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Projective Limit of Haar Measures on O(n)

By

Yasuo YAMASAKI

Introduction

In this paper, we shall show that the Gaussian measure [1] on R™~
is obtained as the projective limit of Haar measures on O(n). This is a
natural extension of the fact [27] [3]: the Gaussian measure on R~ is
obtained as the projective limit of the uniform measures on the n-
dimensional spheres.

D. Shale [4] considered the family of Haar measures on O(n) to
construct a finitely additive measure on O(e). But he did not treat the
projective limit. Also a report by H. Shimomura [5] is useful for the

information on this topic.

§1. Orthogonal Group O(n)

The n-dimensional orthogonal group O(n) is the group of all orthog-
onal transformations of R”. If we fix a C.O.N.S. (=complete orthonormal
system) of R”, it is identified with the group of all matrices (z;) which

satisfy the orthogonality relations:
n
(1.1) kz:luik u_,'k=6,'j (1§i, ]g n).

Because of (1.1), only n(n—1)/2 matrix elements are independent,
and the other n(n+1)/2 matrix elements can be considered as functions
of the formers.

Usually, n(n—1)/2 Euler angles are used as independent variables of
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O(n), but in this paper, for the convenience of later analysis, we shall
use another system of independent variables which we shall explain in
the last part of this section.

Let S,_1 be the unit sphere of R”;

(1.2) Sp1=A(x1, %3, -+, ¥p); ¥+ 23+ +xi=1}.

The group O(n) can be regarded as a transformation group of S,_;. The
group of all orthogonal transformations which keep the vector (0, 0, ---,
0, 1) invariant, is isomorphic with O(n—1), so we identify them. For
any U, V€0(n), we have UV 'eO(n—1), if and only if the last row

vector of U is equal with that of V, namely
(1.3) Unj= Unj 1 g]é n).

Therefore, the coset space O(n—1)\O(n) is identified with S,_;. Suppose
that a mapping S,_12x— U,€0(n) is given such that the last row
vector of U, is just x. In other words, each U, is a representative of
the coset which corresponds to x. Then, any U €0(n) is written

uniquely in the form:
U, 0

(1.4) U= U, U,€0(n—1), x€ S,_1.
0 1

For V' €0(n), the last row vector of U,V is xV. So, if U is represented

as (1.4), we have

U, 0 U, O\/W 0
(1.5) Uv= U, V= Uv
0 1 0 1/\0 1
Uu,w o
= U.v for some WeO0(n—1).
0 1

Therefore, any multiplication from right on O(n) induces (1) a multiplica-
tion from right on O(n—1), and (2) an orthogonal transformation on
Sao1.

Consider the uniform measure on S,_; and the Haar measure on
O(n—1). From the above discussion, we see that their product measure
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is just the Haar measure on O(n), if we identify U€O0(n) with (Ui, x)
€0(n—1)x S,_;. Here we assume that the mapping x— U, is measura-
ble, but this assumption is satisfied if U, is defined and continuous except
on some closed null set of S,_i.

Now, we shall define concretely the mapping x—U,. Let {e, ez, ---,
e,t be the C.ONN.S. of R”. If x,=<ux, e,>0, the vectors x, e,
ey, .-+, 6,1 are linearly independent. Then, we adopt the Schmidt’s

orthonormalization of them as row vectors of U,.

Explicitly writing, the matrix elements of U, is as follows;

U,=(uij)
Unj= %j

uii=vxt + a2/ Nxd+ o+ 2 if i<n—1

wi=— 2% /N2i+ ot aiata+o+al i i<j

Hereafter, let the mapping x— U, be always the above one.

Since O(n)~0(n—1)x S,_,, repeating the similar procedure, we
have O(n)~S; xSz X ---x S,_;. Then, the Haar measure on O(n) is the
product measure of uniform measures on S, (1<k<n—1). More
exactly speaking, we can formulate as follows. Let ¢, be the mapping
O(n)—>0(n—1) such that

Uy 0
.7 e (U)=U, where U= U..
0 1

Then the mapping @ 1°0¢zi20---0¢, maps O(n) to O(k). Denote the
matrix elements of the image matrix as ul® (1|7, j<k). They are
functions on O(n).

If we adopt uf® (1<j<k—1,2<k<n)as n(n—1)/2 independent
variables of O(n), the Haar measure 4, on O(n) is represented as follows

(except normalization constant):
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(18) Ay =TI[{1—3 u®2} 77 T1 dut®]
k=2 i=1 j=1

the content of [ | being the uniform measure on S,_;.

§2. Projective Limit
Since the Haar measures u, satisfy

(2.1) Un-1(A)=p(0;1(4)) for a Borel subset 4 of O(n—1),

according to a theorem due to Bochner, we can construct the projective

limit probability space (2, &, #). It satisfies the following properties:
P1) 2CII0(n)
n=1

P2) fa-1=@¢uofn. Here, f, is the restriction of 7, on £, where
7, is the projection from ITO(n) onto O(n).
n=1

P3) 4 is generated by O f71(&B,), where &, is the whole of Borel
n=1
subsets of O(n).

P4) u(fi(A))=wud)  for AERL,.

The matrix elements u{¥ (1<{i, j<k) can be regarded as functions
on 2, as well as on O(n) for n—=k. Then, for any w € 2,

(2.2) fr(@)=(u{()) € 0(k).

u¥(w) is a measurable function on £ because of P3).

Lemma 1.

(2.3) S u®(0)dp=0

r(n ]+1>r<m—]+2>

<) ()

@) | g @)dn=0,s -

for m<n, where I' is Gamma function.
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Proof. From P4), we have

S u(w)dyu= S u® du,=0.
O(n)
Similarly, using 2) also, we see that
[ mr@ng@adn= S wiugy
71
Substituting (1.8),

25) = T

n—1
where Ij;=integration of u{® by II

S dm;, m; being the uniform
k=mJ O(ENO(E+1)

measure on S;.

Now, we shall calculate

I(”‘1)=S U™ dm,_,.

O(n—1)\O(n)

(n—-1)
Since U “”z[éj (ﬂUx, we have

-1 g U»-1 0
I(”‘”:g U, dmy.1—= S U,dm, 1.
Sa-3( 0 1 0 1}/ Sn

Using (1.6), we have

I[—J{n—l) 0
Jén—l)
S U,dm, 1=
Sn—.l

(n—l) &
0 0]
where J‘,-”‘1’=S —”’Ldm"_1=gzsin”"'ﬁd@/gﬂsin”""'lﬁdo. Thus we

Sp-1Ta—i+1 0

have

(2'6) I’J—uu) H J(k)_u(mg sin”~ Jadﬁ/ S: sin”~6do
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(m)r< n—£+1> F(m—j+2>

2
It n—j+2 m—j+1\"
r(*=) r(*=-)
On the other hand, since
SO( m) uiyuss dn _—6”’6”’

we have (2.4) from (2.5) and (2.6).

Lemma 2. {Jn u{®(w); n=max (i, j)} forms a Cauchy sequence in
L*(82, ). The speed of convergence is dependent on j, but uniform in i.

Proof. From (2.4), we have |[Vnu{?||=1, and

< (s i—r<n_£+l) r(m—£‘+2>
v Y m _/n—j+2 o N
(=) (=)

The latter tends to 1 as n, m—>oco because we have asymptotically

From Lemma 2, Yynu{? converges to a function X;; in L3(@, x).

Then, X;; is defined for almost all w, and some suitable subsequence of

{Vn u{®(w)} converges to X;(w) almost everywhere. Evidently, we have

(2.7) SQX;j(CD)d,UZO and SﬂXij(w)qu(w)d,Lz:d,-pé‘jq.

§3. Identification with the Gaussian Measure

Proposition 1. For almost all v, o' € 2, the following (1) and (2)

are equivalent.
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1) Xijw)=X;(o") for any i, j.

(2) u?(w)=u(w") for any i, j, n where n=max(i, j).

Proof. (2)=(1) is evident, because X;;(w) is the limit of some
subsequence of {ynu{(w)}.

On the other hand, from the definition (1.6) of U,, we see that for
Ue0(n), if Uz[lgl (ﬂUx, then the column vectors of U; is obtained

by the Schmidt’s orthonormalization of the projections to R”! of the
column vectors of U. Therefore, if m<n, the column vectors of U™
is the Schmidt’s orthonormalization of the projections to R™ of the column
vectors of U™, and in the limit of n—>co (fixing m), vn times of the
matrix elements of U™ tend to Xj. So, u{® (1=<i, j<m) is obtained
by the Schmidt’s procedure from Xj;. Q.E.D.

Consider the mapping : w € £ - (X;{(w)) € R, where R™™ is the
space of all double sequences. +/ is one-to-one excpet on a suitable null
set of &2, because X;(w)=X; (") for any i, j implies u{(w)=u{"(0")
for any i, j, n, therefore f,(w)=fn(w") for any n, so that w=o".

Next, we shall discuss the measurability. From P3) of §2, the
probability measure # is defined on the smallest o-ring 4 which makes
all u(w) measurable. This is equivalent to say & is the smallest o-ring
which makes X;;(w) measurable as seen from the proof of the proposition
1. Therefore the image (&) is the smallest ¢-ring which makes all
projections a@=(a;;) € R**—>a;; € R' measurable. In other words, v»(&) is
the smallest ¢-ring which makes all Borel cylinder sets with the base in
R7™ measurable, where R3™ is the space of all double sequences which
vanish except for finite number of (7, j).

Finally, we shall show that the measure # on £ is mapped to the
Gaussian measure g on R™",

For this purpose, we shall prove that

@) [ oo V=T 5 tuXu(o)du=exs| =3 521,
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where #;; are arbitrary real numbers and the summation is carried out for
i+j<k.
Since \/nu(”’(a)) tends to X;;(w) in L%(2, u), the left side of (3.1) is

approximated by
3.2) So( exp[V—1 IZ tin u®]d

the error tending to 0 as n—oco.

The integral (3.2) is equal with
(3:3) [, expDV=1 ey uge s ldu,
O(n) irj

because 4, is the Haar measure on O(n).

Since the convergence ynu{}—>X;; is uniform in i, Yn u{®, ; in the

integrand of (3.3) can be replaced by \/n-—zu},’:’,’j with good approxi-
mation, if n is large enough and i+j<k for some fixed k. Namely,

with small error the left side of (3.1) is approximated by

SO( exp[V—1X tyvn—iul 5 1d .

i,j

Substituting (1.8), this quantity is equal except the normalization constant

of u, with

& k=i L) n—k—=2 k=i .
34) fexplV=1Z n—Tugs I {1- Tt} T augst) ]

= (expl=T1g st f1] {1 T2 == A,

ij j=1n—i

k=i 22, yn—k=2 1 k=i ) .
However {1—— Z—n-”—l—} 2 converges to exp[—fz /I?J-] uniformly in
isin— i=1

l;; as n—oo, Thus, the integral (3.4) including the normalization con-

stant converges to exp[:—%_z‘ tfj] as n—co,
$,7

Thus, we have proved
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Theorem. The projective limit space (2, B, ) is isomorphic with

the Gaussian measure g on R™ . Namely, there exists a measure-
preserving ome-to-one mapping r from a suitable subset 8 of @ onto a
suitable subset R== of R™* where ﬂ(§)=g(R"°°")=1, and  preserves
matrix elements in some sense.

1]
(2]
(3]
[4]
(5]
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