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Some Results on the Intermediate Logics

By

Hiroakira Ono

In [10], we developed the method of Kripke models and gave some
applications of it to the study of the intermediate logics. We found that
the use of Kripke models is very efficient, since in many cases the
algebraic structure of Kripke models reflects well the properties of the
logics characterized by them. In [117], we proved that a certain relation
holds between the logics characterized by some Kripke models and the
logics having the finite model property. As we stated in the correction
at the end of [117], the original proof contained an error. So, we empha-
size here that the following problem remains open: Has any intermediate
logic a characteristic Kripke model?

In this paper, we will proceed in the same direction as [10] and
[117]. At present, we have at hand many particular intermediate logics.
But we have very little knowledge about the general properties common
to many logics. For instance, though many logics having the disjunction
property have been known, we don’t know what conditions make a logic
have the disjunction property. We think that the central aim of the
study of intermedate logics is to construct the theory about the general
properties of them. The notion of the slice introduced by Hosoi [4] gave
us the first clue to our purpose. We will introduce in §1 other classifi-
cations of intermediate logics. In §2, we will characterize them by
Kripke models, just as the slice was characterized by the height of
Kripke models in [107]. In §3, we will investigate about the disjunction
property in connection with these classifications. We assume familiarity

with the terminologies and the notions of [10]. In [10], we consider a
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pseudo-Boolean model not only as a lattice itself but also as the set of
formulas characterized by it. To draw a clear distinction between them,
we say an element of a pseudo-Boolean algebra as a value in this paper.

We wish to thank Prof. T. Hosoi for his fruitful discussions and
Prof. S. Takasu for his advice.

§1. Classifications of the Intermediate Logics

In this section, we will introduce two classifications {7,; 0<n<w}
and {Znun; 2<m<w and 1<n<w}. They have a close connection

with the slice, as shown in the following.

Definition 1.1 (Ono [107], Definition 4.5). Rz, (0Zn<ow) are

pseudo-Boolean models defined as

Ryy=S1,

Ry,=S:1 St for 1I<n<o.
Here we restate the main theorem of [6].

Theorem 1.2 (Hosor-Ono [6 ).
1) Rz,,_;_Rzm lf n > m,
2) for each logic L in Py, there is n such that L OC Rjy.

Now using the above theorem, we define a classification of inter-

mediate logics similarly as the definition of the slice.

Definition 1.3. 7,={L; L+ P, D Rz,} for 0= n=w, where P,
is the formula ((pz D (((p1Dpo) Dp1) Dp1)) Dp2) D p:.

We can verify that for any intermediate logic L, 1) there exists a
unique n such that LEZ,, by Theorem 1.2 and 2) L€J, if and only
if LOCLK. It may be expected that 71=4S,; 1<n=<w}. But as we
show later, this is not the case. Now we show that each , has the
greatest element and the least element. We write (ADB)A(BDA) as
A= B. Let B, be the formula
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i= i i f .
. (—p J'l/i pi) >0§1\/§np or 0<n<w

0=i=n
0=j=n

Clearly, L/+B,> B, if m<n.

Theorem 1.4. For 0<n<w, 9, has the greatest element R,, and
the least element L]+ B,. T, has the greatest element Ry,( DO LJ+Ps2)
and the least element LJ.

Proof. Clearly, R;, (n>0) is the greatest element of , and LJ
is the least element of Z,. So it suffices to prove that for 0<n<ow,
LJ+ B, is the least element of ,. First, we note that Ry(.1y=S1 1 S§*!
and that each value of S7?'! is of the form (x1, - -, %n+1), Where x;
€{0, 1} for any i<n-+1. Define a function f from S%*! to the power
set of {1,2, ..., n+1} by

f((xl"‘w xn+1))=:{k; xk::l}'

Now we define a formula E(e) for any value @ in Rjp.1y by

((p)p) if a=1,
E(a)= ‘_Evﬂg,- if g€ S+ and a=0,
‘ a

\T(pDp)  if aF-0,

where 1 (or 0) denotes the greatest (or the least) value of Ry(u.1y. Let
C, be the formula /\ (Tip;i= \q{pj). Then B, is C,DE(2), where 2
i

05isn

denotes the greatest value of Zifgubset S%*1 of Ryni1y. We define an
expression (by values of Rj,.1y) and a function F from the set of all
expressions to the set of formulas as follows: For any value @ in Rze.1y,
a is an expression and F(e)=FE(a). If both e, and e, are expression,
then e;\ ez, e1/\ ez €1 ez and e] are expressions (where \ J, [\, D and
’ denote lattice operations), and F(e;\Jez) = F(e1)V F(ey), F(ei/\e2)
=F(ei)A\F(ez), F(e1Dez)=F(e1) DF(e;) and F(ej)="1F(e;). Now we

have the following lemma.

Lemma 1.5. For any expression e, C,D (F(e)=E(e)) is provable in
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the intuitionistic logic LJ. (Note that each expression denotes a value of
Rz(ni1y.)

Now, we prove Theorem 1.4 by using the above lemma. First we
remark that L/+B,€Z,, since B,€R;, and B, & Ryp.1). Let L be
any logic in 7, such that B,¢ L. Let A be any formula in LK but not
in Rym+1y. Then it can be easily verified that there exists an assignment
g of Ry(ni1y such that g(4)=2. Let pi, ---, pn be all the propositional
variables appearing in 4 and let g(p;)=a; for each i=m. We write e
for the expression obtained from A by replacing each p; by a; for any
i<m and each logical connective by the corresponding lattice operation.
Clearly, e=g(4)=2. So, by Lemma 1.5 C,D(F(e)=E(2)) is in LJ.
Hence F(e)D>(C,DE(2)) or equivalently F(e) DB, is also in LJ. Since
F(e) is a substitution instance of A4, so if 4€ L then F(e) €L and hence
B,€ L. This contradicts the hypothesis. Thus A¢ L. Since 4 is taken
arbitrarily, it follows that L Rjs.1). But this implies L+ P, C Rys1y,
which contradicts that L€ Z,. Thus B, must be in L. Hence LJ+ B,
L for any LEZ,. Now, our proof of Theorem 1.4 is completed.

Definition 1.6. #,,=Fn/\T, for 2Zm=o0 and 1<n=<o.

Corollary 1.7. For 2<m=<ow and 1< n=0, Zun has the greatest
element S,,[\ Rz, and the least element LJ+ P,+ B,, where both P, and
B, denote the formula pDp for the sake of brevity.

Now, we give some examples.

1) Any logic of the form 4(L) (see Hosoi [5]) is in &, since
A(L)CAWK) DO LI P..

2) Let L be the logic introduced by Jankov [7]. Then L is in
R.o- According to his result, there exist uncountably many logics L’
such that LJC L’ L. Thus £,, has uncountably many elements.

3) A pseudo-Boolean model R,, defined in [10] is in £,, for
2<m<wand 1<n=<w, and D,_( )(75\ R,,) is in #,,. As we have
shown in Theorem 4.10 of [107, ”QRmn is<a‘zhe least element of &,. So,

we conjectured that /\\ R,, might be the least element of J,. But
mlo
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In general, we can prove that QRmn><Dn—1—1D—LJ+Bn for 1< n<o.
mlw
Define a pseudo-Boolean model U, by

U,=S;185% 8% for 1<n<o.

Then it is easy to see that B,€U, but D, 1 U, (see §2). Thus
D, 1 { L]+ B,.

Definition 1.8. An intermediate logic L is said to be a predecessor
of a logic L' if L L. A predecessor L of L' is said to be immediate if
L2L and there are no logics between L and L'.

We write L<L' if L is an immediate predecessor of L’. By the
following theorem, we can see that the introduction of the classification

R,., is suitable.

Theorem 1.9. Let LER,, (m, n<w). Then the immediate prede-
cessors of L not in Rpw are LN\ Rumi1yr (€ Bomi1yn) and L[\ Ryuivy
(E%ﬂl("-rl))'

Proof. We first show that if L'CL and L' ¢, then
L' LN\R@m+1y1. Suppose that L' € &, for m'>m. Then L' OC L'\Run
CL'N\Rmi1y1CLN\Rmi1y1. We next show that L[\ Rgmi1y1 is really
an immediate predecessor of L. Suppose that L/ \Rgu. 1y CL'CL. If

L' ¢ Py L' D LN\ Rims1y1 as we have proved in the above. If L €%,
then

L,/>< L//U(L]+ PM)D(L[\R(WH- 1)1)U(LJ+ Pm)>< L[\le >< L.

So, L">CL. Thus LN\ Rm,15<<L. We can prove similarly that
L\ Ry+1y is the only immediate predecessor of L not in .

We remark here about Hosoi’s theorem on the immediate predecessors
of S,( DT R,1) (unpublished). He showed that for any n<w, if L'<S,
then either L' D> S,1 DT Su\Rps1yn  or L' DO S,N\ Rz or
L' S N\S:1 1 811 S (E2m).
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§2. Characterization by Kripke Models

In this section, we will give a characterization 7 ,’s by using Kripke
models. As a corollary, we can show that the logic LJ-+ B, has the
finite model property for each n.

We first cite a theorem in Ono [107], which gives a characterization

of the slice.

Definition 2.1. Let M be any Kripke model. Define h(M) by the
maximal length of strictly ascending sequences in M, if there is. Other-
wise, let h(M)=uw.

Theorem 2.2 (Ono [10]). Let M be any Kripke model. Then
for any n<w, h(M)=n if and only if L(M) EF,.

Now, we investigate a characterization of Z,’s. It suffices to consi-
der the case n=1, since I ,=&;. However, we have no way to take
the logics in &, into consideration (cf. Theorem 2.4).

Let M be a Kripke model. An element a in M is said to be maximal
in M if a<<b implies b=a for any b € M. Define a<{b if a<b and if
a<cXb implies c=b for any ce M. We set I(a)={b; a<{b}. Let b,
c € I{a). We define

b~c if there is d € M such that 6<d and c<d,
and define

b=~c if there are by, ---, b, (m=1) in I(a) such that b;=0b, by,=c
and bj~b;,1 for 1<i<im.

Clearly, = is an equivalence relation over I(a). We remark here that
if (M) is finite then I(a) is nonempty for any non-maximal element a
in M.

Next we define a function w* only for Kripke models whose height
are finite and are greater than 1, since we don’t consider the logics in
1.

Definition 2.3. Let M be a Kripke model such that 1<h(M)<o.

First we define a mapping ¢ from non-maximal elements of M to



INTERMEDIATE LoGIcs 12

[o%]

{n;1=n=<o} by
c(a)=min{w, the cardinality of the quotient set I(a)/=}.

We set w*(M)=sup{c(a); a is not maximal in M}. By the assumption
on the height of M, w*(M) can be always defined.

Theorem 2.4. Let M be a Kripke model such that 1<h(M)<ow.
Then for any n<w, w*(M)=n if and only if L(M) € T ,.

Proof. In the rest of this section, we write Rj; for the Kripke
model S; 1 S% (not the pseudo-Boolean wmodel) (cf. Ono [107]). Let
w¥(M)=n. We will show that L{M) L(R;,) and that LJ+ B, L(M)
only when n<w. We first prove that L(M) L(Rj¢,y) for any non-
maximal element e €M. Let M, be the Kripke model {b€ M; a=<5b}.
Then it is obvious that L(M)L(M,). Let ¢ be the cardinality of
I(a)/=. Define a Kripke model N by {a}\/{b,; 0<0} (with the ordering
< of M), where each b, is the representative of each equivalence class of
I(a). Now, we prove that L(N) D L(Rjs)). When 0o, it is trivial
since 0=c(a). Let 6>w. One can verify that L(N) L(Rz.u)) and
L(N)e &, But L(Rz.my) ( DCL(R,,) ) is the least element in &, so
LIN)DC L(R3c(ay)- It remains to verify that L(M,)C L(N). Define a
function f from M, to N by

a if d=a,
fld)=

b, if there is & such that b=~b, and 6 < d.
Then we can show that f is well-defined and that f is an embedding
of M, into N. Thus L(M,)CL(N) by Theorem 2.11 of [10]. Hence
L(M)C L(Rzc(y)- Thus L(M) N\ L(Rscay) D L(R3,), where e runs
over all the non-maximal elements ain M. Next, suppose that B, is not
valid in M. Then W(B,, b)=f for some M-valuation W and b€ M.
Let @ be a maximal element in the set {b; W (B,, b)=f}. Since h(M)
is finite, there exists such an e¢. We remark that ¢ is not maximal in
M. Now, for any 0<i<n, W(‘!p,-zj\/#ipj, a)=t and W (pi, a)=f. So
it is easy to verify that for any i<n there is b;€M such that
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1) W(pi b)=t and a<b; and 2) b;7=b; if i7~j. Moreover, we can
show that a<{b; for each i, by the maximality of a. We can prove by
using again the maximality of @ that if &€ [(a) and b= b; then

¢ if j=i,
W(Pj’ b)=

I otherwise.
So we can infer that if i==; then 5;22b;. Thus c(a)==n+1. But this
leads to a contradiction. Hence B,€L(M). Thus we have that if
w*(M)=n then L(M)eZ,. Conversely, suppose that L(M)€EJ, and
w*(M)=m. Then L(M)EZJ,. So, m=n.

We will next show that the logic LJ-+ B, has the finite model
property for each 1<n<w. As a corollary, we will show in the next

section that LJ+ B, has the disjunction property for each 2<n<w.

Lemma 2.5. Let L be any intermediate logic such that a formula
A; is not in L for any i € I. Then there is a Kripke model M and an
M-valuation W such that for any A€L, A is valid in (M, W) but no

AP’s are valid in it.

Proof. Let P be the Lindenbaum algebra of L. We write [B] for
the element of P which represents the equivalence class of the formula
B. Define an assignment f of P by f(p)=[p] for any propositional
variable p. Then we can verify that for any formula B f(B)=1 if and

only if B€L. Now, our lemma is immediate from Theorem 1.2 in Ono

[10].

Theorem 2.6. Let {M;; k<w} be an enumeration of all the finite
Kripke models M such that w*(M)<n. Then

Thus L]+ B, has the finite model property for each n<w.

Proof. We use the method due to Segerberg [127] and Gabbay [2].
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Let A be any formula not in LJ+ B,. Then by Lemma 2.5, there is a
Kripke model M and an M-valuation W such that each substitution
instance of B, (k=n) is valid in (M, W) but A is not valid in it. Let
K, be the set of all subformulas of 4, and K be the closure of K, under
the connectives of negation, conjunction and implication. Define = by
the condition that for each a, beM

a=b if and only if W(B, a)=W (B, b) for any BEK.

= is an equivalence relation and the quotient set M/= is finite, as
proved in [27]. We write [a] for the equivalence class which contains a
for any a € M. Define a partial ordering <* over M/= by [a]<*[b]
if and only if W (B, a)=t implies W (B, b)=t for any Be€K.

Of course, <* is well-defined. Now, we write N for this Kripke
model. It can be proved similarly as in [2] that A¢ L(N). We will
show w*(N)<n. Suppose w*(N)=m>n. Since N is finite, n must be
also finite. Then c([a])=m for some [a] in N. Let [ai], ---, [am]| be
distinct elements in I([a]) such that each [a,] is the representative of

each equivalence class by =~2. We define a subset H; of N by
Hy={[c]; [al<*[c], and [d]X*[c] for any [d]
such that [d]=[a;]} agLism).

Suppose [d]~[a;] and [c]€H; Since [d]%*[c], there exists a
formula B.qrq7 in K such that W (Breyray, d)=t but W(Bicqray, €)=f.
Define Cl:d]:uj/e\y?[c][d} Then C;4q is in K. Define a formula D; by
Di:[\déC[d]’ where the disjunction is taken for all [d] in I([a]) such

that [d]=[a;]. Remark that each D; may not be in K. Then we can
prove the following lemma.

Lemma 2.7. Let b=a. Then W(D; b)=t if and only if
Ceclz=lai] and [c)<*[b] for some [c]€I([a)).

Using Lemma 2.7, we can show that

W(ADi=\/D)>N/D, a)=f.
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(Notice that for each i <_m, there is a formula E;€ K such that —D;=F;
is provable in LJ.) But this contradicts the assumption that each substi-
tution instance of B,_; is valid in (M, W), since m—1=n. Thus
w*(M) is not greater than n. Now it is clear that LJ+ B"DCkQL(Mk)'

§3. Disjunction Property

It is well known that for any formula 4, B, if AVBE&€LJ then
either A€LJ or BELJ. But LK has not this property.

Definition 3.1. A logic L is said to have the disjunction property
when for any formula A, B, if ANV B€EL then either AcL or BeEL.

Many of intuitionistic mathematics have this property and it is
thought that this is one of the characteristic properties of the intuitionism.
So Lukasiewicz [ 9] conjectured that LJ is the only intermediate logic
that has the disjunction property. But Kreisel-Putnam [ 8] answered this
negatively. Indeed, they showed that the logic

Li+(pDgVr)D(pDg)V(—pDr)

has the disjunction property. Recently, Gabbay-de Jongh [ 3] proved that
there is a strictly descending sequence of intermediate logics {D,} such
that each D, has the disjunction property and [\ D, > LJ. Anderson
[17] investigated also about a class of infinite nlfm@l;er of the intermediate
logics (in %,,), each of which has the disjunction property. As a
corollary of his result, we can show that the class of all the intermediate
logics having the disjunction property is not closed under the uuion (of
logics). Clearly, it is not closed under the intersection. At present, we
can’t seize the general features of the logics having the disjunction
property. In this section, we will investigate about certain relations

between the classifications of logics and the disjunction property.
Theorem 3.2. LJ+ B, has the disjunction property if n=2.

Proof. Suppose that neither a formula A nor a formula B is in



INTERMEDIATE Logcics 127

LJ+ B,. By Theorem 2.10 in Ono [10] and Theorm 2.6, there are finite
Kripke models M and M’ of the form S; 1 N such that 1) 4¢ L(M) and
B¢ L(M') and 2) w*(M), w*(M')<n. Now, define a Kripke model N
by N=S,1 (M, M’). Then it is obvious that N is finite and AV B
¢ L(N). Moreover, we have that w*(IN)=max {2, w*(M), w*(M)}<n,
since n=>2. Thus AV B¢ LJ+ B, by Theorem 2.6.

In contrast with this result, one can verify that no logics in 9,
have the disjunction property, since L&€Z; if and only if
L>—pV—p.

Next, we will show that no logics in finite slices have the disjunction
property. We must make some preparations. Hosoi introduced the
d-projection in Definition 7.1 of [4] and 1.8 of [5]. We define here
another operation, called the F-projection. As we see later, it has the
same effect as the d4-projection. For the definition of the F-projection,

we get a hint from Smorynski [137].

Definition 3.3. Let A be any formula and p be a propositional
variable not appearing in A. Then V,(A)=pV(pD 4).

In the following we regard p as a variable not appearing in 4,
whenever we write V,(4). Sometimes we omit the subscript p- Let

P1s -+s Pns --- be a list of propositional variables not appearing in a formula
A. Define F"(A) by

7o(A)=A4, and

PEYA)=Fy,, (FH(A)) for k=>0.

Lemma 3.4. LJ+V"(A)DCLI+4"(A) (n=0) for any formula
A, where 4°(A)=A. (See [4].)

Proof. First, we prove that for any formula B
1) F(B)D4(B)eLJ  and
2) LJ+4(B)>F(B),
where FV(B)=pV(pDB) and 4(B)=(pD>B)Dp)Dp. It is easy to
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see that pD(((pDB)Dp)Dp)ELJ and (pDB)D(((pDB)Dp)Dp)ELJ.
Thus F(B)D4(B)€eL]J. For 2), LJ+4(B)>((F(B)>B)DV(B))DV(B).
Since (F(B)DB)DFP(B)eLJ, we have LJ+4(B)>4(B). Now, we
prove by induction on n that LJ+F"(A)> 4*(A4). It suffices to prove
that P"(A4A)D4"(A)€e L]. 1t is trivial that F°%(4)D 4°(4)€ LJ. Suppose
that it holds for n=Fk. Then 4F*(A4)D4**'(4)eL]. By 1),
PERY A D AP*(A)eL]. Thus F**Y(A)D4**(4)eL]. We next show
that LJ+ 4"(A)2V"(4). It is trivial that LJ+ 4°(A4)>V°(A). Suppose
that it holds for n==%. Then there are formulas By, ..., B, such that each
B; is a substitution instance of 4%(4) and 7\B,~D P¥(A)eLJ. Without
loss of generality, we may suppose that the \’I;i‘iable Pr+1 does not appear
in any B, Then we have :n/\lV(Bi)D P¥i(4)eL]. By 2), LJ+:/”_\IA(B,-)

B/M\V(B,-) and hence LJ—I—/m\A(B,-)BV"“(A). As each 4(B;) is a substi-
i-1 =1
tution instance of 4**!(4), we have LJ+ 4**}(A)>F**1(A).

Definition 3.5. For any intermediate logic L, we write V(L) for the
logic obtained by adding axiom schemata V(A) for each AEL to the
intuitionistic logic LJ. Define V*(L) by V'(L)=L and V*(L)=V(F*L))
for £=0.

Corollary 3.6. For any intermediate logic L, V"(LY > 4™(L) for
n=0.

Theorem 3.7. If an intermediate logic is in some finite slice, then

it has not the disjunction property.

Proof. We first note that LJ+P,=LJ+ 4"(po) D LJ+V"(po) by
Lemma 3.4. Suppose that L€¥, (m<w) and L has the disjunction
property. Then F™(po) €L and hence either p, €L or pnDF™ (po) € L.
In the former case, we have a contradiction immediately. If the latter
is the case then /™ %( po)€L. But this contradicts the assumption that
Le%,. Thus L has not the disjunction property.

Next, we extend the above discussion to more general cases.
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Theorem 3.8. An intermediate logic L has not the disjunction
property, if there is an intermediate logic L' such that L'{ L and
FH(LYN\LT+—pV —p)L for some n=1.

Proof. Suppose that L has the disjunction property. We first prove
that L'/\(LJ+pV—p){ L. Suppose otherwise. Then for each
formula 4 in L', AV—pV—pel/N\LJ+pVp) L. By the
assumption, either 4€L or ip€L or —1p€L. But in the latter two
cases, we have a contradiction. Thus A€ L. Hence L'CCL. But this
contradicts the hypothesis. So, there must exist such n(=1) that

FLYNEJ+—pV——p)L  and
V”‘l(L')[\(LJ+—‘|pV—|—\p)¢L_

Then for any Ae€L’, P"(4A)V—pV—p€L We have P*(A)€L
similarly as the above proof. Since p,¢ L, p,DOF -1(4)€ L and hence
p*Y(4)e L. Thus P*}(L')C L. But this leads to a contradiction. So,
L has not the disjunction property.

This result can cover many cases which we have already known, as
shown in the following.

Corollary 3.9. If an intermediate logic L satisfies one of the follow-
ing conditions, then L has not the disjunction property.

1) Leg,.
2) L is not proper in &, (cf. [5])).

3) There is an intermediate logic L' such that L' { L and V*(L')L
for some n=1.

We can verify that the F-projection is injective and that V(L)€ %,
if LEX,,. By the above corollary and the remark of the example 3) in
§1, we can show that £, contains uncountably many logics which have

not the disjunction property.
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