players, say, A and B. An element s of S is called a state of the game.
A state s with u(s)=g is called terminal. The game is played as follows:

If the state is now s and if it is A’s turn, A chooses a state ¢ in
u(s), then it’s B’s turn and B chooses a state u in x(¢), and so on. And
if it’s A (or B)’s turn to change s and if s is terminal, then B (or A)

wins the game. That is, whoever terminates the game wins.

Example: A game called one-pile nim is defined as follows:
(1) S=N. (2) wul@s)={teN|t<s}.
We denote this game by V.

In what follows, we further assume the following three conditions for
any game.

(1) G is progressively finite, that is, for any s € S there exists some
n € N such that u"(s)=g."

(2) G is up-Afinite, that is, for any s€ S, u(s) is a finite set.

(8) S is at most countable.

Later we shall construct various games from given games. It is easy
to verify the above three conditions for all such constructed games, so
we omit the proofs.

The following lemma is not difficult to show.

Lemma 1.2. For any G, there is a one to one mapping d:S—N,

4) Note that p°(s)={s} and p**1(s)=p(p*(s)).
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such that for any s€ S and t € u(s), d(t)<d(s).
We shall fix a mapping d in Lemma 1.2, then S can be well-ordered
by using this d. We denote the least element of S by s° and the second

least element by s', and so on.

Definition 1.3. Let s be a state of a game G. We define the
length 1(s) of s to be the greatest integer i such that u'(s)=@.

Definition 1.4. A state s is safe if the previous player can force

to win, and is unsafe if the next player can force to win.

We denote the whole set of safe states by P(G) (or P if G is
understood), and that of unsafe states by N(G) (or N). Then it is easy
to see that

S=PUN,
PNN=g,
P= i\:]OP,-, and
N= O N,
i=0
where P; and N; are defined inductively as follows:
Po={s|u(s)=0},
Ni={s|u(s)NP;+ g},
Pia={s|u(s) TN}
The following lemma is also straightforward.
Lemma 1.5. s&€P iff u(s)CN.

sEN iff u(s)N\P=+£g.

Definition 1.6. Let G=(S, ) and G'=(S', ') be two games. A
mapping f: S—S' is a homomorphism from G to G' if, for any s€ S,
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Y (f()= f(us).

The following theorem shows an essential property of homomorphism.

Theorem 1.7. Let f: S—S' be a homomorphism from G to G
Then f(P(G))CP(G), and f(N(G)CN(G). If f is surjective, then
fPG)=P(G), and f(N(G))=N(G).

Procf. We show, by the induction, the following statements for
every i€ N.
(I); seP;= f(s)ePi.
(I1); seN; = f(s)eN;.
First, we prove (I)o: s€ Py = u(s)=0 = f(u(s))=¢
= £ (f(s))=0 = f(s)€Py.
We prove (II), supposing (I),: s€N; = u(s)N\P;5~¢
= fluNP)F6 = fuls)Nf(P)F0 = £ (f()NPiFe = f(s)€N;.
We derive (I);,; from (II);: s€ P;.; = u(s)CN,
= £ (f)N=Ff(u() CN; = f(s) € Py
The first half of the theorem is thus proved. The latter half is now

trivial.

§2. Characterization of Grundy Functions

Definition 2.1. A#n equivalence relation~on S is compatible with u,
if s~s' implies that for amy t€ u(s) there is some t' € u(s’) such that

’/

t~t'. We call this relation a compatible relation on G.

Given an equivalence relation ~ compatible with #, we can define a
quotient game G/~=(S', #") as follows:

(1) §'=S/~. (2) Let [s] denote the equivalence class of s. We set
4 (CsD=Lu@s)]

Then it is clear that the canonical mapping [ ]: S—S§’ is an onto
homomorphism from G to G/~. Next theorem also shows a close con-
nection between homomorphism and compatible relation on G. The proof

is immediate,
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Theorem 2.2. If f: G—>G' is an onto homomorphism then there

exists a compatible relation~on G such that G is isomorphic to G/~.

Definition 2.3. An equivalence relation = on S is called semi-
compatible with p, if s=t implies that for any s € u(s) there is either
some t' € u(t) such that s'=t or some s"' & u(s") such that s"=s. We

call this relation a semicompatible relation on G.

It is well-known that the Grundy function gz (or g when G is

understood) on G can be defined recursively by the equation:
&(s)= min (N— g(x(s))).

Lemma 2.4. Let = be a semicompatible relation on G. Then s=t

implies g(s)= g(t).

Proof. Suppose the lemma holds for [I(s), [(t)<m. Suppose now
I(s)=m or I(t)=m. We may assume that m=1I(s) =>1I(¢) and that if I(u)
<I(¢) then us%t. Then, by the induction hypothesis, g(u(¢))C g(u(s)).
Hence g(s)=g(¢). But, if g(s)> g(t) then there is some s’ € u(s) such
that g(s")=g(¢). Then, by the induction hypothesis, there are no ¢’ € u(z)
such that s'=t". Hence there is some s’ € u(s") such that s'=s=¢. By
the assumption on ¢ we know I(¢) <I(s”)<I(s)=m. So, by the induction
hypothesis, g(s”)=g(t)=g(s"). This is a contradiction. Thus we have
g(s)=g(t).

Since s is safe iff g(s)=0, we have

Corollary 2.5. Let = be a semicompatible relation on G. If s=t
then s is safe iff t is safe.

Definition 2.6. For a semicompatible relation = on G, we define

U=: S—25 as follows:

p=(s)=As" € u(s)|vt=s, 3¢t € u(t) such that t'=s'}.

Lemma 2.7. p-(s)={s'€u(s)|vi=s, 3t' € u=(t) such that t'=s"}.
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Proof. Since u=(t)C u(t), it is clear that the left side of the equa-
tion includes the right side. Suppose s € #=(s). Suppose further t=s.
Then there is some ¢ € u(t) such that t'=s’. We have only to show
that ¢' € u#=(¢). Take any uw=t, then u=s. Since s’ € #-(s) there is some
v € u(u) such that u'=s". Since t'=s', this means that for any u=t
there is some u’'€ x(u) such that uw'=t. Hence, by the definition of
u=(8), ¢’ € p=(t).

Lemma 2.8. If u(s)N\Psg, then u(s)N\Pg.

Proof. Let t be the least element in S such that s=i¢. Clearly,
u=(t)=u(t). Therefore, by Lemma 2.4, u#_(t)"\P=~g. If we take t'€
4=(t)NP, then, by Lemma 2.7, there is some s' € #_(s) such that s'=t'.

Since ¢’ is in P, this s’ is also in P.

Corollary 2.9. Let G- be (S, p=). Then P(G)=P(G=) and N(G)=
N(GL).

If = is an equivalence relation on S semicompatible with x4, then,
by Lemma 2.7, = is compatible with #—. Therefore we can define a game
G/= by G/==6G_/=.

Definition 2.10. Given two games G and G', we say a mapping f:
S—S" is a semihomomorphism if f is a homomorphism from G= to G’

for some semicompatible rvelation = on G.

Since any relation on S is a subset of SX .S, the set of all semicom-
patible relations on G can be ordered by the set inclusion C. Let us
define an equivalence relation =, on S by the condition that s=,t iff
g(s)=g(t). It is easy to see that =, is a semicompatible relation on
G. By Lemma 2.4, we have the following theorem which characterizes

Grundy functions.

Theorem 2.11. (1) Any game G has the maximum semicompatible
relation =,.

(2) Let [ ] be the canonical mapping from G to G/=,. Then g(s)=
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(s D.
Remark. G/=, is embeddable into one-pile nim NVj.

In [3], Grundy and Smith defined E function on any game. By
using this function, we can easily show the following two lemmas analogous
to Lemma 2.4 and Theorem 2.11.

Lemma 2.12. Let ~ be a compatible relation on G. Then s~t
implies E(s)=E(t).

Lemma 2.13. (1) Any game G has the maximum compatible vela-
tion ~ g.

(2) Let [ 7] be the canonical mapping from G lo G/~p. Then
E(s)=E(s]).

Thus we obtain, for any game G, the following commutative diagram,

where we write E for the game of E values defined in [3].

G hom. iG/’\-'Escmihom' G/Eg

ho\ liso: liso.

E semihom. R Nl

§3. Grundy’s Theorem

Definition 3.1. Let H be a subset of Map (S, S).> For any s€ S,
we write H(s) for {h€ H|h(s)=#s}. We define up: S—2° by un(s)=
{h(s)|h € H(s)}.

Definition 3.2. A game G=(S, y) is called a linear game, if it
satisfies the following conditions.

(1) S is a vector space over Z,® whose addition is denoted by D.
(A1) u=pg for some H such that

5) Map (S, S) means the set of all the mappings from S to S.
6) Z, is the field consisting of two elements 0 and 1.
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(@) H(sDt)=H(s)PH()? for any s, t€ S, and
b)) h(sPr)=n(s)Dh(t) for any he H and s, t € S.
For any game G=(S, #) we shall define a linear game L(G). First
we define a game G=(S, i) as follows:
(1) S is a subset of II N such that (n,);es€ S iff n,=0 for all
but finite s€ S. <
(2) (ms)ses € fi((ns)ses) iff there are some s and ¢ € u(s) such that

my=n;—1, m;y=n;+1, and m,=n, Gf uss, t).

Lemma 33. (1) If (n)es€PG) and (my)ses€P(G) then
(ns"l’ms)ses S P(C)
(2) If (ns>ses EP(G) and (ms)sES EN(G) then (ns+ms)seSEN(G)'

Proof. Suppose the lemma holds for I((ns+ms)ses)<<k. Suppose
((ns+ms)ses)=k.

(1) Take any (I,)s;es€ #Z((ns+ms)ses). Then, for some s, I,=
ns+ms—1. We may assume mg>0. Then it is easy to see that
(l)ses=(ns+ml)ses, for some (mi)ses € A((ms);es) CN(G). By the in-
duction hypothesis, (I;)ses € N(G). Hence (n;+ms)ses € P(G).

(2) Since (my)ses € N(G), there is some (m})ses € A((ms)ses) such
that (m{)ses € P(G). Clearly, (ns+ml)es € f{(ns+m)). By the induc-
tion hypothesis, (n;+m4)ses € P(G). Hence (ns+m)ses € NG).

Let us define an equivalence relation = on S by that (ng)ses=
(mg)ses iff nyg=m, (mod 2), for all s€S. Then it is not difficult to see
that = is a semicompatible relation on G. We define L(G)=G/=. We
denote the equivalence class of (n;)ses by [(ns)ses |- Then we can define
an operation O on L(S)=35/= by [(ns)ses IDL(ms)ses ]=[(ns+ms)ses -
Clearly, L(S) is a vector space over Z; by this operation. By Lemma

3.3, we have the following theorem.
Theorem 3.4. P(L(G)) is a subspace of L(S).

Now, we define a mapping f: S—8 as follows: for any :€ S, f@)=

7) Here, H(s)®H(t)=(H(s)—H(t))\J(H(t)—H (s)), i.e., the symmetric difference.
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(n¢)ses, where n,=1 and n,=0 if s=~t.

Clearly, s—[ f(s)] is an isomorphism into G into L(G). So, by
identifying s and [ f(s)], we may consider that GCL(G). It is clear that
S is a basis of L(S). So, any element u & L(S) can be written in the
form u= ) gas(u)s (a,(u)EZ;). Now, for any s€ S and € u(s), we
define a lisr(li:ar map hy; on L(S) by ks (u)=uv@a,(u)sPDt). We set
H={h,,|s€ S, t€ u(s)}. Then it is easy to see that this H satisfies the
condition (II) of Definition 3.2. Therefore, L(G) is a linear game.

Recall that S is well-ordered by Lemma 1.2, i.e., S=4{s% s*s%...},
where s°<s'<s?<s¥<---. Using this order L(S) can be also well-ordered
as follows: Let s=) ga;s’ and t=),pB:s' be two elements in L(S),
where a, 3; € Z,. Then we define s<<: iff Y, a;2°<7J) B;2%

It can be easily seen that this order has the following property:

For any s€ L(S) and h€ H(s), h(s)<s.

Lemma 3.5. For any nonzero s€ L(S), let K(s) be the greatest in-
teger k such that atw(s)=1. Let F=S—{s*|k=K(s) for some s € P(L(G))}.
Let Q be the subspace of L(S) spanned by F. Then L(S)=P(L(G))BOQ,
the dirvect sum of two vector subspaces.

The proof is immediate from the definition of F.
Since L(S)=P(L(G))PQ, a linear map ¢: L(S)—>Q can be defined

as the projection from L(S) to Q. Then the following lemma is also

immediate.

Lemma 3.6. Let [ |: L(S)— L(S)/P(L(G)) be the canonical map-
ping. Then for any s€ L(S), q(s)= min[s].

Lemma 3.7. For any s€ L(S) and t€Q such that t<q(s), there is
some h & H(s) such that q(h(s))=¢.

Proof. (1) First we show st ¢ P(L(G)). Suppose that sDt € P(L(G)),
then 0=q (s@Dt)=q(s)Dq(t)=q(s)@Dt. Hence t=gq(s). A contradiction.
(2) Since st is unsafe, there is some h € H(s @ t) such that h(sP i) €
P(L(G)). Hence 0=q(h(s))Dq(h(z)). That is, g(h(s))=q(h(t)), where
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either h€ H(s)— H(t) or he€ H(¢t)— H(s). Suppose he& H(t)— H(s). Then
h(s)=s. Hence q(h(t))=q(s)>t>h(z) =q(h(z)). This is a contradiction.
So, h€ H(s)—H(t). Thus we know h€ H(s) and q(h(s))=:¢.

Lemma 3.8. For any s€ L(S) and he€ H(s), q(s)==q(h(s)).

Proof. Since s=q(s)D (¢q(s)Ds), either (1) ke H(g(s))—H(g(s)Ds)
or (2) he H(q(s)Ds)—H(g(s)).

(Case 1) h(s)=h(g(s) B (g(s)Bs). Hence g(h(s)=g(h(g(s))). By
Lemma 3.6, we have g(h(g(s)))<gq(s). Hence q(s)= q(h(s)).

(Case 2) In this case h € H(s)—H(g(s)). Hence
G((q() D ) =q(h(g()) Dh(s)=g(g(s) DA() =(s) D g(h(s)). But, since
g(s)Ds is safe, g(h(g(s)Ds)))#0. Thus g(s)==q(h(s)).

Now, let D=-{nENin<Q:}EB, where 6 denotes the cardinality of the
set Q. If we denote the binary sum of integers by €, then D is a vec-
tor space over Z; with respect to this €. We denote the i th least ele-
ment of F® by f*', then any s€Q is of the form s= Y ga;f(a: € Z>).

We define a mapping ¢: Q—D by ¢ (Leaif)=,ex2. Then we
can easily verify that ¢ is an onto isomorphism with respect to € and
<. Hence, by Lemmas 3.7 and 3.8, we see that g@og is the Grundy
function on L(G). Thus we obtain the following theorem.

Theorem 3.9. The Grudy function on L(G) is a linear map from
L(G) to N.

Definiticn 3.108. A game G=(S, y) is called the direct sum of n
games G1=(S1, 1), Go=(Sn, Un) if

(1) S=8,+S:+-+S, (direct sum of sets) and

2) uls)=us), where s€ S;.

We denote this game by Gi+ - +G,.

Definition 3.11. A game G=(S, u) is called the Cartesian product
Of n games Glz(sl) /‘1)3"'9 Gn:(sm ﬂn) lf
1) S=8;x--xS, and

8) See Lemma 3.5.
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n
@) ws)= Ul{sl} X s} X pa(s) X {siay X X {s,},
P
where s=(s1,---5 Sp).

We denote this game by G1X --- X G,.

Now, let G;=(S;, #;)(i=1,..., n) be any games. We define a mapping
¢:S1x--x8,—>L(S1+-+S,) by ¢(s1,, sx)=5:1D D s, (Recall that
we consider that S;CS1+ -+ S, CL(S;+---+S,).) Then it is clear that
this ¢ is an isomorphism from G; X ---XG, to L(G;+---+G,). Thus, as

a corollary of Theorem 3.9, we obtain Grundy’s theorem.

Theorem 3.12. (Grundy) Let G=G1X---xXG, be the Cartesian
product of n games. Then for any s=(s1,---, $,)E S1X - X S,,

g(s)=g(s1)D D gsn).

§4. Linear Games

Throughout this § we fix a linear game G=(S, #). And we suppose
H is a subset of Map (S, S) which satisfies the condition (II) of Definition
3.2.

By the condition (II) (a) of Definition 3.2, the set T of all terminals
of G forms a subspace of S. And the equivalence relation induced by T
(i.e. sTt iff s@@t€ T) is a compatible relation on G. Then it is clear
that the quotient game G/T is also a linear game and has only one
terminal 0. Remark that this also means that if H(s)=H(¢) then s=t.
Our aim in this § is to show that g is a linear map. (See Theorem
4.5.) To this end we have only to show that g,z is linear since if we
denote the canonical mapping from S to S/T by 7 then gg= ggrom.

So, in this §, we assume G has only one terminal 0.

Definition 4.1. An element s€S is called simple if for any t€ S
either H(s) CH(t) or H(s)MH(t)=g.

An element s€S is called complicated if for any simple t,
H(s)NH(t)=g.

It can be easily verified that the set C of all the complicated ele-
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ments is a subspace of S. Let M be the subspace of S spanned by all

simple elements.

Lemma 4.2. S=M®@DC.

Proof. (1) Suppose S€ MNC. Then H(s)NH(s)=¢. Hence s=0,
that is, MNC={0}.

(2) Take any s€S. Let V={ve S|H(s)DH(v), v is simple}.
Then V is finite since H(s) is finite and H(v)=H(v") implies v=v". Let
t=u§V@v. Then H(t)=v\E]VH(v) (disjoint union). Let u=s@¢. Then,
since H(s)D H(t), H(u)=H(s)— H(z). If we suppose u is not complicated,
then there is a simple w such that H(u)N\H(w)s=@¢. It follows that
H(s)N\H(w)=~¢. Since w is simple, this means H(s) D> H(w). Hence we V.
Since H(t)= UH(v), H(t)D Hw). Then H(u)NH(t)D H(u)NHw)+g.
This contradlcts the fact that H(u)=H(s)— H(t). Therefore u € C. Thus
s=t@u for some tEM and ueC.

Lemma 4.3. C={0}.

Proof. Suppose C=={0}. Then S—M=@¢. Since G is progressively
finite, there is some s; € S— M such that u(s;)C M. Let s;=m1Pc;, where
mi €M and ¢;€C. Then H(s;)=H(m;)\JH(c,) (disjoint). Let h be any
element in H(c,). Then h € H(s;). Hence, h(c,)=h(s:Pm1)=h(s;)Pm, € M.
Thus we have #(c;)C M. By Lemma 4.2, c¢; is not simple. So, there
exists t € S such that H(c,)¢ H(t) and H{c,)NH(t)7*@. Let t=m:Pcs,
where myE€M and cy€C. Then H(cy){ H(cs) and H(ci)N\H(cy)=~g.
Take h€ H(c;)NH(cz), and let s=h(cy) (E M). Then h(c2)=sPc1Pcy,
since h¢ H(ciDcz). Next, take h'€ H(c,)— H(cz), and let s'=h'(c;)
(eM). Then A'(ci1Dc2)=sPc,. Hence, we obtain the following loop.

calsDe1DeasDs' Ber7s' D 1 D ez e
This contradicts that G is progressively finite.

Lemma 4.4. The set B of all the nonzero simple elements is a basis
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of S.

Proof. By Lemmas 4.2 and 4.3, B spans S. We now show that B
is llnearly mdependent Let {si,---, 54} CB, and suppose _Z @si=0. Then
H(Z@s,) \/H(s,) ¢. Hence H(s;)=¢ for any i, tﬁa—lt is, s;=0 for
any z

For any s, t € S, we say s appears in ¢ if s is simple and H(s) C H(z).
Then, as we have seen in Lemma 4.2, ¢ is the sum of simple elements
appearing in ¢.

The following theorem is an extension of Theorem 3.9.

Theorem 4.5. The Grundy function on any linear game is a linear

map.

Proof. In §3, we defined an isomorphism from G to L(G). (See the
discussion which follows Theorem 3.4). We denote this isomorphism by ¢.
We define a linear map ¢: L(S)—S as follows: Any s€ L(S) is of the
form s=¢(s1)PD- - Be(s:), where si,---, s, are in S. We define ¢(s)=
s1P--Ps;p. Then ¢ is well-defined since ¢(s) is a basis of L(S).

Let us define an equivalence relation = on L(S) by the condition
that s=¢ iff ¢(s)=¢(z). We now show that = is a semicompatible rela-
tion on L(G). Suppose s=¢(s1)PD---Pe(sy) and t=¢(t1)D - De(t,) are
in L(S), and ¢(s)=¢(¢). Take any he€ H(s). Then he H(¢(s;)) for a
unique s;. Since ¢ is an isomorphism, there is a unique %€ H(s;) such
that A(@(s;))=¢(h(s;)). For this & there is a unique simple u €S such
that 2 € H(u). Clearly, v appears in s;. Hence h(s)=sD¢(s;))Dh(¢(s;))=
s e(s)De(h(s:)=sDe(s)De(s:DuDh(u)). Thus ¢(h(s)) = ¢(s)DuDhi(u).
Here we have two cases.

(Case 1) The case where u appears in some #;(j=1,...,n): In this
case, we can show, similarly as above, that ¢(A(¢))=¢(t)DuD r(n).
Since ¢(s)=¢(t), we have ¢(h(s))=¢(h(t)).

(Case 2) Otherwise u does not appear in any #(j=1,..., n). Since
¢(s)=¢(t), this means that u appears even number of times in §,’s

(j=1,..., m). Hence u must appear in some s; other than s;, Then there
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exists A’ € H(p(s;)) such that A'(¢(s;))=¢(A(s;)). It is easy to see that
B is also in H(h(s)). So, h'(A(s))=sDe(s)De(s:DuBr(u))De(s) Do
(sxDuBh(u)). Hence ¢(h'(h(s)))=¢(s).

The results of both cases mean that = is a semicompatible relation
on G. Now, we can show that gg is linear. Let s and ¢ be any elements
in S. Then, since ¢ is an isomorphism, ge(s€Dt)= gr(6)(¢(sPt)). Obvi-
ously, ¢(sPt)=¢(s)Pe(t). Hence, by Lemma 2.4 and Theorem 3.9,
&) (9(sD1) = g1y (@)D (1)) = gLy @(s)D gric)(9(2)) = gc(s) D ge(2).

This completes our proof.

Corollary 4.6. P(G) is a subspace of S.
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