Publ. RIMS, Kyoto Univ.
8 (1972/73), 151-200

On a Nonlinear Bessel Equation”

By

YosHiNORT KAMETAKA®*

1. Introduction

In the theory of type II superconductivity A.A. Abrikosov ([17])
discovered in 1957 that the so-called Abrikosov’s mixed state can be des-
cribed as a special solution of Ginzburg-Landau equation the basic equation
of the theory of superconductivity ([2]). Suppose that there exists a
cylindrical superconductor of type II at temperature below its critical value
T. and there exists external magnetic field parallel to its axis of cylinder
the strength of which is lower than upper critical field H,;. Abrikosov’s
mixed state is the phenomenon that the magnetic flux penetrates the
superconductor forming triangular lattices of flux lines and the fluxoid of
each flux line is quantized. To describe one flux line Abrikosov derived
from Ginzburg-Landau equation the singular boundary value problem for a

nonlinear Bessel equation.

an {—w”(r)——r‘lw'(r)—{—vzr“zw(r)=(1—w2(r))w(r) re(0, o)
1.1
w(0)=0, w(oco)=1.

Here r is the independent variable which means the distance from the
center of flux line. w(r) is the dependent variable called order parameter
of Ginzburg-Landau which takes real value between 0 and 1 where w(r)

=0 the sample is in normal state and where w(r)=1 the sample is in

full superconducting state. w'(r) means —j—r—w(r). In 1966 E. Abrahams and
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T. Tsuneto ([[3]) derived simple nonlinear diffusion equation to describe
space-time variation of Ginzburg-Landau order parameter u(x, t) (complex
valued) under suitable physical situation.

1.2) %u(x, )=du(x, )+ (10— |ux, )| Dulx, 1) (%, £) €R*x(0, o).

(1.1) can be obtained from (1.2) through the separation of variable

(1.3)  ulw, t)=u(x1, %2, %3, t)=u(r cos, r sinb, x3, t)=w(r)e™’

by cylindrical coordinates in R®. On the other hand in the theory of
superfluidity in 1961 L.P. Pitaevskii ([4]) and in 1963 E. Gross ([5])
derived also (1.1) to describe vortex line in superfluid 4He. They start

from the basic equation
(1.4) i%u(x, £)=—du(x, )+ |ulx, &) |*u(x, £) (=, )€ R % (0, o).

Through the separation of variable

(1.5) w(x1, %2, %3, £)=u(r cosh, r sin, x3, t)=w(r)e’*?

(1.1) can be obtained from (1.4). From (1.3) or (1.5) u(x,t) is single
valued if and only if v is an integer. This fact corresponds to the
quantization of fluxoid (or circulation) of flux line (or vortex line).
Through the numerical calculation of energy the fundamental mode cor-
responding to y=1 is most favorable to exist in nature. The numerical
integration of (1.1) in the case of y=1 was performed by V.L. Ginzburg
and L.P. Pitaevskii in 1958 ([(6]). Their results can be seen in figure 1.

w(r)
1
L]
0.5
0 1 2 3 4 5 T

Fig. 1 Numerical solution of (1.1) in the case of v=1 due to
V.L. Ginzburg and L.P. Pitaevskii ([6])
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As shall be stated precisely in section 2 the nonlinearity appeared in
(1.1) can be generalized slightly. But to see what happens it is sufficient
to observe the special case (1.1). After some preparations (section 2~4)
we can give our results in section 5. Theorem 1~4 are concerned with
the boundary value problem (1.1) replacing the boundary condition at
infinity by the boundary condition at finite point r=L. If L is smaller
than or equal to some critical value L, then the interval [0, L] is sub-
critical, that is, there exists no nontrivial solution (theorem 1). If L is
larger than L, then the interval [0, L] is supercritical, that is, there
exists uniquely the nontrivial solution (theorem 2). Theorem 3 asserts
that if we put Dirichlet boundary condition at r=L then the nontrivial
solution is the strictly increasing function of L. This fact plays an im-
portant role in the proof of theorem 6~12. Theorem 5 asserts that
there exists a family of formal power series solution in powers of r of
(1.1) in the case of y=1,2,3,.... Theorem 6 and 7 assert that there
exists uniquely the solution of (1.1). This solution is obtained as the
limit function of sequences of approximate solutions from above and below
(theorem 8). As can be seen in figure 1 the solution of (1.1) is strictly
increasing function of r (theorem 10) and strictly concave function of r
if v satisfies 0<y<1 (theorem 11). For v=1, 2,3, ... if we choose
suitable value as the first coefficient of the formal power series solution
in theorem 5 (approximate value for this can be found through theorem
9) then this formal power series is the asymptotic series of the true solu-
tion of (1.1) as r approaches zero on the real positive axis (theorem 12).
So we can investigate precisely the influence of the nonlinearity on the
modification of true solution from the Bessel function of order vy which is
the exact solution of unperturbed liner equation obtained from (1.1) neg-
lecting the nonlinear perturbation w®(r). Concerning the relation between
the true solution of (1.1) and the formal power series solution in powers
of r! of (1.1) near r=oc0 we can only assert the property (iii) of
theorem 6. This means that the first two terms of the formal power
series solution is asymptotically equal to the true solution of (1.1) as r
tends to infinity.
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2. Problems and Assumptions

We consider the boundary value problem BVP for the nonlinear

Bessel equation on the infinite interval (0, o).

LLw( ); vIm)=fw()  re(0, o)
w(0)=0, w(oo)=1.

(2.1)

Here
Llw( ); v(r)=—r"1aw' (7)) + vir2w(r).
r is the independent variable. w(r) is the dependent variable. w/'(r)

d . .. . .
means —d——w(r). v is a real positive parameter. f(w) is a nonlinear func-
r

tion of w which will be specified later. If f(w)=w then the equation
(2.1) reduces to the Bessel equation of order y. So we call the equation
(2.1) nonlinear Bessel equation. At the same time we consider also the
boundary value problem for the nonlinear Bessel equation on a finite
interval (0, L) (L>0).

{ 2w ); vI)=fw()  re, L)

(2.2)
w(0)=0, (1 —a)Lw'(L)+ aw(L)=0.

« is a parameter which varies in the interval [0, 1]. We assume that
the nonlinearity f(w) possesses following properties which are satisfied
trivially by the special function f(w)=(1—w?)w which appeared in section
1.

Assumption 1. (i) f(w)€C*[0, 1], that is, f(w), f'(w) and f'(w)
are continuous functions of w on the interval [0, 17].

(i) f(0)=f1)=0.

Gii) f(w)<0 for we (0, 1).

Assumption 2. f(w) possesses the asymptotic series representation

T

fw’ as w approaches zero on the real positive axis.
1

J
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Assumption 2. f(w) is holomorphic in a neighborhood of the origin
on the complex w-plane. It has the Taylor series expansion f(w)= Y, fw’
=1
which has a positive radius of convergence.

By assumption 1 we can find the positive constant ¢, such that for

any positive constant ¢ =>¢, the function F(w; ¢)=f(w)+ c’w satisfies

Assumption 1. (i) F(w;c)eC?0, 1]
(i) F(0;¢)=0, F(1;c)=c?

(iii) F'"(w; ¢)<0 for we (0, 1).

(iv) F'(w; ¢)>0 for welo, 1).

For the special case f(w)=(1—w*)w the smallest possible c, is V2.
BVP (2.1) is equivalent to

{ LLw( ); v, cJ)=Fw(r); ¢)  re(0, o)
(2.1)

w(0)=0, w(oo)=1.

Here

LLw( )5 v, )= —r" (' ()Y + (c*+ v~ )w(r).

BVP (2.2) is equivalent to

{ .,?[w( ): Y, C:KT')ZF(W(T), c) TE(O, L)
(2.2

w(0)=0, Q—a)Lw' (L) + aw(L)=0.

3. Asscciated Linear Eigenvalue Problem

As a linearized problem for BVP (2.2") we consider the following

linear eigenvalue problem EVP.

{ Lo ); v, cJ)=ne@) re(0, L)
(3.1)

(0)=0, (1—a)Ly'(L)+ae(L)=0

or equivalently
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{ LLo( );vI)=20(F) re(0, L)
(3.1)

¢(0)=0, (1—a)Ly'(L)+ap(L)=0.

2 is the eigenvalue parameter. EVP (3.1) has the

Here # or A=uy—c
least eigenvalue u#o(v, ¢, L, @)=c®+2o(v, L, &). Here 2A(v, L, @)=
j3(v, @)L is the least eigenvalue of EVP (3.1'). ji(v, ) is the first
positive zero of the function (1—a)zJl(z)+aJ,(z) (as usual J,(z) re-
presents the Bessel function of order v). Corresponding to this least eigen-
value EVP (3.1) has the unique normalized eigenfunction ¢,(r; v, L, &)=
J 1 (Gi(v, O, (j1(v, ®)L7'r). Notice that ¢o(r; v, L, ) is also the eigen-
function of EVP (3.1’) corresponding to the least eigenvalue 2,(v, L, &)
so it does not depend on the constant c¢. Normalization of this eigen-
function is as follows
, nax ]¢0(T; v, L, )=1=0o(rmux(v; L, @); v, L, @).

Here rmaux(v, L, @)=j1(v, 0)j7}(v, ®)L. Therefore ¢o(r; v, L, )>0 for
re(0, L).

4. Iteration Schemes

To construct approximate solutions we consider the following itera-

tion schemes IS:

{ LLwi( 5 v, ¢); v, cJr)=F(m;_1(r; v; c);¢)  re€(0, o)
(4'1) S 77).7(01 ) C)=0, wl(oo; v, C)=1 ]:1, 2,3, -

wo(r; v, c)=1

g[ﬁ}]( s Vs Gy L) a); v, c:l(r)=F(127,-_1(r; Y, ¢ L, CK); C) TE(Oa L)
17),'(0; v, ¢, L, 2)=0,

(4.2)
(1—-a)Lwi(L; v, ¢, L, ®)+aw,(L; v, ¢, L, ®)=0 j=1,2,3, ...

17/’0(7'; v, ¢,y L, “)El
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Llwi( v, ¢, L, 8); v, c]J@)=F(w;_1(r; v, ¢, L, &, 0); ¢)
lrE(O, L) wi0; v, ¢, L, a, 8)=0
(4.3) (1—a)Lwj(L; v, ¢, L, a, 0)+aw;(L; v, ¢, L, &, )=0
j=1,2,3, ...
wo(r; v, ¢, L, &, 0)=0¢o(r; v, L, ) 0<0=00(4o(v, L, ))

Here 09(4) is the function of 2€[0, f'(0)] defined as the &-coordinate of
the cross point of two curves 7=f(§) and 7=2§ on the (&, 7)-plane
which is different from the origin for 2<f’(0). That is, the function
00(2) is defined by the implicit relation:

f@u(D)=200(2), 0o(A)#40  for 2€[0, f(0))
(4.4) {

0o(f'(0))=0
It follows from (4.4) that:
(4.5) 0<1—0,(A)=—{f (D)} 12A+0(2? as 1—0.

Let fix a positive constant ¢ satisfying 0<d<1l. We define the function
00(1) as the &-coordinate of the cross point of two direct lines %=
1-8)f(@)(1—0)" and y=2¢. That is

(4.6) 0o(D)=1—{2+f(O)A—-0)"}1.

It follows from (4.4) and (4.6) that:

4.7 0o()=04(2)  for 2€[0, f(8)8].

We call the interval [0, L] is subcritical (supercritical) if 2o(v, L, &) =

£/ C<f(0)).

5. Results

Now we are ready to state our results. Under the assumption 1 we
have

Theorem 1. If the interval [0, L] is subcritical then BVP (2.2)
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has no nontrivial solution w(r) satisfying 0 w(r)<1 for r€[0, L].

Theorem 2. If the interval [0, L] is supercritical then BVP (2.2)
has the unique nontrivial solution w(r; v, L, &) in the class of functions
{w(r) € C?0, L); 0<w(r)<1 for re[0, L} with following properties:

(i) w(r; v, L, @) € C?*O0, L].
(i) w(r; v, L, @)=u(v, L, a)r*+0@**?) as r—0.

Here
(5.1)  ue(y, L, a)=S0Lf(w(s; v, L, a)){(2v) 's'~* — g(v, L, a)s***} ds

g, L, @) is given by (7.3).

(i) 0<w(r; v, L, )<1 for re(0, L).

(iv) The solution wi(r; v, c, L, &) of IS (4.2) tends to w(r;v, L, )
monotone decreasingly and uniformly with rvespect to r€[0, L] as j tends
to infinity.

(v) The solution wi(r; v, c, L, a, 0) of IS (4.3) tends to w(r; v, L, )
monotone increasingly and wuniformly with respect to r €[ 0, L] as j tends
to infinity.

(vi) For v=1,2,3, ... w(r; v, ug(v, L, @) is the asymptotic series of
w(r; v, L,) as r approaches zero on the real positive axis. Here
wW(r; v, uo) is the formal power sevies solution appearing in theovem 5.

(So this statement requives assumption 2 or 2'.)

Theorem 3. Let fix a=1. If the interval [0, L, | is supercritical
then for any L;>L; the interval [0, Ly | is also supercritical. ~Correspond-
ing monlinear eigenfunctions w(r; v, L, 1) and w(r; v, Ly, 1) satisfy the

inequality:
(5.2) w(r; v, L1, )<w(r; v, Ly, 1) for r€(0, L.

Theorem 4. For any fixed a1 €(0,1] if the interval [0, L] is
supercritical for a=ay then for any az;€[0,1) satisfying az;<ay the

interval [0, L] is also supercritical for a=a,. Corresponding monlinear
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eigenfunctions w(r; v, L, &) and w(r; v, L, az) satisfy the inequality:
(5.3) w(r; v, L, a))<w(r; v, L, az)  for r€(0, L.

Under the assumption 2 or 2’ we have

Theorem 5. For v=1,2,3,... the mnonlinear Bessel equation
LLw( ); vI(r)=f(w(r)) has a family of formal power series solution
w(ry v, ug)=r'u(r; v, ug)= Y u;'"*. Here u, is any positive number

i=o

(any complex number in the case of assumption 2'). u,; (I=1,2,3,...)

are given by
u1=0

(5.4) {
u,:—l_l(l+21))"1 . Z p f] Z ukl...ukj l=2, 3’ 4, cee o
+h=1-
=

(J=1)v+k 2 kytet+kj=k
JZ1,kZ0

Especially under the assumption 2’ @(r; v, uo) is a holomorphic true solu-
tion of the nonlinear Bessel equation £[w( ); v](r)=f(w(r)) in some

complex neighborhood of r=0.
Under the assumption 1 we have following theorems:

Theorem 6 (Existence). BVP (2.1) has the solution w(r;y) with
JSollowing properties:

@ w(r; v)€C*0, ).

(i) 0<w(r;»)<1  for re(0, o).
(i) 1—w(r;»)=00"%  as r—>oo.
(V) w(r; v)=uW)r*+0G*%)  as r—0.

Here
(5.5) wo(v)=(2)" S: Flus; v))si—ds.

Theorem 7 (Uniqueness). Any nontrivial solution w(r) &€ C*(0, o)
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of the monlinear Bessel equation L[w( ); v](r)=f(w(r)) satisfying 0=
w(r) <1, w(r)2=0 for r€(0, o) coincides identically with w(r; v).

Theorem 8 (Convergence of approximate solutions). (i) The
solution w(r; v, L, 1) of BVP (2.2) tends to w(r; v) monotone increasingly
and compact uniformly with respect to r €[ 0, o) as L tends to infinity.

(i) The solution wi(r; v, c) of 1S (4.1) tends to w(r;v) monotone
decreasingly and uniformly with respect to r€[0, oo) as j tends to in-
Sfinity.

(iii)
(5.6) lim [+ D{w(r; v)—@,(r; v, )}HI=0.
(5.7) lim [|(-=*+ Dr(r+ 1)~ H{w'Grs ») =i v, )}H|=0.
(5.8 lirg NG+ Dr*@*+ 1)~ (r; v)—@(r; v, )} =0.

(iv) Especially for y=1 we have

(59) tim [+ D0 s D—r; 1, )} T1|=0.
(5.10) lim ||F 4+ D) {5 1) —al(r; 1, e)}|=0.
Here we use the notation ||w(r)||= sup )] w(r)]|.

Theorem 9 (Convergence of approximate solutions at r=0).
(5.11) lim |zo(¥) —uo;(v, ¢)| =0.
j—reo
Here
(56.12) ugi(y, c)=limr~*w;(r; v, ¢c)=
7=0
=(2v)™* Xo[f(wj—l(s; v, €))+c*{mi_1(s; v, ¢)—wi(s; v, c)} Is'ds

j=lv/2]+2.
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Theorem 10 (Monotonicity).
(5.13) w(r; v)>0 for r€(0, o).
Theorem 11 (Concavity). If v satisfies 0<y <1 then we have
(5.14) w’'(r; v)<0 for re(0, o).
Under the assumption 1 and 2 (or 2’) we have

Theorem 12 (Asymptotic expansion at r=0). For v=1,2,3, ...
the formal power series solution w(r; v, uo(v)) (appeared in theovem 5)
is the asymptotic series of w(r; v) as r approaches zero on the real posi-

tive axis.

Remark 1. Under the assumption 2’ theorem 5 asserts that @(r;
v, uo(v)) (v=1,2, 3, ...) is also the true solution of the nonlinear Bessel
equation moreover by theorem 12 its behavior near r=0 is asymptotically
equal to that of the global solution w(r;y). So it arises the question
that whether w(r; v, uo(v)) coincides identically with w(r; v) or not. We

could not answer this question in this paper.

Remark 2. If f(1—v)= 3] f ;v7 is holomorphic in some neighborhood
i=1

of v=0 then the nonlinear Bessel equation Z[w( ); v ](r)=f(w(r)) has a

formal power series solution in powers of r~!:
B(r; v)=1—v2f1ir 24 .

Theorem 6 (iii) asserts that w(r; y) is asymptotically equal to the first
two terms of the formal power series solution #%(r; ) as r tends to in-
finity. It arises the question that whether #%(r; v) can be the asymptotic
series of the true solution w(r; ¥) or not. In this paper we could not
answer this question. Especially we could not show the existence of

lim r2{1 —w(r; »)}.
y—o0
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6. Preliminary Lemmas

Following lemmas are needed in the proof of lemmas in section 7.

Lemma 6.1. The modified Bessel equation £[w( ); v, 1](r)=0 has
the fundamental system of solutions I,(r) and K,(r) which have following

properties :

® r{LOK@O—-LOKMy=1  for re(0, o).
() L0)= T (ol (41} /2"

=T +1)(/2° +0G*"?)  as r—0.
(iii) (_j_r_)kI,(r»o for re€(0, ) k=0,1,2, ...

Gv) Ln)=2""{1,2()+ L@} =2I")F/2)" " +0(**)

as r—0.
<) L{N=Q2rr) 2% {14+0G¢"1)} as r—»oo,

(vi) Ii(r)=Qrr) Y2e’{1+0¢ 1)} as r—oo.
(vii) %I,,(r)<0 for r€(0, o).

(viii) L@ =vr L)+ [, <@r i+ 1)13) for 1€(0, o)

(ix) K@) =rn{2sinvr} H{I_,)—Lr)}=

=27 % (= 1)/ —j DI D /2P (D L+
+log(r/D}+(~Dr2 & {k!(v+k)!}"1{é;ll—1+

+§‘j:l—1}(r/2)”+2k (V=0, 1: 2’ )-

Here 7 is the Euler constant.
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x) K®G)=2"T®)F/2)"+0G"*?) as r—>0 (Gf v==1)

K:(®)=r"'+0(r|logr|) as r—0.
(xi) (—1)'@(%)”1{,0»0 for €0, ) k=0,1,2, ....

(xii) K)(r)=—2"YK, i)+ K, .(N}=
=27+ 1)(r/2) 1+ 00" as r—0.
(xiii) K,(r)=n%2r)Y2e " {1+0G1)} as r—oco,

xiv) Ki(r)=—n%2r)"Y2¢-"{1+0G" 1)} as r—oco,
(xv) —aa—v—K,(r)>0 Jor r€(0, o).

(xvi) —Ki(r)=K,.,@)+vr 'K,
<(r '+ 1DK,0) for re(0,) (f v=1/2)
—Ki(r)Zconst.r '+ 1)K, (r) for r€(0, o) (if 0<v<1/2).

Here const. dose not depend on r.

These properties of the modified Bessel function are well known so

we omit the proof of lemma 6.1.

Lemma 6.2. If the function u(r) € C?*0, o) (or C*0, L) satisfies
the equation

ZLu( );v,clr)=0  for r€(0, ) (or (0, L))

for ¢=0 and behaves as u(r)=o0(r"*) as r—0, u(lr)=0(1) as r—>oo
(or Al—a)Lu'(L)+au(L)=0) then u(r)=0 for r€(0, ) (or (0, L)).

7. Green’s Functions

We define the Green’s functions G(, s; v), G(r, s; v, L, @), G(r, s; v, ¢)
and G(r, s; v, ¢, L, ) for BVP (2.1), (2.2), (2.1") and (2.2") respectively

regarding right hand sides of respective equations as given functions.
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Definition 7.1.

2y) s 0<s<r<oo

(7.1) GG, s;v)= {
(2v)~res™ 0<r<s< o0,

Definition 7.2.
(7.2) G(r,s; v, L, a)=6G(r, s; v)— g(v, L, a)r’s”
for (r,s)e[0, L]x[0, L].
Here
(7.3) g, L, o)=2v) Ha—(1—ap}{a+Q—a)} L%
Definition 7.3.

I,(cs)K,(cr) 0<s<r<eo
(7.4) G@r,s; v, c)=
I,(er)K,(cs) 0<r<s< oo,

Definition 7.4.
(15) GG, s; v, ¢, L @)=G(r, 5; v, )—g(», ¢, L, a)I,(cr)L(cs)
for (r,s)€[0, L]x[0, L].
Here
(7.6) g, ¢, L, )=
={1—a)cLKl(cL)+aK,(cL)} {1 —a)cLI(cL)+al,(cL)}

For the sake of abbreviation we use following notations when the
integrals of the right hand sides have the meaning.

Definition 7.5.
@.7) 9L FC )5 ¥10)={ 6, 53 »)f(s)sds .

Definition 7.6.
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79) 91023 v, L )= 6, 53 %, L, @)fts)ods.
Definition 7.7.
(7.9) ILFC); %, D)= 66, 55 v, OF(s)sds.

Definition 7.8.

(7.10) 9[F( );v,c, L, a:](r)=SOLG(r, s; v, ¢, L, @)F(s)sds .

Green’s functions defined above have following properties:
Lemma 7.1.

@) G, s; v) € €0, >0) x [0, =) —{(0, 0)}).

(i) 6@, s;v)=G(s,r;v)  Sfor (r,s)€(0, )% (0, o0).

(iii) G(r,s; ¥v)>0 for (r,s)€(0, o) X (0, o).

(iv) —gTG(r,s;V), (%)260,5;»)6

€ C°((0, 0) x (0, 00)—{(r, s) ER?; r=s5}).
Here R? is the 2-dimensional Euclidean space.

(v) For any fixed ro€(0, o)

. 0 . il _

lim ——G(r,s;v) — lim ——G(,s;v)=rz
(ris)=(ro,rq) OF (r,5)(70,70) OF

r<s r>s

(vi) For any fized s€(0, o)

LIG(,s59);v)(N=0  for re(0, )—{s}.
(vii) Zvi& % v(r)=1  for re(0, o).
Lemma 7.2.

() 6(r,s;v, L, ®) € C°([0, L]x [0, L]—{(0, 0)}).

165
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(i) G(rys;v, L, a)=G(s,r; v, Lya)  for (r,s)€(0, L]x(0, L]
(iii) GGy s; v, L, ®)>0 for (r,s)€(0, L)x (0, L).
. ? ) 2\’ )
(iv) —5r-G(r, s; v, L, ), (77_—> G@r,s;v, L) €

€0, L% (0, L]—A4(r, s) ER?; r=s}).

(v) For any fixed ro€(0, L)

. 0 . 0 -

lim =G@,s;v, L,a) — lim GG, s; v, L, a)=rj.
(7,8)~>(70:70) or (725)=(70,79) or

r<s r>s

(vi) For any fixed s <€ (0, L)

2[G(,s;v, L,a); vI()=0  for re(0, L)—{s}.
(vii) (l—a)L—g—r—G(r,s;v, La)|  +aG(L,s;v, L a)=0

for s€(0, L).
(viti) 04 v, L ad(r)=1—{2"'L~ +vg(y, L, )L"}r* <1
for re(0, L).
Lemma 7.3.
(i) 6@, s; v, ¢) € C([0, %) x[0, 2)—{(0, 0)}).
(i) GG, 559, )=6(s,r;v,¢) for (r,s)E(0, 00)x (0, o0).

(iii) GG, s; v, c)>0 for (r,s)€(0, )% (0, o).

. 0 ) 2 \? )
(iv) —O;G(r, s; Y, ¢), (—5_—> G(@r,s;v,c)€

€ C%((0, ) x (0, ) —{(r, 5) € R*; r=5}).

(v) For any fixed ry €(0, o)

G(@r,s;v,c) — lim ——a——G(r, s; v, c)=rp.

. 0
lim ——
(rrs)o(rg,70) OF

r>s

(r,5)~(r0,70) OF
s r<s’J o
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(vi) For any fixed s (0, o)

ZIG(, 550, ¢);9,¢)(r)=0  for re(0, eo)—{s}.

(vii) @[ci+vir 2y, c)(r)=1  for re(0, o).
(viii) %G(r, 539, )| <CW, G +1)6r, 53 v, ¢)

for  (r, 5) €(0, 02) X (0, o0).

Here C(v, c¢) is a constant which depends on vy and c but is independent

of r and s.

Lemma 7.4.
@ 6@, s;v, ¢, L, @) € C*[0, LIx[0, L]—{(0, 0)}).
(i) G(r,s;v, ¢, L, )=G(s,r; v, ¢, L, @)
for (r,s)€(0, L) x(0, L).
(ii) G, s; v, ¢, L, 2)>0 for (r,s)€(0, LY (0, L).

2
(IV) _a‘G(ra $; Y, ¢, L, CK), <_a“‘> G(T: S5V, Cy La CK) S
or or

€ C°(0, L% (0, L]—{(r, s) € R%; r=s}).

(v) For any fixed ro€(0, L)

. 0 . 0

lim =G(r,s;v,c,L,a) — lim ZGG,s;v,c, L a)=
(r,s)—'(fo,fu)ar (r.s)ﬁ(’o.’o)ar

r<s r>s
=ryt.

(vi) For any fixed s€(0, L)
.,?[G(,s; v, ¢, L, a); v, cJ(r)=0 for re(0, L)—{s}.
(vii) (l—a)L%G(r, 59,6, La)| _ +aG(L, 53 v, ¢, L, )=0

for s€(0, L).

(Vlll) g[CZ‘FVZr_Z; Y, ¢ La a](r)=
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=1—cL{g(y, ¢, L, a)I}(cL)—K;(cL)} [, (cr) <1
for rel0, L].

Lemma 7.1 and 7.2 can be obtained by standard arguments noticing
that the differential equation Z[u( ); v]()=0 has the fundamental
system of solutions u(r)=r’ and r~”. So we omit the detailed proof.
Lemma 7.3 and 7.4 follow from the fact that the differential equation
Ll u( ); v, c]J@)=0 has the fundamental system of solutions u(r)=1I,(cr)
and K,(cr) and from their properties stated in lemma 6.1. We shall only

show the proof of lemma 7.4 (viii).

Proof of Lemma 7.4 (viii). Let re€(0, L). we have by definition
7.8 and definition 7.4 that:

(7.11) gLc*+v¥r % v, ¢, L, a(r)=

L
:So {G(r, s; v, c)— g, ¢, L, @)I,(cr)L,(cs)}(c®+ 25 %)sds=
=g:G(r, 53, c)(cz-l-uzs‘z)sds-—S:G(r, 53 v, c)(c?+vis)sds—

L
—gW, ¢, L, a)I,,(cr)goI,(cs)(cz—l—vzs_z)sds .
By lemma 7.3 (vii) we have
(7.12) S:G(r, 539, )2+ vis2)sds=1 for re(0, L).

From (7.11) and (7.12) we have

gl +v'r* v, ¢, L a)(r)=
=1—I,(cr)S:K,,(cs)(cz+ v2sH)sds—
L
—gW, ¢, L, cz)I,,(cr)S0 I(cs)(c®+vis2)sds=

=1— Iu(cr)g —gs—{csK,’,(cs)} ds—

L
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Ld
—gl,c, L, a)I,,(cr)SoE-{csI.',(cs)}ds=
=1—cL{g(y, ¢, L, @)I\(cL)—K}(cL)}I1,(cr).

This proves the first equality in lemma 7.4 (viii). Here we use following

relations:

%{cslﬁ(cs)} =K,(cs)(c?+v%s~2)s,
—%{csl,’,(cs)} =1I,(cs)(c?+ s~ 2)s,

{csKl(cs)} S=m=0 and {csI)(cs)} s=0=0.
From lemma 6.1 (i) we have
(7.13) cL{K,(cL)I)(cL)—K/(cL)I,(cL)}=1 for L>0.
Using this relation (7.13) direct calculation leads to
(7.14) cL{g(, ¢, L, a)I|(cL)—K}(cL)}=
=a{(l—a)cLI)(cL)+al,(cL)}~t>0.
(7.14) shows the last inequality in lemma 7.4 (viii).
Lemma 7.5. If f(r)€C°0, ) satisfies f(r)=0(") as r—0 and
fO)=0@G"%) as r— oo then following two statements are equivalent.
u(r) € C*(0, o),
D) § LLu( ) vID=f(r)  for re(0, o),
u(r)=0@G") as r—0, u(r)=0(1) as r—co,

(i) w@=9Lf();vI)  for rE(0, o).

Lemma 7.6. If f(r)eC%0, L] satisfies f(r)=0G") as r—0 then
following two statements ave equivalent.
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u(r) € €*(0, L],
® {Sf[u( );v1I=0  for re(0, L),

u(r)=0(r") as r—0, (1—a)Lu'(L)+au(L)=0.
() u@=9LfC); v, LaJr)  for r€(0, o).

Lemma 7.7. If F(r)eC°0, ) satisfies F(r)=0@?) (p>—v—2)
as 1—>0 and F(G)=0(1) as r—>oco then following two statements are

equivalent.
u(r) € C¥(0, o),
® {—?Eu( ); v, cJ()=F@)  for re(0, o),
u()=0("") asr—0, u(@)=0() as r—oco.

(i) w@@=9LF();v,cl(r)  for re(0,o0).

Moreover u(r) given by (i) or (ii) satisfies

o@r*) Gf v<p+2)
Gii) u@), ru/@), r*u”’(r) = 1 O@**?|logr|) (if v=p+2)
o(r?*+%) Gf v>p+2) as r—0.

Gv) u@), v'(r), u”G)=0(01) as r—> oo,

Lemma 78. If F(r)eC%0, L] satisfies F(r)=00") (p>—v—2)

as r—0 then following two statements are equivalent.
u(r) € CZ(O’ L],

® 1 Llu( ); v, cJ=F@r)  for re(0, L),
u(@)=0(""*) as r—0, (1—a)Llu'(L)+au(L)=0

() u@)=9[F();v,c, L, a](r) for re(0, L).
Moreover u(r) given by (i) or (ii) satisfies (iii) in lemma 7.7.

We shall only prove lemma 7.7. Proofs of lemma 7.5, 7.6 and 7.8
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are not essentially different from that of lemma 7.7. So we omit it.

Proof of Lemina 7.7. First we show that (ii) implies (i) and (iii).
By direct differentiation of the expression (ii) it is easy to see from

lemma 7.3 that u(r) satisfies the equation
(7.15) Llul ); v, c)r)=F@) for re(0, ).

Let y<p+2. We have from (ii) that:

u(r)= Iv(cr)S:K,,(cs)F(s)sds—

- S;{Iv(cr)K,,(cs)——I,,(cs)Kp(cr)}F(s)sds=

=0(")+ 00 )=0G¢") as r—0.
This proves (iii) in the case of y<p+2. Let y=p+2. We have from
(ii) that:

u(r)=K,,(cr)S:I,(cs)F(s)sds+

+ I,(cr)SiK,(cs)F(s)sds + I,(cr) S:K,(CS)F(S)S ds=

OG?*%|logr|) (if v=p+2)

=0(rf’+2)+{
o@?*?) Gf v>p+2)

} +0G¢*)=

{ O@?**|logr|) (if v=p+2)
0(r*+%) Gf v>p+2) as r—0.

This proves (iii) in the case of ¥ =>p+2. Let r=1. We have from (ii)
that:

(7.16) lu()| gK,,(cr)S:Iu(cs)F(s)sds+

+ sup IF(T)|SQG(r, s3 v, c)sds .
rell,=) 1
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By lemma 7.3 (vii) we have

(7.17) S:G(r, 53, c)czsds<§:G(r, s; v, c)(ci+vis)sds=1.

From (7.16) and (7.17) we have u(r)=0(1) as r— co. The part in (iii) and
(iv) concerning the behavior of u'(r) is obtained as follows: first differentiate
(ii), second use the estimate of the first derivative —gr—G(r, s;v,c) of the

Green’s function in lemma 7.3 (viii), then repeat the same arguments as
that for u(r). The part concerning the behavior of u”(r) is obtained
from the equation (7.15). Thus we proved that (ii) implies (iii). Next

we show that (i) implies (ii). By the same arguments as above
a(@)=%[F( ); v, c|(r) for re€(0, o)

satisfies (i) replacing u(r) by #(r). Applying lemma 6.2 to the function
u(@)—a() we can conclude that u(r)—a(r)=0 for r€(0, o0). This

shows that u(r) satisfies (ii).

Lemma 7.9. If F(r) is a bounded continuous nonnegative function
defined on (0, ) and does not vanish identically then we can find a

positive constant 0 for any positive number L such that
(7.18)  u(@@)=9LF( ); v, c(r) =0¢o(r; v, L)  for re[0, L]
Here ¢o(r; v, L, &) is the eigenfunction appeared in section 3.

Lemma 7.10. If F(r) is a bounded continuous nonnegative function
defined on (0, L) and does not vanish identically then we can find a

positive constant 0 such that
(7.19) u(r)=f¢[F( ); vy ¢, L, Of](r)Zafﬂo(T; v, L,a) for TE[O, L.__l

We shall only prove lemma 7.10. Proof of lemma 7.9 is not essen-

tially different from that of lemma 7.10. So we omit it.

Proof of Lemma 7.10. From the assumptions on the function F(r)
we can find suitable positive numbers Fy, L; and L, (0<L;<L;<L) such
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that
(7.20) F(T) Z Fo for re [Ll, Lz:].

From (7.20) we have

(7.21) u(r)=S:G(r, 53, ¢, L, @)F(s)sds =

L,
gFoSL G(r, s; v, ¢, L, a)sds=Fou(r).
1
Here
L,
(7.22) LL(T)ZSL GG, s;v,c, L, )sds .
1
It is easy to see that ¢o(r; v, L, &) satisfies that:
@o(r; v, L) € CO[O: L],
@o(r; v, L, ®)=0(") as r—0,
0<po(L; v, La)=1 (if 0=a<l),
(ﬂo(L;V, Ls 1)—__0, 0<'—¢(,)(L’ Y, L’ 1)<°° (lf a:]-)-

So to show lemma 7.10 it is sufficient to show that:

(7.23) lim r=*u(r) >0,

(7.24) w(I)>0  (if 0<a<1),
and

(7.25) u(L)=0, w(L)<0 (if a=1).

Let r€(0, L;). We have from (7.22)
(7.26) y,(r)=I,(cr)Szz{Ku(cs)—g(v, ¢, L, &), (cs)}sds .

From (7.26) and lemma 6.1 (ii) we have
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(7.27) limr—u(r)=
70
L
=r"1(1’+1)(0/2)"SL2{KV(CS)—g(u, ¢, L, a)I,(cs)}tsds>0.
1
(7.27) shows (7.23). From (7.22) we have

7.28)  wL)={K,(cL)— g0, c, L, a)I,(cL)}SiZI,,(cs)sds .

(7.29)  w(L)=cAKi(cL)—g(v, c, L, cz)I,’,(cL)}SizI,(cs)sds .
From (7.6) and lemma 6.1 (i) we have
(7.30) u(L)=(1—a){(1——ac)cLI,’,(cL)—!—cx[,(cL)}_lSizI,(cs)sds

{ >0 (if 0<a<l)
=0 (if a=1).

(7.31) u'(L)= —L—IIII(CL)S?I,(CS)S(LS‘<O (f a=1).

(7.30) and (7.31) show (7.24) and (7.25). This completes the proof of

lemma 7.10.

Lemma 7.11.
0 %@@,s;», ¢, L, 1)<0  for (r,s)€(0, L)x (0, L).

(ii) If 0<L;<L, then we have
(7.32) G(r, s; v, ¢, L1, 1)<G(r, s; v, ¢, Ly, 1)G(, s; v, c)
for (r, s)€(0, L)% (0, Ly).

Proof of Lemma 7.11. The first inequality in (7.32) follows from (i).
The second inequality in (7.32) follows from (7.5) and (7.6). From
(7.5), (7.6) and lemma 6.1 (i) we have
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0 0
_ M = — — _[ =
(7.33) oL G(@r,s; v, ¢y L, 1) oL gW, ¢, L, 1)I,(cr)I,(cs)
=LI;%(cL)I,(cr)I,(cs)>0 for (r,s)€(0, L)x (0, L).
(7.33) shows (i).

Lemma 7.12.

() %G(r, s;v, ¢, La)<0  for (r,s)€(0, L]x (0, L].
() I 1=za1>a,=>0 we have
(7.34) G(@r,s;v,c, L, a1)<G(r,s; v, c, L, s) for (r,s)€(0, L]x (0, L].

Proof of Lemma 7.12. From (7.5), (7.6) and lemma 6.1 (i) we
have

0 X __ 0 -
(7.35) 5076(7', s;v,¢, L,a)= o g, ¢, Ly a)I,(cr)1,(cs)

=—{(Q—a)cL}(cL)+al,(cL)}2I,(cr)I,(cs)<0
for (r,s)€(0, L]x(0, L].

(7.35) shows (i). (7.34) follows from (i).

8. Proof of Theorem 1

Suppose that BVP (2.2) has a nontrivial solution w(r) which satisfies
0=w(@)=1 for r€[0, L]. By lemma 7.8 we have

L
(8.1) w(r)=SOG(r, 53, ¢, L, @)F(u(s); c)sds
and
L
(8.2) @o(r; v, L, a)=SOG(r, s; 9, ¢, Ly a)uo(v, ¢, L, @)po(s; v, L, a)sds .

It follows by integration applied to equation (8.1) multiplied with
ﬂO(V’ Cs Ls le){ﬂo(r; Y, L, a)r
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L
®3) | w0, ¢, L, @oo(rs v, L, ayurirdr=

LrlL
=So Soc(r, 53 v, ¢, L, @)Fw(s); e)tts(v, ¢, L, @)oo(r; v, L, a)sdsrdr.

It follows by integration applied to equation (8.2) multiplied with
Flw(r); o)r

(8.4) quoo(r; v, L, )F(w(r); c)rdr=

LrL
=§o SOG(r, 539, ¢, Ly a)pro(v, ¢, L, )po(s; v, L, a) F(w(r); c)sdsrdr.

By the symmetricity of the Green’s function (lemma 7.4 (ii)) the right
hand sides of both (8.3) and (8.4) are identical. By subtraction we have

@5 [ oolrs v, L ){aalv, ¢, L ()~ Fur); e)prdr=0.

Now the interval [0, L] is subcritical, that is, #o(v, ¢, L, &) =F'(0; c).
Since F”(w; ¢)<0 for we(0,1) then the function (v, ¢, L, a)w(r)—
F(w(r); c¢) is continuous nonnegative and is not identically zero. Since
@o(r; v, L,a)>0 for r€(0, L) then the value of the left hand side of
(8.5) must be strictly positive. This is a contradiction. This completes

the proof of theorem 1.

9. Proof of Theorem 2

Theorem 2 is obtained by almost direct application of the results
obtained by A. Pazy and P. Rabinowitz ([7]). For the sake of self-

consistency we show the outline of the proof of theorem 2.

Proposition 9.1.
(1) IE'IZJO(T; Y, ¢, L: OC)>’I,T}1(T‘; Y, ¢, L: Q)ZZ
zwi—l(r; vy, c, L’ CK)Z-W:(T, Y, c, La Cl)zo fO?’ TE[O: L]

j=1,2,3, ...
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Gi) @(r;v,c, L, a)=£i_r£ w(r; v, ¢, L, @) is the solution of BVP (2.2)
and it satisfies

0<w@;v,c, L, ) <1 for re[0, L].

Proof of Proposition 9.1. By lemma 7.8 it follows from IS (4.2)

9.1) @(G;v,c, Ly )= F(@w;-1( ; v, ¢, L, @); ¢); v, ¢, L, aJ(r)
for re(0,L) j=1,2,3,....
By lemma 7.4 (viii) we have
wi(r; v, ¢, Ly )=9[F(1; ¢); v, ¢, L, a](r)<
<g[c?+vir2;v,¢, Lalr)<1=wo(r; v, c, L,a) for re(0, L).

Therefore by the monotonicity of the nonlinearity F(w; ¢) (assumption
1’ (iv)) and by the positivity of the Green’s function G(r, s; v, ¢, L, )
(lemma 7.4 (iii)) we have step-by-step the required inequality of proposi-
tion 9.1 (i). If follows that @;(r; v, ¢, L, &) are uniformly bounded with
respect to j and converge to the limit function @(r; v, ¢, L, @) for every
fixed r€[0, L] as j tends to infinity. Letting j tend to infinity in (9.1)
the limit function @(r; v, c, L, &) satisfies the integral equality

9.2) @@y, ¢, Lya)y=9F@(;v,c, L a);c); v, c, L, a](r)
for re(0, L).

By lemma 7.8 it follows from (9.2) that @(r; v, ¢, L, o) satisfies BVP
(2.2") or equivalently BVP (2.2). This completes the proof of proposi-
tion 9.1.

Proposition 9.2
() If 0<0<00(Ao(y, L, @) we have

6(00(7'; Y, Ls a)EWO(T§ Vv, ¢, @, 6)§W1(T, Y, ¢, Ly a, a)gg

SwiaGiv, ¢, Lo, ) Swir; v, ¢, Lo, )1 for re(0, L).
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() wG;v,e, L, a, 0)=limw;(r; v, c, L, a, 0) is the nontrivial solu-
jreo

tion of BVP (2.2) satisfying

0=wC;v,c, Ly, ) <1 for re[0,L].

Proof of Proposition 9.2. By lemma 7.8 it follows from IS (4.3)
(9'3) ’l_l_/'j(r; Y, ¢, La «, 6):-?[1?(@]—1( s Vs Gy Ls «, 6); C); Y, ¢, L’ a](r)
for re(0,L) j=1,2,3, ...

Since the interval [0, L] is supercritical, that is, (v, ¢, L, &)<F’(0; ¢)

then we have
9.4) F(0po(r; v, L, a); c)=uo(v, ¢, L, @)0¢o(r; v, L, @)
for re0, L.
From (9.3) and (9.4) we have
9.5) wi(r;v,c, Ly, 0)=%[F(0¢po( ; v, L,); c); v, ¢, L, a](r) =
=% u(v, ¢y L, @)0¢o( 5 v, Ly @); v, ¢, L, at](r)=
= 00o(r; v, L, a)=w(r; v, ¢, L, , 0) for re(0, L).

By the monotonicity of the nonlinearity and the positivity of the Green’s
function starting from (9.5) we have step-by-step the required inequality of
lemma 9.2 (i). It follows that w;(r; v, ¢, L, &, &) are uniformly bounded
with respect to j and converge to the limit function w(r;v, ¢, L, @, 0)
for every fixed r€[0, L] as j tends to infinity. Letting j tend to infinity
in (9.3) we have

9.6) wG;v,c, Lya,)=%[Fw( ;v,c, L, a, 0); ¢); v, ¢, L, a](r)
re(0, L).

By lemma 7.8 it follows from (9.5) that w(r; v, ¢, L, «, 0) satisfies BVP
(2.2). This completes the proof of proposition 9.2.
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Proposition 9.3.
(i) For any 0 satisfying 0<0 < 00(Ao(v, L, @) we have

w(r; v, ¢, L, &) Zw(r; v, ¢, L, a, 0) for re[0, L].

(i) For any nontrivial solution w(r) of BVP (2.2) satisfying 0=
w(r)<1 for r€[0, L] we can find a constant & (0<0=04(A(y, L, )))
such that

w(r: v, c, L, @) =wi)=uw(; v, c, L, a, 0) Sfor r€[0, L.
Proof of Proposition 9.3. Since we have
9.7) wo(r; v, ¢, L, @)=1>0¢(r; v, L, &)=wo(r; v, c, L, «, &)
for r€(0, L),
it follows
(9.8) wi(r; v, ¢, Ly a)=%[F(wo( ; v, ¢, L,a); ¢); v, ¢, L, a)(r)=
=9 Fwo( ;v,¢, Ly, 0); ¢); v, ¢, L, aJr)=wi(r; v, ¢, L, @, §)
for r€(0, L).
From (9.1), (9.3) and (9.8) it follows step-by-step
9.9) @(r;v,c, L,a)y=wi(r;v, ¢, L, 0) for re(0,L) j=1,2,3,....

Letting j tend to infinity in (9.9) we have the required inequality in (i).
By lemma 7.8 the nontrivial solution w(r) of BVP (2.2) satisfies the
integral equality

(9.10) wr)=% [ F(w( ); ¢); v, ¢, L, a](r) for r€(0, L).

By lemma 7.10 we can find a positive constant § (0<0=00(2o(v, L, )))
such that

(9.11) w(r)=0¢o(r; v, L, a)=wo(r; v, ¢, L, at, &) for r€(0, L).

By the same reasoning as above we have from (9.11) that:
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09.12)  @(r; v, c, L, &)=w(r)=wi(r; v, ¢, L, a, 0) for r€(0, L).

From (9.12) we have step-by-step

9.13) w@;(r; v, ¢, L, )=w@)=w;(G; v, ¢, L, a, 0) for re(0, L)
j=1,2,3, ...

Letting j tend to infinity in (9.13) we obtain the required inequality in
(ii). This completes the proof of proposition 9.3.

Proposition 9.4. For any 0 satisfying 0<0=<00(Ao(¥, L, @)) we

have
(9.14) w(r; v, ¢, L, &)=w(r; v, c, L, a, ) for r€[0, L].

Proof of Proposition 9.4. By the symmetricity of the Green’s func-
tion G(r, s; v, ¢, L, &) (lemma 7.4 (ii)) it follows from (9.2) and (9.6)

L
(9.15) So {F(w(r; v, c, L, a, 0); c)w™*(r; v ¢, L, ¢, 0)—

—F@(r; v, ¢, L, a); o)~ '(r; v, ¢, L, @)}w(r; v, ¢, L, @) X
Xw(r; v, ¢, L, a, O)rdr=0.

Suppose that @w(r; v, ¢, L, &)—w(r; v, ¢, L, &, ) do not vanish identically.
Since F"'(w; ¢)<0 for we€ (0, 1) (assumption 1’ (iii)) then the integrand of
above integral in (9.15) is a nonnegative continuous function of r which
does not vanish identically. So the value of the above integral in (9.15)
is strictly positive. This is a contradiction. This proves proposition 9.4.
Proposition 9.3 and 9.4 show that the limit function @(r; v, ¢, L, )
=w(r; v, ¢, L, @, 0) dose not depend on the special choice of the con-
stants ¢ and 8. So we write this limit function as w(r; v, L, @). Thus
we obtained the nontrivial solution w(r; v, L, &) of BVP (2.2). Proposi-
tion 9.4 together with Proposition 9.3 asserts the uniqueness of the non-
trivial solution of BVP (2.2) in the class of functions mentioned in

theorem 2. Theorem 2 (iii) follows from
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0<60(ZO(V, L3 a))(oo(T; v, L3 CK)§W(T; Y, L3 a)éwl(r; Y, ¢, La C()<1
for re(0, L).

Theorem 2 (ii) and (vi) follows from the expression

(9.16) w(r; v, L, &)=u,(y, L, a)r* —
—r”(2v)’lgrf(w(s; v, L, a))(s'™* —r s **)ds for r€(0, L).
0

Here uo(v, L, @) is given by (5.1). (9.16) follows from lemma 7.6. We
omit the detailed discussion because which is not essentially different from
that for theorem 6 (iv) and theorem 12.

10. Proof of Theorem 3 and 4

By lemma 7.8 w(r;v, Li,1) and w(r;y, Ly, 1) satisfy following

integral equalities respectively.

(10.1) w(ry v, L1, 1)=%[F(w( ; v, L1, 1); ¢); v, ¢, L1, 11(r)
for r€ (0, Ly).

(10.2) w(r; vy, Ly, 1)=%[F(w( ; v, Lz, 1); ¢); v, ¢, L, 1(r)
for r€(0, Ly).

From theorem 2 (iii) we have

(10.3) w(r; v, L, 1)<1 for r€(0, L;).

By lemma 7.11 it follows from (9.1) in which L is replaced by L, and
from (10.3)

w1(r; v, c, L, 1)=g[F(1; c); v, ¢, Ly, 1](7‘)
Zg[F(w( Y Lla 1): C), vy, ¢, Ll) 1](7‘):’1,(1(7', Y, LI, 1)
for r€(0, Ly).

Repeating these arguments we have
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(10.4) wi(r; v, ¢y L2y ) >w(r; v, Ly, 1) for r€ (0, Ly).
Letting j tend to infinity in (10.4) we have
(10.5) w(r; v, Ly, D=w(r; v, Ly, 1) for re (0, Ly).
By lemma 7.11 it follows from (10.1), (10.2) and (10.5)
w(ry v, Ly 1)>w(r; v, Ly, 1) for r€(0, Ly).
This proves theorem 3. Proof of theorem 4 is not essentially different

from that of theorem 3. The part of lemma 7.11 must be replaced by

lemma 7.12. We omit the detailed discussion.

11. Proof of Theorem 5

Replacing dependent variable w(r) by r’u(r) the nonlinear Bessel
equation ¢ [w( ); v](r)= f(w(r)) reduces to

(11.1) ru )+ Qv+ Dru'(r)+ fGru))r* " =0.

Inserting formal power series u(r; v, ug)= i‘ upr® into u(r) in (11.1) we
E=0

obtain the formal relation

(11.2) @v+Duir+ Zr’{l(l+2v)u,+ Z fi X upeeug}=0.

v -2 +eeet
g k1 kj=k

Equating the coefficient of r’ of the left hand side of (11.2) to zero for

=1, 2,3, ... we obtain the recurrence formula which determine the coef-

ficients u; recurrently and uniquely.

u1=0,

(11.3) {
w=—1"+2»)7" fi 35w

uo may be any positive constant in the case of assumption 2 and may be
any complex constant in the case of assumption 2’. Under the assump-
tion 2 f(w)= Z | filw’ has the same radius of convergence as f(w). So

hw)=w" f(w) 1s a holomorphic function of w in a complex neighborhood
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of w=0. By the implicit function theorem we have the unique holomor-

phic solution U(r) of the equation

{ Ur)—|uo| —r*U@RGE*UGE))=0
(11.4)

U(0)= l uol-

Replacing U(r) in (11.4) by its Taylor series expansion ), Us' we have
i=o

the equation:

(115) 3 Ur'—|uol = 5 Al 5 U Upr'=0.

=2 (j-1)r+Ek=1-2 kit thy=

It follows from (11.5) the recurrence formula:

(11.6) UozluO’, U1:O,

U1= Z lf_,‘ Z Ukl---UkA l=2, 3, 4,
G-l Fh=l-2 kitetkj=k ’

From (11.3) and (11.6) we have |u;|<<U, for 1=0,1, 2, .-- This means

the convergent power series U(r)= >, U;s' is a majorant series of the
i=o

formal power series u(r; v, ug)= ), u;'. Thus we conclude that the
=0

formal power series solution u(r; v, u,) is a holomorphic function of r in

a complex neighborhood of r=0. Proof of theorem 5 is completed.

12. Proof of Theorem 6 and 7
Proposition 12.1.
@) 1=wo(r; v, c)>@(r; v, )= =
=w; 1G5 v, c)=wi(r; v, ¢)=0 for re[0, =) j=1,2,3,....
(i) w@;v, c)=§ij2 w;(r; v, c) satisfies the integral equality:
12.1)  @(r; v, )= F@( ;v,c); c); v, c]@)  for re(0, oo).

Proof of Proposition 12.1. By lemma 7.7 we have
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(12.2) wi(r; v, c)=%[F(w;_1( ; v, ¢); ¢); v, c|(r) for r€ (0, o).
By lemma 7.3 (vii) we have
(12.3) wi(r; v, c)=%[F(1; c); v, cJN<

<G[2+v4ur2; v, c)(r)=1=mo(r; v, ¢) for r€ (0, co).
From (12.2) and (12.3) we have

w2(r; v, )=Y[F(@( ; v, ¢); ¢); v, cJ(N=

<Y[F; ¢); v, cl(r)=mwi(r; v, c) for r€(0, o0).
Repeating these arguments we have
(12.4) @i(r; v, c)<w;_1(r; v, c) for r€(0, ) j=1,2,3,....

From (12.4) it follows that @;(r; v, ¢) tends to the limit function @(r;
v, ¢) monotone decreasingly as j tends to infinity. Letting j tend to
infinity in (12.2) we have (12.1). This completes the proof of proposition
12.1.

Proposition 12.2. The solution w(r; v, L, 1) of BVP (2.2) with aa=1
converges to the limit function w(r;y) monotone increasingly and compact
uniformly with respect to r €[ 0, oo) as L tends to infinity. w(r;y) satis-
fies the integral equality:

(12.5) w(r; V)=%[Fw( ;v);c);v,c)(r)  for re(0, o).

Proof of Proposition 12.2. By lemma 7.8 w(r;y, L, 1) satisfies the

integral equality :
(12.6) wG;v, L, 1)=%[F(w( ;v, L, 1);¢c);v,c, L,1](r) for re(0, o).

By theorem 3 w(r; v, L, 1) converges to the limit function w(r; v) mono-
tone increasingly as L tends to infinity. Letting L tend to infinity in
(12.6) we have (12.5). It follows that w(r; v) is continuous with respect
to r. By Dini’s theorem. w(r; v, L, 1) converge to w(r; v) monotone in-
creasingly and compact uniformly with respect to r€[0, o) as L tends
to infinity.
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Proposition 12.3. If the function w(r) belongs to the class of func-
tions {w(r) € C* (0, o0); 0w(r) <1, w(ir)=£0 for r€(0, o)} and satisfies
the nonlinear Bessel equation £[w( ); v](r)= f(w(r)) for r€(0, o) then
it satisfies the inequality

12.7) w(r; V)<w(r)<w(r; v, c) Sfor r€(0, o).

Proof of Proposition 12.3. By lemma 7.7 w(r) satisfies the integral
equality :

(12.8) w(r)=% [ Flw( ); ¢); v, c ) for r € (0, o).

For any positive number L (for which the interval [0, L] is supercritical)

by lemma 7.9 we can find a constant ¢ (0<8<00(40(v, L, 1))) such that

(12.9) w(@)=000(r; v, L, 1) =w(r;v,c, L, 1,0) for r€(0, L).

By lemma 7.11 it follows from (12.9)

(1210)  w)=6TFw( ); )3 v, cID=

=% Flwo(; v, ¢, L, 1,0); ¢); v, ¢y, L, 1]J@)=w1(r; v, c, L, 1, 0)

for re(0, L).

It follows from (9.3), (12.8) and (12.10)

(12.11) w(r)=w(r; v, c, L, 1, 0) for re(0, L) j=1,2,3, ...

Letting j tend to infinity in (12.11) we have

(12.12) wi@)=w(r; v, L, 1) for r€ (0, L).

Letting L tend to infinity we have

w(r) =w(r; v) for r€(0, o).
Starting from the inequality

wi@r)<1 for r€(0, o),
we have by the similar arguments as above

(12.13)  w(r)<wm;t; v, c) for re(0, 0) j=1,2,3,....
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Letting j tend to infinity in (12.13) we have
w(r) <w(r; v, c) for r& (0, oo).
This completes the proof of proposition 12.3.
Proposition 12.4.
(12.14)  0<1l—a(r; v, ¢)<1—u(r; v)<const. 72  for r€(0, o).

Proof of Proposition 12.4. Suppose that two positive numbers r and

L are connected by the relation

(12.15) r=rm.x(v, L, 1)=j1(v, 0)j7(v, 1)L.

By the normalization of the eigenfunction we have from (12.15)
(12.16) @o(r; v, L, 1)=1.

For sufficiently large r (for which the corresponding L satisfies 4,(y, L, 1)
< f(0)07') we have by proposition 12.2

(12.17) w(r; v)=w(r; v, L, 1)=>00(20(v, L, 1))po(r; v, L, 1).
From (4.6), (4.7), (12.16) and (12.17) we have
1—w(r; »)<1—00(Zo(», L, 1))=<1—00(20(v, L, 1))=
=20(¥, L, 1){2e(v, L, 1)+ f(8)(1—08)*} *< const. L~ <const. r™%.
This completes the proof of proposition 12.4.
Proposition 12.5.

@ @(r; v, c), rwi(r; v, c), r’@i(r; v, c)=

o) Gf v<2j)
=4{ O(%|log r|) Gf v=2))
or#) Gf v>2f) as r—0.

Gi) @(r; v, c), ra'(r;v, c), r’w"(r; v, ¢)=0(") as r—0.
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(i) w(r;v), rw'(r; v), r’w’(r; v)=0G")  as r—0.

G(v) @j(r; v, c), @' (r;v,c), w'(r;v)=0Q) as r—>o0 j=1,2,3,...
) @j(r;v,c), @"(r; v, ¢), w'(r;v)=0Q) as r—»>oo

j=1,2,3, ...

Proof of Proposition 12.5. Proposition 12.5 is easily obtained by re-
peated applications of lemma 7.7 to (12.1), (12.2) and (12.5). So we

omit the detailed calculation.

Proposition 12.6.
(12.18) w(r; v, c)=w; v) for r€(0, o).

Proof of Proposition 12.6. By lemma 7.7 it follows from (12.1) and

(12.5) that @(r; vy, ¢) and w(r;y) satisfy following equations respectively

(12.19) —{ra'(r; v, )Y +r(+HvE Da(r; v, c)=F@@; v, ¢); c)r
for re (0, oo).

(12.20)  —A{rw'(r; )} +r(c?+ v Hw(r; v)=F(w(r; v); or
for r€(0, oo).

From (12.19) and (12.20) we have

(12.21) [ri@'(r; v, c)uw(r; v)—a(r; v, o)w'(r; v)} =

={F(w(r; v); )w'(r; v)—F@(r; v, ¢); o)~ (r; v, ©)} X
xw(r; v)w(; v, or for re (0, o).
By proposition 12.5 (ii) and (iii) we have
(12.22)  r{@'(r; v, u(r; v)—(r; v, w'(r; »)}=00*)  as r—0.

Integrating both sides of the identity (12.21) over the interval [0, r] and
using (12.22) we have
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(12.23)  rw(r; v)w(r; v, @' (r; v, ) @715 v, O)—w'(r; V)w ' (r; »)} =
= 4Ps; )5 w63 9= F@(s; v, 5 9G53 » s v) x
x@(s; v, ¢))sds for 1€ (0, o0),

Suppose that (12.18) do not hold. By assumption 1’ the integrand of the
right hand side of (12.23) is continuous, nonnegative and not identically
zero. So the value of the right hand side of (12.23) is greater than some
positive constant @’ for sufficiently large positive r. Thus we obtain the

inequality :
(12.24) rw(r; v)a@r; v, ¢) [log{m(r; v c)w™'(r; v)} 1 =8'>0
for sufficiently large r.

By proposition 12.4 we can find another suitable positive constant 8 such

that
(12. 25) Clog{@(r; v, c)w™(r; v)} ] = {log r*}’
for r=r; (r; is sufficiently large).
Integrating (12.25) over the interval [r;, 7| we have
(12.26) log{@w(r; v, c)w™(r; v)} =
=log r? —log rf +log{w(ry; v, )w  (ri; v)} for r=r;.

As r tends to infinity the left hand side of (12.26) approaches zero by
proposition 12.4, on the other hand the right hand side of (12.26) tends
to infinity. This is a contradiction. This proves proposition 12.6.

By proposition 12.6 the limit function @(r; v, c)=w(r;v) does not
depend on the special choice of the constant ¢. So we write this limit
function as w(r;v). By (12.1) or (12.5) w(r;v) satisfies the integral
equality :

(12.27) w(r; v)=9[Flw( ;v);c);v, c]F) for r€ (0, oo).
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By proposition 12.5 (ii) or (iii) we have

(12.28) w(r; v)=0(") as r—0.

By proposition 12.4 we have

(12.29) 1—w(r; »)=0@G"?%) as r—oo,

By lemma 7.7 it follows from (12.27), (12.28) and (12.29) that w(r; v)
is the solution of BVP (2.1). Theorem 6 (ii) follows from proposition
12.1 and 12.2. Theorem 6 (iii) follows from (12.29). Theorem 7 follows
from proposition 12.3 and 12.6. By lemma 7.5 w(r;v) satisfies the in-
tegral equality:

(12.30) w(r; v)=%[ flw( ;v)); vI(r) for r € (0, oo).
From (12.30) we have

(1230wl »)=ueO)r+ @) ] flalss (st — st}

for r€(0, o0).

Here uo(y) is given by (5.5). By (12.28) it follows easily that the
second term of the right hand side of (12.31) is O(**%) as r—0. This

shows theorem 6 (iv). This completes the proof of theorem 6 and 7.

13. Proof of Theorem 8

Theorem 8 (i) and (ii) follows from proposition 12.1, 12.2 and Dini’s
theorem. From theorem 8 (ii) it follows

(13.1) lim ||w(r; v)—@;(; v, ¢)||=0.
j—»oa
(12.27) and (12.1) can be rewritten as

(13.2) w(r; y)=S:G(r, s3 v, ¢)F(w(s; v); c)sds for r€ (0, o).

(13.3) w;(r; v, c)=S:G(r, s3 v, ¢)F(w;_1(s; v, ¢); c)sds



190 YosHiNnorl KAMETAKA
for r€ (0, 00) j=1,2,3, ...
From (13.2) and (13.3) we have
(13.4) |w(rs v)—m;(r; v, )| <
<F'(0; )¢ 60, 53 5, &) |us; ) —y-a(s3 v, ©)| c*sds
for r€ (0, oo).
It follows from (13.4)
(13.5) lw(r; v)—m(r; v, o) | <
SF©; e lutrs ) =115 %, 9| 66 539, )ctsds=
=F(0; c)e?|lw(r; v) —@;1(r; v, O)ll@i(r; v, ¢)
for r€ (0, o).

Inserting the inequality (13.5) in which j is replaced by j—1 into the

right hand side of (13.4) we have

(13.6)  |w(r; v)—mi(r; v, o) | <

AP e lutrs ») =123, | 66, 53 9, ) ema(s; v, )sds=
0

A3 ) ») 103 %, | 6,559, OF @G53 9, )3 )sds=

={F'(0; c)c ™} 2||lw(r; v) —m;_o(r; v, c)||@2(r; v, ¢)  for r€(0, o).
Repeating these arguments finally we have
(18.7)  |w(r; v)—@;(r; v, )| <
<{F'(0; )} o 21,1 (rs v, ©)|w(r; V) —j_ryj23-1(r; v, ¢)l|
for r€ (0, o).

By proposition 12.5 (i)
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™ + Dy aga(rs v, o)l
is a finite number therefore we have from (13.7)
(13.8) NG+ D{wr; v)—m;(r; v, O} lI=
S{F0; ) PP (7 + Dg, 2341 (rs v, 0l X
X llw(rs v) —@j-g,121-1(5 v, ).
From (13.8) and (13.1) we have (5.6). Differentiating (13.2) and (13.3)

with respect to r we have

(13.9) w' (r; u)=g %—G(r, s; v, )F (w(s; v); ¢)sds for r€ (0, oo).

0
(13.10) @j(r; v, c)= g:girG(r, s;3 v, ¢) Flw;_1(s; v, ¢); c)sds

for r€(0, 00) j=1,2,3, ...
From (13.9) and (13.10) we have

(13.11) |w'(r; v)—@i(r; v, )| <

<F/0; e | 1- 260, 539, ) [wls; ») —3-1(s5 v, )| ehsds=
0

<C@, )¢ +1F(0; C)C’ZSwG(T, s3 9, ¢)|w(s; v) —@j-1(s5 v, €)|c?sds
0
for r€(0, o).

By the same arguments as was used to obtain (13.7) from (13.4) we
have from (13.11)

(18.12)  |w'(r; v)—@i(r; v, )| SC, )@ +1){F'(0; ¢)e 23121+ x
Xy j23+1(r; ¥y Ollw(r; ) — @i 4121105 v, ©)||  for 7€ (0, o).
From (13.12) we have

(13.13) |G+ Dr+ D) M/ v)—@i(r; v, OIS
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<CW, ){F'(0; ) 2} 2 3| + Dy a741(r5 v, )] X
X wrs v) —@j_r,129-1G; v, o)l j=[v/2]+1.

From (13.13) it follows (5.7). w(r;v) and @;(r; v, c) satisfy following

equations :
(13.14) = (r; »)—r W (5 w)+ (2 + V7 Dw(r; v)=F(w(r; v); ¢)
for r€ (0, o).
(13.15)  —@(r; v, o) —r'@j(r; v, )+ (> + v Dmi(r; v, )=
=F(@®@;_1(r; v, c);c)  for re(0, o).
From (13.14) and (13.15) we have
(13.16) ||+ Dr*@*+ 1) M (5 »)— @] (5 v, OIS
<NE+ D@+ D7 Hw' (5 v) =G5 v, O}l +
HIE+ D2+ 1) e+ ) {wlr; v) —@(; v, O+
@™+ Dr?+ 1) H{Fw(r; v); ) —F@;-1(r; v, )5 o)}HIS
<const. [||(r™+Dr(r+1)"Hw'(r; v)—@j(r; v, )i+
FNE +D{w(r; v)—mi(r; v, I+
@™+ D{w(r; v) —@;-1(r5 v, )}

From (13.16), (5.6) and (5.7) we have (5.8). Thus we proved theorem 8

(iii). Next we consider the special case of y=1.
Proposition 13.1. For y=1 we have
@ {r'w(; 1, )Y, @7(; 1, c)=0@) as r>0 j=2,3,4,...
Gi) {rw@; DY, w"(r; )=00)  as r—0.

Proof of Proposition 13.1. From (13.14) and (13.15) it follows that

v(@)={r"w(r; 1)} and v;(r)={r"'@;(r; 1, c)}’ satisfy following equations:
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(13.17) {FPo(@)}y =r*{c’w(r; 1)—Flw(r; 1); o)y for r€(0, o).
(13.18) {rPv;(N}Y =r*{c’w;(r; 1, c)— F(w;j_1(r; 1, ¢); ¢)}  for r€(0, oo).
By proposition 12.5 (i) and (ii) we have
(13.19) o) =r{rw'(r; 1) —w(@; 1)} =0@?) as r—0.

(13.20) o) =r{roi(r; 1, ¢)—w;(r; 1, ¢)} =0(?)
as r—>0 j=2,3,4,. ...

Integrating (13.17) and (13.18) over the interval [0, r] and using (13.19)
and (13.20) we have

(13.21) rsv(r)=S:sz{czw(s; 1) —F(w(s; 1); c)}ds for r€ (0, o).

(13.22) r3v,~(r)=S;sz{cij(s; 1, ¢)—F(w;_1(s; 1, ¢); c)}ds

for r& (0, o) j=2,3,4, -
By proposition 12.5 (i) and (ii) it follows from (13.21) and (13.22)
(13.23) o(r), v;(r)=0() as r—0 j=2,3,4, .
From (13.14), (13.15), proposition 12.5 (i), (ii) and (13.23) we have
(13.24) w'(r; 1), @7(r; 1, ¢)=0(r) as r—0 j=2,3,4,....
This proves proposition 13.1.

From (13.21) and (13.22) we have
(13.25)  |o@—o)| <r{ ¥+ 1) ds x
0

x L@+ Diw(r; 1) —m,(r; 1, )} I+
+F'(0; Ol + D{wr; D—mm1(r; 1, )}

<const. r(r+ 1) [c?| 4+ D {w(r; 1)—aw;(r; 1, )} +
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+F'0; |+ DAwl; D—m1(r; 1, }IT - for r€(0; o)
ji=2,3,4, ...
From (13.25) we have
(13.26) I 4+ D {o@) — v} <
<const. 2|+ D) {w(r; 1) —w;(r; 1, )} [+
+F'0; Ol H+ D{w@r; 1) —@i-1(r5 1, )T j=2,3,4, -
(5.9) follows from (13.26). (5.10) follows from (13.14), (13.15), (5.6)

and (5.9). This completes the proof of theorem 8.

14. Proof of Theorem 9

By lemma 7.5 it follows from IS (4.1) and proposition 12.5 (i)
(14.1)  @(r; v, )=FL f@;-1(; v, )+ cH{@j1( 5 v, ) —m;( 5 v, )}; ()
for r€(0, 0) j=[v/2]+2.
(14.1) can be rewritten as
(14.2) 17/]'(7'; ) C):uoj(V) o’ —
__ru(zy)—l S:Ef(wi—l(s; v, C))+Cz{wi—1(5; Y, C)—’LTIJ'(S; Y, C)}]X
x {st™ —r sty ds for r€ (0, o) j=[v/2]+2.
Here
(14.3)  u,(v, )=
=(2v)™* S”[f('wj—l(s; v, &)+ {mj_1(s; v, ¢)—mi(s; v, c)}]s' " ds
0
j=[v/2]+2.
From (14.2) it follows easily

(14.4) u,;(v, ¢)=lim r~w;(r; v, c) j=[v/2]+2.
7—0
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From (5.5) and (14.3) it follows
(14.5) luo(w)—u,;(v, ¢)| =
— () TFuGs3 )3 )= F@y-1(53 9, ©); ©)—
—c{w(s; v) —wi(s; v, )} Js' 7 ds <
=@ TP 05 O)luts; ) —w113 v, ) +
+e?uls; v)—mi(s; v, )| I ds <
@) HEO; )+ {053 9) ~wy-1(55 9, O 5P+ x
xs(s**2+1)"tds  j=[v/2]+2.
By proposition 12.4 and 12.5 (i) we have
(14.6)  |w(s; v)—mj_1(s; v, ¢)|(s*+57*) < const. independent of s and j

for s€(0, o0) j=[v/27]42.

By (5.6) we have
(14.7) lim |w(s; v) —mj_1(s; v, )| (s*+s7)=0 for s€ (0, o).
e

Since s(s**?+1)7! is integrable on the interval [0, o) from (14.5), (14.6)

and (14.7) it follows (5.10) by Lebesgue’s bounded convergence theorem.
This proves theorem 9.

15. Proof of Theorem 10

w(r; v) and @;(r; v, c) satisfy the differential equations
(15.1) Llw(;v); v, c]0)=Fw@; v); c) for r€ (0, o0).
(15.2)  Zla;(; v, ¢); v, cJ)=F(@;-1(r; v, c);¢)  for r€(0, o0)

j=1,2,3, ...
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Differentiating both (15.1) and (15.2) with respect to r we have the dif-
ferential equations which are satisfied by w'(r;v) and @;(r; v, ¢) respec-

tively.
(15.3) LLw'(5v); Wi, )=
=F'(w(r; v); w'(r; v)+ 20 *w(r; v)=Fi(r; v, c)
for re (0, o0).
(15.4)  ZLLwj(; v, ) Wi+, I =
=F'(@;_1(r; v, ¢); o)wj_1(r; v, )+ 201 *w;(r; v, c)=F1,,(r; v, c)
for re(0, o) j=1,2,3, ...

By lemma 7.7 we have from (15.3) and (15.4)
(15.5)  w(r; v)=9[Fi(;v,c);Wi4+1,c]0r)  for r€ (0, oo).
(15.6)  @j(r; v, )=9[F1,(;», ¢); Vwi+1, c1(r)

for re(0, ) j=1,2,3,....
Since @wy(r; v, c)=1 it follows
(15.7) F (v, ¢)>0 for r € (0, o0).

By the positivity of the Green’s function G(r, s;yv%+1, c) (lemma 7.3
(iii)) it follows from (15.6)

(15.8) wi(r; v, ¢)>0 for re€ (0, co).

From (15.8) it follows

(15.9) Fi5(;v,¢)>0 for r€ (0, o0).
From (15.6) and (15.9) it follows

(15.10) wy(r; v, c)>0 for r€ (0, o).

Repeating these arguments we have
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(15.11) wi(r; v, ¢)>0 for re(0, o) j=1,2,3,....
Letting j tend to infinity in (15.11) we have
(15.12) w'(r;v) =0 for r € (0, o).
From (15.12) it follows
(15.13) Fi(r;v, ¢)>0 for r€ (0, o).

From (15.5) and (15.13) it follows (5.13). This proves theorem 10.

16. Proof of Theorem 11
Differentiating (15.3) and (15.4) with respect to r we have
(16.1)  2[w"(; v); Wwi+2, cJr)=22v*+1)rw'(r; »)—
— 6% tu(r; v)+ F"(w(r; v); o){w'(r; )} + F'(w(r; v); o)w”(r; v)
for r€ (0, o).
(16.2) LLw](; v, c); VWi+2, c])=2(2v%+ Lr®m)(r; v, c)—
— 605 wi(r;y v, )+ F(@j-1(r; v, ¢); c){@)_1(r; v, )} 2+
+F'(@;-1(r; v, ¢); e)wj_1(r; v, c) for re (0, o)

j=1,2,3, -

Inserting the relations
(16.3) r ' (r; v)=—w"(r; v)+ (2 + 22 Hw(r; v)—
—Flw(r; v); ¢) for r& (0, <o)
(16.4) r'@i(r; v, o)=—a7(r; v, )+ +vr Na(r; v, c)—
—F(w;_1(r; v, ¢); ¢) for r&€(0, o)
j:]_, 2, 3, -

into the first term of the right hand sides of (16.1) and (16.2) respectively

we have
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(16.5) LL—w'(;v);Vov2+4, c ) =4 A —v2)r* w(r; v)+
+2(2v*+ Dr 2 f(w(r; v)) —F"(w(r; v); e){w'(r; v)}?—
—F'(w(r; v); c)w' (r; v)=Fy(r; v, ¢) for re (0, oo).
(16.6) 2L —a7(; v, ¢); V5u2+4, cJ()=4*A —vH)r*w;(r; v, c)+
+2 @202+ Dr [ f (@-1(r; v, )+ {mja(r; v, ) —w;(r; v, )} ]—
—F"(@;-1(r3 v, )5 ) {@j-1(r; v, O} —F'(@i_1(r; v, ¢); e)w-1(r5 v, €)=
=F,(r; v, c) for r€(0, o) j=1,2,3, ...
By lemma 7.7 we have from (16.5) and (16.6)
(16.7) —w'(r; v)=%[F(; v, c); V5ri+4, c () for re (0, oo).
(16.8)  —@[(r; v, )=F[Fa,(; v, c); 52 +4, cJ()
for re(0, o) j=1,2,3, ...
Since y is assumed to satisfy 0<<y <1 then we have
(16.9) Fy1(r; v,¢)>0 for r€ (0, oo).

By the positivity of the Green’s function G(r, s; V5v%+4, ¢) (lemma 7.3
(iii)) we have from (16.8) and (16.9)

(16.10) —wy(r; v, c)>0 for r€ (0, oo).
From (16.10) we have

(16.11) F; o(r; v, c)>0 for r€(0, o0).
It follows from (16.8) and (16.11)

(16.12) — iy (r; v, ¢)>0 for r€(0, o0).
Repeating these arguments we have

(16.13) —w;(r; v, ¢)>0 for re(0, 00)  j=1,2,3, ...
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Letting j tend to infinity in (16.13) we have

(16.14) —"'(r; v) =0 for r € (0, o).

From (16.14) we have

(16.15) Fy(r; v, ¢)>0 for r€(0, o0).

From (16.7) and (16.15) we have (5.14). This proves theorem 11.

17. Proof of Theorem 12

From (12.31) u(r; v)=r""w(r; v) satisfies
(17.1) u(r; v)-——uo(v)—(Zu)“lgz f(s*u (s; o)) {s" ™ —r 25" ds=

=uo(v)+uz@; v) for re€ (0, o).
Here uo(v) is given by (5.5). It is easy to see
(17.2) uy(r; v)=0(@?) as r—0.

Suppose that it has been proved that:
m—1

(17.3) un(r; V)=ulr; v)— 2, ur'=00™) as r—0.
=0

Here coefficients u; are determined by the recurrence formula (5.4) with

uo=uo(¥). From (17.3) and assumption 2 or 2’ we have

(17.4)  f(s"u(s; ”)):li . fi 2 ukl'"uk,S’J’”_Z—}-O(sm”‘l)

—1vFh=1-2" kit k=R
SN ! I

as s—0.

If we introduce the coefficient u, by the recurrence formula (5.4) then

we can rewrite (17.4) as

(17.5) f(s%u(s; v)=— fz W(+20)us'™ 24 0(s™ ) as s—0.
=2

Inserting (17.5) into (17.1) we have
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(17.6) u(r; v)=u )+

+ i u,Sr(Zv)‘ll(l-I—211)5““_2{51‘"—r_2"s““}d.s—i—O(S s"ds)=
i=2 " Jo

7
0

m
= urt+0E™h) as r—0.
=0

From (17.6) we have

17.7) Umii(r; v)=ulr; v)— f] urt=00"""1) as r—>0.
<o

This proves that the formal power series >, u;r

oo

! is the asymptotic series

=0

of u(r;v) as r approaches zero on the real positive axis. This completes

the proof of theorem 12.
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