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Localization Principle for Differential
Complexes and Its Application
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Isao NARUKI

Introduction

This paper gives a full account of the theory which was outlined in
the author’s previous paper [12].

It is usual to solve the so-called D-Neumann problem in sufficiently
small balls when one wants to prove the exactness in sheaf level, of the
Spencer sequence for a differential equation Du=0 with unknown u
(Sweeney [167]). In this direction an essential development has been
made recently for some reasonable class of elliptic systems (MacKichan
[10], Sweeney [17]). However in the non-elliptic case very little was
known yet concerning the Neumann problem, and there are many impor-
tant differential equations which are not elliptic; for example, the tangen-
tial Cauchy-Riemann equation associated with a real submanifold in a
complex manifold, is certainly not elliptic. In the author’s knowledge, it
seems no one has succeeded in solving the Neumann problem (in suffici-
ently small balls) for such an equation. Is there any other approach to
prove the exactness in this case? Fortunately the tangential Cauchy-
Riemann equation has some good nature because of the intimate relation
to the complex analysis in several variables, so that many techniques in
the complex analysis should be applied to the study of such an equation.

With this fact in mind, we attempt here to present a new method
for proving exactness or partial exactness of a complex of first order dif-
ferential operators between vector bundles, provided that this complex
admits sufficiently many functions which, when regarded as scalar multi-

plication operators, commute with the differentiation of the complex. (Such
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a function is called analytic with respect to the complex.) This is the
localization principle which is based on the idea of the Oka map, and we
mainly concern ourselves with this in §1. The word “localization” comes
from the procedure to apply this principle (§1.2-1.3): We first fix a
point of the manifold on which the complex is defined, and cut out a
small neighbourhood of this point and situate it into some good free space,
extending the complex outside this neighbourhood so that suitable partial
homotopies can be easily constructed for the resulting complex on this
free space. Next we localize these homotopies to a smaller neighbour-
hood like an analytic polyhedron, in which the partial exactness of the
complex is thus proved. If the analytic functions are so many that one
can make such a neighbourhood arbitrarily small, then the partial exact-
ness follows also in sheaf level at that point. Here we have meant by a
“partial homotopy”, a partial homotopy for complexes such as constituted
by spaces of sections satisfying some growth condition at the infinity.
These conditions, however, are rather technical and disappear finally by the
localization. To introduce partial homotopies we employed here the func-
tional analytic method of Hormander [4], [5 ] relying on a priori esti-
mates concerning some Dirichlet norms. But this gives only auxiliary
partial homotopies, and the essential step consists in the choice of the
appropriate growth conditions to give actually suitable partial homotopies
to which our principle can be applied.

In §2, we shall apply the result of §1 to the Dolbeault type sequences
for real submanifolds, and prove some partial exactness of these sequences,
as well as the dual version of this partial exactness. These sequences
were introduced by Kohn-Rossi [9] for hypersurfaces, but the generaliza-
tion to the case of higher codimension is obvious (§2.1). They coincide
either with the Spencer sequence for the tangential Cauchy-Riemann equa-
tion, or with the product of a finite number of its copies. The standard
real submanifolds in the sense of Tanaka [ 18] are basic in the study of
general real submanifolds, in fact when perturbed suitably on a compact
subset, they serve as the good free spaces indicated above. The process
to cut out neighbourhoods to be situated in these free spaces, can be done

by a local approximation of real submanifolds by standard ones (Lemma
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2.5.2). The apriori estimate for deriving partial homotopies in each of
these free spaces, can be obtained from a simple estimate for the
Dolbeault type sequences associated with the standard real submanifold, and
from a general subellipticity theorem concerning the Dolbeault sequences.
The apriori estimate for the standard one involves the Dirichlet norm
defined by the partial Gaussian measure depending on a real parameter.
In proving this estimate the most crucial point is to remedy the difficulty
arising from the involvement between the Gaussian measure and the Levi
form. The subellipticity theorem mentioned above, was proved by Kohn
[8] in case the real codimension equals 1; in case of higher codimension
this was proved by Hoérmander [ 6] in a general frame work on subellipti-
city. This subellipticity theorem plays the role to ensure the stability of
the estimates for standard real submanifolds under a small perturbation
on a compact subset, so that these estimates can be modified to fit for
the free spaces indicated above.

At the end of this paper we give two appendices. Appendix 1 con-
sists only of supplements to §2. In Appendix 2 we give a simple appli-
cation of our localization principle to the Spencer sequences of some
elliptic differential equations with constant coefficients. This seems to
suggest that the applicability of our principle is not restricted to the
tangential Cauchy-Riemann equations.

Throughout this paper we assume the differentiability of class C* for
manifolds, vector bundles, differential operators and so on, unless the con-
trary is stated explicitly. When F is a vector bundle over a manifold
M, C(F) denotes the set of smooth sections of F over M, whereas
C>(U, F) denotes the set of smooth sections over U if U is an open
subset of M. We denote by I'(S,G) the set of sections over S of a
sheaf G over a manifold of which S is a subset.

The author should like to express his sincere gratitude to Professors
S. Matsuura, M. Sato and N. Tanaka for their critical advices and con-
stant encouragement. He also thanks his colleagues T. Kawai and M.

Kashiwara for their stimulating conversations.
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1. Localization Principle

§1.1. Basic notions and formulas. We shall first give and fix a

complex

Ei-1 9t—! Ei ot Ei+1

where E’,i€Z are vector bundles over a manifold M and 9': E'—>E*!
are first order differential operators such that 9°*'-9°=0. For brevity we
denote this complex by E' and also denote by C=(E') the corresponding
complex ...—C*(E"D)—>C(E)—>C(E"*Y)—---. If -~ A1 4> 4!
—--- is a subcomplex of C=(E"), then we simply write A° for this com-
plex.

Definition 1.1.1. A subcomplex A4' of C”(E") is called topological
if and only if (1) A, i€Z are locally convex topological vector spaces
such that the inclusions A‘c,C=(E?) are continuous and (2) 0°|A4':
A'— A'*! are continuous for these topologies. When each A’ is complete,

we say that A is complete.

Throughout this paper we require all subcomplexes of C<(E*) to be
topological without mentioning this word explicitly. This assumption is
not so restrictive since every algebraic subcomplex can be made a topolo-

gical one by inducing the topology from C=(E").

Definition 1.1.2. Let A, B° be two subcomplexes of C<(E*) such
that 4°CB* and let s’, i=<q be continuous linear maps from A’ to B~
The family of maps s=(s");z, is said to be a (— oo, q)-homotopy for the
inclusion 4° <, B" if and only if (1) (0" *s'+s'*'0")u=u for i<q and for
u€ A, and (2) 07 's%u=u for u € A? such that 9% =0.

Note here that the inclusions 4°C,B’, i<q are continuous if there is
a (—oo, g)-homotopy for A ¢, B".

Definition 1.1.3. Let A4°, B', C* be subcomplexes of C~(E*) such
that A*CB"CC*. Let further s, i>q be continuous linear maps from
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C’ into C"! and s? a continuous linear map from C? into C~(E?!).
The family of maps s=(s);z, is called a (g, o)-homotopy of C* modulo
(4°, B*) if and only if (1) s'(4)C B for i>q and (2) (0" 's'+s'*!
0)u=u modulo B’ for i =>q and for u€C".

In this definition the validity of being (g, oo)-homotopy of s is inde-
pendent of the topologies of 4 and B-, so we shall apply this definition
even to the case A°, B' are merely algebraic subcomplexes. Note also
that the conditions in Definitions 1.1.2 and 1.1.3 are a little delicate at
the extreme point i=gq; the naturality of these will be understood from
the argument in the next section.

Now let F be a vector bundle over M and £ be an open subset in
the complex plane C. Then we have the canonical identification C=(£,
C*(F))=C"(2 x M, F) where F is the pull back of the bundle F by the
projection 7 :CxM->M. Given a smooth function f on M, we obtain

a map which assigns an element, denoted by [V s, of C~(F) to each
Ve C(C, C°(F)) by setting

LV Js=-V-(fx1m)

where 1 is the identity map of M and # is the projection from F onto
F. For a locally convex space 4, C~(82, A) denotes the space of smooth
A-valued functions on £ with the topology of uniform convergence on
compact subsets for the semi-norms defining the topology of A. If A,
C=(F) is continuous, then C~(8, 4) is a subsapce of C*(2 x M, F)=C~(2,
C~(F)) and the inclusion C~(£2, A),C=(R, C°(F)) is continuous.

Definition 1.1.4. Let A° be a subcomplex of C~(E*). A function
feC*(M) is A -admissible if and only if the following conditions are
fulfilled for each ;1€ Z:

(1) fu, fu, o(flu € A* for any u € A’ and for ¢ € C5(C).

2) xQe(HHu/(C—f)eCC, A°) for uc A and for ¢, x € C3(C)
such that supp ¢/N\supp x=4¢.

(8) [V]s€ 4; for every Ve Cy(C, 4).

(4) The above maps ul|— fu, ul—>fu, ul>¢(flu ul>2Q)e(flu/
(&—f), VI-[V ]s are continuous.
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Definition 1.1.5. A function f€C~(¥) on an open subset U of M
is called E-analytic in U if and only if 0°(fu)= f@"u for any i€Z and
u € C~(U, EY).

The E‘-analyticity is a local property and the product of two E‘-ana-
lytic functions is again E--analytic, in fact, there is a way to define
E‘-analytic functions to be solutions of a homogeneous first order differ-
ential equation: Let ¢(8°) denote the principal symbol of the differential
operator #. We interpret here ¢(0') as an operater of order 0 of T*
into Hom (E?, E**').  (T* denotes the complexified cotangent bundle of
M.) Define for f€C=(U) an operator ¥(f) of order 0 from E’|U to
E*| U by setting 9(f)=0(0")-df. Then

(1.1.1) O(fu)— folu=5(f)u u€C(U, EY.

The operator % is a first order differential operator from the trivial bundle
of rank 1 to Hom (E’, E‘*!), and f is E-analytic in U if and only if

F(f)=0 ieZ

We denote by A(U, E*) the ring of E'-analytic functions in U and write
A(E") instead of A(M, E*). The ring A(U, E*) is an analytic ring in
the sense of M. Sato, that is, for every entire analytic function ¢(zy, ---,
z,) and for (fi, .-, fn)€ AU, E*)", the function ¢(fi, -, f») is also
E*-analytic in U. In particular 1/({—f) ((€C, f€ A(E")) is E -analytic
where f=(.

Finally we conclude this section by mentioning several formulae
which are used frequently in the next section: From (1.1.1) it follows

immediately
(1.1.2) I (lu=—(HOu  ueC(E).
By using this and noticing that ( f), i €Z are C~(M)-linear,
I LI(fIu=0" (I (fIu)— f0* 9 (fu
=071 (f)fu+ fOH(f)0'u
== (I (fu)+9 1 (f)f 0'u
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== ()@ (fu)—fo'u)
== (I (fu,

whence it follows that

(1.1.3) FUL)F(HHu=0  ueC(E).

For every V(&),€C of C=(C, C*(E?)) we have

(1.1.4) OLV =00V ]+ (f)0V /0] +5(F )0V /0T ];.

(This can be checked directly for elements of C<(C, C*(E)) of the form
pu where ¢ € C*(C), u € C°(E?); then the general case follows immediate-
ly by approximating a given ¥V €C~(C, C*(E?)) in the C=-topology by
linear combinations of such elements.) From (1.1.3) and (1.1.4) we

obtain the following
Lemma 1.1.6. If f is E'-analytic, then

(1.1.5) W (f)LV I p=—9"Y(f)[o'V ]y V e C=(C, C~(E%)).

§1.2. Fundamental theorems. To state the fundamental theorems
we still need some notation: Let K be a closed subset of M, and 4 a
subcomplex C=(E*). Then A'{K} is a subcomplex of A° whose terms
A{K}, i €Z are given by

A{K}={u € 4*|supp u CK}.

If 4 is complete, then 4°{K} is also complete. Let now f=(f1, fa, -,
f») be a p-tuple of functions on M. Then P(f) denotes the open set
{zeM|| fi(2)| <1, -, | fo(2)| <1} and P[f] denotes the closed set

{zeM||f1()|Z1, -, | fo(2)|<1}. Now our main theorems are stated
as follows.

Theorem 1.2.1. Let f=(f1, ---, f,) be a o-tuple of E-analytic func-
tions which are all A’-admissible for a complete subcomplex A* of C<(E").
Suppose that s=(s;)izq 1S a continuous (— oo, q)-homotopy for the identity
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inclusion A°C, A*. Then one can construct for any a>1, a (—oo,q)-
homotopy 0=(0");z, for the inclusion A {P[af ]} A {P[f]}.

Theorem 1.2.2. Let f=(f1, -, f,) be a p-tuple of E-analytic func-
tions which are all C'-admissible for a subcomplex C° of C (E*) and
suppose that s=(s')iz, is a (q, 0)-homotopy of C* modulo (0, 0). Then
there is for a>1 a (g, 0)-homotopy 6=(0");z, of C* modulo (C{P(f)},
C'{P(af)°}) where P(f)° and P(af)® denote the complements in M of
P(f), P(af) respectively.

The proofs of these theorems proceed by the induction on p; the
passage from the case o=k to the case p=k-+1 will be done for each

k=0, 1, 2,... by the following lemmas.

Lemma 1.2.3. Let Aj, A;, A; be three complete subcomplexes of
C~(E") with inclusions Ai A5, A3 A;.  Suppose that s;=(si)s, and
sa=(s})izq are (— oo, q)-homotopies for the inclusion A;,A; and for the
inclusion A, Ay respectively. If an E'-analytic function f is A;-admis-
sible for i=1, 2,3, then there is for each a>1, a (— oo, q)-homotopy
s=(s")izq for the inclusion A;{P[af 1} A:{P[f1}.

Lemma 1.2.4. Let Bji, B;, B; be closed subcomplexes of a subcom-
plex C* of C=(E') with inclusions BiC B, B;, and assume that s,=
(sh)izg» =1, 2 are (g, o)-homotopies of C* modulo (B, Biiy). If an
E*-analytic function f is C--admissible as well as Ba-admissible for a=
1, 2, 3, then there is for each a>1, a (g, o )-homotopy s=(s')iz, modulo
(Bi+CH{P(f)}, B3+ C{P(af)}).

Proof of Lemma 1.2.3. For a positive number ¢ we denote by D,
the disc |{|<c in the complex plane C. Set b=1/a (<1) and choose
¢, ¢, x€C5(C) so that ¢=1 in a neighbourhood of D,, ¢=1 in a neigh-
bourhood of supp ¢, x=1 in a neighbourhood of supp ¢, supp x CD;.
Now assume that u € A{{P[af |}, i=<q. Then the A;-admissibility of f

implies

0p/00)u/(C—f)=©0¢/00) ¢ (flu/C—f) e CYC, 4D).
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In view of this we first define J%(&) € C3 (D1, 45i1) by setting

JO=CE—=fsi(@p©)/0D)u(C—f))  LeC.

Note that this is actually well defined by Aj-admissibility of f. We fur-
ther set

Ju&) = 0x(£)/0¢ S Zo(é) dedE

271

to define J%, J4€ Cy(D;, Ai™). Here the domain of integration has been
taken as the whole plane C; J%, J% certainly belong to Cyj(D;, Ai™1) since,
Ai™1 being complete, the integrals always exist in Ai™! for each £ €C.
(This is the only reason why we should assume the completeness of sub-

complex A4 in Theorem 1.2.1.) Now we set
(1.2.1) su=[J1];+9 2 (st T4]s

as a definition of the map s': Ai{P[af J} >A4i Y {P[f]}, i<q. Since s; is
a (—oo, g)-homotopy, the inclusion A5 *C Ai™! is continuous as remark-
ed after Definition 1.1.2, which actually ensures that the first term in
(1.2.1) belongs to A%~'; the second term also belongs to Ai~! by com-
bining formula (1.1.1) (with i, f replaced by i—2, f) with the A;-admis-
sibility of f. That s'u€ A{"*{P(f)} follows immediately from the fact
that J%, J4€ C5(Dq, AL™1).

Now we may only check (8'7's'+s*'0)u=u when ue€ A{P[af]},
i<q and 0 'su=u when u€ A{{P[af]} satisfies #%u=0. First sup-
pose that u € A'{P[af ]}, i<q. Note that

o Conr 25 asa) =00

if ¢ €Cy(C), hence
0J4()/T=T4)+= (T 5&)
=J4O)+x2 () — fIsi((0p/0D)u/(€— f)).
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Thus we obtain by noting [({— f)*];=0,
[0J4()/08 1y =LT5() s
Using (1.1.4) and Lemma 1.1.6 we obtain from this
O st u =0 Ti 1+ (0T /0E — ' *si~ T8 ]y
=[0" 1 +9 (LI~ 0" st~y ]s
=01+ () Lo’ T8 ]y
Hence
(1.2.2) (015 + 519 u =[0" 1 Je 4 2,
+I NP CAO T+ T3 )]s
To compute the terms in the right hand side, we first observe
R
=(C—f) (0 si+5i10°) (09()/0Tu/(C— 1))

=0¢(£)/0%u
whence
(1.2.3) o 17w (g (PO )
=%2(0) ¢ (Du=p(Q)u.
Similarly
(1.2.4) O g+ T3 =0x(0)/0Tp(L)u=0.

Thus (1.2.2) combined with (1.2.3), (1.2.4) implies
@'+ 0Nu=LpQul =o(flu=u.

It remains only to show that 9 's‘u=u if #u=0, u € A*{P[af ]},

however the above argument can apply also to this case with some ob-
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vious modification and the proof for this may be much simpler. The
continuity of maps s’, i <q is checked directly by inspecting (1.2.1).
Q.E.D.

Proof of Lemma 1.2.4. Set b=1/a and choose ¢, x' € C5(C) so that
x’=1 in a neighbourhood of D;, ¢=1 in a neighbourhood of supp x’, and
supp ¢ CD;. Then

2 (% (p(f)u/EC—f)ECF(C, C**Y),
for the left hand side can be written in the form
2 (€)0¢/0T(f)(0' fu— fo'u)/(€— f)

which actually belongs to C3(C, C**!) according to Definitions 1.1.1 and
1.1.4. In particular, if one takes b’ so that x'=1 in D, b<b'<1, then

(1.2.5) TUO=9(e(fNu/€— f)€C(Dy, C**)
where the first identity is the definition of J*. Now set for i =g¢q
(1.2.6) V(@ =si(e(flu)—si((C—fHsi* 1 T*(©))
and define
su=[x(OV )]s

where we have chosen % so that x=1 in a neighbourhood of D,, supp x C
Dy..  Certainly s‘weC’™! if i>q; ssu=0 modulo Bi~' when u€ Bi,
i>gq; it is also obvious that the maps s': C'*—>C*!,i>q and the map
s7: Cp,— C=(E ") are continuous. If ue& C{P(f)°}, then J* and ¢(f)u
vanish identically, so that s‘w=0. Thus the first condition of Definition
1.1.3 is fulfilled when (4", B*) replaced by (Bi+C'{P(f)‘}, B;+C*
{P(af)°}), so we may only prove that (8°~'s'+s**'0)u=u modulo Bi+
C'{P(af)°},i=q. Using the formula (1.1.4) we obtain

s u =[xV () + ()Y (£))/08 ]y

since V'*(&) is analytic by (1.2.5) and (1.2.6.), the last term here equals
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[0x(€)/0ZV*(&)]; which, however, vanishes modulo C'{P(af)°} in view
of the fact that 0x/07(f)=0 in a neighbourhood of P(af). Thus

@'+ 10 u=[2() (0" 'V*(&))]; modulo C*{P(af)},
and it suffices to show that, when i=>g,
1.2.7) [UO@ P+ V) ];=u modulo Bi+C{P(af)’}.

Note that, according to (1.1.2) and to the E‘-analyticity of 1/({— f), it
holds

TP =0 (N0 u/ (€~ f)=— 0" (p( /) (w/C— )

J— ai+1Ju_
Hence, s;=(s});», being a (g, c0)-homotopy of C* modulo (B;, B;), we
obtain
(1.2.8) I=0"1si((C—fFIsi )+ 551 —f)si+2T?™)

=(C—f)si 1T — s (E— £ {1
—s§* U~ f)s{*26"*1]*) modulo C*(Dy, BY)

where the first identity defines I Since s1=(si);z, is a (g, oo)-homotopy
of C* modulo (B;, B;), we have

(0'sitl 4 si+29 ) J*=J* modulo C*(D,,, Bi*Y).
This, combined with (1.2.8) and si*(Bi*1)C Bi, gives
I=—f)sit T —si* (C—1f)T")
=(C— )T — £ (p(£))u) modulo C*(Dy, B)
which in turn implies
OV VO =0 sl Ju) + s o0+ 9 (o ))u)
— (=)t =0 s+ 5§10 ) o u)— (G — f)st T

=¢(fu—(&—f)si**J* modulo C=(D,:, Bf).
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Noticing [({—f)si*'J*];=0 and by the Bj-admissibility of f, we thus
obtain

Q@ PO+ Vo O) I=2(f) ¢ (fJu=x(f)u modulo Bj.

On the other hand u—x(f)u=(1——x(f))uGCl{P(af)”} (i.e. =0 modulo
C'{P(af)°}). Thus (1.2.7) is proved. Q.E.D.

Now we shall prove Theorems 1.2.1 and 1.2.2.

Proof of Theorem 1.2.1. When p=1, there is nothing to be proved
by Lemma 1.2.3. Assuming that the conclusion is true when o=k, we
shall now prove the theorem when p=k+1. Set f=(f1,-» fou1)=(f1,-*»
f#) and choose a positive constant @’ so that 1<a'<a. By the induc-
tive hypothesis there is a (—oo, ¢)-homotopy s; for the inclusion
A{Plaf It & A{P[ad/fJ} and a (—oo, g)-homotopy s; for the inclusion
A{PLd'fIy &, 4{P[FJ}. Note here that every A'-admissible function is
also A'{K}-admissible for any closed subset K of M. Thus, applying Lemma
1.2.3 to these sy, s;, we obtain a (—oo, ¢g)-homotopy s for the inclusion
A{PLaf W} {PLafs1 ]y & A{PLF W APLfos1J}.  Since A {P[af]}{P
Cafscily=4{P[af]}y and A{PLFI}{PLfs:ly=4{P[fJ}, s is the
desired (g, oo)-homotopy. Q.E.D.

Proof of Theorem 1.2.2. In order that the induction proceeds easily,

we shall first prove the following inclusion:
P
(1.29) LCAP(IYCCAP(PIC L CAP@f)}  a>L.

The first inclusion is obvious. To prove the second we introduce the

pseudo-multiplication:
goh=g+h—gh g heC=(M).

As is well known, this multiplication is commutative and associative,
moreover goh=1 at z€M if and only if either g(z)=1 or A(z)=1.
Choose %€ C~(C) such that x=1 in a neighbourhood of the closed set
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C\D; and such that x=0 in a neighbourhood of D, (b=1/a) and set

g=x(fr)ox(fz)o--ox(f,)-

Then ¢=1 in a neighbourhood of P(f)°, hence ¢u=u if u€C'{P(f)}.
But ¢ can be written as a sum of terms i—x(f,-l)x(f,-l)---x(f,'p),pgp,
and for ueC :L—x(f,-l)x(f,-z)“'x(f,-p)u belongs top C* according to the
C-admissibility of fi;, 1<"i < p; it even belongs to ig}l C'{P(af:)°} because
the choise of x. Thus (1.2.9) is proved.

Now we shall prove the theorem when p=Fk-+1 assuming that the
conclusion is true when p=k. Set F=(fi, - fo-1) =(f1, .-, f&) and
choose positive numbers a’, a”’ so that 1<a’’<a'<a. By the inductive
hypothesis we find a (g, 0)-homotopy s;=(si)iz, of C* modulo (C*{P
(@”’f)}, C'{P(a’f)°}) and a (g, oo)-homotopy s2=(54)iz, of C* modulo (C
{P('f)}, C{P(af)}). Applying Lemma 1.2.4 to these si, s, and f=Ff,,
we obtain a (g, ®)-homotopy s=(s)iz, of C' modulo (C'{P(a”f)}+
C'{P(a"f1:1)°}, C{P(af )} +C{P(afrs1)°}). But, by (1.2.9) we have

CHP@ )} +C{P@ fri1)} 2C{P(f)}
C'{P(af)}+C{P(afr:1)t S C{P(af )}
Thus s is also a (g, o0)-homotopy of C* modulo (C'{P(f)°}, C'{P(af)}).

Q.E.D.

§1.3. Consequences from the fundamental theorems. We shall
start with a few corollaries which will clarify how to apply Theorems
1.2.1 and 1.2.2.

Corollary 1.3.1. Let A', s and f satisfy the hypothesis of Theorem
1.2.1. If each A' contains C3(E’) and if P( f) is relatively compact in
M, then the sequence

(1.3.1) oGP, BT CH(P(f), EDN—>CH(P(f), )

is exact.
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Corollary 1.3.2. Let C', s, f satisfy the hypothesis of Theorem 1.2.2.
If each C' contains C3(E’) and if P[bof] is compact for some 0<bo<1,
then the sequence

(1.3.2)  I(PLfC, E"D->I(PLfD, ED—>T(PLfT, EV)—
is exact, where E_i, 1€Z are the sheaves of germs of C™ sections of Ei.

Proof of Corollary 1.3.1. Suppose that u € C5(P(f1), E?), i<q. Then
there is a constant ¢>1 such that supp u CP[c¢f]. Choose now a con-
stant & so that 1<b<c and apply Theorem 1.2.1 to a:% and f re-
placed by bf. Then we obtain a (— oo, g)-homotopy ¢=(0%);<, for the
inclusion A'{P[cf [}, 4A'{P[bf]}. Note u€ A;{P[cf]} (because u€
Cs(EHYC A" and supp uCP[cf]). Thus ¢‘u is well defined and lies in
AHPLof I C C3(P(f), E7Y), moreover 0°'¢'u=u if #u=0. Thus
the exactness of (1.3.1) is proved.

Proof of Corollary 1.3.2. Suppose that u € I'(P[ £, E%)), i=<q satisfies
the equation 0'u=0. Then there is a constant b; such that by<b,<1,
and an element v € C~(P(bif), E?) which, when restricted to P[ f], in-
duces u and still satisfies 0'v=0. Choose b,, bs so that b;<by;<b3<1
and choose ¢ € C5(P(b.f)) such that ¢=1 in P(byf). Then ¢v € CF(E’)
CC* and 0'(pv) € C**'{P(bof)°}. Now apply Theorem 1.2.2 for a=b3/b;
and for f replaced by b,f, then we find a (g, o0)-homotopy ¢ =(0%)izq of
C* modulo (C*{P(bzf)°}, C'{P(bsf)°}). Thus, by Definition 1.1.3, we
have

0'*19%(pv) € C{P(bs f)°}
0""'6%(pv) +0"+16*(pv) — v € CT{P (b3 f)°}
from which it follows
010 (@) | P(bs f))=¢v| P(bs f)=v|P(b3f).

Thus, if one denotes by w the element of I'(P[f], E*"!) induced by
0'(¢v), then 0° 'w=u, which proves the exactness of (1.3.2).
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We shall now explain some of the further implications of Corollaries
1.3.1 and 1.3.2. Let A-,s satisfy the hypothesis of Theorem 1.2.1 and
assume Cy(E")C A. Assume further that there is a sequence of positive
integers p,, v=1, 2, ... and a sequence f'=(f1,fs - fr) V=12, ..,
such that each f; 1<k=<0,,v=1,2,... is E*-analytic and 4'-admissible.
If P[f*] are compact, P[ f*JCP(f**") and if M=\ujP(f”), then the

sequence
(1.3.3) > C(ETY) > CH(E)— Cy(ETY)
is exact. This is an immediate consequence from Corollary 1.3.1.

Remark. In Corollary 1.3.2 we may assume only the compactness of
P[ f] instead of assuming that P[b,f_] is compact for some 0<b,<1;
for, if P[f] is compact, then, for every neighbourhood of P[ f ] there is
some 0<bo<1 such that any component of P[bof] which intersects

P[f] is necessarily contained in this neighbourhood.

Let now C-°,s satisfy the hypothesis of Theorem 1.2.2 and assume
C3(E)CC*. Assume further that there is a sequence of positive integers
0., ¥=1,2, ... and a sequence f*=(f73, .-, f,) such that each f}, 1<k
=<o0,;v=1,2,... is E"-analytic and C'-admissible. If P[ f*] are compact,
PLFICP(f**") (resp. P[f**'JCP(f*)) and if M=\p/P(f“) (resp.
OP(fp)={Zo} for a point zo €M), then the sequence

(1.3.4) C~(EY)— C*(E*)— -
(1.3.5) E ' >EL—>ET (resp.)

is exact. In case some approximation theorem holds for solutions of the
equation 07" 'z=0 in the domain of the form P( f), the exact sequence
(1.3.4) can be slightly extentded, for example, if every solution of 98¢ lu
=0 in P(f,) can be approximated by global solutions of #*"'u=0 in the
C~ topology, then the sequence

(1.3.4) C*(E*"1)—>C*(EN)—>C=(ET)—>- -
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is exact. The exactness of (1.3.5) follows directly from Corollary 1.3.2.
The proof of the exactness of (1.3.4) and of (1.3.4)" is routine and omit-
ted.

Now we shall define the dual complex F° of E° and prove some
lemmas which indicate what can deduced, on the side of the dual F-*
from the conclusions of Theorems 1.2.1 and 1.2.2. Let ® be the line
bundle of (complex-valued) n-forms on M (n=dimgM) and set Fi=(E™%)*
X6 where E* denotes the dual vector bundle of E’. Denote by < | >
the canonical duality homomorphism from E*&QF? onto ®. Then there

is a unique differential operator 0*': Fi—F*! such that
S<u|6*iv>=8<0‘i‘lulv> ueCy(E~1), veCy(FH

where we have assumed that M is oriented and the integration is taken

over the orientation of M. Obvionsly 0*%¢*19** =0 and the complex

i-1 M=l oy g i+l
F > F > F

is called the dual complex of E°. To state the lemmas we need a nota-
tion: 2'(U, F), where F is a vector bundle over M and U is an open
subset of M, denotes the set of all sections of F with coefficients in the
space of distributions on M, whereas &'(U, F) denotes the subspace of

2'(U, F) of all elements with compact support.

Lemma 1.3.3. Let K, K' be two closed subsets of M such that KC
K' and let 2 be the interior of K. Let further A° be a subcomplex such
that C3(E)C A" and suppose 6=(0")is, is a (— oo, q)-homotopy for the
inclusion A{K}<, A'{K'}.

If u is a distribution section of E'(i>—gq) defined over a neigh-
bourhood of K' satisfying the equation 0%¥'u=0, then ome can find v€
2'(2, F) such that 0*¢-"Vy=u|Q.

Proof. On the subspace {0 ‘w|we C3(2, E)} of C3(2, E*') we
define a linear form [ by

l(@‘iw)=g<w| uw>.
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This is actually well defined and continuous since

S<w] u> =S<0""10'""w| u> +S<o"i+10'iw| u>
=S<a—"w|6*"u> +S<0“i+10‘iw| >

=S<d‘i+10"iw| u>.

Thus, by the Hahn-Banach theorem, there is v€ 2'(2, F~') such that
l((’)“"w)=g<6“'w| v>, hence $<0"'w] v>= S<w| u>, for we C3(2, E™),
that is, 0*¢ Vy=u]|LQ. Q.E.D.

By the similar reasoning we can prove

Lemma 1.3.4. Let 2, 2 be open subsets of M such that 22’
Suppose that C° is a subocmplex of C (E’) such that Cy3(E)CC*, and
that 6=(0")izq is a (g, )-homotopy of C* modulo (Cs'{(.Q’)“}, c{2°.
If ueé'(2,F"),i<—q satisfies 0*u=0, then one can find v€&'(2',
Fi=Y) such that 0*¢-Vy=uyu.

Let 9'F%, i€ Z denote the sheaf of germs of distribution sections of
Fi, Using Lemmas 1.3.3 and 1.3.4 we can easily deduce from Theorems

1.2.1 and 1.2.2, the following corollaries.

Corollary 1.3.5. Let A, s, f satisfy the hypothesis of Theorem 1.2.1.
If C5(E)YC A" and if P[bof] is compact for some 0<bo<1, then the

sequence
I'(PLf), 2 F)—>T(PLf, 2’F*)—-
is exact.

Corollary 1.3.6. Let C-, s, f satisfy the hypothesis of Theorem 1.2.2.
If C3(E")CC" and if P(f) is relatively compact in M, then the sequence

&' (P(f), F- Y- &' (P(f), F9)
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is exact.

§1.4. Suitable estimation. In this section we present a method
to derive from certain estimates concerning some Dirichlet norms for E°,
suitable subcomplexes of C<(E*) as well as some related partial homo-
topies to which Theorems 1.2.1 and 1.2.2 can be applied. To fix the
Dirichlet norms we choose a volume element dv and Hermitian inner

products < , >; for the vector bundles E’, and we set

(u, v);= S<u, v>;dv u, v € Cy(E?)

= <, u>sdv=(u, w;.

Further, we define the formal adjoint 0%: E‘>E'"! of the differential
operator 0°~': E"1— E’ by setting

(u, 0'v)=(0""u, v) u € Cy(EY), ve C3(EY).
Then the square root of
Di(w)=|0"ullfs; +0°ull}-y  uwe CF(EY)

is the so-called Dirichlet norm for the complex E° (with respect to
inner products <, >; i€Z and volume dv). By completing C7(E?) by
the norm || |; we define the Hilbert space H'. As is well known, H’
can also be regarded as the space of all locally square integrable sections
u of E* such that ||u]|;< +oo. (Here we shall of course extend the norm
|| |l: to any locally square integrable sections of E’ allowing oo to be
one of the values of this norm.) The differential operators 8%, &° give
rise to linear, closed, densely defined operators 7°%: H'— H'*', S': H'
— H'"'; an element u€ H' is in the domain D(T?) of T* (resp. D(S%)
of S?) if and only if 0'u (resp. 67u), defined in the distribution sense,
belongs to H'*! (resp. H"'). The adjoint of 7T°"! does not coincide
with S in general. To guarantee the identity of these we shall impose

the following assumption for each i€ Z:
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(*) There is a sequence 7,€ Cy(M) such that (1) for any compact
KCM, 9,=1 in K when v sufficiently large, (2) the inequality

| () u i1 < Clul; ueE’
is valid for some constant C not depending on v and u.

Lemma 1.4.1 (Hérmander [4]). Let the assumption (*) be fulfilled.
Then C3(E*) is dense in D(T*)N\D(S?) for the norm ||u|l;+D;(u)2. In
particular S'=(T-1)*,

Here we have considered the Dirichlet norm D,-(u)% to be extended
over D(THND(S?).

We shall now study some consequence of the estimates of the form
lu]|2<CD;(u) ueCy(E*). We first refer to a result of Hérmander [4]
which is fundamental in the subsequent study: Denote by N(T), R(T),
the null space and the range of an operator T from one Hilbert space

into another.

Theorem 1.4.2 ([4]). Let (*) be fulfilled and assume that the esti-

mate
(1.4.1) lul}<CDi(u)  u€CF(E)

is valid for some comstant C>0. Then R(T"N)=N(T?) and N(S")=
R(S*™Y. In particular R(T?), R(T 1), R(S?), R(S**!) are closed.

If R(T?) is closed, then there is a unique bounded operator Q'*': H*!
-» H* with the following properties:

(i) R@MHEN(TH'ND(T)

(ii) 1gin— TQ'*! is the orthogonal projection of H'*! onto R(T?)*.
Here we have used the notation L* to express the orthogonal complement
in H when L is a subspace of a Hilbert space H. From Theorem 1.4.2

we obtain the following lemma which is useful later.

Corollary 1.4.3. Let the hypothesis of Theorem 1.4.2 be fulfilled.
Then the operators Q', Q'*! above are well defined and it holds
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(1.4.2) (T +Q  THu=u u € D(T?).

Moreover, if the differential operator 4'=0'"10"+0""10" is hypoelliptic, then
Q'u (u€ H?) is smooth whenever u is smooth.

Proof. The first half is obvious. To prove the second half, note
that the estimate (1.4.1) implies

lul < Cll4ul;  uweCFE).

Thus, R(A)=H’, if one defines the operator A= T "1Si+ ST by set-
ting D(4)={u € D(S)ND(T?)|S'u € D(T*"Y), T'ue D(S"*1)}. By the
hypoellipticity of 4, A'v is smooth if and only if »€& D(A’) is smooth.
Since Q'Alv=S'v v D(A) by the definition of (, Qu is smooth when-

ever u is smooth. Q.E.D.

With the application of Theorems 1.2.1 and 1.2.2 in mind we will

assume one of the following assumptions, frequently in the sequel:

() The estimate (1.4.1) is valid for i<q, the differential operator
4* is hypoelliptic when i <gq,

(#,) The estimate (1.4.1) is valid for i=gq, the differential operator
4' is hypoelliptic when i2>gq.

According to Lemma 1.4.3 the assumption (&7,) (resp. (#,)) gives a
sequence of operators (Q%);s, (resp. (Q")iz,) for which (1.4.2) is valid;
thus, if in addition one can choose a suitable subcomplex A° of C~(F*)
so that O'(4")CA™!, Q| 4': A'—>A"! is continuous when i<{q (resp.
i>gq), then we obtain a (— oo, g)-homotopy s=(s");z, for 4", A. (resp.
(g, o)-homotopy s=(s");», of A°) setting s'=Q'|4' i<q (resp. 1=¢).
But a question still remains. How rich is the set of all functions which
are E‘-analytic and A--admissible? The answer is in fact indispensable
when applying Theorems 1.2.1 and 1.2.2. Instead of solving this difficult
problem we adopt here the inverse process: First we choose a subring R
of A(E") (for this notation see §1.1) with certain good properties; then
we find a subcomplex A of C<(E") so that Q'(A%)C Ak, i<gq (resp.
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i>q) if (,) (resp. (%,)) is fulfilled, and so that any f€ R is Ap-admis-

sible.

Definition 1.4.4. A subring R of A(E") is said to be well filtered
if and only if there is an ascending chain of linear subspaces of R R,C
RiCR; -+ and a sequence of elements of C*(M) x,,v=1,2,... satisfy-
ing the following conditions:

(i) ROZC, RZURk.
k

(i) For any i€ Z and for every element f€ R, one can find a finite
number of elements of R,_1g;, j=1,2,...,5; S0 that the estimate

. 1 )
(1.4.3) lﬁz(f)uii+1§.21|gju|i u€ek’
=
holds.
(i) 02,51, %x,—1 (v—>o0) in the C -topology, x.f is bounded
for any fER.

(iv) For i €Z there is a sequence of constants C, y=1, 2,... tending

to 0 as y—>oo, for which the estimate
(1.4.49) |9 )ulin<C,|2ul;  uweE
holds.
Now we set for a given subring R of A(E")
Ai={ueC(E") | guec H', go'uc H'*' for all g€ R}

and define the locally convex topology of 4% by adding seminorms || gull,,
|lgd"ul|l;+1, where g runs over R, to the seminorms defining the topology of
C=(E?). Obviously A%, i €Z are complete and 0'(A4%) C ALY, 0% | Ah: AL —
ALY is continuous, thus the complex Ar=-—>AF 1> AL—> A1 — .-

is a complete subcomplex of C<(E").

Theorem 1.4.5. Let the notation be as above. If a subring R is
well filtered, then every f€ R is Ay-admissible. If moreover the assump-
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tions (*) and (,) (vesp. (B,)) are satisfied, then Q'(A%) CAFY, Q| Ak: Ak
— ALY is continuous for i<q (resp. i>q), so that s=(s")iz, (resp. s=
(5izq) is a (— oo, q)-homotopy for Ap—> Ay (resp. (g, o°)-homotopy of Aj)
if one defines s': Ah—> A%, i<q (resp. s': Ak—> AL i>q and s*: A"~
C=(E®Y)) as the restrictions of (F to Ak.

The proof we divide into parts:

Proof of the first half of Theorem 1.4.5. We first prove the condi-
tion (1) of Definition 1.1.4. That fu€ 4% for fER, uc€ Ay and the
continuity of map 43> ul—>fu € 4% follow immediately from the definition
of A%. Let us prove fu€ A% for fER, u€ 4% Let fER, and let g;
j=1,2,..., 55 of R, satisfy (1.4.3). Then, for any g€ R,

| g0 (fuwlliri <N g0 ulliva+ 11 g (fulli
. Sf
<|lfgtulli +J_§1HgngH;< + oo,

Since obviously |lgfulli=|lfgulli<+o0, we have thus proved fu € 4.
The map Ai>u—>fu€ Ay is evidently continuous. Note that

19"(¢(f))=g—§(f)z9"(f)+—g%9"(f)=g—‘gz9"(f)

for ()€ C5(C) and for f€ A(E"). Since ¢, 0¢/0C are bounded, we ob-
tain also by using (1.4.3) ||go(Flulli<+eo, ||g0°(e(flu)|lisi<+oo if
u€dj and f, g€ R. Thus ¢(f)u€ A% The continuity of map 44> u
—¢(flu€ A2 (fER) is also evident. The condition (2) of Definition 1.1.4
can be proved similarly.

To prove the condition (3) we need a formula: Let ¥V (&, z2)€Cy
(C, C3(EDN)=C5(Cx M, E*) (E' is the pull back of E’ by the projection
Cx M—M), and let {=x+vy—1y. Then

oV

2
l—a—<V, V>,~|=2 Re<——, V>,-|§|V[§+|_@Kl
0x x 0x |i

0

2
|—6—<V, V>,-|§IV|%+|QI .
0y 0y |
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Hence we obtain for any (£, 2)€CxM

7@ DB=((17G+V=Ty D1+ | StV =T 59|

o

l_(x-}-\/ 1y,z) (x—i—\/ ly,z) )dxdy.

Thus we have finally

(145) ||[ij||%§§(nrf<x+v‘—“ly)ll?+!l%<x+f:1y>“j

+55

+H G ly)“ dxdy.

Now suppose fE€R, VeC;(C, A;). We shall prove [V ];€ A% Note
that the proof of (1) of Definition 1.1.4 gives gV € C;(C, 4%) if g€R.
Thus, applying (1.4.5) to ¥ replaced by gV, we obtain
(1.4.6) gLV ll=IILgVJlI[<+e  g€R.

Note
g0V Yy =LgdV L+ 9y ],

where both gd'V, 19(f)g 6§ belongs C3(C, A5*') as we have proved

above. Applying (1.4.5) to these and to i replaced by i+1, we conclude
| g0"LV Jsllisr < +oo.

This, combined with (1.4.6), proves [V ];€ A:. The map C3(C, AL) eV
—[V];€ A} is evidently continuous. (The condition (4) of Definition 1.1.4

was also proved above.) Q.E.D.

Remark. In this proof we have not used %, and the requirement
g; are elements of R, ;, in fact what we have needed is only g;€R.

(But, nothing is gained by this improvement.)
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To prove the second half of Theorem 1.4.5, we require the following

Lemma.

Lemma 1.4.6. Assume (*) and suppose that the estimate (1.4.1) is
valid and that a subring R is well filtered. Let f€ R, ue H'NC(E?),
O'(fu)e H'™Y, and 0'(fu)€ H*'. Then fucH’, hence fueD(T)N
D(S?) and

| full} < Di(fu).
Proof. Let RyCR;C Ry -+ and x, satisfy the conditions of Defini-

tion 1.4.4. Since x,f is bounded, we have x,quHi. From (1.4.4) and

from the formulas
0°(x, fu)=9(x,)fu+%,0'(fu)
O, fu)=9""(x,)* fu+2,0'(fu)

it follows that 9°(x, fu)€ H'*', 0(x, fu)€ H™', and that
10°Ce fro)lli s SN0 fullisr+ €.l full;
0°Ce.fudllir SN0 fullioa+ Gl fulls.

Thus, in view of Lemma 1.4.1, x,fu€D(T?)ND(S?). Applying (1.4.1)
to x,fu we obtain

||z, full} < 2C(D(fu)+ C|x, full$).
Hence, for v so large that 2CC§§%, we have

llz,full} < 4CDi(fu).

Note that the right hand side does not depend on vy, thus by the Fatou

Lemma we obtain
| fu 2 <lim |2, ful|2 < + oo.

That is, fu € H'. According to Lemma 1.4.1 this implies fu€ D(T)N
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D(S?), hence

| full} < Di(fu).
Q.E.D.

End of the proof of Theorem 1.4.5. To prove the last half of Theo-
rem 1.4.5 it suffices to prove that Q'(4%)C ALY, Q| Ak: Ah— AL is
continuous provided that (1.4.1) is valid for i=1 and for i=[—1, and
that 4'-', 4' are hypoelliptic. We set P=1— T'"'Q'. Then P is the
orthogonal projection from H' onto N(S).

We first prove that Pu€ A% if u€ AL Since u—Pu€ N(S)‘t=
R(T'")=N(T") and since 45CD(T"), we have T'Pu= T'u while Pu€
N(S') implies S'Pu=0. To sum up

(1.4.7) T'Pu=T'u, S'Pu=0.

Hence the hypoellipticity of 4' implies that Pu is smooth. Set now v=~Pu
and note ||fT'v||;1=|f0'ullis1<+oo, if fER. Thus, to prove vE€ 4}
we may only show that || fv|[;<+oco for any fER. If f€R,=C, then
this is trivial. Suppose that ||gv|;<+oo if gE€R,_;, and let fER,.
Let further g; j=1,2,...,s; satisfy (1.4.3) with i=[—1. Then

§'fo=8""Y( v+ folo=0""1(f)*v

where we have used (1.4.7) in the last step. Thus

9ol = 2, ol

The right hand side is finite by the inductive hypothesis. Since ||0'fv||1+1
=|f T'w||;s1< + oo as remarked above, we conclude by Lemma 1.4.6
llfvlli<+oo, hence we have proved v=Pu€ A} whenever u€ 4}.
Obviously the map 4% u—Pu € A} is continuous.

From the characterization of Q' it follows
(1.4.8) T'‘w=u—Pu, S 'w=0

where we have set w=Q'u. If u€ A%, then u—Pue€ A4}, so, arguing
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just as we proved Pu € A} using (1.4.7), we obtain from (1.4.8) we 4%™%;
the continuity of the map 4k —>u1—>Qu=we€ A% is also evident.
Q.E.D.

We conclude this section by studying briefly the relation between the
estimation for E° and that for the dual complex F°: Let F' be the dual
of E° as defined in §1.3 and < | > the duality homomorphism from
E'QF! to 6. We define an anti-isomorphism between E~* and F* by
setting

<u, *v>dv=<ul|v> ueE? veF!
*y=v if and only if u="%v.

We also introduce Hermitian structures < ,>; on F! as well as inner

products ( , ); and norms || ||; for sections of F?, i€Z by

<w, v > = <%y, ¥’ >
(v, v’),-=g<v, v'>;dv v, v' € C3(F?)

llvlli= (v, v)i.
We further write
0%y, v);=(u, 0*0-Yy) u€eCy(FH, ve Cy(Fi-Y)
as a definition of the differential operator 0*': Fi— F’~!, Then we have

Lemma 1.4.7 Under the above notation the following statements are
valid.

@) *elli=llull-

(2) 8"(xu)=*(0""u).

(3) "(xu)=*(0"u).

(4) fe€A(E") if and only if f€ A(F").

(5) A subring R of A(E") is well filtered if and only if R is well
filtered as a subring of A(F").
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(6) The assumption (£,) (vesp. (B,)) is satisfied for E' if and only
if (#B_,) (resp. (F_,)) is satisfied for F-.

The proof is elementary and omitted.

2. Application to Tangential Cauchy-Riemann Equation

§2.1. Definitions. In this section we define the Dolbeault se-
quence for a closed real submanifold M of a complex manifold X, and study
some basic notions and facts concerning this sequence. (Note that the
closedness assumption is inessential because any submanifold of a manifold
has always a neighbourhood in which it is closed; we may only replace
X by such a neighbourhood if M is not closed. The definition below, in
fact, does not depend on the choice of such a neighbourhood.) Denote by
I° the sheaf of germs of smooth functions in X which vanish when re-
stricted to M, and by 2% the sheaf of germs of smooth (p,q) forms
on X. Set further 2=72,2®% then 2 is a sheaf of rings by the exter-
ior multiplication. We denote by I the sheaf of ideals of £ generated
by I°4+0I1° where §: 2®9—»Q®2+) is the differentiation of the usual
Dolbeault sequence for X. Following Kohn and Rossi [9] we now define
sheaves D% by defining D=>,D%% so that the sequence 0—I—>2—D
—0 is exact. (Note that I is homogeneous, that is, I=,1®%, [*D=
INQ®9) Since 0IC I, We can define a sheaf homomorphism 9,: D—D
such that 9,D®?C D® 1D, making the following diagram commutative:

0 I 2 D 0
15 15 ls,,
0 I— 2 D >0

Thus we have obtained for p =0 the complex
D@0 3 pl) B D2 B

which we shall call the p-th Dolbeault sequence for M. The equation
0,u=0 for a section u of D° is called usually the tangential Cauchy-

Riemann equation of M. (For simplicity we write D° instead of D©®;
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note that D° is no other than the sheaf of germs of smooth functions
over M.) We now assume that M is gemeric, that is, T.(X)= T.(M)+
N=1T,(M) P (not necessarily the direct sum) for every z€ M. (Here
T(X), T(M) are the real tangent bundles of X, M respectively, and T(M)
is regarded as a subspace of the complex vector space 7(X).) Then
the sheaves D?® are all locally free D°-sheaf and 9, is a first order dif-
ferential operator. Thus, for each (p, ¢) there is a unique vector bundle
such that D®? is the sheaf of germs of sections of this vector bundle.
To avoid making too many notations, we shall identify the sheaf D9
with this vector bundle from now on, hence all D®? should be regarded
as vector bundles over M in the sequel.

Now we shall give a more explicit description to bundles D®?. The
exterior multiplication of £ induces the multiplication of D which satisfies
the anti-commutativity relation with respect to the bidegree (p, g). We
thus obtain canonical bundle homomorphism A? DY ® 42DV — DD,
This is actually an isomorphism as is easily seen. We shall investigate
bundles D9, DD more in detail. Denote by D° the subbundle of T(M)
whose fiber D2 over each Z€M is T,(M)Ny—1 T.(M), and by T*°(X)
the complexified cotangent bundle of X regarded as a 7eal manifold. Then
T*°(X) can be decomposed into a unique direct sum T*°(X)= T*®:O(X)
+ T*OU(X) so that T*19(X) (resp. T*®D(X)) denotes the subbundle
of C-linear (resp. C-antilinear) elements of T*°(X). (Note TY(X)=
QO THLO(X)=gOD ) Since [T0=0, DLO=TLO(X)|M. On the
other hand, since D°C T(M)C T(X), there is a canonical duality homo-
morphism D°;J< T*OD(X)3(x, y)><x| y> €C which is C-linear in y
and C-antilinear in x. (Note that D° is the largest complex subbundle
of T(X)|M contained in T(M).) The bundle DY is a quotient bundle
of T*OU(X)|M and the kernel of projection T®Y(X)|M—>DY is just
the annihilator of D° in T*®D(X)|M. Thus we obtain also a canonical
duality homomorphism D°x DY 3(x, y)><x|y>€C, Clinear in y
and C-antilinear in x. M(ﬁ‘eover D;>x=0 (resp. D®V> y=0) if and
only if <x|y>=0 for all y€ D" (resp. for all x€ D?). Thus, this

1) By y—1 we denote the real tensor field of X defining the complex structure; never
confuse this with the multiplication of y—1eC in the complexification.
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duality homomorphism induces an anti-isomorphism between D°* and
DY, (We call a C-antilinear bundle isomorphism an anti-isomorphism.)

To sum up

Lemma 2.1.1. D&9O= T*LO(X) | M. D% s canonically isomorphic
to A2DGORQA'DOY, gnd DOV is canonically anti-isomorphic to the dual
D°* of D°,

The last statement is very useful when introducing norms for the
0-th Delbeault sequence D‘**); a Hermitian structure on the bundle D°
induces automatically the Hermitian structures on A?7D°*, hence those on
D),

Remark. fiber-dimeD° =dime X — codimgM, fiber-dime DM ® =dimcX.

Finally we briefly describe a procedure for actually computing the
Dolbeault sequences of the real submanifold M. Let N=dim¢X, n=
N—codimgM. Let further 7w denote the canonical projection of £ onto the
quotient D=2/1.

Definition 2.1.2. Let (21, ---, 2y) be a system of coordinates in X.
The real submanifold M is said to be generically situated to the system
(z1, -+, zy) if and only if the sections n(dz;) j=1,2,..., N; n(dz;)

j=1,2, ..., n are linearly independent everywhere on /M.

For simplicity we set {;=n(dz;), l<j<N; {z=n(dz), 1<k<n,

and more generally set
Crr=CuNCi, ALy Ner - NCx5
I={iy, iy, --- ij,}, K={ky, ---, kp}

where I is a p-tuple of numbers between 1 and N, and K is a g-tuple of
numbers between 1 and n.
By Lemma 2.1.1 we can write a section u of D®% as a sum of the

form ), ur,% €1, % for some functions u;x so that u;x is an alterna-
I=p,1K1=¢q

ting function of I and of K, that is, u;x changes sign if two indices in
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I or K are permuted. Thus we can identify D®® with the trivial bundle
E®9 of rank (];)X (Z) by identifying each u with the alternating func-

tion {u;x} of I and K, which we can interpret as a section of E®% of

course.

Definition 2.1.3. The complex

E®O B B gt % pia+d) B g 5 0

defined by the above identification is called the trivialization of the p-th

Dolbeault sequence of M by the coordinate system (z, ---, z,).

Now let us compute the differentiation 0, of this trivialization E® ",

We write for smooth function u
— n _
0bu=’§10ukC;

as a definition of the first order differential operator 04, k=1, 2, ..., n.

Note 0,¢;, =0 and note 0,(uAv)=0,u Av+(—1)¥yu AG,v. By com-

puting 0,( X u; zl; z) with these formulae in mind, we obtain for a
LK

section u={u;x} of E®®
— g+l . _
(2.1.1) (a"u)z,z=(—1)p,§1(—1)"101,u1,m

L=Aly, ---lz, -+, lq+1}

where L\/; denote the g-tuple of the remaining indices after deleting I;
from L. In (2.2.1) the index I does not play no essential role evidently.
Thus the p-th Dolbeault sequence D:*) is isomorphic to (g)-fold product
of the 0-th Dolbeault sequence D *). (This isomorphism is not canonical;
it depends on the choice of the coordinates (zy, ---, zy).) Since locally
there always exists a coordinate system for which a given real submani-
fold is generically situated, it suffices to study the 0-th Dolbeault sequence

only, at least as far as local problems are in question.
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§2.2. Basic estimates. Let /' be an n-dimensional complex vector
space with dual V' *. Choose basis {e, ---, e,} in 7 and {ef, .-, e} in
V* so that <e;|e¥>=0;. Here 0;; denotes the Kronecker delta. Given

a Hermitian form A(y, z), y, z€V on V, we define a differential operator

C?(V)MC‘S’(V, V*) by setting

% (0u _ Oh(z, z) u)e*

Omu=
() ~ 02]- 82]- j

where we have defined the coordinate system (z, ..., z,) so that this ex-
presses the element zj ey+---+2z,e, in V. Actually the operator 0_(;,) does
not depend on the choice of {ei, ---, e,}; it depends only on h. We get

also differential operators
C3(V, 47 )20 C5(V, A+17%)
by requiring that
(2.2.1) O m(uw)=0mu Aw ueCy(V),we AV *,

Introducing a Hermitian inner product < , > and norm | | on V|
we let now V be an n-dimensional Hilbert space. Given a Hermitian form
h(y,z) on V, we can find a unique Hermitian endomorphism % of ¥
such that A(y, z2)=<hy, 2>(=<y, hz>) and we will define the eigen-
values of A as the characteristic values of 4. As usual we shall now
extend the inner product < , > over AV*, g=1,2, ..., n. First note
that there is a unique C-antilinear isomorphism V &€ z—Zz € * such that
<y, z>=<y|2>. We introduce on V'* the Hermitian structure < , >
setting <%, #> =<y, z> and define < , > on A7V * so that < y'A y*A
ANy AN N> =det| <yl A > Ay -, v Y 2 -, 2TE VR
Now take an element v of A"V* such that |v|=1. We regard v as a
holomorphic n-form on ¥, so that V—1"sA# is a volume element
(measure) of V. Set dG,(V)=v—1"e""*"yA5. We can then form the
adjoint 0%, of O, by setting
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[<Boyu, v>d6.7)={ <, 0tv> a6i(7)
uw€C(V, A7V*), ve C3(V,A4TV™).

Now let 2;<<2;<--< 41, be the eigenvalues of a Hermitian form

h. TFor any g-tuple K of different indices between 1 and n we set

(222) cK(h)zmax{Zajl Z /Ija,,-:O; Oga_,gl,]EK}.
JEK jEK

Further, we set for 1<g<n

(2.2.2) cq(h)::I?li:n cx(h),

where the minimum should be taken over the set of all g-tuples K of
different indices between 1 and n. Then our main result here is the fol-

lowing

Theorem 2.2.1. Let the notation be as above. Then the following
estimates are valid:

@23) | lul? a6V < (18wl d67)+ {18t0u 1 a6i7).

@23 —eu @il |u|? a6 1Bl *d6AP )+ 10t GV,
u€Cy(V, AV*).

Before proving this theorem we shall write 0}, in a more explicit
form: We first assume that the base {ej, ---, €,} is orthonormal and
that A is diagonalized for {ei, ---, €,}, that is, 0h(z, 2)/0z;=2;zj, 1 <
j=<mn. (This assumption leads to no loss of generality since c,(h)=c4(h")
whenever h and A’ are unitarily equivalent and since the measures dG;(V')

have also the unitary invariance.) We set
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By integration by parts we have

(2.2.9) O;u, v)i+ (u, 04v),=0 u, veCy(V)

where we have set (u, v),=S uvdG,(V'). We set for any g¢-tuple K=

{k1,---5 k,} of indices from {1, 2, ..., n}
ek=ef A\ Nek,.

We can write then

u= ugey ueC;(V, AV'*)
1KT=¢

so that ug is alternating in K, and we identify u and {ux}. Then, by
the rule (2.2.1) we obtain

(2.2.5) Gaw)i=2 (— 1Y oy,

w€Cs(V, AV*), L={11, -+, lg1}.
From (2.2.4), (2.2.5) it follows now
(2.2.6) Otpu)y=—20%u;; [J|=g—1

where jJ denotes the g-tuple of indices obtained by adding j to J as a

first index.

Lemma 2.2.2. The notation being as above, it holds for u={ux} €
Cy(V, ATV*)

(18l + 18tou D67

= 2 ( X llojuxli+ X llofuxll?)
jEK jeK

1K1=¢

where K° denotes the complement {1,2,...,}\K and ||ul|?=(u, u); for
ueCy(V).

Proof. As proved in Hérmander [4] we have
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|5(h)u12=lKZ Y0uk|®*— X 2 OwuisOuks

I=q j=1 | J1=¢—-1 j,k=1
= 2 X ug|*— X X 0u05ur
|Kl=q jEK® | Jl=q—1 j+k

Also we have
2__ ST
[Otwul®= 21 20ujs0fuss
| Jl=¢g-1 j,k

= 5% 10kl % % 0tu S
.

To sum up we obtain

1Omul*+ 0twul®= 2 (X [0%uk|®> + X |0ux|®
|Kl=q jEK jEK®

+qu: ' Z(atuﬂakuk]—akujléjukf)

which, combined with (2.2.4), proves
(18l + 18t0ul D a6¥)
= 2 (D lotuxli+ X 10uxl?)
=q jEK jEK®
+ Z Z ([61a ak] Ujj, uk])t
IJl=¢q Jj+

The second term here actually vanishes since [07, 0:]=0 whenever jFk.
Thus the proof is complete.

Lemma 2.2.3. Let the notation be as above. Then

(2.2.7) L 05ulli = sex®llull?
2.2.7) L0l = —tex®llull}

for u€ C5(V') and for every q-tuple K of different indices between 1 and n.

Proof. Note [0}, 0;]=t—22;. Hence
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(2.2.8) ll05ull3—|10ul|2= (¢ —22))||ul|2.
Suppose now ZKa,-/I,-=O; 0<<e;=<1,j€K. Then
je
2 llotull} = 2 all0}ull?
JjEK jEK
= 2 all0ull?42( X aj)llu|l?
jEK j€K
=t( X a)llull?
JjEK

07ull}= X ajll07ull}

jEK jEK
= 2, ajllofulli—e( 2 apllull?
JjEK €K

= —1( 2 ap)llull?
jEK
From these and from (2.2.2) we obtain (2.2.7), (2.2.7)". Q.E.D.

Proof of Theorem 2.2.1. Obvious by Lemma 2.2.2 and Lemma 2.2.3.

Note that nothing follows from Theorem 2.2.1 when t=0, so we men-
tion now another type of estimates concerning the norm (Slulszo(V)>%;
these are due to Hérmander [6 . Let 4; <1,<---< 1, be the eigenvalues
of a Hermitian form A and set Af=max(0, 1,), 7 =max(0, —1;). We
define the function c¢; by
(2.2.9) c¥(h)=min ( 3] l}+j§{c/l}’)

|Kl=q jeK

where the minimum should be taken over the set of all g-tuples K of

different indices between 1 and n.

Theorem 2.2.4. ([6]). The notation being as above,

(2.2.10) c;"(h)s lu|2dGo (V)

< 1aya 1246o7)+ {1 80u 26,7
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if u€Csz(V, A°V*).

This can be proved by Lemma 2.2.2 combined with the estimates
0ull§ =2 lullf, l0ullo=2"1lul}  uwelC3(V)

which are also consequences from (2.2.4).
Finally we shall list up some elementary properties of the functions

cg> € without proof. Let H(V) be the set of hermitian forms on ¥ and
set H,(V)={h€ H(V)|c,(h)>0}, H¥(V)=1{h€ H(V)| cf(h)>0}. Fur-
ther, let H(V)°, H¥(V)° be the interiors of H,(V), HF(V') respectively.

Lemma 2.2.5. Let 2,21, <---< 1, be the eigenvalues of a Hermi-
tian form h. Then

Q) heH,(V) if and only if 2,220 and 2y-q:1=0

(2) heHY¥WV) if and only if ;>0 or 2,_g:1<0

B) ReH,(V)° if and only if 2,>0 and Ay_g:1 <0

(4) H¥V)°=H¥V),ie HXV) is open in H(V)

(B5) co(W)y=cy k"), ck(h)=c%(h") whenever h, h' are unitarily equi-
valent.

(6) co(sh)y=cy(h)  for any real s50, c,(0)=q.

() cF(sh)y=sck(h) for s>0

(8) g c¥ are lower semi-continuwous on Hy(V)°, HE¥(V') respectively.

§2.3. Standard real submanifolds. In this section we shall show
that Theorem 2.2.1 implies certain estimates concerning some Dirichlet
norms defined for the Dolbeault sequences of a remarkable class of real
submanifolds, namely, the standard real submanifolds of the second kind
in the sence of Tanaka [18].

Definition 2.3.1. Let V, W be vector spaces over C, R respectively,
and let W ° be the complexification of W. A map f: VX V—->W¢ is cal-
led a W-hermitian form on V if and only if (1) f(y, z) is GC-linear in
vy, (2) f(y, 2)=f(z, ¥) (s+it=s—it if s,t€W), (3) the elements
f(ly, 2)+f(z, ) y, zEV span W. The standard real submanifold as-

sociated with a W-hermitian form f on V is the real submanifold
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M;={(z, x-H/—lf(z, 2EVXW|(z,x) EVX W}
situated in complex vector space V'x W°.

Remark. By standard real submanifolds Tanaka means much wider
class of real submanifolds than those defind above. All of the M, cor-
responds to those of the second kind in the sense of [187].

As already studied in [18], M; has some good properties, for
example, M, is a Lie group in the following way. Let p be the projection
of VX W° onto V. Set for §, &€V W*®

(2.3.1) 0:(€)=E+& +2V—1f(p(&"), p(£)).

Then the map Q¢ is a complex affine transformation of VX W° into it-
self; moreover, if £ & My, then ps(M;)=M;. M; becomes a Lie group if
one takes 0p:(£) as the product &, & of elements &, &' € M.

Since the left multiplications of M; are extended to affine transfor-
mations of ¥ X W ¢, they induce bundle automorphisms of T(V X W°¢)|M;.
Of course each of these automorphisms maps the subbundles 7 (M), V=1
T(My) onto themselves, in particular D$ = T(My)N\W—1T(M;), T(M;)+
V—1T(M;) are subbundles of T(V'x W°)|M;. But T(M;)+N—1T(M;)
=T(Vx W°)|My; for note VX We=(Vx W)+N—1(Vx W), and To(M;)
=VxW when Vx W¢ identified with its tangent space at the origin.
Thus My is generic. Since the Dolbeault sequences for My

] ] 9 El
D}ﬁ,o) =, fob.l) s, DSP,Z) S AL N D}i’.n) > 0
0<p, n=dimC"

are also invariant under holomorphic transformations of My, the left mul-
tiplications of M, induce automorphisms of these sequences. Hence the
bundles D and D{"? (g=0) can be naturally indentified with the pro-
ducts of M; and of their fibers over one point of My, e.g. over the origin.
Thus, in particular D? is canonically isomorphic to the trivial bundle
M;xV (V=(VxW)W—1(V x W)), and D{®? are anti-isomorphic to
M;x A?V* (see Lemma 2.1.1).
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Introduce now a Hermitian inner product < , > on V. Then this
defines canonically Hermitian structures < , > on the vector bundles
D9 =0, 1, 2, ... n, according to the above identification by the group
structure of M;. By the diffeomorphism V'x W 3 (z, x)— (z, x4+V—1 f
(z, z)) € My, one can induce a measure dV; on M; from measure dG;(V")
dx? on Vx W, where we have chosen a translation invariant measure
dx on W. Further, we define the adjoint 0} of 0; by setting

S(u, 5;v>th=S<éfu, v>dV,
u € Cy(D1~1), v € C3(DOD).
Now set for £€ W'*

&)y, 2)=<&|f(y, 2)> Yy, z€V

to define the Hermitian form A(§) on 7. Let c, be the function defined

by (2.2.2) as in the previous section with respect to the inner product
<, > on V, and set

¢,(f)=min c,(h(£)).
Eew*
Then we obtain as the main result of this section

Theorem 2.3.2. The notation being as above
(2.3.2) th(f)g |ul2ar < ((10,u ]2+ 185u 1) aV,
u € C5(DY?)
(2.3.2) ——tc,,_q(f)g lul 2dV,§S(|5;u 12+ [0tu |2V,
Proof. (i) Proof of (2.3.2). We identify ¥V'x W with M; by the

map (z, x) —>(z, x+v—1 f(x, %)), and sections of D% with A%V *.valued

functions over VX W (in view of the anti-isomorphism between D2

2) For the notation dG.(V) see §2.2.
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and the trivial bundle M;x A?V* over M;). Then the Dolbeault sequence

D}"") is regarded as a complex of the following form:

L2 (T X W, ATV s CR(V X W, ATV —s
and it suffices to prove

e | 1267 ax <[ (15u1*+ 05u 1D d6.(7)dx

uEC3(VX W, ATV*).
To show this we introduce the partial Fourier transform:
i(z, E)=S e <>y (z, x)dx (z, ) eV WH*.
Then a simple computation shows
Bru(z, £)=0umeni(z, §)

/'\/ -
6}”(273 5)26(’}1(5))11'(2; 6)

where we have let the notation 5(;,), 0%, be as in §2.1. Hence we obtain

by applying Theorem 2.2.1

e P 186, 12467 Ste (W) 3G, ©)1246.7)

<[5z, 17+ 107u(, 1946V weCGx W, 4¥®),

Choose a translation invariant measure d¢ so that <d¢&|dx>=n"? (d=
dimgW). (We regard here dx, dé as elements of AW, A°W* respec-
tively.) Then the Plancherel formula g]u(z, x)lzdx=g |z, €)|2d€
proves (2.3.2).

(ii) Proof of (2.3.2). Similarly proved.

We shall now give a sufficient condition for ¢,(f) to be positive.

Definition 2.3.3. A W-hermitian form f on V is said to satisfy
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the condition v, if and only if for every 0==§€ W* one can find a sub-
space of ¥ of dimension at least g+1 on which the Hermitian form
h(E)y, 2)=<E&|f(y, 2)> y,z€V is positive definite.

Lemma 2.3.4. If f satisfies the condition v,, then c,(f)>0 for
n—ge=g=n.

Proof. Since the condition v, implies the condition v, if 0= p=<gq,,
it suffices to prove c,_,(f)>0. By (3) of Lemma 2.2.5, h(§) € H,_, (V)°
if £5£0, &€ W*. Then the compactness of the projective space (W *\0)/
(R\0), together with (6) and (8) of Lemma 2.2.5, implies

min c¢,_g,(h(§))>0.
EEW™N0

Since ¢y-q,(0)=n—qo, €ng,(f)>0 is proved. Q.E.D.

We conclude this section by indicating the identity of the trivialization
for the complex D" in the sence of Definition 2.1.3 with that done
here by using the group structure of M;. Let {ei,---, e,} be an ortho-
normal base in ¥V and choose a base {e,’,---, e,//} in the real vector space
W. We set for z€Vx W°

n d
2=, ziei+ ) zgui€
i=1 i=1

to define the coordinate system (z1, z2, - -, 2y), N=n+d in VX W°.
Then My is obviously generically situated in the sense of Definition 2.1.2.
As remarked at the end of §2.1, the sections {z =0,z 1 <k<n form a
frame in D" and the sections {g=Cg, A~ Az, where K={ky, ---, k,}
runs over all g-tuple from {1,2, ..., n}, form a frame in D{?. It is
obvious that p,*(dz;)=dz;, 1<k<n where p; was defined by (2.3.1);
therefore the sections &z, 1<k <n are invariant under the left multipli-
cation of M; hence the sections (%, |K|=¢ 1<g=<n are also invariant.
It is obvious that <u, v>, defined by the anti-isomorphism between the
trivial bundle M;x A?V* and D{"?, coincides with ”‘;:qu?ﬁ if u,ve

Cy(D"®). Here, of course we have set u= )}, ug{x so that ux is
IK|=gq
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alternating in K.

§2.4. Real submanifolds of the second kind. In this section
we shall introduce some important geometrical regularity conditions for
real submanifolds, and prove a subellipticity theorem for the Dolbeault
sequences, referring to a result of Hérmander [ 6.

Let M be a generic submanifold of a complex manifold X and let
N=dim¢X, n=N —codimgM. Define as in §2.1 the subbundle D° of
T(M) as the intersection T(M)NN—1T(M).

Defininition 2.4.1. The real submanifold M is said to be of the
second kind if and only if every real vector field can be written as a
sum of sections of D° and of brackets of sections of D°, that is, T(M)=
D°+[D°, D°].

Let & denote the quotient bundle 7(M)/D°. 1If M is of the second
kind, we can define for each z &€ M, a surjective anti-symmetric bilinear
map D;®D;3(xQy)—[x, yJ*€E, so that [X,, Y, ]J* is the residue
class of the value [ X, Y|, € T.(M) if X, Y are sections of D°. From

the vanishing of the Nijenhuis tensor it follows immediately
(2.4.1) [x, yJP=[V—1x,V—1yF %, yE€D;.

Definition 2.4.2. The notation being as above, the Levi-Tanaka
form at z€M is the H,-hermitian form f, on D, defined by

folms D)= =5 N =1y F —V=1Lx, y1).

That this is actually Z,-hermitian, follows from (2.4.1).

Definition 2.4.3. A W-hermitian form f on V is said to satisfy the
condition «, if and only if, for every 0s=&€ W'*, one can find, either a

subspace of V' of dimension at least g+1 on which the Hermitian form

3) In this formula, the former Jy—1 is the tensor field induced from the complex
structure whereas the latter expresses the multiplication of J—1&C in the com-
plexification 5¢.
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h(&)(x, y)=<E&| f(x, y)> x, yEV is positive definite, or a subspace of
V of dimension at least n—g+1 on which h(§) is negative definite. The
real submanifold M is said to satisfy the condition «, (resp. the condition
v,) if and only if for each z€M, f, satisfies the condition a, (resp. the

condition v, in the sense of Definition 2.3.3).

The following lemma will clarify the implication relation between the

conditions &4, v, ¢=1,2, ... n.

Lemma 2.4.4. If the condition v, is satisfied, then 2(q+1)=<n.
The condition o, is satisfied if and only if the condition &,_, is satisfied.
The condition v, is satisfied if and only if the condition o, is satisfied for
each 0 =p=gq.

Now we introduce a Hermitian structure < , > on the vector bundle
D°. Then each fiber Dy is an n-dimensional Hilbert space. We set
h(§)(x, )= <& | f%, ¥)>, x, yED;, EE€EF to define the Hermitian
form h,(&) on D;, and we define the function &, over E* by setting

e(&)= ci(ho(8))

where we have defined the right hand side by (2.2.4). By (2) of Lemma
2.2.5, M satisfies the condition «, if and only if &,>0 everywhere on
E*\0 (E* minus the zero section). Thus, if M satisfies the condition «,,
then, according to Theorem 2.2.4 and (8) of Lemma 2.2.5, there is a con-

stant Cg, for every compact subset K of F*\0, such that
(2.4.2) SI ul?ds< CKS(W(}:,(&))U |2+ 10Genu | )ds

E€KNE,, ucCy(D, X 8, 4,D%)

where ds is a translation invariant measure on D, X .F, and the differ-
ential operators O, ey, 06 on D, should be regarded also as differential
operators on Dj X E, in trivial fashion. By a theorem in Hérmander [ 6],
we see that (2.4.2) implies that the Dolbeault sequences for M are sub-
elliptic at their (¢+1)-th terms provided M satisfies the condition .
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To make this precise, note first that the Hermitian structure < , > on D°
naturally induces the Hermitian structure < , > on each D9, 0<g<n
through the canonical anti-isomorphism between A42D°* and D*? (Lemma
2.2.1). Choosing a measure dv on M, we can thus define the norm
HUH=<S<u, u> dv)é for sections u of D9, 0<qg<n. We now intro-
duce Sobolev norms || ||is), sER for sections of the vector bundles D%,
0<"¢=<n. (Usually these norms for sections of a vector bundle E over
M are defined in the following way: Take a locally finite coordinate
covering {w,} over M, and choose a partition of unity {¢,}(¢. € C5(wy))
and local frames si, .-, s € C”(w,, E) (e=fiber-dim E). We set ¢ u=
'i;u)”iS{ for u€C3(E) to define u, ;€ Cy(w,), further we define || ||
by

e
llullz, =2 2 lluaillg,
M i=1

regarding , as situated in R™ and u,,; as an element of Cy(R™)(m=
dimgM). The norm || [/ is not unique but the passage to another
coordinate covering, or another partition of unity, or another local frame
gives also an equivalent norm on C3(K, E) for every compact subset K
of M.)

Theorem 2.4.5. The notation being as above, define the adjoint 0,
of the differentiation 0,: C*(D®?~)— C=(D*?) of the Dolbeault sequence
DO for M, by

S<5bu, v>dv =$< u, 04v>dv u € Cy(D1-1) v e Cy (D),

If M satisfies the condition o, then the differential operator
C3(D )3 u—(0yu, 0yu) € C3(DO1*DPHDO-2-D)

is subelliptic, that is, for every compact subset K of M there is a constant
Cx >0 such that

a9 lull, <Gl o+l wE G, DO,
2
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By Theorem 1.4.2 in Hoérmander [ 6 ] we can reduce (2.4.3) to (2.4.2)
with ds replaced dv,; dv, can be regarded as a translation invariant
measure on 1,(M), hence also it is regarded as a translation invariant

measure on D, X .E, by the short exact sequence 0—D,— T,(M)—E,—0.

Remark. The estimate (2.4.3) implies the subellipticity of the gene-
ralized Laplacian C5(D?)3 u—— (0,0, +0,0;)u € C3(D*P). 1In fact we
can prove the following by using the method of Hérmander [7]: Let
E,F; i=1,2, ..., s be Hermitian vector bundles over a manifold M and
let X;: E—>F;;1<i<s be first order differential operators. Assume that
for each compact subset K of M one can find constants ¢>0, C>0 such
that

][y = C(_;I!Xeulimﬁ il c0y) u € C7(K, E).

Then the operator i}lX,-*X,- is hypoelliptic where X;* is the adjoint of X;
with respect to the’Hermitian structures of E and F;. In [7] E, F; were
assumed to be the trivial bundle of rank 1 and X; to be real. The pre-
sent generalization, however, leads to no change of the argument [7 ]

except a few obvious modifications.

Finally we mention a lemma which computes the Levi-Tanaka form
of the standard real submanifold My, where f is a W-hermitian form on
V. Recall that M; is a Lie group whose left multiplications are extended
to affine transformations of V' X W°  Therefore we may compute only
the Levi-Tanaka form at 0. As done before, T,(M;) can be naturally
identified with V' x W by identifying To(Vx W°) with Vx W° Let
D°=T(M)NV—1T(M;) and let E=T(M)/D°. Then DS=(Vx W)A
N—1(Vx W)=V, and B,=V x W /V, by which we identify 5, with W.

Lemma 2.4.6. Under the above identification f is identical with the
Levi-Tanaka form of M; at the origin. Thus M; satisfies the condition
«, (resp. the condition v,) if and only if f satisfies the condition o, (resp.
the condition v,).
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We will give the proof of Lemma 2.4.6 in Appendix 1.

§2.5. Exactness theorem for the Dolbeault sequences. The

main object of this section is to prove the following

Theorem 2.5.1. Let M be a generic rveal submanifold of the second
kind, and denote the p-th Dolbeault sequence of M by

0 D®O 2 . po.b oo 2 plom 0.

If M satisfies the condition v,, then one can find for every z€ M an arbi-
trarily small neighbourhood U such that the following sequences are exact:

0—C3(U, DPO)>C5(U, DPD)—--—C5(U, DF00*)

r([], Q(ﬁ,”—%—l))__)[‘((j” _l_)(p.n—qu))__,..._,]*([j’ _D(ﬁ‘ﬂ))_,O.

We will prove this by combining Theorem 2.2.1 and Theorem 2.4.5.
Before proceeding we require a lemma which allows us to approximate
locally an arbitrary real submanifold of the second kind by a suitable

standard one.

Lemma 2.5.2. Let M be a real submanifold of the second kind and
let D°=TM)NW—1T(M), E=T(M)/D°. Let further f, be the Levi-
Tanaka form at z€ M. Then there is an analytic diffeomorphism G from
a neighbourhood U in X of z into the complex vector space D3 X ES satis-
fying the following conditions:

1) oa(z)=0.

(2) do.|D;=1p;.

(8) There is a neighbourhood 2 of 0 in D;xE, and a smooth
map 0: 8—>FE, such that

a) 0(y, x) (yeD;, x€E,, (y,x)ER) vanishes at 0 to order
OUyI*+ 1yl 12+,

b) SN T)={(y, x-+V—1(f:(3, y)+0(y, x))) €D x 82| (3, x)
€ 2}.
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This lemma follows easily from the implicit function theorem, we
give the proof for this in Appendix 1, not to violate the continuity. (See
also Greenfield [ 37].)

Now we assume that M can be written in the form
M=A{(z, x+V—1(f(z, 2)+0(z, ) EVX W°| (2, x) EV X W}

where f is a W-hermitian form on V satisfying the condition v, and 0
is a smooth W-valued map of ¥V x W vanishing to the order O(|z|3+ |z|
|x|+]x|%) at the origin. This is actually no loss of generality in prov-
ing Theorem 2.5.1 in view of Lemma 2.5.2; one may only extend the
function p in the lemma to the whole space Dj X B, by changing p out-
side a neighbourhood of 0. It suffices to prove the conclusion of Theorem
2.5.1 with M of this form and for z=0. Take arbitrary x€C53(Vx W)
such that x=1 in a neighbourhood of the origin and set for a €R

My=M;={(z, x+V—1f(z, 2))|(z, x) EV X W}
(2.5.1) M,={(z, x+V—1(f(z, 2)+a*x(z, x)o(az, a’x)))]
(z, VEVX WY  if aO0.

Then there is a neighbourhood of 0 in M and a neighbourhood of 0 in
M, (a=~0) which are mutually mapped onto the other by the analytic cor-
respondence (z, x) <> (az, a’x). Thus it suffices to prove the conclusion
of Theorem 2.5.1 with M replaced by M, and for z=0. Note that the
hypothesis 0(z, x)=0(| z |*+ | z| | x|+ |x|?) implies that p,(z, x)=a >
x(z, x) 0(az, a’x) converges to 0 in the topology of C5(Ko, W) when
a—0, where Ky=supp x. Thus the submanifold M, might be said to con-
verge to the standard real submanifold M,=M; when a—0. (Note also
that the dependence of M, on a €R is smooth.)

Choose now a base {ei, ---, e,} (over C) in V and a base {eq, ---,
e;} (over R) in W, and introduce the coordinate system (zy, ---, zy), N=
n+d in VX W°¢ by setting z= an zie;+ _i' zine; z€ VX W° Then, if
|a| is sufficiently small, the real ;;lbmanifaé M, is still generically situa-

ted with respect to the coordinate system (zi, ---, zy). (See Definition
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2.1.2.) By this coordinate system we shall trivialize the 0-th Dolbeault

sequence of M,

E E E
0 DY e, plo.n) %, ... e, plo.m 0

as done at the end of §2.1; the resulting complex we denote by

0 EY Pa, gL Pa, .. e,

where E?¢ denotes the trivial bundle of rank <g> over M,. Identifying
each M, with V' x W by the diffeomorphism ¥V X W 3 (z, x)—(z, x+—1
(f(z, 2)+04(2, %)) EM,CV x W*, we can regard E4, 0=g=<n as the
trivial bundles E? of rank < ;I') over the vector space V' x W. We thus
have defined the complex of the differential operators 0, depending on a

parameter a (belonging some interval |a| <a,) acting the same vector
bundles E¢, 0<g<n

0 E® 2, g SHNLTINY A 0,

and we shall denote this complex by E hereafter. As often done so far,
we interpret a smooth section of E? as an alternating function depending
on g-tuples from {1, 2, ..., n}, and with values in C=(V'x W). (See the
discussion after Definition 2.1.2.) Recall that, if we define the first order

differential operators 0,4 1<\k<n by
0,u=(04,1u, 0421, -, 04 4it) ueC~(M),

then O,u for u €C=(E,), 1<q<n are given by replacing Oyu, 0; by

O,u, 0, in (2.1.1). A simple computation shows
(2.5.2) Qo=

where the Hermitian forms A'(z, z)= X hi,z;z;, 1<<i<d are defined by
ik

f(z, z)=.§:1h"(z, z)e;. Set
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<u,v>= UgUg u, veEC5(Vx W, E?)

1KT=q
lul?=<u, u>.
We introduce a one-parameter family of measures on V X W setting
dV,=2ray—1)"e "' dz,dz, - dz,dZ,d%1dx,- .- d x4,

and define the adjoints 0 of 0, by
S<5,,u, v>dV,=S<u, 0tv>dV,
ueCy(VxW,E"Y), veCs(Vx W, EY.
Now the proof of Theorem 2.5.1 follows essentially from the following

Lemma 2.5.3. If t>0 (resp. :<0), then there is a constant ay,>0
and a constant C;>0 such that

(2.5.3) §|u|ZdV,§c,S(|5au12+16;u|2)dV, weCz(Vx W, EY

if n—qo=q=<n (resp. 0=qg=gqo) and if |a|<a,.

Proof. a) Case t>0, n—qo<q=<mn. Note 0o=0; in the notation
of §2.3. Hence the assumption that f satisfies the condition vy, implies
c(f)>0. Therefore applying Theorem 2.3.2, we find a constant C>0
such that

(2.5.4) tS | ZdV,gCS(laou 124 6w |DdV:  weCI(EY).

Now let K, denote the support of x (see (2.5.1)), and choose another
compact K; which contains K, in its interior and choose ¢ € C*(Vx W)
so that ¢ =1 outside K;, ¢=0 in a neighbourhood of Kj, and 0 ¢ <1
everywhere. Since 0,, 0! coincide with 8, 0 outside K, we obtain
from (2.5.4)

Sloulrar=c{(oon*+10ow1Ha7, wecsEo.
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We set ¥,(¢)u=0¢0,u—0,(pu). Then ¥,(¢) is of order 0, and F,(¢)*u
=¢ 0tu—0:(pu) where J,(¢)* denotes the conjugate transposed of ¥,(¢)
when ,(¢) regarded as a matrix of scalar operators. Since ¥,(¢)=0

outside K;, we can find a constant C such that

@55 dflourrav.<a(Bu+ 10w Hav+ | jular,

1

u€Cy(E.

Now choose ¢E€CF(V x W) so that ¢=1 in a neighbourhood of
K;. We will estimate ||¢ul|%, by the right hand side of (2.5.5) plus
Slulzd V: and times a positive constant, when |a| is sufficiently small.
Note that the condition vy, is stable under small perturbation of real sub-
manifolds, so that there is a constant @'>0 such that M,, |a|<a’ still
satisfies the condition y,. Further, note that the condition v, implies
the conditions &, n—qgo<g=n. Hence, by Theorem 2.4.1, we obtain

a constant C;, depending only on ¢>0, such that, when |a| <o’
@56)  lgully=CC|(8au 1+ (oulavi+ [ |ul?ars)
u€CF(E.

(The independence of this C; on the parameter a&[ —a', @] can be
checked directly by analyzing the rather long course of the proof of
Theorem 1.4.2 of [ 6] which we rely on when stating Theorem 2.4.1.)
Now let us prove (2.5.3) when |a| is sufficiently small. Assume the
converse is true, that is, there is a sequence a, such that a,—0 (y—o0),
and a sequence u, € C7(E?) such that Slu,lde,=1 whereas S(Iéa”ulz
+ 0t u|?)dV;—0 (v—>eo). Then ||¢u,|/12) is bounded by (2.5.6), so the
generalized Relich lemma implies that the sequence u,|K;, v=1,2, ... is

precompact in L%K;). Thus we could assume from the beginning that

SK |u,—u,|2dVi—0 g, when y—oco. But this, combined with (2.5.5) im-
1
plies \|u,—u,|2dV;—0, that is, u, is a Cauchy sequence. Denote by

uo the limit of this sequence. Since S(Iaauuulz—i— [0%,u,|2)dV:—0, Gouo
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and 0fuo, defined in the distribution sense, both vanish. Since the operator
C3(EY) D u—(0ou, 0tu) € Cy(EIPET™) is subelliptic by Theorem 2.4.1,
it follows u, is smooth. Now we introduce a sequence 7,€ C7(V X W),

y=1, 2, ... by setting
7.0z, x)=90(2/v, x/v%) (2, x)EVXW

where 7, €C5(VX W) equals 1 in a neighbourhood of 0. If P(D) is a
differential operator of the form
0 0
0z T ROy

then P(D)y,(z, x)=(P(D)yo)(z/v, x/v?) so that |P(D)y,| <C for some
C>0 not depending on y. Therefore, in view of (2.5.2) and (2.1.1), the
entries of the matrix ¥(y,), defined by (7, )u=7,00u—0o(y,u) u€
C3(E?), are bounded in absolute value by a constant C>0 not depending
on v. Thus |9(n,)u|<Clu| ue€CF(E?) for some constant C not de-
pending on v. Since 0o(7,u0)=—37.)uo, 05(z,u0)=—>(y,)*u,, the

dominated convergence theorem implies
(13w 12+ 105w 1Dar~0 o),
from which we further obtain by applying (2.5.4)

Slmuo|de,—>O (v—>00).

But S|u0|2dV,=l since S| u, |2dV;=1 y=1,2,.... This contradiction
completes the proof in case :>0, n—qo =g =n.
b) Case t<0, 0=¢g=gqo. Similarly proved.
Q.E.D.

Now we shall denote by E; the complex

0 . EO 2q El %q °

¢, E" — 0.

Proof of Theorem 2.5.1. Note that, by the sequence 7%, v=1, 2, ...
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having appeared in the above proof, the condition (%) in §1.4 is fulfilled
with E° replaced by E;, hence also with E' replaced by E, |a| <a,
because E; and E are the same outside Ko=suppz. Further, by Lemma
2.5.3 and the remark after Theorem 2.4.5, we conclude that the assump-
tion %, , and &, in §1.4 are satisfied for E;, |a| <a, if one takes
dVi, t>0 or dV; t<0 as dv in §1.4.

Now our next aim here is to find a subring of the ring of E-analy-
tic functions which is well filtered in the sense of Definition 1.4.4. Let
P be the set of (holomorphic) polynomial functions over V'x ¢ We
define for each element f€& P unusual degree d(f) by the following rules

(i) d(f)=0 if and only if f is a constant.

(ii) d(zp)=1 i=1,2,...n, whereas d(z;)=2 if n<i<N.

(i) d(fg)=d(f)+d(g) provided fg+0.

Then we obtain filtration Py CP'CP?-- setting P*={feP|d(f)<k}.
Denoting the map ¥V x W 3 (z, x)—(z, x—l—«/——l(f(z, 2)+0.(z, ) EV X
W°¢ by ¢,, we define a ring of E -analytic functions P, as the pull back
¢¥(P) of P, that is, P,={foc,=c¢¥(f)| fEP}. We set also Pi=c¥(P*).
Choose a smooth function ¢, in W, which vanish nowhere in W, such

that @o(x)=|x|=VxZ+---x2 outside a compact subset, and set

%,(z, x)=e~* " Izl" o0,

Lemma 2.5.4. The ascending chain PSCPLC---(|a| Zay), together
with the sequence %, v=1, 2, ..., satisfies the condition of Definition 1.4.4
when E° replaced by E, that is, the ring P, is well filtered for E,.

Note that the Hermitian structures on E? 0<¢g<_n are already de-
fined by the trivialization relative to the coordinates (z1, ---, Zz)-

It suffices to prove this lemma when a=0, since the complexes E;
coincide with E; outside a compact subset. But the case ¢a=0 can be
checked directly in view of (2.5.2) and (2.1.1). Thus the combination of
Theorem 1.4.5 and of Corollaries 1.3.1 and 1.3.2 proves that the conclu-
sion of Theorem 2.5.1 is true for z=0 if M=M,, |a|<|ao|. (Note that
all domains of M, of the form P(f), where f is a family of a finite

number of elements of P,, form a fundamental system of neighbourhoods
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of M,.) As was remarked after Theorem 2.5.1, this completes the proof
of this theorem.
Note that M;=M, in the above proof. Thus we have also proved

the following, more satisfactory result for standard real submanifolds.

Theorem 2.5.5. Let a W-hermitian form f on V satisfy the condi-
tion v,. If an open subset U of My can be written as an intersection of

My with some polynomial polyhedron of V X W°, then the sequence
O%C:(U, DSP:O))—)C‘(’)“(U’ D-(fi’,l))__.,..._>CB°(U, D(fﬁ’q“'n))

is exact. If a compact subset K of M; is written as an intersection of

M; with some polynomially convex compact subset of V x W°, the sequence
F(K, D}”»"—qo'”)—»]"(K, D(fi),n—qn))_),,,_,r(K’ D(fp,n))__,o

is exact.

Finally we state as an application of Theorem 2.5.5, a continuation
theorem of Hartogs-Bochner type. We begin with an easy consequence
of Theorem A of p. 184 of Naruki [117]:

Lemma 2.5.6. Let f be a W-hermitian form on V. If a smooth
SJunction u, defined in a domain U of My, satisfies the tangential Cauchy-
Riemann equation 0,u=0, and if u=0 in some non-empty open subset of
U, then u=0 identically in U.

Now our continuation theorem is stated as follows:

Theorem 2.5.7. Let a W-hermitian form f on V satisfy the con-
dition v,. Lel @ be a relatively compact domain of M; whose boundary
08 is also a generic real submanifold of VX W°. Then every smooth
Sunction u in 082 satisfying the tangential Cauchy-Riemann equation of 08,
can be extended uniquely to vE€ C~(R) such that v|8Q satisfies the tangen-

tial Cauchy-Riemann equation of £.

In view of Lemma 2.5.6 and of the exact sequence Cy5(M;)=

CT(DP )= CH(DPY)— CF(D¥?), we can prove this lemma following
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entirely the method of Ehrenpreis [17]. See also Theorem 2.3.2" of
Hoérmander [5].

Appendix 1

First we prove Lemma 2.4.6. Recall that M; is a Lie group whose
identity element is the origin 0 of V' x W°. Since the tangent space of
M; is naturally identified with VX W, Vx W is considered to be the
Lie algebra of M;. By (2.3.1) the curve (iz, tx—!—\/_———lf(z, z)), t€R in
M; is a one-parameter subgroup. Note that the tangent vector of this
curve at =0 equals (z, x) € VX W= To(M;). Thus

exp(z, %)=(z, s+~ Lf(z, 2)).

Also by (2.3.1) we can compute exptz, exptz’ when z, 2 €V (CVXW);
that is,

exptz-exptz =exp(t(z+z"), V—1t*(f (&, 2)—f(z, 2'))).
Note the following formula which is valid in the Lie group theory:

2
(a.1) exp X exptY=exp<t(X—|— Y)+_t2_|:X, Y]+---)

where the dots indicate the terms of higher order in ¢. Thus we obtain

from (a.1)
[ #1=V=1(f(z, 9~ f(z ).
From this it follows

s ) =—4(~[5 V=1 T+V=1z, ')

which is the conclusion of Lemma 2.4.6.

Proof of Lemma 2.5.2. Since the statement of this lemma is entirely
of local nature, we can assume that X is a complex vector space. We can
assume that z is the origin 0 of X, We identify X with its tangent space
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at 0. Then Dj, hereafter denoted by ¥, is a complex subspace of X and

T.(M) is a real subspace of X such that TZ(M)-H/:‘I— T.(M)=X.
Choose a complementary subspace W of V in T,(M). Then

X=V+W+J—1W=V + W° (the direct sum).

With this direct decomposition in mind, let p', p? denote the projections
of X onto T,(M)=V-+ W, V—1W respectively, and let ¢!, ¢* be the
restrictions of p', p? to the submanifold M. Since V x W= T.(M), the
differential d¢l at z (=0) is the identity of V' x W. (We shall identify the
direct sum of two vector spaces with the cartesian product of them; thus
T.(M)=V+W=VxW, X=V+W°=VxW-) Thus we obtain by the
implicit function theorem an inverse t of ¢! defined in a neighbourhood
2 of 0in VX W. The set t(£) is a neighbourhood of z in M and

t(2)=A{(z, x+*1(z, x))EV X W°| (2, x) € 2}.
Now the extraction from ¢ of the second order terms in z gives
—V =1 %2z, x)=Im(h(2)) + (2, 2)+0'(z, x)

where h is an analytic polynomial in z with coefficients in W€, f is a
W-hermitian form on ¥, and 0'(z, x)=0(|z|3+|z||x|+|%|%). Then
the analytic transformation VX W°¢3(z, §)—(z, €+h(z))€ X maps ©(2)
onto

M'={(z, x+V—1(f(z, 2)+o(z, ) EVX W*| (2, z) € 2}

where 0(z, x)=0'(z, x— Re (h(z))). Note that p(z, x) also vanishes to
order O(|z|®*+ |z||x|+|x|%) at 0. Thus the proof is complete if one
proves the identity f=f,. However this is almost obvious from Lemma
2.4.6 and the convergence to M; of M, defined by (2.5.1). For, note
that V' x W is also regarded as the tangent space To(M,) of M,. Thus
we can regard the Levi-Tanaka form f, of M, at 0 as a W-hermitian
form on V. Note that by the analytic correspondence (z, &)< (az, a’£),
a0 a neighbourhood of 0 in M’ is mapped onto a neighbourhood of 0
in M,. Since this correspondence induces the map To(M" )=V x W>(z, x)
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—(az, a’x) €V x W= T,(M,), the W-hermitian form f, does not depend
on a; therefore lim f,=f;, where f; is no other than the Levi-Tanaka
form f, of M ;;Oz since we can assume M=M’. On the other hand
M;=1lim M, as shown in §2.5. Since the Levi-Tanaka form of M; at 0

a0
equals f by Lemma 2.4.6, we conclude

f=1lim (the Levi-Tanaka form of M, at 0)

a0
=limfa=f1=fz,
a—0
which is to be proved.

Finally we shall briefly describe a few algebraic operations between
standard real submanifolds. These are very useful in producing examples
to which Theorem 2.5.1 is applied.

Let ¥, W be vector spaces over C, R respectively, and let f be a
W-hermitian form on V. A linear map 7 of W into another real vector
space W’ induces naturally a linear map of W° into W’°, which we
shall denote also by 7. The map 7-f: V'x V— W' is then a W’ -hermitian
form on V'’ if = is onto. (Recall the condition (3) of Definition 2.3.1.)

Lemma 1. Let f, w be as above, and assume that © is onto. If f

satisfies the condition v,, then w-f satisfies also the condition v,.

Now let f’ be a W'-hermitian form on a complex vector space V.
Then there is a unique WD W '-hermitian form g on V@V’ such that

g(x, y)=f(x, ¥ if x, yeV
glx, N=f'(x,y) ifx yeV’
g(x, y)=0 if x€V, ye V.
We call g the direct sum of f and f’, and write g=f@f’. We set also

R (x®x, yQy)=f(x, R f'(«, ¥)
x, ye€V; x/,y'€V’
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to define the W & W'-hermitian form f Qg) f" on V@V, which we shall
R
call the tensor product of f and f’.

Lemma 2. The notation being as above, fDf’ satisfies the condition
vo if and only if both f and f’' satisfy the condition v,; fQf’ satisfies
the condition v, if f satisfies the condition v,.

Since the characterization of the condition v, for f is obvious in
case dimgW =1, Lemma 1 and Lemma 2 combined with Lemma 2.4.6
give numerous examples of standard real submanifolds satisfying the con-

dition v,.

Appendix 2

SPENCER SEQUENCES FOR SoME ELLipTic SYSTEMS
oF FIRsT ORDER DIFFERENTIAL EQuATIONS

WITH ConNsTANT COEFFICIENTS

0. Definition of Spencer sequence. We first recall the construc-
tion of the Spencer sequences (see Spencer [15]). For a vector bundle
E over a manifold M we denote by J,(E) the bundle of k jets of E. A
first order differential operator D from FE into another vector bundle F
induces naturally a (C=(M)-linear) map from J,,1(E) to J,(E) for each
k=0; we shall denote the kernel of this by R,. Restricting the projec-
tion Jp41(E)—>Jw(E) to Rp.;, we obtain natural maps Ry, —>Ry, k=1
and R,—E. If all of these maps are surjective, then we say that the
differential equation Du=0 is formally integrable. We set gy=T*QEN
R, in Ji(E) where we have written T* for the complexified cotangent
bundle of M. Now let C°=E and set C'=AT*QE/S(L ' T*R g1) for

i=>1, where 0 denotes the antisymmetrization.

Theorem A. Suppose that Du=0 is formally integrable and that
C, i>0 are all vector bundles. Then the following statements are equi-
valent:

(i) g is involutive.
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(ii) There exists a unique differential complex C-

c' D, ¢t D, cz D, ..

satisfying the following conditions:
a) Du=0 if and only if D=0 for every local section u of E.
b) C° is formally exact.
c) The principal symbol of D, 6(D?): T*QC'—C**' is induced
by the antisymmetrization T*QA T*QE—>A"1T*QE.

For the proof see Goldschmidt [ 2] or Quillen [137]. The complex C-
is usually called the Spencer sequence for the equation Du=0, and has

the following important property:

Thecrem B (Quillen [137]). In addition to the hypothesis of Theorvem
A, assume that g, is involutive. Then, for every complex cotangent vector
EE€T¥* z€ M, the symbol 0¢(D) at & is injective if and only if the symbol

Sequence
( 0 1
0 — CI X2 L2} ¢2 5 -

is exact. In particular D is elliptic if and only if C* is an elliptic com-
plex.

1. Main Theorem. Here we only state our main theorem. We
shall first list up the assumptions for differential operators D: E—~F to
which our theorem is applied:

(1) E, F are trivial bundles over C¥, and D is a homogeneous
differential operator of order 1 with constant coefficients.

(i) fDu=Dfu if f is analytic in C".

(iii) D is elliptic.

(iv) For every complex cotangent vector, the symbol 0:(D) is either
tnjective, or 0.

(V) g1, defined above is involutive.

Note that the homogeneity of D implies that Du=0 is formally in-
tegrable, so that the Spencer sequence C° for Du=0 is well defined.
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Theorem 1. Let D satisfy the assumptions (i)~(v), and assume

that K is a polynomially convex compact subset of CN. Then the sequence
'K, c% -2, r«,ct -2 r, ¢ -2-,

is exact.

To prove this theorem we must study some type of short complexes
c~(R", CH—L->C~(R", C)—L5C~(R", C?) where P, Q are homogeneous,

first order differential operators with constant coefficients.

2. Study of short complexes. We denote by | x|, | z| the euclidean

1
norms (|x1|%4 | x.|DYE, (| z1|%+ -+ |2, |52 of R”, C" respectively.
Choose positive integers p, g, r, and let P, k=1,2,...,n be (p, q)

matrices with complex entries and Q, k=1,2, ..., n be (g, r) matrices

with complex entries. Introduce differential operators on R” P(—a—>,

0x
Q(——a—> setting
0x
( ) ZPkaxk
2 )= 10,0
(55)= 304,
For these we assume the following assumptions:

a 2(5) e(n)="

(A2) If a q-tuple of polynomials u satisfies the equation P(%)u
=0, then there is u& C=(R")" such that Q<—06~)v=u.
%

(A3) C7 28, 12D, C? s either exact, or 0 for any £€C".

. 0\ . .
Since Q(—ﬂ> is homogeneous, the assumption (A2) can be replaced by

the following equivalent but seemingly stronger assumption:

(A2)" For every q-tuple of homogeneous polynomials w such that
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P(%)u=0, one can find a r-tuple of homogeneous polynomials v such

that u =Q(£€—>v

Now the main objective in this section is to prove the following

Theorem 2. Let the assumptions (Al), (A2), (A3) be fulfilled.
Then there is a constant C>0 such that

(a.1) Slulze"li?-li dxéC(S Q*(%——x)u ze_lizIi dx
o) )
u e Cy;(R"

Here we have set Q*(&)= i} Q¥é, with conjugate transposed mat-
rices QF of Qu, k=1, 2, ..., n. o

To prove this theorem we first introduce several Hilbert spaces:
Introduce the Gaussian measure dG=(27i) "¢ '?"2dz,dz,dz,d%s-- - dz,dz,

on C”: (zy, -+, z,) and put
H={f€ AC)| {|f17d6< +o0}

where we have written A(C") for the set of analytic entire functions

on C". The space H, is also a Hilbert space with the norm |[|f]||=
1

(S | f1?dG)2. Obviously all the (analytic) polynomials belong to H,. In-

tegrating by parts we obtain

(a.2) (%—, v)=(u, Z;v)

for analytic polynomials u, v in z, where ( , ) denotes the polar form of
Il ]|% of course. From (a.2) it follows the following orthogonality rela-

tion:

(a.3) (2% 2%)=al 0up
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for multi-indices ¢, 8. The system (z%),, where « ranges over all multi-
indices, that is, all n-tuple of non-negative integers, is a complete orthogo-
nal system. In fact the Taylor series for uw € H, is identical with the
Fourier series of u by this system in H,. For later convenience we
denote by H,,; the subspace of H, spanned by monomials z%, |a|=k.
Let H, be the Hilbert space with norm || || which consists of all
locally square-integrable functions f on R” such that ||f||*=(27)" ZS] fl?

e #"2d%. To introduce a suitable orthogonal system for H, we define
the Hermite polynomials H,(z) on the real line (—oco<t< 4 o0) by

B0 d N\, -
Hy()=(—1rez(-LY (e 77).
The following formulas are well known:

(a.4) SH,,,(z)H,,(t)e"z—z dt=m! &,

(a.5) 4 =t ).

The completeness of the system (H,(¢)).»o is also well known, so, if one

sets for multi-index a=(ay, ---, &,)
ch(x):Hal(xl)Hdz(xZ)'"Ha,,(xn),

then the family (H,(x)), is a complete orthogonal system for H,
Let now u(x)=2b,H,(x) and v(z)=2 c.z" be the Fourier series
a a
of u€ H, and of v € H, respectively. We set

up= 2. b H*(x)
|@T=F

ur= 2, cnz“
1dT=4

Since the maps u —>u;, v I->v, are orthogonal projections, we have
(3.6) (u'k) u/):(uk: ulla)z(ua ullz) u, u'e Hx

(vi, v)=(vs, v3)= (v, v}) v, v’ € H,.
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0
As we have done in §1.4, the differential operators P<W)’ Q(a—ax—),

P(%), Q(—a@z—> define linear, closed, densely defined operators. S,: Hi—

H? T,. H>—>H!, S,: Hi—>H? T,: H,—H? if one puts D(S,)= the set of
u € H? such that P(%)u, defined in the distribution sense, lies in H2,

and similarly for D(T,), D(S.), D(T,). By the homogeneity of P(%),
..., we obtain immediately
(a.7) T(up)=(Tru)sr u€ D(T,)
Sa(ur)=(S:u)s-1 u € D(S;)
T(ve)=(T:0)s-1 ve D(T,)
S (v2)=(S:0)s-1 v € D(S,).
We obtain also from (a.6) and (a.7)
(a.8) Tiue)=(TFu)p1  weD(TT)
TH(ue)=(TFu)s1 u€ D(TY).
Let uwp= Eku, and wvpy= IZS]kv, for w€H, and v€H, Then the

formulas (5.7)—(21.8) togethe-ar with the fact that [|lu—ugpl|l—0
llu—v@l| =0 (k—>o0), imply

Lemma 2. The set of q-tuples of polynomials in x (resp. in z) is
dense in D(T¥)ND(S;) (resp. in D(T¥)ND(S,)) for the graph norm
lull+ 11 T3ull+ 1Ssull (resp. for |lo|l+|| T3l +||S-ulD.

Now we introduce a one-to-one correspondence H,>u— 4 € H, which
assigns z% to H,(x) for every multi-index @. This correspondence is
unitary by (a.3) and (a.4), i.e. preserving the norms, and is called the
Gauss-Laplace transformation. It follows from (a.5) that the Gawuss-
Laplace transformation preserves the differentiation. Thus, in particular we

obtain

Lemma 3. An element u& H, belongs to D(T,) (resp. D(S,)) if
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and only if it belongs to D(T,) (resp. D(S,)). For u€ D(T,) (resp. D(S,))
it holds T,u=T,it (resp. S,u=S,i).

With the aid of this lemma we can reduce the estimate (a.l) to the

following equivalent one:
(a.9) | =CUTEH+IS2l)  veD(THND(S).

In fact (a.1), (a.9) are equivalent to the identities N(S;)=R(T,),
N(S.,)=R(T,) respectively. (See Lemma 1.4.2.) Moreover these identities
are the same by Lemma 3. The estimate (a.9) is rather advantageous
than (a.l), the reason for which we shall now explain below: First note
that, if u € D(T¥), then

TFu(z)=Q*(2)u(2),

hence

I 3ulP = lQ*()u(2)|7d6

by the formula (a.2). Using (a.2) we can also transform ||S,u||* as fol-

lows:
IS.ulr=(zp 2%, npoL)
7 0z, T 0z

= Z(PkU, Plzk@i)
ksl 02;

I

(Pklt, Pz%b—)—>— ;(Pku, Pu)

2
i1
kz:l(PkZIu’ Pzzku)—§(Pku, P,u, P,u)

=S|P(2)u(z) | ch—§S|Pku 124G.

Therefore we obtain

@10) | Tl +|Sul =BG, u(2)d6— 3 | P |26
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where we have set for £ € C” and for u€C?
E(¢, uw)=[0*®u|*+ |P(&)u|*= Q&) u|*+ | P(O)u|>

Note that no differentiation occurs in the right hand side of (a.10). This
is the reason why we prefer (a.9) to (a.l).

To prove Theorem 2 we still need some estimates concerning several
norms for analytic polynomials which are used in Quillen [14]: Follow-

ing Quillen we set for an analytic polynomial w

(52)»

lullz=(g 112 u|?d.

2
dG

lulz= % a7
17l=¢

Let (g) be the binomial coefficients.
Lemma 4 (Quillen). 1|u|1§=(;“)||u||0 for uwe H, .

Lemma 5 (Quillen). There is a constant C depending only on gq
such that

lullf < llullf< CXllull2
i=q

Proof of Theorem 2. As remarked above, we may only prove the

estimate

@ llullP<CUI T¥ull®+[S:ull®)

for analytic polynomials u. (i) We first prove this when the sequence
Cr Qé) Ce P(§) C?

is exact for every non zero £ €C". In this case there is a constant >0

such that
E, u)=1Q(&)*u|*+ |P(&)u|*=¢c|u|>

Using Lemma 5 we obtain from (a.10)
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| T¥ull*+11Sull? =ellull}—C'||u|l3
=ellullf—C'llull},

where we have chosen constant C’>0 so that ), |Pu|* << C’|u|? Thus,
%
by Lemma 2.2.4

(a.11) NTEHIP+Sull?=EA—C)ull?  we ("
On the other hand the sequence
(Hp41)" Lo (Hy )" S0 (Hp 1)

is exact by the assumption (A2). Hence there is a positive constant such
C; that

(a.12) I TFull?+SullP=Cllull®  we (H."

Find an integer ko such that eky—C’>0 and set C=min(Cy, Cy, ---,
Ci,-1, €ko—C").  Since ||u||®=2||us]|® by (a.6), the combination of (a.7),
7
(a.11) and (a.12) implies

I T¥ul®+iS.nll* = Cllull*  weD(THND(S.).

(ii) Now we shall prove (*) without the assumption imposed at the
beginning of (i). By a suitable unitary transformation of the coordinates
(21, --+y 2,) we may assume the subspace {£€C,|P(§)=Q(£)=0} of C”
is characterized by &;=§;..-=£&,=0. Given a vector £=(&y, ---, &,)€C”
we write &', & for (&1, ---, €,), (§,415 ---» €x). Then the assumption (A3)
implies that there is a constant ¢>0 such that

E(¢, w)=E(¢, u)=¢]*[u]® ¢€CueCe

Thus, as just proved above, there is a constant C>0 such that

(Z;i)p‘g(l T*u|?+ | S,u|?e """ dz,dz;.--dz,dz,
C o

>“"— 2 1271 Zoen Z

—(zn.i)pS‘ul € dz1dz szdzP

for analytic polynomials u. Here both hand sides still depend on z”.
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We integrate this inequality over C"~°:z” after multiplying both hand
sides by

1 __|zll|2

W@ dz,,+1d2p+1---dz,,d2,,,

then
| THull?+11S.ull* = Cllull.

Thus the theorem is completely proved.

3. Proof of Theorem 1. We shall prove Theorem 1 applying
Theorem 2 to the Spencer sequence C° for Du=0. Let the hypothesis
of Theorem 1 be fulfilled. By Theorem A, the Spencer sequence C° is

then formally exact. Hence the assumption (A2) is fulfilled for each

i>0 if one sets P(i>=D", Q<i>=D"‘1. (Note that C’,i=>0 are
0x 0x

all regarded as trivial bundles and D’ are differential operators with constant
coefficients. This follows from the translation invariance of Du=0 and
from the naturality of the Spencer sequences.) Recall that ¢;(D) is either

injective, or 0 for every complex cotangent vector £&. Thus the assumption

(A3) is also fulfilled with P(%), Q(ai) replaced by Df, D'~! (i>0).
X

This follows from Theorem B. Thus we can apply Theorem 2 to
801 o) i v
P((’?x =D’ Q B =D'"" and we obtain

lull} < G ¥ ullia+ID'ullin)  weCF(EC, CH)

where we have chosen translation invariant Hermitian inner products

<, >; for trivial bundles C‘, and we have set
| u | %: <u, u>

lulz={1ulide.  wecsr .

Hence the assumption (#;) in §1.4 is fulfilled for the complex C'=(:--—
0—>C°—>C!'—>---). Thus, to finish the proof of Theorem 1, we may only
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find a good subring of the ring of C-analytic functions which is well
filtered in the sense of Definition 1.4.4. Note the assumption (ii) in 1
implies that every analytic function in C¥ is C--analytic. Let P, be the
set of analytic polynomials of degree not larger than k. Let ¢(z) be a
smooth function such that ¢(z)=|z| outside some compact subset of C¥,
and set x,(z)=e %), Then one can easily check that the conditions of
Definition 1.4.4 are fulfilled by PoC PPy -+ and x, vy=1, 2, ..., that
is, P=\JP, is well filtered. Thus Theorem 1.4.5 combined with Corollary
1.3.2 coinpletes the proof.
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